SECOND-ORDER LOCAL MULTIPLIER ALGEBRAS OF
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ABSTRACT. We determine the injective envelope and local multiplier algebra of
a continuous trace C*-algebra A that arises from a continuous Hilbert bundle
over an arbitrary locally compact Hausdorff space. In addition, we show that

the second-order local multiplier algebra Ml[fi (A) of any such algebra A is
injective.

INTRODUCTION

The injective envelope I(A) of a C*-algebra A [16] provides a useful ambient C*-
algebra in which one can analyse the multipliers of essential ideals of A. In fact the
local multiplier algebra M, (A) of A [2] can be obtained from the injective envelope
of A by considering the C*-subalgebra of all 2z € I(A) for which x is a norm-limit
of a sequence z, € M(I,) for various essential ideals I, of A [14]. However,
I(A) and M, (A) are difficult to determine precisely, even if one has extensive
knowledge about A itself. Indeed, on page 55 of [9], D. Blecher writes, “Thus the
injective envelope is mostly useful as an abstract tool because of the properties it
possesses; one cannot hope to concretely be able to say what it is.” Anyone who has
worked with injective envelopes will find this comment completely understandable.
Nevertheless, in this paper we determine explicitly (Theorem 6.6) the injective
envelope of a continuous trace C*-algebra A of the spatial type considered by Fell
[12]. We then use the embedding of the local multiplier algebra of A into its
injective envelope to prove that the second-order local multiplier algebras of such
A are injective (Theorem 6.7). An immediate consequence of this last result is that
the second-order local multiplier algebra of Cy(T") @ K is injective for every locally
compact Hausdorff space T', a fact which was known previously to hold only under
certain assumptions about the topology of T' [5, 25]. The results of this paper
complete a line of investigation that started with [6] and was continued in [7].

In the case of an abelian C*-algebra A = Cy(T'), to determine the local multiplier
algebra and the injective envelope of A one must pass from T to a Stonean space
obtained from T by performing an inverse limit A = hin BU of Stone-Cech com-

pactifications SU of dense open subsets U of T'. This passage from 7" to a Stonean
space A cannot be avoided if one aims to compute explicitly the enveloping C*-
algebras M,c (A) and I(A) in the case of arbitrary continuous trace C*-algebras
A of the type studied by Fell. In [7] we determined M. (A) and I(A) for those A

in which the spectrum T = A was assumed to be a Stonean space. In this paper
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we make the passage from an arbitrary locally compact Hausdorff space T to its
projective hull A = lim SU. Doing so entails the determination of a new continu-
—

ous Hilbert bundle over A which is obtained as a direct limit of continuous Hilbert
bundles over the compact spaces SU for all dense open subsets U of T'. Because the
essential ideals of A are parameterised by dense open subsets of T, this direct limit
of Hilbert bundles also induces a direct limit A® of continuous trace C*-algebras.
It is through these limiting bundles and algebras that we obtain our main results.

The paper is organised as follows. In Section §1 the algebras and structures under
study are introduced. The three subsequent sections treat the limiting processes of
Hilbert bundles and C*-algebras that accompany the passage from T to A = 1131 BU.

In particular, in Section §2 we note the bijective correspondence between essential
ideals I of A and dense open subsets X! C T and represent each essential ideal I of
A as an essential ideal of a spatial continuous trace C*-algebra A’ with spectrum
BX!. Section §3 constructs a continuous Hilbert bundle Q* over the Stonean
space A by way of a direct limit of Hilbert bundles Qf over X! affiliated with
each essential ideal I of A. In Section §4 we construct a direct limit C*-algebra
li_r}n AT and in Section §5 we show that A C li_r>n Al ¢ My (A). The main results
concerning the determination of the injective envelope of A and the injectivity of
the second-order local multiplier algebra Ml[fl (A) are given in Section §6.

The initial interest in local multiplier algebras originates in Pedersen’s paper [21]
on extending derivations of a C*-algebra A to its local mutliplier algebra M. (A).
This work on derivations is one example of the role of local multiplier algebras in
the theory of operators acting on C*-algebras (see [2] for a fuller account). There
is one fairly substantial unresolved problem that dates back to 1978: if A is a
separable C*-algebra, then is every derivation of Mj,. (A) inner? One consequence
of our main results is a related weaker assertion: for each spatial continuous trace
C*-algebra A, every derivation of Ml[gl (A) is inner (Corollary 6.9).

1. PRELIMINARIES

When referring to ideals of a C*-algebra, we shall always mean ideals which are
closed in the norm topology. The term homomorphism is understood to be with
respect to the category of C*-algebras, meaning that homomorphisms of C*-algebras
are x-homomorphisms, and are unital homomorphisms if the algebras involved are
unital.

Essential ideals and local multiplier algebras. Recall that an ideal K of a C*-algebra
A is an essential ideal if K N J # {0} for every nonzero ideal J of A.

Let Zeoss(A) be the set of all essential ideals of A, which we consider as a directed
set under the partial order < defined by J < I if and only if I C J.

For each I € Toi(A), let M(I) denote its multiplier algebra. If I,J € Zegs(A)
are such that I C J, then there is a unique monomorphism

(1) 0y1: M(J)— M(I) suchthat o =oyrotyr,

where (i : K — M(K) denotes the canonical embedding of K into M (K'). Hence,
(Zess(A), {M (I)}1,{0s1}s<1) is a direct system of C*-algebras and monomorphisms,
and the direct limit C*-algebra of this system is denoted by

Mioe (A) = lim M(I).
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The C*-algebra M, (A) is called the local multiplier algebra of A.
One can consider the local multiplier algebra of M. (A), and so forth, thereby
yielding higher order local multiplier algebras. So we write

loc

MEL(A) = Mo (MET7(4)) , vEeN,

where MI[O} (A) is taken to be A. Although very little is known about the sequence

ocC

MM A ken, it is known that the sequence becomes constant if for some kg the
loc
C*-algebra Ml[k(’] (A) is an AW*-algebra—for in this case, Ml[k] (A) = Ml[fg] (A) for

oc oc

every k > ko [2, Theorem 2.3.8]. Only relatively recently has it been discovered
[3, 4, 6] that Ml[f(]: (A) need not coincide with M. (A4), and the reasons for this gap

are just now starting to be understood [5].

Injective envelopes. An injective C*-algebra is a unital C*-algebra C with the prop-
erty that, for any triple (B, D, ) of unital C*-algebras B, D and unital completely
isometric linear map « : B — D, every unital completely positive (ucp) linear map
¢ : B — C extends to a ucp ® : D — C such that ¢ = ok [8, §IV.2]. If A is an
arbitrary C*-algebra, not necessarily unital, then an injective envelope of A is a pair
(C, @) such that C' is an injective C*-algebra, a: A — C'is a monomorphism which
is assumed to be unital if A is unital, with the property that if C is an injective
C*-algebra with a(A) ¢ C C C, then C = C. Every C*-algebra has an injective
envelope, and any two injective envelopes (C, ) and (Cq, 1) of A are isomorphic
by an isomorphism ¢ : C' — C for which ¢ o a = 3 [16].

Thus, we may refer generically to “the” injective envelope of A, which we denote
by I(A). The injective envelope of A and the local multiplier algebras of A are
related by way of the C*-algebra inclusions
(2) A c MM ay ¢ MFP ) c 14), vEeN,

o

where the inclusions are as unital C*-subalgebras, except for the first inclusion if A is
nonunital. These inclusions are uniquely determined by the inclusion (embedding)
a:A— I(A) of Ain I(A). More explicitly, Mo (A) is the closure in I(A) of the
union of all the idealizers in I(A) of all essential ideals of A [14].

C*-modules. The Hilbert C*-modules [8, §11.7] that we use are left modules F over
an abelian C*-algebra Z. Recall that B(E) denotes the C*-algebra of bounded,
adjointable endomorphisms of E and K (FE) denotes the set of compact elements of
B(FE)—namely, the norm closure of the linear space F(E) of all elements (called
finite-rank endomorphisms) obtained through finite sums of endomorphisms of the
form O, where w,v € E and ©,,,§ = ({,v)-w, for all £ € E. The pertinent
facts we require are: K (F) is an essential ideal of B(F) and B(FE) is the multiplier
algebra of K(E). We will also use the fact that F(FE) is a left Z-module via
fOuwy =0y, for feZ.

Topology. Throughout we shall assume that T denotes a locally compact Hausdorff
space. As usual, C(T), Cp(T), and Co(T') denote, respectively, the involutive alge-
bras of all continuous complex-valued functions on T', all bounded f € C(T), and
all f € C(T) that vanish at infinity respectively.



4 MARTIN ARGERAMI, DOUGLAS FARENICK, AND PEDRO MASSEY

Vector and operator fields. Assume that (T, {H;}ier) and (T, {B(H;)}ier) are fi-
bred spaces where each H; is a Hilbert space. A cross section of (T, {H;}ier) is
a vector field v : T' — | |, H; in which v(t) € Hy, for every t € T. Likewise, a
cross section of (T, {B(H¢)}ter) is an operator field z : T — | |, B(H) such that
x(t) € B(Hy), for every t € T

For such cross sections v, x, we define functions v, % : T'— R by

v(t) = lv®l, @) = [=@I-

We say that v is bounded if sup,c; 7(t) < oo. The boundedness of z is defined
analogously.

A continuous Hilbert bundle [10] is a triple (T, {H¢}ier, ), where Q is a set of
vector fields on T with fibres H; such that:

(I) Qis a C(T)-module with the action (f - w)(t) = f(t)w(t);
(I) for each t € T, {w(t) : w € Q} = Hy;
(III) w € C(T), for all w € Q;
(IV) Q is closed under local uniform approximation—that is, if £ : T — | |, Hy
is any vector field such that for every tg € T and € > 0 there is an open
set U C T containing tp and a w € Q with ||w(t) —&(¢)|| < e forallt € U,
then necessarily £ € €.

Given a continuous Hilbert bundle (T, {H:}ter, ), let
(3) WD ={we:weCG(T)} and Q = {weQ:welC(T)}.

It is easy to see that € and €y are Hilbert C*-modules over Cy(T") and Cy(T')
respectively, where the inner product {(wy,ws) of wy,ws € Q is the continuous func-
tion

(wiywn) () = (wi(t),wa(t)), teT.

Spatial continuous trace C*-algebras. We now describe the class of C*-algebras of
interest in this paper.

Assume that (T, {H;}+eT, Q) is a continuous Hilbert bundle. An operator field
a is almost finite-dimensional with respect to this bundle if for each ¢y € T and
€ > 0 there exist an open set U C T containing ¢ty and wq,...,w, € ) such that

(a) wi(t),...,wn(t) are linearly independent for every ¢t € U, and
(b) |lpra(t)p: — a(t)|| < € for all t € U, where p; € B(H;) is the projection
with range Span {w;(t) : 1 <j <n}.

Moreover, a is weakly continuous if the complex-valued function
t = (a(t)wi(t), wa(t))

is continuous for every wy,ws € Q.

We denote by A = A(T, {H;}ter,?) the C*-algebra, with respect to pointwise
operations and norm ||a|| = max{||a(t)| : t € T}, of all weakly continuous almost
finite-dimensional operator fields a for which @ € Co(T). Such C*-algebras A were
studied by Fell [12], and he proved that each such A is a continuous trace C*-
algebra with spectrum A ~ T [12, Theorems 4.4, 4.5]. We call the algebra A the
Fell, or the spatial, continuous trace C*-algebra associated with the Hilbert bundle
(T, {Hi}ier, ).
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2. EXTENDED REPRESENTATIONS OF KESSENTIAL IDEALS

Let (T, {H;}ter, ) be a continuous Hilbert bundle over a locally compact Haus-
dorff space T. Suppose that [ is an arbitrary ideal of A = A(T,{H¢}ter,2). In
this section we shall construct a continuous Hilbert bundle (8XT, {H{ }icpx1, Q)
over the Stone-Cech compactification SX! of X!. Moreover, if we let A’ be the
Fell continuous C*-algebra associated with this bundle we shall show that I embeds
into A” as an essential ideal.

Let Z! C T denote the closed set

Zl = {teT :b(t)=0,VYbe I},
and let X! be the open set X! = T\ Z!. The open set X! is homeomorphic to
both the primitive ideal space Prim I and to the spectrum Tofl [22, Proposition
A.27]. Moreover, I is an essential ideal of A if and only if X/ is dense in T

Recall that 2, = {w € Q :w € Cp(T)} is a Cy(T)-module, and define a normed
vector space Q| x: of bounded restricted vector fields by

(4) leXI = {w|Xr NS Qb}
For any pair w,v € Q| x1, let (;Sf)’l, : X — C be given by
ww() = (W), v(), tex’.

W,V

This map is continuous and bounded, and so ¢f , extends to a unique continuous

map ¢L , : X! — C. By uniqueness of this continuous extension, the form (-, -)!

on Q) yr defined by

<w’l/>{ = ~4{;,u(t)v tGﬂXI,
is a pre-inner product on Q| y: for each t € 3X’. Let H/ denote the Hilbert space
completion of Q|1 /N{, where

N = fw € Qlxr = @, (1) =0}

If @!(t) denotes the equivalence class of w € Qp|xr in H/, then for t € X' the
map @’ (t) = w(t) is well defined and is an isometric isomorphism from Q| x 1/ N/
onto H;. Thus, we shall identify Hf = H; for every t € X' so that, under this
identification, we have w!(t) = w(t). Hence, for every w € ;, we have a bounded
vector field
wpx'— || H
teBX!
We shall consider

(5) gl = {@I : wEQb|Xz},

which is a vector space of bounded vector fields for which ¢ — ||@” (¢)|| is continuous
on XTI

Definition 2.1. Let Q! denote the set of all vector fields v : X — Uteﬁxf Hf

with the property that for every to € BX! and € > 0 there is an open set U C X
containing ty and a vector field @' € £ such that ||v(t) — @ (t)|| < & for every
tel.

We shall say that each v € !, as defined above, is a local uniform limit of vector
fields in £7.

Proposition 2.2. (8X',{H]},csx1,9Q) is a continuous Hilbert bundle.
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Proof. Because each v € Q! is a local uniform limit of vector fields in £, axiom
(ITT) on the continuity of the map ¥ and axiom (IV) on the closure of Qf under
local uniform limits are easily verified.

In order to prove axiom (I), let f € C(BX) and let v € Q!, and consider the
bounded vector field f-v defined by f-v(t) = f(t)v(t), t € BXT. Assume t; € 3X!
and let € > 0 be given. By the continuity of f and the definition of !, there are
an open neighbourhood U of ty in X! and a 7 € &£ such that, for all t € U,
|f(t) — f(to)| < €/2 and |lv(t) — 7L ()| < €/2. Therefore,

I - v(t) = fto) 7' (O < e(lvl +1IfIl), VteU.
Thus, f - v is a local uniform limit of vector fields in £/ hence, an element of Q.
This proves that Q is a C'(8X7)-module under the pointwise action.
That leaves axiom (II). However, in the presence of axioms (I), (III), and (IV),
the axiom (II) is equivalent to the axiom that {v(t) : v € Q!} be dense in H},

for each t € BXT [10]. This seemingly weaker axiom is satisfied by Q! because
{w!(t) : w! € €T} is dense in H/ for each t € BXT. O

Definition 2.3. If I is an ideal of A, we write Al = A(BX', {H]}icpx1,Q) for
the spatial continuous trace C*-algebra associated with the continuous Hilbert bundle
(BXT {H] }Yiepxr, Q) (see the last paragraph of section 1).

Notational Convention. Assume that U is an open subset of T" an let f € C(T).
We shall write that f € Cy(U) whenever f is an element of the ideal J = {g €
C(T) : g(t) =0, Vt € T\ U}. Conversely, note that every h € Cy(U) extends to a
continuous function h : T — C by defining h(t) = 0 for ¢t € T\ U. Thus, we shall
sometimes consider h as an element of Cy(T).

Lemma 2.4. Let I be an essential ideal of A and suppose that a € A. Then a € 1
if and only if a € Co(XT).

Proof. For each t € T let Ay = {a(t) : a € A}; by [12, Theorem 4.4], A; = K(H,),
the simple C*-algebra of compact operators acting on H;. Next, let I; = {b(t) :
be I} C Ay By [12, Lemma 1.8], if a € A, then a € I if and only if a € I, for
all t € T . Because I; is an ideal of A;, we conclude that I; = {0} for t € Z and
I, = A, for t € X!, Hence, a necessary and sufficient condition for a to belong to
I is that a(t) = 0 for all t € Z. That is, a € I if and only if a € Co(X7). O

Proposition 2.5. There exists a monomorphism 6; : I — A’ such that
(i) 07(I) is an essential ideal of A?,
(ii) 67(a) (t) = a(t), foralla € I and t € X', and
(iii) 67(a) (t) = 0, foralla € I and t € BXT\ X7

Proof. The topological space X' is regarded now as an open dense subset of 3X7;
hence, Cy(X7) is an essential ideal of C(3X7).

For every a € I, define an operator field a : BX' — | |,y K(H{) by ajx: =
a)xr and a(t) = 0 for all t € X'\ X'. We show below that a € A’.

By Lemma 2.4, a € Co(X'). Thus, dx: € Co(X') and satisfies a(t) = 0 for all
t € BXT\ X!. Hence, a € C(BXY).

To prove that a is a weakly continuous operator field, it is sufficient to verify the
weak continuity condition in vector fields in £, as every v € Q! is a local uniform
limit of vector fields in £7. To this end, let w,n € € and consider the function



SECOND-ORDER LOCAL MULTIPLIER ALGEBRAS 7

h(t) = (a(t)@! (t),71(t)), t € BXT. Restricted to X!, h is continuous (since a € A)
and vanishes at infinity. As noted earlier, the facts hjx: € Co(X) and h(t) = 0 for
all t € X1\ X! imply that h € C(BXT). Thus, a is a weakly continuous operator
field.

Lastly, we show that a is approximately finite-dimensional with respect to Q.
Notice that a has this property (with respect to Qy|xr) on X?. Thus, at every
point ¢y € X' and for every € > 0 there will be an open neighbourhood U of t4 in
X7 such that a is approximately finite-dimensional with respect to Q! to within e
on U. Assume now ty € X!\ X7 and let ¢ > 0. Since a(ty) = 0, there is an open
set U C X! containing ¢y such that 0 < a(t) < € for all t € U. This shows that
a is approximately finite-dimensional with respect to ! to within ¢ on U. This
completes the proof that a € AL,

Now define §; : I — A by 67(a) = a. Clearly d; is a homomorphism. Because
a(s) =0 for all s € T\ X', we have ||la|| = max;cxr ||a(t)||. Thus,

(5 = a(t = a(t = t = s
5@l = ma, la(®) = max ) = ma la(oll = lo]

which shows that é; is a monomorphism.
It remains to prove that 67(I) is an essential ideal of A’. Let

J={yeAllyt)=0,vte X\ X'},

which is an essential ideal of A’ that contains 6;(I). We claim that 3 = 6;(I).
Indeed, let y € 3. Thus, § € Co(XT), where X7 is viewed as an open dense subset, of
BXT. Since y € A! then y|yr is an operator field which is almost finite-dimensional
with respect to Qp|xr on X!. If we now consider X' as a dense open subset of T
we conclude that Yix1 extends to an element yext € A such that yeyxi(s) = 0 for
all s € T\ X!. Moreover, by Lemma 2.4 yext € I. It is clear that in this case
01 (Yext) = y which proves the previous claim. O

3. A DIRecT-LiMIT CONTINUOUS HILBERT BUNDLE

For every essential ideal I of A, we have constructed in the previous section a
continuous Hilbert bundle (X', {H{}icsx1, Q") and considered the spatial con-
tinuous trace C*-algebra Al associated with this Hilbert bundle. Our aim in this
section is to use these constructions to pass to limiting objects:

A = liin e (a compact, extremely disconnected Hausdorff space)
cA) = li_r>n C(BX') (an abelian AW*-algebra)

HA = lim H. (a Hilbert space, for every s € A)
s = Pr(s)

QA = lim Qf (
(

in a Banach space of vector fields)
(A, {H}sen, 2%)

a continuous Hilbert bundle).

We recall here for the reader’s convenience the notions of inverse system and
inverse limit of a family of sets {X, }aca, where A is a directed set. Assume F is
a family of functions indexed by subsets of A x A, whereby:

(i) foza - ian;
(ii) if (v, B) satisfies @ < 3, then fop: X5 — Xa;
(ifi) if @ < B < 7, then fay = fap o for-



8 MARTIN ARGERAMI, DOUGLAS FARENICK, AND PEDRO MASSEY

The triple (A, {Xa}aca, F) is called an inverse system.
The inverse limit of the inverse system (A, {X,}aca,F) is the set denoted by

lim X, and defined to be the subset of the Cartesian product H X, consisting of
—

«
all x = (z4)a with the property that z, = fo g(zg) whenever a < 8. If f,, denotes
the projection of lim X, onto X, then f, = fog o f3 whenever o« < 3. We shall
—
make use of the fact that the projections f, are surjective if each fog, o < 3, is
surjective.
If each X, is a topological space, if HXa has the product topology, and if the

«
functions in F are continuous, then the functions f, : lim X, — X, are continuous.
+—
When all X, are compact, then so is lim X,.

pun
The dual notions of direct system and direct limit are familiar to operator alge-
braists, and so they will not be defined here.

Proposition 3.1. (Inverse and Direct Systems)

(i) There exists an inverse system (Zess(A), {BXTY1,{®sr}s<1) of compact
spaces and continuous surjections.

(ii) There exists a direct system (Zess(A), {1}, {\s1}s<1) of bounded vector
fields and linear isometries.

Proof. By [11, Theorem VII.7.3], the continuous embedding of a locally compact
Hausdoff space Y into its Stone—Cech compactification Y is an open map. Hence,
assuming that J < I, we have that i;(X’) is open (and dense) in SX7. By
the Universal Property of the Stone Cech compactification, there is a (unique)
continuous ® ;7 : XTI — X7 such that

(6) Lyl xr = Qyrour.

Moreover, ® ;; is surjective because the open set i ;(X7) is dense in 3X 7. Finally, it
is evident that ®;; = idyr and that K < J < I leads to ®x; = Piy 0P ;;. Hence,
(Zess(A), {BXT}1,{® 1} s<r) is an inverse system, proving the first statement.

The second assertion requires an intermediate step that we shall use later on.
For every I, J € T (A) for which J < I and every t € 3X' we shall define a
unitary W, such that

\IJJ[tZngl(t)—)H{, for J1T

(7)

Uk =YinoVkie, ), for KxJ=<I

To achieve this we fix t € 3XT and I € Zi(A). Recall that for any L € T (A)
the linear space {w”(s) : w € Qyxz)} is dense in HE. Hence, if J < I, the map
@’ (®y1(t)) — w!(t) is a well defined linear isometry, and so it extends to a unitary
Wiy Hé]](t) — HtI Now if K < J < I, then Vg = Uy 0 \IIKJéJI(t) follows
immediately from ®g;(t) = ®x 70 Pyr(t).

Now to prove our second assertion, assume I, J € Zos(A) are such that J < I.
If v € Q7, then a vector field 7 : BX! — UteﬂletI is defined as follows:

(8) v(t) = Uypovody(t), tepX!.
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Observe that if v € Q, then (@/) = @!. Let Ay; be the function with domain Q7
and defined by A\;jv = . Note that \;; is a linear transformation and that
sup [#0)] = sup @) = sup [(r)].
tepXT’ tefX? refXJ

The first equality above is on account of the operator ¥ ;;; being an isometry, and
the second is true because @ j; is a surjection. Hence, v is a bounded vector field of
norm [|7]| = ||v|. Because A\;; (£7) = &' and every v € Q7 is a local uniform limit
of vectors fields in £7, we conclude that As;v is a local uniform limit of vectors
fields in &7, whence A;7(v) € Q. Finally, by virtue of the properties of ¥ ;r; and
® 57, we obtain A\j; = idgr and Ag; = Ajr o Ay whenever K < J < 1. O

Notation. For the purposes of notational clarity, equation (8) is henceforth ex-
pressed more simply as

(9) )\J]I/:VO(DJ[.

That is, (9) is shorthand for (8).
Denote the inverse limit of the inverse system (Zess(A), {BX?} 1, {®sr}s<1) by

(10) A = lim BX7,
—

and let ®; : A — BX! denote the continuous, surjective functions that satisfy
®;=d;; 0P; whenever J < I. The space A is compact and Hausdorff. We shall
note below that A is also extremely disconnected; thus, it is a Stonean space.

If J < I, then the continuous surjection ®;; : X! — X leads to a monomor-
phism py; : C(BX7) — C(BXT) defined by psr(f) = f o ®;; and in this way we
produce a direct system of abelian C*-algebras and monomorphisms. By [23],

(11) C(A) = Tim C(BXY),

the direct limit C*-algebra of the system (Zegs(A), {C(BX)}1,{ps1}s<1). Observe
that (11) states that
Mo (Co(T)) = C(A).
As the local multiplier algebra of an abelian C*-algebra is an abelian AW*-algebra
[2, Proposition 3.4.5], the maximal ideal space of Mo (Co(T')) is extremely discon-
nected, which is why A is Stonean.
Via the universal property, we deduce that the algebraic direct limit of the system

(Zess (A), {C(BX) Y1, {ps1}s<1) is (identified with)
(12) alg - lim C(BX") = {fo®; : I € L(A), feC(BX)},

which is uniformly dense in C'(A).
To construct Hilbert spaces H2, recall (Zoss(A), {Hél(s)}f’ Ve, }i<1) is a

direct system of Hilbert spaces and unitaries, for each s € A, by (7). Thus, we
consider the Hilbert space direct limit

(13) HA = lim Hy (o) -

(Note that for J < I, Hy (
Js

surjective linear isometry ¥y, : Hé,(s) — H?2 such that

\:[/JS = \IIISO\IIJHDJ(s); VJ#I

) = Hé](s)') Hence, for every I € Zes(A) there is a
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Thus, the set

(14) {Urv(®1(s) : I € Less(A), v € Q}
is dense in H2. For notational simplicity, we write (14) as
(15) {vo®;(s) : T € Tus(A), veQ}.

Observe that the inner product in H2 of any two such vectors vjo®r (s),j=1,2,
is (well) defined by

(1 0@, (s), 120 P (s)) = (v10®Py(s), 2o ®,(s)),

for any J € Zess(A) with J < I; and J < Is.
Likewise,

(16) alg -lim Qf = {vo®; : I € T (A), v € QF}
—

is an algebraic direct limit of vector spaces. Hence, every p € alg -lim Q7 is a
vector field A — | |, .o HZ via -

w(s) = v(®r(s)) € HS, for some I € Toes(A) and v € Q7.
Notational Summary. If I, J € Z.(A) are such that I C J, and if v € Q7, then
(17) vo®; = 1V o®;, where vV =Ajjv=vo0®y;.

Our aim below is to complete alg —ligl Q! in a manner that will give it the

structure of a continuous Hilbert bundle over A. Not only should this completion
be closed under local uniform limits, but it should be a C(A)-module as well.
In what follows, let

(18) £ = alg-lim Qf = {vod; : I €T (A), veQl}.
—

Definition 3.2. Q2 is the set of all bounded vector fields v : A — ||, . HY
with the property that for each sy € A and € > 0 there exist an open set U C A
containing so and w € € such that |v(s) —w(s)|| < e for alls € U.

Proposition 3.3. (A, {H2}.en, Q%) is a continuous Hilbert bundle.

Proof. Of the axioms to be satisfied, the only one that is not immediate is axiom
(I): that Q2 is a C'(A)-module. To prove this, let £ € Q2 and f € C(A). Choose
sop € A and € > 0. By the continuity of f, there is an open neighbourhood U; C A
of sg such that |f(s) — f(so)| < ey for all s € Uy, By definition of QA there
exist an open neighbourhood Us C A of sg, an I € Zos(A), and a v € Q such that
I€(s) —v o @r(s)]| < gy for all s € Uz Let U = Uy NU; to obtain

IIf-€(s) — f(so)vo®r(s)] < e, forallseU.

Now as f(so)v o ®; € Qf, the inequality above implies that f - ¢ is a local uniform
limit of elements of alg -lim Q. Hence, f-¢& € Q4. O
—

We call (A, {H}sen, Q%) the direct limit continuous Hilbert bundle of the system
described in item (ii) of Proposition 3.1.

The next result shows that elements of Q% are not just local uniform limits
of elements of alg —li_r}n Q!, but rather each & € Q” is a global uniform limit of

elements of alg - lim Q.
—



SECOND-ORDER LOCAL MULTIPLIER ALGEBRAS 11

Theorem 3.4. Q2 = lim Q as a Banach space.
—

Lemma 3.5. Assume & € Q2. For every so € A and & > 0 there exist I € Tos(A),
v e QL and an open set V.C BX! such that the open set U = <IJI_1(V) C A contains
so and ||£(s) —v o ®(s)|| <e foralls € U.

Proof. Let so € A. By definition, there are J € Zus(A), v/ € Q7 and U; C A
such that Uy is an open neighbourhood of so and ||£(s) — v/ o @ ,(s)|| < € for all
s € Uy. Inside U; there is an open set U containing sg such that U has the form
U = & (W), for some K € Zoi(A) and open set W C XK [11, Proposition
2.3 in Appendix Two]. Consider the essential ideal I = J N K; thus, J < I and
K < I, and so we consider the continuous functions ®;; : BX! — BX7 and
rr: BXT — BXE. Let V= o5 (W) € BX! and U = &;'(V) C A. The
relation @ = @1 o @ implies that @I}l(W) = CID;l (@;(II(W)) Thus, sg € U =
@}1(W) C Uy. Now let v € Q be given by v = v/ o ® ;7. Thus, for any s € U, we
have that

1€(s) —vo@s(s)| = [I€(s) =V (Ryro®s(s)) ]| = [I€(s) =1 0 ®y(s)]| < e,
which completes the proof. O

We now prove Theorem 3.4.

Proof. What we aim to prove is: for each &€ € Q2 and & > 0 there exist I € Zogs(A)
and v € O such that ||£(s) — v o ®;(s)|| < € for every s € A.

Fix € > 0. Lemma 3.5 provides us with an open cover of A of a specific type.
Let Uy,...,U, be a finite subcover. Thus, for each 1 < ¢ < n there are I; €
Tess(A), v; € QFi and open sets V; € X' such that U; = @El(Vi) C A and
I€(s) — vy 0 @, (s)|| < e for all s € U;. Suppose that {¢;}7; is a partition of unity
subordinate to the open cover {U;}? ;. By properties of the inverse limit [23], for
each i there exists J; € Tess(A) and 1; € C(BX77) such that ||p; — ;0 @, | < =,
Let I =/ (I; N J;) € Zess(A) and let X! C T be the open set corresponding to
I. Let ¢} € C(BXT) denote 9] = 1); o ® 5, 1; hence,

s — W; 0 ®r]| = [lwi —ths 0 ®@yp0Ps]| = [lwi —1hs 0 @y,

Consider now the following element v € QF:

n

v=> (Wo®r) Anrv;.

i=1

€
< —.
n

Then, for every s € A,

1€(s) —v o @r(s)]

Z%(S)f(s) - sz@f(s)) (vi O‘I’Ii(s))H

n

< Z pi(s) [€(s) —vio @, (s)]|
+ Y lpi(s) = o ®1(s)] [lvi o @r,(s)]
i=1
< e+e(lE(s)l +e).
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Hence, [|§ —vo @7 <e+e([¢]| +2). O

4. A DIrRecT LiMiT C*-ALGEBRA

In this section we keep the notation from the previous sections. In particular,
we use the maps d; from Proposition 2.5.

Proposition 4.1. There exists a direct system (Zess(A), {A'}1, {751} 7<1) of C*-
algebras and monomorphisms such that, for all J X I, 0y =750 (5J|I.

Proof. Assume that J < I. For each a € A7, consider the bounded cross section @
of the fibred space (3X', {B(H{)}icsx:) that is defined by

(19) a(t) = [Yyrla (@ @) [Wor]™t, tepXx’.
As before, we simplify the notation so that
(20) a = ao®ys

is now a shorthand expression of (19).

Let us now show that @ € A’. Continuity of a follows from @ = @ o ®;;. To
show that @ is weakly continuous, it is sufficient to use vector fields from £/. To
this end, let wy,ws € Q. Then

(at)@it), m3(t)) = (a(@sr() @i (@1(t)), @3 (Lr(t))) .

which is continuous as a function of t € fX 7.

To show that @ is approximately finite-dimensional, select to € X! and £ > 0.
Consider 7q = ®7(tg) € X 7. Because a € A’ there is an open set V C X7 and
Vi,...,vn € Q7 such that, for every r € U, Span {v1(r),...,v,(r)} is n-dimensional
and |la(r) — pra(r)p.|| < €, where p, € B(H;) is the projection with range spanned
by v1(r),. .. wn(r). Let U = ®;;(V), an open neighbourhood of ty. Consider the
vector fields A yrvp € QF, 1 < ¢ < n. Because \jrvp(t) = Uy (v(®1(1))),

Span{/\ﬂyl(t), cee /\J[Vn(t)}

is an n-dimensional subspace for all t € U. Let q; € B(H}) denote the projection
onto this subspace, for each ¢t € U. Then ¢ = \IIJItp@”(t)\If;}t, which yields
la(t) — qia(t)qe|| < e forallt € U.

Define my; : A7 — Al by m57(a) = ao ®;;. It is now straightforward to verify
that 7 ;7 is a homomorphism, that 7 ;; is isometric (since ® ;; is surjective), and that
(Zess(A), {AT} 1, {711} s<1) is a direct system of C*-algebras and monomorphisms.

To prove that 0; = 75 0 |7, assume that a € I. Thus, d7(a) is an operator
field on BX that vanishes on X!\ X! and agrees with a on X’. Thinking now
of I sitting inside J, 7(a) is an operator field on 3X” that vanishes on 3X 7\ X7.
Therefore the operator field 7y767(a) on X! vanishes on BX!\ X! because ® ;7
maps SXT\ X7 into 3X7 \ X7 [15, Theorem 6.12]. Hence, ms; 0 d;(a) € 57(I). It
is now straightforward to verify that 6y = 77 0 ds. ([

Notational Summary. If I, J € Z . (A) are such that J < I and if a € A7, then
(21) ao®; = a' o®;, where o' =myr(a)=ao0®dy;.

Therefore, if a € A’ then ao ®; : A — | |, o B(HZ), which induces a C*-
embedding of A’ into | J,., B(HS). Moreover, these embeddings are compatible
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with the direct system structure of (Zess(A), {Af}s, {71} s<1) of Proposition 4.1.
Therefore if An denotes the norm-closure
= -

Ap = U {ao®; : ac AT} ,
T€Zess(A)

then Ax = lim A’; that is, Aa is a concrete realisation of a C*-limit of the directed
—

system {AI}’IGICSS(A)~
Proposition 4.2 below identifies the algebras A® and K (%), which were studied
as separate entities in the prequel [7].

Proposition 4.2. Let A® = A(A, {HS}SEA,QA) be the continuous trace C*-
algebra associated with the continuous Hilbert bundle (A, {H}sen,2?). Then

K(Q%) = Ap = A2

Proof. We first show that Ax C A®; to so, it is sufficient to prove that {ac®; : a €
ATY € A2 for every I € To(A). Suppose that a o ®; and that wy,ws € Q2 are of
the form w; = w/o® ;, for some Jy, Jo € Zess(A) and w! € Q%i. Let K = INJ1NJa, an
essential ideal of A such that I < K and J; < K. Because ao®; = (ao®;x)oPk and
wio®y = (wjody k) o Pk, the continuity of the map s +— (a (P(s)) wi(s), wa(s))
is immediate. As vector fields of the form w = w’ o ®; are uniformly dense in Q2,
the operator field a o ®; is weakly continuous.

To show that a o ®; is almost finite-dimensional, assume sg € A and € > 0. Let
to = ®7(s0). As a is almost finite-dimensional, there are an open set V € X7
containing o and w; € Qf, 1 < j < n, such that, for all t € V, {w;(?) 7—q is a set of
linearly independent vectors and ||a’(t) — pa’(t)pe]| < €, where p, is the projection
onto the span of {w;(t)}}_;. Pull back to A using the open neighbourhood U =
®; (V) of sp and rank-n projections g; = pg,(s) onto the span {wj(®1(s))}75—y
to obtain |la(s) — gsa(s)gs|| < € for all s € U. This completes the proof that
{ao®; : a € AT} C AP, thereby establishing the inclusion Ax C A%,

By Theorem 3.4 any & € Q2 is uniformly approximated to within € on A by
some w = v o ®; of norm within € of ||£||; therefore, we can conclude that

10¢e — Ouwwll < I€—@ll(IEll +l0l) < Ce,

where C' is a constant depending on ||£]|. As the set of all finite sums of the
form ©O¢ ¢ is dense in the positive cone of K(Q2) [7, Lemma 4.2], we deduce that
K(QA) C An.

To conclude, we now prove that A% C K(Q?). Select a € A® and & > 0.
For every so € A there are an open set Us, C A containing so and vector fields
Wi, ..., wy € Q8 such that ||a(s) — ps a(s) ps|| < ¢, for all s € Uy, where p, is the
orthogonal projection onto Span{w;(s) : 1 < j < n}. It turns out that hy, :=
ps a(s)ps € F(Q?) (see the proof of Lemma 5.1). Therefore, {Us, }s,ea is an open
cover of A from which a finite subcovering Uy, ..., U, exists; let h; € F(QA) denote
the local approximant of a on Uj, for each 1 < j < n, and let {¢;}1<j<n C C(A) be
a partition of unity subordinate to {U;}1<j<n. Because F(Q4) is a C(A)-module
we have h =370, pi-h; € F(Q2). Therefore, for every s € A,

la(s) = h(s)ll < >~ wils) lla(s) = hy(s)l| < e.
j=1
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Hence, |ja — k|| < € and so a € K(Q2). O

5. A CHAIN OF INCLUSIONS OF C*-ALGEBRAS

In this section we prove that A C K(Q%) C M. (A), an inclusion as C*-
subalgebras, where A C M. (A) is the canonical embedding of A into its local
multiplier algebra. To do so, an alternate description of A [1] is useful.

Consider Qg as a Hilbert C*-module over Co(T'). Every x € F(€q) is a cross
section of the fibred space (T, {K(H:)}ter), and the set F () has the following
properties: (i) F(£o) is a x-algebra with respect to pointwise operations; (ii) {x(t) :
Kk € F(Qp)} is dense in K (Hy) for all t € T; and (iii) k € Co(T), for each k € F(p).

A cross section a of the fibred space (T, {K(H)}ter) is said to be continuous
with respect to F(Qp) if for each tg € T and & > 0 there exist kK € F(2p) and an
open set U C T containing to such that ||a(t) — x(t)|| < € for every ¢t € U . (The
terms “continuous with respect to” and “local uniform limit of” have the same
meaning; however, as the former terminology is used in the paper [1], we adopt this
phrase here.)

Let C = Co(T,{K(H)}ter, F(Q0)) be the set of all cross sections a of the
fibred space (T, { K (H:)}ter) that are continuous with respect to F () and satisfy
a € Co(T). With respect to pointwise operations and the supremum norm, C is a
C*-algebra.

Lemma 5.1. A(T,{H;}ier,Q) = Co(T,{K(H})}ier, F(Q0)).

Proof. By construction, F(£29) C A. Therefore, since A is closed under local uni-
form approximation, C' C A. Conversely, assume a € A. Let t € T and € > 0.
Thus, there exist an open set V' C T containing ¢ and w; € Q, 1 < ¢ < n, such
that, for every s € V, the set of vectors {w;(s)}?; is a linearly independent
set and ||a(s) — psa(s)ps|| < €, where p; € B(H,) denotes the projection onto
Span {w;(s) : 1 <¢ < n}. Via the Gram—Schmidt process [12, Lemma 4.2], we may
assume that the vectors w;(s), 1 < i < n, are pairwise orthogonal for every s in
some open set U C V containing . By Urysohn’s Lemma, we can also assume that
each w; € Q.

For each 1 < i,j < m, let f;;(t) = (a(t)w;i(t),w;(t)), t € T. Thus, f;; € Co(T)
and so f;; - w; € g for all 4, 7. Now note that

n

ps a(s)ps = Z (a(s)wj(s),wi(s)) Ou,,w,;(8) € F(o), VseU.

i, j=1
Hence, a is continuous with respect to F(£y), which proves that A C C. (Il

The previous result implies the following convenient description of the multiplier
algebras of essential ideals. If I is an ideal of A, then by Lemma 5.1, A’ is given by
Al = Co(BXT {K(H) }epxr, F()). In viewing A in this way, the ideal 67(1)
is given by

I 2= 6;(I) = Co (X' {K(H])}exr, F(Q' x1)0)) -

In this framework, x € M(I) if and only if = is a bounded cross section of the
fibred space (X!, {B(H})},cx1) for which z is strictly continuous with respect to
F((Q'x1)o) [1, Theorem 3.3]. That is, for each to € X', a € F((Qx1)o0), and
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e > 0 there are an open set U C X' containing ¢y and b € F((Q!|x1)o) such that
I (z(t) = b(t)) a®)]| + ||a(t) (x(t) —=0b(¢))]| < e, forall teU.
We summarise this fact in the next proposition.

Proposition 5.2. If I is an essential ideal of A, then x € M(I) if and only if
x is a bounded cross section of the fibred space (X1, {B(H])};cx1) such that x is
strictly continuous with respect to F((2x1)o).

Theorem 5.3. There exists a monomorphism v : K(Q2) — M, (A).

Proof. We shall exploit the fact that Ax = K(Q4) (Proposition 4.2). Fix J €
Toss(A) and let v : A7 — M(J) be the canonical embedding of A7 into M(J),
using the fact that J = §;(J) is an essential ideal of A7. Recall that, by Lemma
5.1,
J = 6,(J) = Co (X7, {K(HtJ)}teXJv]:((QJlXJ)O))

and, by Proposition 5.2, x € M(J) if and only if x is a bounded cross section of
the fibred space (X7, {B(H;)};cx~) which is strictly continuous with respect to
F((Q7x1)0)-

Suppose now that J < I and let z € M(J). Because ®jroir = 17 x1, 20 @y x1
is a well defined bounded section Z of the fibred space (X, {B(H/)};ex1). Select
to € X" and € > 0. Let s € ®;7(to) € X7 and choose a € F((Q/xs)o). Because
x € M(J), [1, Theorem 3.3] asserts that there are an open set V C X7 containing
so and b € F((Q7|x)o) such that

I (2(s) = b(s)) a(s)]| + lla(s) (@(s) — b(s)) | < &, forall s€V.

Let U = ®7; (V) and observe that m;7(a), 7r(b) € F((Q2"Jx1)o). Hence, the pull
back to X! of the inequality above holds for # in U and, thus, & € M (I).

Define 77 : M(J) — M(I) by 7jr(z) = 0 ® 7 x:. Thus 77 is a homomor-
phism and satisfies the commutative diagram

AJ TJI AI

(22) | [

M(J) —— M(I)
TJI
If 7y7(x) = 0, then z(s) = 0 for all s € ®;;(X!) = X7, whence x = 0. Therefore,
71 is a monomorphism. Hence, (Zess(A), {Af}1, {ms1}s<1) is a subsystem of the
direct system (Zess(A), {M(I)}1,{7sr}s<1)- Let N denote the direct limit of the
direct system (Zess(A), {M (I)}1,{Zsr}s<1).- The previous facts imply that there is
a monomorphism v : Ax — N such that

Al TL oy Ap

| B

M(I) —— N
Tr
is a commutative diagram for all T € Zss(A), where 7 and 7 are the embeddings
of AT and M (I) into their respective direct limits which satisfy 7; = 77 o 77 and
wy=nroqyrforall J 1.
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On the other hand, since 6; = my70d;); (Proposition 4.1), the commutativity of
the previous diagram implies that 7 ;7 is the unique monomorphism induced by the
inclusion of essential ideals §;(I) C §;(J), by the Universal Property of Multiplier
Algebras. Therefore, N and M), (A) are canonically isomorphic and, thus, we may
identify them. O

Theorem 5.4. There exists a monomorphism 3 : A — K(Q?) such that
A =2 K08 — M (A)
is the canonical embedding of A into its local multiplier algebra.

Proof. Let j: A — M(A) denote the canonical embedding of A into M (A). Because
54 embeds A as an essential ideal of A4, the Universal Property of Multiplier
Algebras tells us that the homomorphism 4 : A4 — M(A) in Theorem 5.3 is the
unique embedding for which

A Ay opn
Jl lVA
M(A) —— M(4)

is a commutative diagram. Therefore, by Proposition 4.2 and Theorem 5.3, the
diagram

A A 4A T A, = K(Q2)

jl 'ml l'y
M(A) Q0 M(A) . Mioc (4) -
is commutative. Thus,
A =24y AA A M(A) —TA s Mg (A)
is a canonical embedding of A into M. (A). Therefore, if 8 =14 004, then

AL K02 — 2 My (A)

is also a canonical embedding of A into M. (A). O

6. MAIN RESULTS

6.1. Determination of the injective envelope. To this point our analysis has
made extensive use of continuous Hilbert bundles for the study of A and its essen-
tial ideals, but for the determination of the injective envelope and local multiplier
algebras of A, a larger class of vector fields is required. We shall now draw upon
our work in the prequel [7] to the present paper.

Definition 6.1. ([7]) A vector field p : A — |l ,cp, HS is said to be weakly
continuous with respect to the continuous Hilbert bundle (A, {H2}sen, Q?) if the
function

s (u(s),E(s))

is continuous for all £ € Q4.
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If QVAVk is the vector space of all weakly continuous vector fields with respect to
the bundle (A, {H®}sen, Q2), then the quadruple (A, {H2}sen, 22, Q48,) is called
a weakly continuous Hilbert bundle.

Definition 6.2. ([20]) A Hilbert C*-module E over an abelian AW*-algebra Z is
called a Kaplansky—Hilbert module if the following three properties hold:
(i) if ¢; - v =0 for some family {c;}; C Z of pairwise-orthogonal projections
and v € E, then also c-v =0, where ¢ = sup, ¢;;
(ii) if {c¢;}s C Z is a family of pairwise-orthogonal projections such that 1 =
sup, ¢;, and if {v;}; C E is a bounded family, then there is a v € E such
that ¢; - v =c¢; - v; for all i;
(iii) if v € E, then g-v =0 for all g € Z only if v = 0.

The element v € E described in (ii) will be denoted by
(23) V:ZCi'Vi-

Theorem 6.3. ([7]) The vector space Q% is a Kaplansky—Hilbert module over the
abelian AW*-algebra C(A), where the C(A)-valued inner product {-,-) on Q% has
the property that for every pair &,m € QX there is a meagre subset Me¢, C A such
that

<£a 77> (‘9) = <£(S)7T](S)> I fOT all s € A \ Mfﬂl :
Kaplansky [20] proved that the C*-algebra of bounded adjointable endomor-

phisms of a Kaplansky—Hilbert module is an AW*-algebra of type I and Hamana
[18] proved that every type I AW*-algebra is injective. Thus:

Corollary 6.4. The C*-algebra of B(QvAvk) of all bounded adjointable endomor-
phisms of QvAvk is an injective AW*-algebra of type I.

To determine the injective envelope of A we use the following criterion. Recall
that an embedding or inclusion of a C*-algebra B into an injective C*-algebra C is
said be rigid if the only unital completely positive linear map ¢ : C' — C that is
the identity on B is the map ¢ = id¢. In [17] Hamana shows that a necessary and
sufficient condition for an injective C*-algebra C' to be an injective envelope of one
its C*-subalgebras B is that the inclusion B C C be rigid.

Theorem 6.5. ([7]) There exists a monomorphism o : A% — B(Q5%,) such that:
(i) ala)v(s) = a(s)v(s), for every a € A%, v € Q% s € A; and
(ii) a(A®) is a rigid C*-subalgebra of B(Q4,).

That is, (B(Q%,), @) is an injective envelope of A®.

We now arrive at the first main result of the present paper. Recall, from Theorem
5.4, that there is a monomorphism : A — K(Q2) = A2,

Theorem 6.6. (B(Qﬁk), Qo B) is an injective envelope for A.
Proof. Theorem 5.4 asserts that
A —2 K98 — M (4)

is a canonical embedding of A into its local multiplier algebra. Let tmioc : Mioe (4) —
I (Mo (A)) denote the canonical embedding of M), (A) into its injective envelope.
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By [13, Theorem 5], (I(Mioc (A)), tmioc © 7y © B) is an injective envelope of A. Hence,
by writing I(A) = I (Mjoc (A)), there exist embeddings

(24) A C K@) C Mo (4) € I(4),

where the inclusions of A into M, (A) and I(A) are the canonical inclusions.
Moreover, the inclusion of K (%) into I(A) is rigid because K (Q%) contains A.
Hence, (I(A), x) is an injective envelope of K (Q%), where £ = ty1oc © Y-

If, for a given C*-algebra B, (C, k) and (C’, K) are two injective envelopes of B,
then there is an isomorphism ¢ : C' — C such that ¢ o x = & [16, Theorem 4.1].
Theorem 6.5 asserts that (B(Q%), @) is an injective envelope of K (). Hence,

A Ly g(QA) Lmee 1(4)

H I

K(0%) —— B0

for some isomorphism ¢, which proves that (B (Q4),ao0 ﬂ) is an injective envelope
for A. O

6.2. The second order local multiplier algebra.

Theorem 6.7. M2 (A4) = MM (4) = I(A) for all k € N.

loc

Proof. The injective algebra I(A) = B(Q4,) is a type I AW*-algebra and the ideal
generated by the abelian projections of I(A) is K (Q4,) [7, Proposition 3.8]. We will
prove below that e € M, (A), for every abelian projection e € I(A). Assuming
this statement holds, we therefore conclude that K (Q%,) C M. (A). But K(Q%,)
is an essential ideal of I(A), and hence it is also an essential ideal of M. (A).
Therefore, K(Q%,) and M, (A) have the same local multiplier algebras, which

vields M, (A) = I(A) because of

loc

B(©Y) > M2

loc

(4) = Mo (K(20)) D M(K(Q5) = B(Q)-
Hence, M{% (4) = MM (4) = I(A), for all k € N.

loc loc

Therefore, to complete the proof assume that e € I(A) and € > 0. Recall that
e = 0,, for some v € Q4 for which (v,v) is a projection in C(A) [20, Lemma
13]. Because v € Q%,, there are a family {c;}; of pairwise orthogonal projections
in C(A) with supremum 1 € C(A) and a bounded family {w;}; C Q2 such that
lv —&|| < e [7, Proposition 4.4], where £ = )", ¢; - w; is in the sense of (23) and
lell <1+

By (24), K(Q%) C M. (A) € B(Q4,). Therefore, the centre of B(Q%, ), namely
{f-1: f e C(A)}, is contained in the centre of M, (A) and O, o, € Mo (A)
for all i. Thus, by [2, Lemma 3.3.6] (see also [24, Lemma 2.3 ]),

Mloc (A) = H Cz']\4loc (A) 3

K2

and under this isomorphism, (c;-©., ), determines a hermitian element x &
Mioc (A). Hence,

Mioe (A) = ] eiMioc (A) € [Jeil(A) = I(4),
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where the last equality is a fact about AW*-algebras [19, Lemma 2.7]. As e € I(A)
is identified with (¢; - €); under this isomorphism, we obtain

| < v =€l + gl < e +e).

le—z| = supllc; (Ov,y — Ou,w,)
K2
Since € > 0 is arbitrary, e is a limit of elements & € M), (4). O

Theorem 6.7 demonstrates that the injectivity of Ml[g(]: (A), which was proved to
hold for separable type I C*-algebras [25, Theorem 2.7] (see [5, Theorem 3.2] also),
can hold as well for certain nonseparable type I C*-algebras. In particular, the
following special case of Theorem 6.7 is new at this level of generality.

Corollary 6.8. For every locally compact Hausdorff space T, Ml[jl (Co(T)®K) is
(Co(T) @ K) = MIZ (Co(T) © K), for all k € N.

injective and therefore M2 e

loc

Corollary 6.9. Every derivation D : Ml[fc (A) — Ml[fl (A) is inner, and so for

every derivation d : A — A there is an inner derivation D : Ml[fl (A) — Ml[fl (A)
such that D|y = d.

Proof. Every derivation of a C*-algebra extends to a derivation of its local multiplier
algebra [2, Chapter 4], [21]. Applying this argument to A and then to M. (A), we

have that every derivation d of A extends to a derivation of Mlm (A). On the other

ocC
hand, if D is an arbitrary derivation of Ml[fl (A), then D is inner because every

derivation of an AW*-algebra is inner. ]

6.3. A refinement of the chain of inclusions.

Theorem 6.10. There exist monomorphisms through which the following inclu-
sions are as C*-subalgebras:

A CK(9%) C Mige (A) € Mioe (K(22)) € M2 (4) = MEL (K (22)).

Lemma 6.11. Let v € £ be such that v € Co(X'). If x € M(I) is considered
as strictly continuous bounded operator field on X!, then there exists w € Q! such
that x(t)v(t) = w(t) for every t € X'.

Proof. Let w : BXT — UycpxrH{ be defined by w(t) = 0 for t € SXT\ X7 and
w(t) = z(t)v(t) for t € X!. We will show that for every ty € BX! and £ > 0 there
are an open set U C BX' containing to and a p € Q such that |Jw(t) — u(t)| < e
for all t € U. Because Q! is closed under local uniform approximation, this will
imply that w € QF, thereby completing the proof.

Assume to € SX! and let € > 0. Notice that ||z| = sup,cy: ||z(t)|| < oo and
lw®)|l < ||lz|| #(t) for t € XT. Thus, if o € X!\ X, then there exists an open set
to € U C BXT such that ||w(t)|| < e for t € U, since © € Cy(X7).

Assume now that ty € X!. Choose a bounded vector field n € Q! such that
there exists an open set to € W C X! such that |[n(t)|| =1 for all t € W.

Let a = O, ,|xz, which is an element of ]—'((Q‘IX,)O). Because z is strictly

continuous with respect to F( (QllXI)o), there are an open set U C W containing tg
and b € f((QIIXI)o) such that || (z(t) — b(t)) a(t)]| < € for all t € U. Note that we
have

a(t)n(t) = (n(t),n(®)) v(t) = v(t), vteU.
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Let = bv € Q. Hence, for any t € U,

lw(®) = p@)]l = [lz@)v ) =)@ = [ (=) = b)) al)n®)] < e.
O

Proof of Theorem 6.10. By Theorems 5.4 and 6.7 we are left to show that there is
a monomorphism p : Mjg. (A) — Mo (A2), since A2 = K(Q4) by Proposition
4.2.

To that end, let T € Zes(A) and consider the set Y = ®;'(X!) C A which is
open and dense [6, Lemma 1.1]. Because ®; : A — 3X! is a (continuous) surjection
®; must map Y onto X!. The open dense set Y/ determines an essential ideal of
A® that we denote by h(I). Thus, b : Tess(A) = Tegs(A?) is a well defined function.
Note that if K € Zee(A) is such that K < I, then (6) states that X1 c @5 (X*K)
(because ® 7 maps BX!\ XT into BXK \ XX [15, Theorem 6.12]). Thus,

(25) YE = o /(XT) = 7' (e (XT)) D YT,

and so h preserves order; i.e., K I = h(K) < h(I).

Fix I € Zess(A) and let € M(I). Thus, by Proposition 5.2, z is a bounded
cross section of (X!, {B(H/)};cxr) which is strictly continuous with respect to
F((Q'x1)o). Consider the bounded section Z = x o ®7yr of the fibred space
(Y1 {B(H?)},cyr). We aim to show that # is strictly continuous with respect to
F((2%y1)o), as this is sufficient (and necessary) for & € M (h(I)) by Proposition
5.2. To this end, let so € Y, & > 0, and a € F((Q2%y1)o). Recall that A =
hm BXE and, by Theorem 3.4, Q4 = hm QF. Thus, without loss of generality

We can assume that there are an essentlal ideal K C A with K C I, an open set
U C BXK with sp € ;1 (U) € YT and w;,n; € X such that

n

s) = 29‘%7’71‘ 0®p(s) for se€ d(U),

since QX consists of all vector fields v : FX* — e BXK H[ that are local uniform
limits of £X. Again, since the strict continuity is a local property, we can further
assume that «;, 17; € Co(U).

Within the open subset U C XX, apply the Gram-Schmidt orthogonalisation
procedure [12, Lemma 4.2] to the vector fields w;,n; € £ to obtain vector fields
vi,..., vy € EX that are pairwise orthogonal in an open set tg = ®x (so)eUyCU
and are such that each w;(t) and 7;(t) are in the linear span of vy (t),...,vn(t)
for every t € Uy, 1 < j < n. (Notice that £X is a Cy(T)-module via the natural
monomorphism from Cy(T) into C(3XX); this is all that is needed for the Gram—
Schmidt process.) Relabel so that U now has the property of Up.

Because I 5 K, the proof of Proposition 3.1 demonstrates that the map w +—
wo®;g is a linear isomorphism £X — £7, allowing one to go back and forth between
EX and &£'. Hence, we may further assume that the vector fields W, M), Ve € EX are
contained in €7 and defined on SX' and are such that wj, 1j; € Co(U) C Co(X7)
(since U ¢ XX ¢ XT). Now let p=Y" ,©,,,, € Al. By Lemma 6.11, each of

N N N
pxr = Z@U“I*W y TP = Z@xui,w y and prp = Z@ww,m*w

i=1 i=1 =1
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can naturally be regarded as an element of A?. Notice that p(t) is the orthogonal
projection onto the span of {vi(t),...,vn(t)} for every t € U. Let ¢ = (px +
xzp — prp) o Prx € AK and let d = Y | O, n, whereby a = d o ®k. Hence
d(z —¢)(t) = dz(t) — dz(t) = 0 for t € U, since

de(t) = dpx(t) + dop(t) — dprp(t) = dx(t) + dprp(t) — dprp(t),

because d(t) = dp(t) = pd(t) for t € U. Similarly (z — ¢)d(t) = zd(t) — xd(t) = 0
forteU.
If we now let b = co ®x then b € F((Q%|y1)o) - since ¢ € Co(U) - is such that

| (@(s) = b(s))a(s)]| + [la(s) (Z(s) —b(s))]| < e, forall se CI)I_(l(U) cy’l.

This proves that £ € M(J(I)). The map ¢y : M(I) — M(h(I)) given by (;(z) = &
is evidently a homomorphism. If (;(x) = 0, then x(t) = 0 for all t € ®;(Y!) = XTI,
and so « = 0. Therefore, (; is a monomorphism. Let avy(ry : M(h(I)) = Mioc (A%)
be the unique monomorphism that embeds M (§(I)) into the local multiplier algebra
of A® and, for J < I, let ay(pypry @ M(b(J)) — M(h(I)) be the connecting
monomorphisms induced by §(J) < h(I). For each I € Zss(A), let pr : M(I) —
Mioe (A®) be the monomorphism p; = ap(ry © 1. Because 751 = ay(ypr) © (s
(where 77 is as in (22)) we conclude that the following diagram

M) I M(I)

o e

M(b(J)) ——— M(b(I))

b (J)b (1)

is commutative. Therefore, there exists a monomorphism p : Mo (A) — Mioc (A2).
O
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