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1 Introduction

The particle size distribution (PSD) of a polymer colloid
(or a latex) is an important characteristic that deter-
mines the end use properties (e.g., rheological, mechani-

cal and physical properties) of the material when used
as an adhesive, a coating or an ink. Also, it may influ-
ence the main physico-chemical mechanisms (absorp-
tion, desorption, and termination of free-radicals) that
take place in some heterogeneous polymerization pro-
cesses [1, 2]. Most the industrial latexes are obtained via
emulsion polymerizations but can also be produced by
miniemulsion, microemulsion, and dispersion polymeri-
zations.
Transmission electron microscopy (TEM) is probably
the most accurate technique for measuring narrow dis-
tributions of hard particles. Additionally, it can provide
a detailed picture of particle shapes and morphology.
However, TEM has several drawbacks [3–5]: i) it is only
useful for measuring dry particles (i.e., isolated from
their dispersion medium), ii) it is experimentally expen-
sive, time-consuming, and difficult (especially when ana-
lyzing soft latexes and/or broad PSDs), iii) the electron
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Abstract

The particle size distribution (PSD) of dilute latex was
estimated through a general regression neural network
(GRNN) that was supplied with PSD average diameters
derived from multiangle dynamic light scattering
(MDLS) measurements. The GRNN was trained with a
large set of measurements that were simulated from un-
imodal normal-logarithmic distributions representing
the PSDs of polystyrene (PS) latexes. The proposed
method was first tested through three simulated exam-
ples involving different PSD shapes, widths, and dia-
meter ranges. Then the GRNN was employed to esti-
mate the PSD of two PS samples; a latex standard of

narrow PSD and known nominal diameter, and a latex
synthesized in our laboratory. Both samples were also
characterized through independent techniques (capillary
hydrodynamic fractionation, transmission electron mi-
croscopy, and disc centrifugation). For comparison, all
examples were solved by numerical inversion of MDLS
measurements through a Tikhonov regularization tech-
nique. The PSDs estimated by the GRNN gave more
accurate results than those obtained through other con-
ventional techniques. The proposed method is a simple,
effective, and robust tool for characterizing unimodal
PSDs.
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beam can cause sample damage or size contraction, iv)
for broad or multimodal PSDs thousands of particles
must be counted, v) it tends to underestimate polydis-
persities and vi) automatic sizing can cause undesirable
artifacts. Recently, however, a wet-STEM (scanning
transmission electron microscopy) technique has been
developed to analyze samples in water in a liquid state
under transmission imaging conditions. Wet-STEM is
basically an imaging mode in environmental scanning
electron microscopy (ESEM) working under transmis-
sion conditions (STEM-in-SEM) [6, 7]. This technique
can be used to determine the droplet size distribution of
miniemulsions [8] but so far no results on the estimation
of PSD of latexes have been published. Fractionation
techniques, such as capillary hydrodynamic fractionation
(CHDF), disc centrifugation (DC), field flow fractiona-
tion, and hydrodynamic chromatography are also em-
ployed for measuring PSDs. In particular, CHDF is a
liquid chromatographic technique carried out in a capil-
lary system fed with a highly accurate and reproducible
flow of mobile phase (usually a solution of surfactants in
deionized water). In CHDF, the particles are separated
according to their sizes; large particles elute faster than
smaller ones owing to the parabolic flow profile
achieved inside the capillaries. A turbidity detector is ty-
pically used for determining the number of particles at
each eluted fraction. Thus, CHDF is an indirect techni-
que that requires a particle diameter calibration which is
usually determined on the basis of narrow standards.
Normally, CHDF produces broad PSDs as a conse-
quence of peak broadening that mainly occurs in the
capillary tube [9], but it is well suited to characterize
multimodal PSDs [1, 10].
In DC, a hollow disc is filled with a spin-fluid, the sam-
ple is injected near the disc rotation axis, and the parti-
cles are separated due to the centrifugal force field. A
turbidity detector is placed at the perimeter zone of the
disc for evaluating the number of particles during the
particle sedimentation process. On the basis of Stoke’s
law, particle diameters can be calculated directly from
sedimentation times for known values of spin-fluid visc-
osity, disc rotational speed and differences between den-
sities of particles and spin-fluid [11].
The so-called ensemble techniques are based on simul-
taneously measuring all particles in their media (without
previous fractionation), and include optical techniques
and acoustic-attenuation spectroscopy. The main optical
methods for measuring particle diameters of dilute
latexes are based on light scattering principles [12–14]
and include dynamic light scattering (DLS), elastic light
scattering (ELS), and turbidimetry (T). T measurements
are usually carried out in a standard spectrophotometer.
For DLS and ELS, the instruments basically consist of a
monochromatic laser light that falls onto a dilute latex

sample and a photometer placed at a given detection
angle (with respect to the incident light), hr, that collects
the light scattered by the particles over a small solid
angle.
Mean diameters and PSDs of polymer latexes have been
measured by T [3, 4], ELS [15, 16], and DLS [17–19].
The PSD is calculated by solving an ‘ill-conditioned’ in-
verse problem on the basis of a mathematical model de-
scribing the light scattering phenomena (e.g., Mie theory
[12]). Unfortunately, single optical measurements give a
small amount of information on PSD and consequently
poor PSD resolution can be expected. The combination
of two or more independent sets of measurements al-
lows an increase in information content and can im-
prove the quality of the PSD estimate. Some reported
combinations are: T + ELS [20–22], multi-angle dynamic
light scattering (MDLS) [23–27], and T + MDLS [28].
Let f(Di) be the discrete number PSD, where f repre-
sents the number-fraction of particles contained in the
diameter interval [Di, Di+1], with i = 1, 2, ..., N. All the
Di values are spaced at regular intervals DD along the
diameter range [Dmin, Dmax]; thus, Di = Dmin + (I – 1)
DD, with DD = (Dmax – Dmin)/(N – 1).
In DLS, a devoted digital correlator allows the measure-
ment of the second-order autocorrelation function of
the light scattered at a given hr, G�2�

hr
�sj�, for different va-

lues of the time delay, sj. In MDLS, several measure-
ments are taken at different hr (r = 1, 2,..., R). Such mea-
surements are related to the (first-order and
normalized) autocorrelation functions of the electric
field, g�1�

hr
�sj� through:

G�2�
hr
�sj� �G�2�

∞�hr
1�b g�1�

hr
�sj�

� �2
� �

; j = 1, ..., M ; r = 1, ..., R,
(1a)

where G�2�
∞�hr

is the measured baseline, b (<1) is an instru-
mental parameter, and M is the number of points of the
autocorrelation functions (limited by the number of
available correlator channels). For a given angle, g�1�

hr
�sj�

is related to f (Di) as follows [27]:

g�1�
hr
�sj� � khr

�N
i�1

e
�

C0�hr�sj

Di CI hr�Di� �f Di� �;

i = 1, ..., N ; j = 1, ..., M, (1b)

where khr
are (a priori unknown) constants, at each hr;

CI is the fraction of light intensity scattered by a particle
of diameter Di at hr, at given values of light polarization
and laser wavelength, that can be calculated through
Mie scattering theory [12]. The parameter C0 hr� � is cal-
culated by:

C0�hr� � 16p
3

nm

k

� �2 kBT
g

sin 2�hr�2� ; r = 1, ..., R, (1c)
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where k is the in vacuo wavelength of the incident laser
light, nm is the refractive index of the non-absorbing
medium, kB (= 1.38 · 10–23 kg m2 s–2 K–1) is the Boltz-
mann constant, T is the absolute temperature and g is
the medium viscosity at T.
At a given hr, a fast and reliable estimate of an average
diameter of the PSD can be obtained through the cumu-
lant method [29]. Alternatively, the complete PSD,
f(Di), can be estimated by inverting Eqs. (1b and c) on
the basis of either single-angle DLS or MDLS measure-
ments. Such an inverse problem is normally ‘ill-condi-
tioned’; i.e., small errors in measurement (for example,
small perturbations due to the measurement noise) can
give large changes in the estimation of f(Di). Moreover,
the difficulty of the inverse problem increases as the dis-
tribution becomes narrower.
Regularization methods aim at improving the numerical
inversion by including adjustable parameters, a priori
knowledge of the solution, or some smoothness condi-
tions [30–32]. While a strong regularization produces an
excessively smoothened and wide PSD, a weak regulari-
zation normally creates oscillatory PSD estimates and
therefore a trade-off solution must be selected. Particu-
larly, the nonnegative-constraint Tikhonov regulariza-
tion method [30] involves a single adjustment para-
meter, which can automatically be determined through
the so-called L-curve method [33]. The constrained
regularization method proposed by Provencher [34] is
often used for inverting ill-conditioned integral linear
equations. The method was originally implemented in
FORTRAN [35] and it is available in the public domain.
Other similar regularization tools (coded as a MATLAB
package) for inverting discrete ill-posed problems are
also available [36].
For data treatment of MDLS measurements, different
approaches have been proposed to estimate the PSD
[23–27]. For example, the inverse problem of Eq. (1b)
was solved by calculating in a single operation the
weighting coefficients khr

and the PSD [25, 26]. Also, a
sequential method was proposed [27] that first estimated
the weighting coefficients on the basis of the autocorre-
lation functions and then estimated the PSD by direct
inversion of Eq. (1b).
In general, the estimation of a narrow PSD by DLS is dif-
ficult. Small PSD polydispersities can be detected by ana-
lyzing the angular variation of the effective diffusion
coefficient, which can be estimated from the slopes of the
autocorrelation functions measured by MDLS [37]. The
method was refined by combining MDLS and ELS mea-
surements [38]. The required experimental information
included the angular variation of the intensity form factor
(derived from the ELS measurement) and the apparent
radius (derived from the DLS measurement). These mea-
surements were simulated on the basis of Mie theory for

a large set of normal-logarithmic, Gaussian and Weibull
PSDs. The final estimate was selected as the PSD that
produced the best fit for the experimental data. The
method was recently validated on the basis of indepen-
dent measurements by scanning electron microscopy [5].
Several neural network (NN) methods have also been
applied for solving inverse problems in light scattering
systems to estimate shape, size, and orientation of poly-
mer particles [39–44]. For instance, radial basis function
NNs proved adequate for simultaneously estimating the
average radius and the particle refractive index in a sys-
tem with homogeneous spheres on the basis of ELS
measurements [39]. Simulated and experimental results
showed the ability of NNs for estimating the parameters
of a log-normal PSD (i.e, the mean diameter and the
standard deviation) from turbidity measurements [40].
An important limitation of the method is that the parti-
cle refractive index must be accurately known, or alter-
natively, well-characterized PSDs should be used to ex-
perimentally train the NN [40]. Finally, multi-level NNs
with linear activation functions were used to estimate
the average size, the aspect ratio, and the orientation of
prolate spheroidal particles with equivalent radii in the
range 3.00 · 10–7–1.50 · 10–6 m (300–1500 nm) [42]. Such
methods were further extended to determine the same
parameters in a binary mixture of cylindrical and spher-
oidal particles [43]. As far as the authors are aware, no
NN-based method has yet been published for estimating
the complete PSD from MDLS measurements.
In this work, a novel method that employs the average
diameters determined in MDLS measurements is pro-
posed for estimating the PSD of polymer colloids. The es-
timation model was implemented through a NN that was
trained with a large set of typical asymmetric PSDs and
their corresponding simulated measurements. The pro-
posed method was then evaluated through both, synthetic
and experimental examples. All the estimated PSDs
were compared with independent estimations obtained
through a classical inversion method of MDLS measure-
ments. The latexes used in the experimental examples
were also characterized by TEM, CHDF and DC.

2 The Proposed Method

For solving the MDLS problem, we propose replacing
Eqs. (1b and c) with a nonlinear expression that allows
the evaluation of the average diameter typically calcu-
lated in a MDLS measurement at each hr, �DDLS hr� �, i.e.,
[27]:

�DDLS hr� � �
�N
i�1

CI hr�Di� �f Di� �
�N
i�1

CI hr�Di� �f Di� �
Di

; r = 1, ..., R; i = 1, ..., N.
(2)
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Clearly, each �DDLS hr� � could be calculated from Eq. (2)
only when the PSD is known. In practice, however, �DDLS

hr� � could be directly computed from g�1�
hr
�s� (in turn de-

rived from G�2�
hr
�sj� through Eq. (1a)), by means of the

cumulant method [29] as is schematically represented in
the left side of Figure 1. In general, �DDLS hr� � varies with
hr, except under the following rather particular condi-
tions: i) for a monodisperse PSD (all particles of identi-
cal diameter, D0) where Eq. (2) yields �DDLS hr� � = D0

and ii) for (small) particles in the so-called Rayleigh re-
gion where CI(hr, Di) ∝ Di

6 and Eq. (2) yields a mean
diameter independent of hr.

To estimate the PSD from Eq. (2) on the basis of the
�DDLS hr� � ‘measurements’, an ‘ill-conditioned’ non-linear
inverse problem must be solved. As an alternative, we
propose the estimation of f(Di) through a NN-based
model, and to this effect, a general regression neural
network (GRNN) was employed. In general, GRNNs
have proven useful for function approximations [45].
A brief explanation of the employed NN is given here
(see right side of Figure 1). The NN has ‘R’ input vari-
ables, the average mean diameters, �DDLS hr� � derived
from the raw measurements, G�2�

hr
�sj� and ‘N’ output vari-

ables, the estimated ordinates �f �Di� of the required
PSD, f(Di). The information can be arranged in two
column vectors: the input vector DDLS= [ �DDLS�h1�,
�DDLS�h2�,..., �DDLS�hR�]T, and its corresponding output (or
target) vector f̂ = [�f �D1�,�f �D2�, ..., �f �DN�]T, where the
superscript T indicates the transposed vector. A NN
model can be useful for describing the input/output be-
havior of a system if it is trained with a supervised learn-
ing algorithm using the knowledge of P particular input/
output vector pairs, {Dp

DLS, fp}, p = 1, ..., P, as a priori
information during the NN training.
A radial basis function (RBF) NN has a simple architec-
ture with only one hidden layer with K neurons (or
radial basis units) [46]. The most common shape of
these neuron activation functions is Gaussian that exhi-
bits a radial symmetry around its center, ck (R × 1), with
k = 1, ..., K. A RBF NN model relates the output of the

k-th hidden neuron, hk, with the input vector DDLS,
through:

hk � e
�

DDLS � ck

�� ��2

2r2
s�k ; k = 1, ..., K, (3a)

where the scalar magnitude DDLS � ck� � represents the
Euclidean distance between the vectors DDLS (R × 1)
and ck (R × 1), and rs, k is the smoothing parameter (or
‘spread’) associated with the k-th hidden neuron. The
normalized i-th output of the RBF network, �f �Di�, is
simply a weighted linear combination of the hidden neu-
ron outputs and is obtained as follows:

�f �Di� �
�

k
wikhk�

k
hk

; i = 1, ..., N, (3b)

where wik are the hidden-to-output weight factors.
The GRNN is a particular case of a RBF network [47],
where each Dp

DLS is adopted as the center of a neuron,
i.e., Dk

DLS = ck, and therefore the number of hidden neu-
rons in the GRNN coincides with the number of pairs
{Dp

DLS, fp} that is used during the training stage (i.e., k = p
and K = P). Training of a GRNN is straightforward. In
fact the coefficients wik of the k-th neuron are directly
set as its corresponding target values. The GRNN works
as a one pass learning algorithm with a highly parallel
structure and even with sparse data in a multidimen-
sional measurement space, it provides smooth transi-
tions from one observed value to another [45].
A GRNN network will tend to respond with the target
vector fk associated with the nearest design input vector
Dk

DLS seen during training. In general, for a particular in-
put DDLS, the GRNN output f̂ is simply a weighted aver-
age of the target values fk corresponding to those Dk

DLS

that are close to the given DDLS. The rs,k spreads can be
empirically determined, although often a single value is
used for all the radial units. A small rs,k directs the neu-
ron to be highly selective, and its output will be mean-
ingful only for an input DDLS close to ck. In contrast, a
large rs,k indicates that the k-th neuron output will be
influenced by different distant DDLS inputs. Several neu-
rons will respond to an input vector and therefore the
NN will have a greater smoothing ability [47]. For
instance, for a given neuron k, if DDLS ≡ ck, then

DDLS � ck� � = 0, hk = 1 (whereas hq = 0 ∀ q ≠ k), and
�f �Di� ≡ wik ≡ f �Di�. In contrast, if DDLS � ck� � = 1.177 ×
rs,k, then hk = 0.5, and therefore more than one hidden
unit will contribute to the estimated �f �Di�.

3 Training of the NN Based Model

The NN was trained on the basis of simulated data given
by a set of discrete PSDs and their corresponding ‘syn-
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Fig. 1: Estimation of a latex PSD from MDLS measurements and
on the basis of a GRNN model. Schematic representation of the
proposed method.
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thetic measurements’ obtained from Eq. (2). The Di and
hr axes were assumed to be fixed and therefore only the
ordinates of f(Di) and �DDLS hr� � were processed by the
NN. Each a priori known f(Di) was placed in the dia-
meter range 5.00 · 10–8–1.10 · 10–6 m (i.e., 50–1100 nm), at
regular intervals DD = 5.0 · 10–9 m (i.e., 5 nm). In all
cases, the ‘measurements’ were taken in the angle range
of 20°–140° at regular intervals of 10°, and they were ob-
tained from Eq. (2), with the CI values calculated
through Mie theory for polystyrene (PS) particles. Thus,
the NN inputs, �DDLS hr� �, were represented by R = 13
values, and the NN outputs, f(Di), were represented by
N = 211 values.
The PSD was restricted to unimodal, fixed log-normal
shape, given by:

f Di� � � DD

DirL

������
2p

� exp � ln�Di� �Dg�
� 	2

2r2
L


 �
; i = 1, ..., N, (4)

where Di (i = 1, 2, ..., 211) represents the discrete dia-
meter; �Dg is the geometric mean diameter, and rL is the
standard deviation of the PSD.
For generating the training set, �Dg was varied in the
range of 1.00 · 10–7–1.00 · 10–6 m (100–1000 nm), at regu-
lar intervals of 5.0 · 10–9 m (5 nm). For each �Dg, 20 distri-
butions were generated with standard deviations in the
range of 0.01–0.20 at regular intervals of 0.01. Hence,
181 different �Dg values were considered, with 20 PSDs
of different standard deviations for each geometric
mean, thus yielding a total of P = 3620 training patterns.
All patterns were normalized to fall in the range of
0 to 1. The network learned the training data perfectly,
with an approximate root mean square error of 10–5.
Note that at high �Dg, the broader PSDs did not decay to-
wards zero at the upper limit of Di (Dmax = 1.10 · 10–6 m
(1100 nm)). For this reason, broad PSDs exhibiting large
mean diameters should not be analyzed with this NN. In
such a case, new NN training would be necessary in a
proper diameter range.

4 NN Based Model Validation with Simulated
Examples

The NN was first validated through simulated or ‘syn-
thetic’ examples, because in these cases the solutions are
‘a priori’ known, and therefore the NN performance can
be quantified. Three PSDs corresponding to a hypothe-
tical PS latex were considered that involve different
shapes and diameter ranges. The first PSD, f1(Di), exhib-
ited an asymmetric log-normal distribution as given by
Eq. (4), with �Dg = 2.03 · 10–7 m (203 nm) and rL = 0.115.
The second PSD, f2(Di) was assumed as an asymmetric
exponentially-modified Gaussian (EMG) distribution,

obtained by convoluting a Gaussian distribution of
mean diameter �DG = 3.40 × 10–8 m (340 nm) and stan-
dard deviation rG = 1.0 · 10 m (10 nm) with a decreasing
exponential function of decay constant s = 2.0 · 10–8 m
(20 nm) as follows:

f2�Di��
DD������
2p

�
rG

exp ��Di� �DG�2

2r2
G


 �
�exp �Di�s� �

s�DD
; i = 1, ..., N,

(5)

where the symbol “*” represented the convolution pro-
duct. The third PSD, f3(Di), exhibited a symmetric Gaus-
sian distribution of mean diameter �DG = 4.50 · 10–7 m
(450 nm) and standard deviation rG = 4.25 · 10–8 m
(42.5 nm).
The three selected PSDs are represented in Figures 2a,
3a, and 4a by dashed lines. Notice that f1(Di) had the
same shape used for training the NN and for this reason
it was useful for evaluating the model interpolation abil-
ity. In contrast, f2(Di) exhibited a higher asymmetry
than a log-normal distribution while f3(Di) was sym-
metric and they were selected to evaluate the ability of
the NN for estimating PSDs with different shapes than
those used during the training stage.
For simulating the MDLS measurements, it was as-
sumed that the light scattering photometer was fitted
with a vertically polarized He-Ne laser. At the laser
wavelength k = 6.328 · 10–7 m (632.8 nm), the refractive
indexes are: np = 1.5729 for the PS particles, and
nm = 1.3319 for the dispersion medium (pure water)
[48, 49]. These optical parameters were used to evaluate
CI(hr, Di) through Mie theory [12], and were required to
simulate the �DDLS hr� � ‘measurements’ through Eq. (2).
Figure 5 shows the CI(hr, Di) coefficients in a wide range
of diameters, and for several arbitrarily selected hr’s. At
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Fig. 2: Simulated example: estimation of a log-normal PSD, f1(Di).
a) The ‘true’ PSD and its estimation through the NN and TR tech-
niques. b) The noisy average diameters, ��DDLS�1�hr�, calculated from
the MDLS measurements (dots), and their simulated values
obtained from the estimated PSDs (continuous lines).
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low Di (<6.0 · 10–8 m (60 nm)), any particle scatters the
same amount of light at all hr’s (according to the Ray-
leigh scattering model), and therefore the CI(hr, Di)
coefficients were almost independent of hr. For larger
Di, the light scattered by a particle depends on hr and
the resulting variations in CI(hr, Di) suggested that a set
of measurements taken at several hr’s would be able to
capture more information on particle size than a single
measurement taken at a given hr. In contrast, for
Di < 6.0 · 10–8 m (60 nm), multi-angle measurements
would not incorporate additional information on the
particle sizes.

In order to simulate ‘synthetic’ noisy measurements of
the mean diameters, ��DDLS hr� �, similar to those found in
the experimental work, the simulated noise free mea-
surements, �DDLS hr� �, were contaminated with additive
Gaussian noises, as follows:

��DDLS hr� � � �DDLS hr� � � A ��DDLSe hr� �� (6)

where e(hr) is a Gaussian random sequence of mean
zero and variance one, ��DDLS is the mean of �DDLS hr� � and
A (= 0.0064) is a constant that was adjusted to repro-
duce typical variations of ��DDLS hr� � observed when the
cumulant method [29] was used to estimate �DDLS hr� �
from measurements carried out in commercial equip-
ment. Figures 2b, 3b, and 4b (dots) show the evolution
of ��DDLS hr� �. From �DDLS hr� � the trained NN predicted
the PSDs indicated in Figures 2a, 3a, and 4a.
The autocorrelation measurements were also processed
by means of a MDLS technique [24, 27] and the inverse
problem was solved through a nonnegative-constraint
Tikhonov regularization (TR) method, with automatic
selection of the regularization parameter according to
the L-curve method [30, 33, 36]. The obtained PSD esti-
mates are also represented in Figures 2a, 3a, and 4a. The
estimated mean DLS diameters can be calculated by in-
troducing the predicted distributions into Eq. (2), thus
producing the estimated mean diameters ��DDLS�1�hr�,
��DDLS�2�hr�, and ��DDLS�3�hr�, that are also represented in
Figures 2b, 3b, and 4b.
The quality of the estimations was evaluated through
the following performance indexes:

Jf �
�N
i�1

f �Di� � �f �Di�
� 
2

�N
i�1

	f �Di�
2

�
����

�
����

0�5

(7a)
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Fig. 3: Simulated example: estimation of an EMG PSD, f2(Di).
a) The ‘true’ PSD and its estimation through NN and TR tech-
niques. b) The noisy average diameters, ��DDLS�2�hr�, calculated from
the MDLS measurements (dots), and their simulated values
obtained from the estimated PSDs (continuous lines).

Fig. 4: Simulated example: estimation of a Gaussian PSD, f3(Di).
a) The ‘true’ PSD and its estimation through the NN and TR tech-
niques. b) The noisy average diameters, ��DDLS�3�hr�, calculated from
the MDLS measurements (dots), and their simulated values
obtained from the estimated PSDs (continuous lines).

Fig. 5: Mie coefficients, CI(hr,Di), for 7 different hr’s between 20°
and 140°. In the Rayleigh region (Di < 6.0 × 10–8 m (60 nm)) all
curves are practically coincident, and therefore no additional
information can be obtained by measuring at different hr’s.
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ED �
�Dn � ��Dn

�Dn

× 100 (7b)

JD � 1
R

�R

r�1

1 �
��DDLS�hr�
�DDLS�hr�


 �2
�
�

�
�

0�5

� (7c)

where ��Dn is the estimate of the number-average dia-
meter, �Dn. Any mean diameter �Da�b, can be calculated
from:

�Da�b �
�N
i�1

f �Di�Da
i

�N
i�1

f �Di�Db
i

�
����

�
����

1
a�b

; a, b = 1, 2, 3, ...; (a >b) (8)

in particular, �Dn= �D1�0 and the weight-average mean dia-
meter �Dw= �D4�3.
Note that in a real measurements, it would be impossi-
ble to calculate Jf and ED. However, these criteria were
adopted here to investigate the limitations of the pro-
posed methodology. In Table 1, the true and estimated
values of �D1�0, �D4�3, �D6�5, and the resulting performance
indexes obtained for NN and TR estimates of the 3
PSDs are presented. As expected, the recovery of the
highly skewed f2(Di) (see Figure 3a) was poorer than in
the case of f1(Di) and f3(Di) (Figures 2a, 4a). For f1(Di),
the NN method produced better estimates than the TR,
while for f2(Di) and f3(Di), both the NN and TR pro-
duced similar results. The TR method produced a good
recovery of the PSD and its measured mean diameters
only for the relatively broad f3(Di).

5 NN Based Model Test with Experimental Data

The NN was experimentally tested through the MDLS
measurements of two PS latexes (L1 and L2), of un-
known PSDs f4(Di) and f5(Di), respectively. Latex L1

was a narrow standard (from Duke Scientific) with a
nominal diameter of 1.11 · 10–7 m (111 nm). Latex L2
was synthesized at POLYMAT laboratories with a nom-
inal diameter of 2.00 · 10–7 m (200 nm). For MDLS mea-
surements, a general purpose laser light-scattering
photometer (from Brookhaven Instruments Corpora-
tion) was fit with a vertically-polarized He-Ne laser
(k = 6.328 · 10–7 m (632.8 nm)) and a digital correlator
(model BI-2000 AT). The measurements were carried
out at 30 °C (T = 303.15 K), and at 13 different detection
angles from 20° to 140°, at regular intervals of 10°. The
total measuring times ranged from 200 to 500 s. The PS
latexes were well diluted in distilled and deionized water
to avoid multiple scattering, yielding mean intensities
lower than 200.000 counts/s [27].
The ‘measured’ DLS average diameters, �DDLS�meas��hr�,
were calculated from the set of measured autocorrela-
tion functions through the quadratic cumulants method
[29] and are indicated by dots in Figures 6a and 7a.

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim http://www.ppsc-journal.com

Table 1: Simulated examples. True and estimated mean diameters, and performance indexes for the
estimated PSDs.

Log-normal PSD: f1(Di) EMG PSD: f2(Di) Gaussian PSD: f3(Di)

True
Estimates by:

True
Estimates by:

True
Estimates by:

NN TR NN TR NN TR

109× �D1�0 (m)(a) 204.2 205.9 189.5 360.0 365.4 355.4 450.0 451.7 448.4
109× �D4�3 (m)(a) 212.5 211.6 206.3 364.4 368.2 362.1 461.7 462.7 461.2
109× �D6�5 (m)(a) 218.2 215.4 215.2 368.0 370.0 366.4 469.2 470.1 469.3
Jf (–)(b) – 0.189 0.415 – 0.430 0.421 – 0.062 0.095
ED (%)(c) – –0.83 7.20 – –1.50 1.28 – –0.38 0.36
JD (–)(d) – 0.0021 0.0065 – 0.0038 0.0076 – 0.0022 0.0019

(a)Eq. (8); (b)Eq. (7a); (c)Eq. (7b); (d)Eq. (7d)

Fig. 6: Experimental example: PS standard L1, f4(Di). a) Average
DLS diameters, �DDLS�meas��hr�, calculated by cumulants [29] (dots),
and their simulated values from the estimated PSDs. b) Compari-
son of the PSDs measured by TEM and CHDF with the PSDs esti-
mated through the NN and TR techniques.
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These values were fed into the proposed NN, and the
resulting estimated PSDs are represented in Figures 6b
and 7b. For comparison, the same regularization techni-
que used in the simulated examples was now applied to
the autocorrelation functions obtained for latexes L1
and L2. The estimated PSDs are indicated by ‘TR’ in
Figures 6b and 7b.
The latex L1 was also characterized by TEM and CHDF
(see Figure 6b), while the latex L2 was measured by DC
and CHDF (Figure 7b). For TEM measurements, the
diluted latex was placed on a grid, dried overnight and
Hitachi H-7000 FA equipment was used. The image ana-
lysis software BOLERO (Universidad de Granada,
Spain) was used to compute the PSD after counting
about 500 particles. For CHDF, a Matec Applied
Sciences instrument was used at the following experi-
mental conditions: flow-rate 2.33 · 10–5 L/s, temperature
308.15 K, sample concentration < 0.5 wt% and carrier
fluid 2X-GR500 (from Matec). Particle detection was
accomplished by means of a sensitive UV detector at a
fixed wavelength of 2.20 · 10–7 m (220 nm). For DC, a
BI-DCP (from Brookhaven Instrument Corporation)
equipment was used at 9000 rpm and 35 °C. A mixture
of dodecane/methanol/water (1/2/150 by volume) was
employed as the spin fluid (viscosity = 0.955 cP, density
= 0.998 kg/L). The latex samples were diluted to a con-
centration lower than 0.5 vol% in the same spin fluid.
The obtained PSDs were used to simulate the measure-
ments of the DLS mean diameters on the basis of Eq. (2)
yielding the curves ��DDLS�hr� indicated in Figures 6a and
7a. Note that the relatively high mean diameters pre-
dicted by the TR technique at low angles fit with the

presence of small peaks in the PSDs near 2.50 · 10–7 m
(250 nm) for L1 and 4.00 · 10–7 m (400 nm) for L2, which
are almost imperceptible in Figures 6b and 7b. In Ta-
ble 2, the mean diameters �D1�0, �D4�3, and �D6�5 (Eq. (8))
and the performance indexes (Eq. (7)) corresponding to
latex L1 are presented. For L1, the TEM measurement
was assumed to be an accurate approximation of the
true PSD (even though it is known that TEM can under-
estimate the polydispersity or make biased estimates
[5]). The NN method produced the best PSD estimate
(see Figure 6b) and consequently lower performance
indexes than the other techniques (see Table 2). For L2,
the NN method produced the narrowest PSD estimate
(Figure 7a) and from such PSDs, the ��DDLS�hr� predic-
tions were close to the measured DLS diameters (Fig-
ure 7a). In Table 3, the mean diameters and the JD per-
formance index (Eq. (7c)) are presented (the other
performance indexes cannot be evaluated because a
‘true’ PSD was unavailable for L2). The minimum JD

corresponded to the PSD obtained through the NN esti-
mation method.

6 Conclusions

A method for estimating unimodal PSDs of polymer la-
texes from MDLS measurements was developed. The
proposed method utilized a GRNN as an alternative to

http://www.ppsc-journal.com © 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

Fig. 7: Experimental example: PS latex L2, f5(Di). a) Average
DLS diameters, �DDLS�meas��hr�, calculated by cumulants [29] (dots),
and their simulated values from the estimated PSDs. b) Compari-
son of the PSDs measured by CHDF and DC with the PSDs esti-
mated through NN and TR techniques.

Table 2: Experimental example (PS standard L1, 111 nm.). Esti-
mated mean diameters, and performance indexes. Comparison
with TEM, CHDF, and TR techniques.

Estimates of f4(Di) by:

TEM CHDF TR NN

109× �D1�0 (m)(a) 103.1 119.4 87.11 105.6
109× �D4�3 (m)(a) 104.3 136.2 98.09 111.3
109× �D6�5 (m)(a) 105.0 146.3 127.4 115.2
Jf (-)(b) – 0.798 0.881 0.529
ED (%)(c) – –15.8 15.5 –2.43
JD (–)(d) – 0.106 0.0338 0.0255

(a)Eq. (8); (b)Eq. (7a); (c)Eq. (7b); (d)Eq. (7c).

Table 3: Experimental example (PS latex L2, 200 nm.). Estimated
mean diameters, and performance indexes. Comparison with
TEM, CHDF, and TR techniques.

Estimates of f5(Di) by:

DC CHDF TR NN

109× �D1�0 (m)(a) 206.8 190.3 159.2 208.3
109× �D4�3

(a) 227.1 199.9 181.1 210.2
109× �D6�5 (m)(a) 241.1 205.4 215.5 211.5
JD (–)(b) 0.0255 0.0120 0.0348 0.0059

(a)Eq. (8); (b)Eq. (7c)
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solving an ill-conditioned non-linear inverse problem.
The inputs to the NN were a few DLS average dia-
meters, thus strongly reducing the extent of the problem
that one would obtain if complete autocorrelation func-
tions were employed. The NN was trained on the basis
of simulated log-normal PSDs, with particles in a broad
diameter range that covers most latexes of industrial in-
terest.
The proposed method was successfully evaluated on the
basis of synthetic and experimental examples. The
trained NN was able to adequately recover PSDs of log-
normal, EMG and Gaussian shapes. For the narrow PS
standard, the PSD estimated through the NN method
was better than that obtained from CHDF measure-
ment. In all analyzed examples, the NN method pre-
dicted PSDs similar to or better than those obtained
through classical inversion methods of MDLS measure-
ments. From a practical point of view, the training of the
NN was relatively simple and once the trained NN is
available, the method presents the following advantages:
i) it is a simple, fast and robust tool, ii) no specific
method for numerical inversion is required and iii) no
parameter adjustment is necessary, thus allowing the de-
velopment of an automatic estimation procedure. Even
though not shown, the NN also proved to be insensitive
to standard measurement noises.
The proposed GRNN adequately predicted the most
difficult case of estimating a narrow PSD, where the in-
version of the MDLS measurements may produce small
spurious peaks at both sides of the main PSD peak. For
this reason, the NN approach could be applied for im-
proving the quality of distributions obtained through
fractionation techniques (e.g., CHDF with simultaneous
detection of T and MDLS). In such cases, at each elution
time, the NN could be used for estimating the PSD of
each eluted fraction from MDLS and the T measure-
ment could be used to obtain a better estimation of the
particle number. Thus, no diameter calibration would be
required.
Finally, the main limitation of the developed NN was
that it was trained with only unimodal PSDs in a fixed
diameter range and therefore, only unimodal PSDs in
such ranges can be predicted. However, the NN ability
can be extended to more general cases by augmenting
the set of training PSDs (e.g., to include other distribu-
tion shapes or multimodal PSDs), by reducing the dis-
cretization diameter interval and/or by modifying the
selection of the measurement angles.
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8 Nomenclature

Symbols
A – adjustable constant for modeling

noisy measurements (Eq. (6))
CI – fraction of light intensity scattered

by a particle of diameter Di at hr

ck m (R × 1 vector) center of the k-th
neuron in a RFB NN

D0 m particle diameter of a monodisperse
PSD

�Da�b m average particle diameter (a > b)
(Eq. (8))

�DDLS m average particle diameter obtained
from DLS measurements

��DDLS m mean value of �DDLS hr� �
DDLS m (R × 1 vector) average diameters

derived from DLS measurements
Dp

DLS m (R × 1 vector) average diameters
used for NN training

�DG m mean diameter of a Gaussian PSD
�Dg m geometric mean diameter of a

log-normal PSD
Di m particle diameters of a PSD
Dmin, Dmax m minimum and maximum values of

the discrete diameter axis
�Dn m number-average particle diameter

(= �D1�0)
�Dw m weight-average particle diameter

(= �D4�3)
ED – performance index for the estimates

of �Dn (Eq. (7b))
f – number-fraction of particles

(in an arbitrary PSD)
fj – number PSD corresponding to the

j-th example (j = 1, ..., 5)
f – (N × 1 vector) number of particles
fp – (N × 1 vector) number of particles

(target for the NN training)
G�2�

∞�hr
– baseline of the second-order

autocorrelation function (at hr)
G�2�

hr
– ordinates of the second-order

autocorrelation function of the
scattered light (at hr)

g�1�
hr

– ordinates of the first-order
autocorrelation function of the
electric field (at hr)

© 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim http://www.ppsc-journal.com
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hk – output of the k-th hidden neuron
JD – performance index for the estimates

of �DDLS hr� � (Eq. (7c))
Jf – performance index for the estimates

of the PSDs (Eq. (7a))
K – total number of hidden neurons in a

RBF NN
kB J/K Boltzmann constant

(= 1.38 · 10–23 J/K)
khr

– constants for DLS measurements
(Eq. (1b))

M – number of points of the
autocorrelation functions

N – number of points of the PSD
nm – refractive index of the non-

absorbing medium
np – particle refractive index
P – number of input/output pairs used in

the NN training (P = K for a
GRNN)

R – number of DLS measurement
angles

T K absolute temperature
wik – hidden-to-output weight factor of

the NN
b – instrumental parameter for the DLS

measurements (Eq. (1a))
C0 m/s hr-dependent parameter for DLS

measurements (Eq. (1c))
DD m diameter interval of the discrete

number PSD
e – Gaussian random sequence of mean

zero and variance one (Eq. (6))
g Pa S dynamic medium viscosity
hr ° detection angle in MDLS

measurements
k m in vacuo laser wavelength
rL – standard deviation of a log-normal

PSD
rG m standard deviation of a Gaussian

PSD
rs,k m smoothing parameter (or ‘spread’)

of the k-th hidden neuron
s m decay constant of a decreasing

exponential function
sj s discrete time delay of the

autocorrelation function
^ indicates estimated value
∼ indicates measurement

contaminated by noise
* indicates convolution product
T indicates transposed vector

Abbreviations
CHDF capillary hydrodynamic fractionation
DC disc centrifugation
DLS dynamic light scattering
ELS elastic light scattering
EMG exponentially-modified Gaussian
ESEM environmental scanning electron

microscopy
GRNN general regression neural network
MDLS multiangle dynamic light scattering
NN neural network
PS polystyrene
PSD particle size distribution
RBF radial basis function
STEM scanning transmission electron microscopy
T turbidimetry
TEM transmission electron microscopy
TR Tikhonov regularization
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