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Abstract. In this paper we solve the initial value problem for the diffusion induced by
dyadic fractional derivative s in RT. First we obtain the spectral analysis of the dyadic
fractional derivative operator in terms of the Haar system, which unveils a structure for the
underlying “heat kernel”. We show that this kernel admits an integrable and decreasing
majorant that involves the dyadic distance. This allows us to provide an estimate of the
maximal operator of the diffusion by the Hardy-Littlewood dyadic maximal operator. As a
consequence we obtain the pointwise convergence to the initial data.
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1. INTRODUCTION

The classical result of pointwise convergence to the initial data for the heat equa-
tion % = Au, u(z,0) = f(x) can naturally be extended to fractional diffusions of
the type %7: = —(—Auw)®, u(z,0) = f(z), with 0 < s < 1. This fact follows from the
estimates for the Fourier transform of e~ 1€/*" given by R. Blumenthal and R. Geetor
in [2]. In fact when s = 1 we are in the classical local case. In this case the solution
is given by convolution of the Weierstrass kernel with f. Hence its maximal function
SUp;~ [u(x, )| is bounded above by the Hardy-Littlewood maximal function M f(z).
When 0 < s < 1 the results in [2] prove that, even when the decay of the kernel is no
longer gaussian, we have that it is bounded above by a constant times (14 |z|) =725,

So that we still have the inequality

(1.1) igg lu(z, )| < CM f(x).

The authors were supported by CONICET, CAI+D (UNL) and ANPCyT.



We can rephrase the above for 0 < o < 2 without the use of the Fourier transform
by saying that (1.1)) holds for the solution of

% =—-D%, ze€R™"t>0,
U(IE,O) :f(x)’ ‘TGRna

given by k; * f(z) = u(x,t) with k(x) the inverse Fourier transform of e~¢l” where

D%¢g(x) :p.v./ Mdy

re |7 —y["te

It is well known that D7 = (—A)?/2, see for instance [3]. Let us remark that Fourier
analysis is used here to obtain the right estimates for the kernel given by the Fourier
transform of e~ I¢I",

In this note we aim to prove pointwise convergence for the initial value problem

G4 = —D3u, xeRTt>0,
u(z,0) = f(z), »eRF,

where

Dgyg(m)z/R 9(x) —9(y) dy.

. 5(x7y)1+0
and 0(z,y) is the measure of the smallest dyadic interval containing both z and y.
We say that § is the dyadic distance in R+. The dyadic operator Dy, was introduce
in [I]. We show that
sup |u(z,t)] < CMg, f(z)
t>0

where Mg, denotes the dyadic Hardy-Littlewood maximal operator, i.e.

(12) Mayf(0) = swp o [ 17,

cerea 1| Jr
where the supremum is taken over the family of all dyadic intervals of R* containing
z. In doing that we unveil the generalized Fourier analysis involved in Dg, 0<o<
1). The basic fact is that the Haar functions are eigenfunctions of Dg, . This allows
to provide a structure for the underlying “heat kernel”. Finally we show that this
kernel admits an integrable and decreasing majorant in terms of d(z,y).

The paper is organized as follows. We introduce the general setting and we state
the main results in Section 2] In Section [3] we obtain the spectral analysis of the
operator Dg in terms of the Haar system and we prove Theorem Section (4] is
devoted to obtain the maximal estimate contained in statement of Theorem
and as a consequence we demonstrate the pointwise convergence to the initial data.



2. SETTING AND STATEMENT OF THE MAIN RESULTS

Let 2 = ez 27 be the family of all dyadic intervals in Rt organized in genera-
tions 7. If T belongs to 27, then I = I} = [(k —1)277,k277) for some k € Z* and
|I| = 277, where the vertical bars denote Lebesgue measure in R.

For each I € 27 there exists 2 disjoint intervals IT and I~ in 271! both contained
in I, which are precisely the right and left halves of I, respectively. An “ancestor”
of I'is any J € & such that I C J. Given I and I’ in 2, we shall say that J € &
is the “first common ancestor” of I and I’ if J is an ancestor of both I and I’ and
J C J' for any common ancestor J' of I and I’.

The dyadic distance 6(z,y) from x to y, both in RT, is defined as the measure of
the smallest dyadic interval J € 2 containing both z and y and é(x,z) = 0. Notice
that for any two points z and y in R §(z, y) is well defined since for |j| large enough
and j negative the interval [0,277) is dyadic and contains z and y. As it is easy to
see |z —y| < §(z,y) but Wl,y) is still singular in the sense that f]w % = 400
even when fBg(w,l) # and fRJF\B&(w,l) (S(mf;% are both finite for € > 0. See
Lemma [3.1]in

For I € & we shall write h; to denote the Haar function supported on I. In other
words hy = |I|’% (x7- — X1+ ), where x g denotes the indicator function of the set E.
The system H = {hy : I € 2}, known as the Haar system, is an orthogonal basis
for L?(R*) and an unconditional basis for L?(RT),1 < p < oo (see for example [4]).
The span of the set of Haar functions will be indicated by S(#), that is, if f € S(H)
then there exists a finite subset F,, of Z such that

f(l') = Z <f7h[>h[($),

IeF,

where (f,hy) denotes the inner product [, fhrdz as far as it is well defined.
The fractional dyadic derivative of order o € (0, 1) of a function f is defined by

flz) = fy)

Dgyf(x) = R+ 5(5E,y)1+0 Y,

provided that the integral is absolutely convergent. This is the case if for example f
is a bounded Lipschitz function with respect to §. In particular if f is Lipschitz in
the classical sense, since |z — y| < d(z, y).

We are now in position to state our main results.

Theorem 2.1. Let 0 < o < 1 be given. Then,
(1) for each hy € H we have

(2.1) Dy, hr(z) = b ||~ hr(x),



with b, =1+ [2(27 — 1)]7%;
(2) for f € S(H) the function u defined in Rt x Rt by

(e, t) =Y e T by ()

Ie2
solves the problem

Uy t) = —DJ u(x,t), xRt t>0,
(2.2) { o v

u(z,0) = f(x), z € RT;
(3) u(x,t) can be written as an integral operator with the positive and finite

1 6(z,y)
kt(xay) = tl/gw( /o )7

kernel

where

1 — , joy—o
(p(S) - - —e_b"s + Z 2—je—b{,(2js)

5 i>1
for t > 0. In other words
(2.3) uet) = [ Kla) ) do
+

Theorem 2.2. Let 0 <o < 1,1 < p < oo and f € LP(RT) be given. Then, the
integral in (2.3)) is absolutely convergent for almost every x € Rt and u(-,t) belongs
to LP(R™) for each t > 0. Moreover

(1) the function u(x,t) satisfies that

(2.4) sup |u(z, t)] < CMg, f(x),

t>0

for some constant C' > 0;
(2) u(-,t) converges to f in LP as t tends to 0;
(3) limy o+ u(z,t) = f(x) for almost every x € RT.

3. THE DYADIC FRACTIONAL DIFFERENTIAL OPERATOR AND THE PROOF OF

THEOREM 2.1

The first result in this section is an elementary lemma which reflects the one
dimensional character of Rt equipped with the distance 6.



Lemma 3.1. Let 0 < € < 1, and let I be a given dyadic interval in RT. Then,

for x € I, we have
dy
=c|I|*
/15(96,9)1‘6 i

dy _
e = CelII™,
/]R+\I 5(xay)1+€ | |
where c. = 2°71(2¢ — 1)7! and C. = [2(2¢ — 1)] !

and

Proof. Observe that the open ¢ ball Bs(z, r) is the largest dyadic interval I containing
x with length less than 7. Then, for I € 27 and z € I we have

/ dy _/ dy
16(z )= Jpy(w2-it1) 6(x,y)tE

oo

) / Ay
g1y 2P 1 <8 (ay) <2 kY 5(z,y)t—e

> Hy: o(a,y) =275 2= kDD

k=j—1
J— 2¢-1
i 9~ (k+1)e _ TIE.
2 Z - 1| |
k=j—1
The proof of the second identity follows the same lines. |

Let us notice that the indicator function of a dyadic interval I € & is a Lipschitz
function with respect to the distance 6. In fact |x7(z) — x7(y)| < d(x,y)|I|~!. Hence

for 0 < o < 1, the integral
/ x1(#) — xr(y) dy
R+ (5(377 y)1+a
is absolutely convergent since by Lemma for every x € RT and for any dyadic
interval J containing x we have that

xi(z) = xr(y) X1 (2 (y)] Ixr(z) — xr ()l
/R+ To(wy)te 1+0 ‘ / 5(x y 1+v Tyt Y */Jc S ygre
dy

III 7 0(z,y)° ge Oz, y)tte

< |I|cl oI 420,107

Now, for 0 < o0 < 1 we are in position to define the operator Dg,, on the linear
span S(H) of the Haar system H, by

f@) = ),

R+ 6(.’177 y)1+0

(3.1) D3, f(z) =



Although in [I] the authors prove that Haar functions are eigenfunctions of Dg ,

we will give a simpler alternative proof.

Proof of Theorem[2.1 Notice that for I, 1" € 2, with I NI’ = (), we have that
(3.2) 5(z,y)=C, forallzelandallyel.

Moreover, C' = |J|, where .J is the first common ancestor of I and I’.
Take hy € H. Suppose first that x ¢ I. Since hy is supported on I, then hr(x) = 0.

Hence
h —h —h —h
/ 1(7) ll(y)dy:/ 1(31/) dy+/ 1(21/) dy,
o(x,y)t+e r+\1 0(2,9)+7 1 0z, y)tte
The first integral on the right hand side is zero since hy(y) = 0 for all y € RT\I. For
the second integral, since x ¢ I and y € I, we apply (3.2) to obtain

_h’l —1—0 _
/5 (z,y) 1+a =-C /Ihl(y)dy =0

Therefore, we have proved (2.1)) for = ¢ I.
Suppose now that x € I. Let us denote with I* the child of I which contains x.

Then
hi(xz) —hr(y) , hi(z) — hi(y) hi(z) — hi(y)
/1 6(z,y)tte W= / 6(z, y)tte W /I\I* §(z,y)tte dy

Since hy is constant in each child of I, then the integral over I* vanishes. Note that
in the integral over I\I* we have é(x,y) = |I|, then

W@ i), [
/I 5(z, y)+o dy = [I| /I\I* hi(z) — hi(y)dy
= milfa/lhl(x) —hi(y

)dy
1177 | [ matay = [ ratan]

=177 hy ()]
(3-3) = ["hi(z).

Finally, applying Lemma [3.1] we have that

hI(x) - hl(y) _ T x —1—0
/uw S, gyre W=l )/ﬂw\f“ vy

(3.4) = hy(z)C, I



Hence, from (3.3) and (3.4)) we obtain
hi(z) — hi(y) / hi(x) — hi(y)
DS h = | ——dy + ———22(
fuhito) = [ 5 s S gy
= |I|"7h(z) + Co|I|"7hy(x)
= (14 CH|I|77hs(x).

Then we have proved ([2.1]) for x € I, and the proof of is complete.
In order to show [ notice first that, from [T} the identity

DG, f(x) = bo|T|~7(f, )y ()

I1€2

holds for every f € S(#H). Hence for such an f, the function

(3.5) u(a,t) =Y e M b hy ().

1€

solves problem ([2.2). In fact, the orthonormality of the Haar system shows that the
series defining u has only a finite number of non vanishing terms, then

%(J?,t) = Z _bo‘l‘_ae_ballligt(fv h1>h1(x)
1€

= - Z eiba|1|_0t<f7 hI>Dgth(z)

1€2

= —Dgy (Z e—ba\f\7°t<f7 hI>hI> (‘r)

I1€9
= —Dg,u(z,1).

On the other hand, is immediate that u(z,0) = f(x).
Finally, to prove [3] set for ¢ > 0

(3.6) ki(a,y) =Y e hy (y)hy ().

1€
Notice that for fixed positive z, k:(x,y) can be regarded as the function of y whose

Haar coefficients are given by ¢;(x,t) = e~ l!I""th;(z). This function of y belongs
to L2(R*) since |cr(x,t)|> = e~ 20177t [|=1 whenever = € I. Hence
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which is finite. Then for f € S(H) the integral [;. ki(x,y)f(y)dy is absolutely
convergent. Therefore writing the integral as an inner product and noticing that

<f, > cI(x7t)h1> = erla,t) (f,hr),

Ieo Ie9

we obtain from (3.5 that

ki(z,y) f(y)dy = u(z,t).

R+

Notice first that for fixed z and y in R, only contribute to in the terms in
which I contains both = and y. We shall denote I° the first common ancestor of x
and y, and let ¢ be such that I° € 2¢. Also we shall denote I7 the dyadic interval
in 277 containing I°. Then

zy) = e T s () hus ()
§>0
= e b o (y) o ()
+2 eI s (y) By ()

j>1

Let us observe that, for every j > 1, x and y belong to the same child of 17, so that
hyi(y) = hyi(z). Moreover,

his )by (2) = |[P]

Hence,

e—bol7| 77

kt(x,y) :e*ba|10|7"th10 h[O Z |IJ

7>1

Now, notice that §(x,y) = |[I°| and that |I7| = 27|I°|. Also, since x and y belong to
different children of I°, we have that hjo(y)ho(z) = —|I°|~!. Then, we obtain that

o—bo(276(z,y) 7t

bl = e Tt 3
j>1
1 b, 8(zyy) "t o —by (28(z,y))
— —e Vo0, + 27 Je o ( (z,y))~ 7t
8(x,y) ;



Hence, defining ¢ : R* — R by

o) = L et 4 S|,
Jj=1

1 o(x,
kt(x7y) = tl/ogp( il/a’y)) .

Notice that the series defining ¢(s) converges for every positive s. On the other

we have that

hand, since e %% 7 < e7%(2’9)77 for every j > 1, then (s) is strictly positive for
every s > (. Therefore the proof of [3]is complete. O

4. MAXIMAL FUNCTION ESTIMATES AND THE PROOF OF THEOREM

To start with the analysis of the way in which the initial condition is attained, in
this section we shall denote K; the operator with kernel k;, i.e.

Ko f(x) = / el y) )y = (e 1),

In this section we aim to prove that the maximal operator K* associated to u(x,t)
satisfies that

K" f(x) := sup | Ky f(x)] = sup |u(z, t)| < CMay f(z),
>0 t>0

for every f € LP(R™), where My, denotes the dyadic Hardy-Littlewood maximal
operator defined in ([1.2]). In order to do this, we shall construct a decreasing function
¥ : RY — R such that ¢ € L'(0, 00) with

I EICN)
o)l < gz (T2 )
Proof of Theorem [2.4 For s > 0, since >+, 277 =1and |e7®| <1 for x € R", we

have that
1 ; -0
<Ly i),
o(s) < ;- 2 [1 e
j>1

Then using the Taylor expansion for the exponential function we obtain

(41) oo < o || -

Jj=1



For 0 < s < 1, fix 0 < € < 1 and define n(s) := | —clog, s|, where |-| denotes the
floor function. Then we can split the series defining ¢ in the following way

s n(s)

(4.2) p(s)=——+ - ZQ igmbo (s —|—f Z 2 Iembo(28) 77

J>n(8)

The absolute value of the first term of the right hand side of (4.2) is clearly bounded.
The second term is also bounded since for j < n(s) we have that e=2-(¥'5)"7 <

e~bes 77 Then
n(s) 676057(175)a n(s) eibos—(l—e)a
- 9=d b (275)77 2-J < .
Z € B S Z - s
J=1
For the third term we can see that
1 S 2t @977 < 1 S 2 < Lo o2, 2
5 ~ s ~ s ~ s gl—e
i>n(s) j>n(s)

Therefore, for 0 < s < 1 we have that

C

gl—e€’

(4.3) ©(s)

IN

So that from (4.1)) and [4.3), ¢(s) < 9(s) for every s € R* with

B 1/st7¢, if0<s <1,
¢(8)—C{ 1/51+U7 if s >1,

for some positive constant C. Hence,
Kef @< [ M)l )y
o tfw (252) e
J;,o e / s (S5 171

1
27F 1) / dy.
Z t1/023+1 By (w,41/72541) |f(y)] dy

j=—00

I A
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Since |Bs(z,7)| < r and each By is a dyadic interval, we have

1
|B§(I,t1/02j+1)| By (x,t1/02i+1)

[Kof(@)] < Y 2771(27) [f(y)l dy

j=—o00

< 3 D) My f(a)

j=—o00

—AMyf@) Y /{ L

j=—00
<aMyf(a) [ o)y
< 452 May £ 2.

Therefore, taking supremum in ¢ we obtain
sup Ko f (@)] < 41612 May (2),
>

which completes the proof of

In order to prove [2] notice first that for g € S(H) and 1 < p < oo we have the LP
convergence of K;g to g. Take f € LP, then for a function g in S(H) we have that

IKef — fllze <NEe(f = 9)llze + [1Ktg — gllee + lg — fllze
< COMay(f = @)llee + 1 Keg = glle +[lg — fllze
<C\f —gllze + |1 Krg — gllzr-

So that from the above remark and the density of S(#) in LP we obtain the desired
result.

Finally, as usual, the pointwise convergence to the initial data in[3]is an immediate
consequence of the boundedness properties of the maximal operator associated to u
and the pointwise convergence in a dense subset of LP (1 < p < 00). We will sketch
a brief proof for the sake of completeness.

Since we already know that K;f — f in the L sense as t — 07T, in order to prove
the pointwise convergence, define

E={felLl: tli%l+ K. f exists for almost every » € R }.
—

Notice that S(H) C E C LP. Since S(H) is dense in LP, then we only need to prove
that E is a closed subset of L”. Let {f,} be a sequence contained in F such that f,
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converges in LP to a function f. To see that f € E it is enough to prove that for all
€ > 0 we have

(4.4) |E,| := H:c s limsup K, f(z) — liminf Ky f(z) > e} =0.
t—0+

t—0t

For every n we can write

|E| < Hx : limsup Ky f (x) — liminf Ky f,, (x) > 6}‘
t—0+ 3

t—0+

+ Hx limsup K¢ (f — f)(x) > 6}’ + Hx iminf Ko(f = fn)l@) < _H

t—0+ 3

The first term is zero since f, € E. For the other two terms we use the weak type
inequality boundedness on LP of the maximal operator K* which follows from the
item [I] Notice that for every function g we have that

liminf Kg(x)

t—0t

< K*g(z) and |limsup K;g(x)

t—0t

< K*g(z).

Then, since K* is weakly bounded on LP, we obtain

{x: limsup K¢ (f — fn)(z) > 6}' < 6%an = fliLs

t—0+ 3

and
x: liminf K (f — fo)(z) < —<ll< g“f — flI
oot ! " 3f| - e Le
Hence,
¢ P
1B < Sl 71

When n tends to infinity we have (4.4)). Then E is closed and therefore £ = LP.
This means that for every f € LP we have that

lim u(z,t) = lim K;f exists for a.e. € RT.
t—0+ t—0+

But we already know that u(x,t) — f(z) when t — 0% in LP, then (3| follows, which
completes the proof. O
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