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Abstract

In this paper, we discuss the reduction of symplectic
Hamiltonian systems by scaling and standard symme-
tries which commute. We prove that such a reduction
process produces a so-called Kirillov Hamiltonian sys-
tem. Moreover, we show that if we reduce first by the

scaling symmetries and then by the standard ones or
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in the opposite order, we obtain equivalent Kirillov
Hamiltonian systems. In the particular case when the
configuration space of the symplectic Hamiltonian sys-
tem is a Lie group G, which coincides with the symmetry

program PAPIIT, Grant/Award Number:
1A-102823; SITP-UNCuyo and CONICET;
University of La Laguna; Maldacena
program of visiting professors

group, the reduced structure is an interesting Kirillov
version of the Lie-Poisson structure on the dual space
of the Lie algebra of G. We also discuss a reconstruc-
tion process for symplectic Hamiltonian systems which
admit a scaling symmetry. All the previous results are
illustrated in detail with some interesting examples.
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1 | INTRODUCTION
1.1 | Physical motivation

The analysis of symmetries is one of the most important tools in theoretical physics. Usually, the
formulation of a physical theory is given in terms of a variational principle and its associated sym-
plectic Hamiltonian description. In this context, one typically looks for “standard symmetries,”
that is, symmetries which preserve the symplectic form and the Hamiltonian function. Among
other things, this approach leads to a generalization of the Noether’s theorem and the Marsden-
Weinstein theory of reduction of the system by the action of a symmetry group (see the classical
books and monographs by Marsden and collaborators,"? Libermann and Marle,* or Olver*).

Recently, there has been a growing interest in the physical literature in considering “nonstan-
dard symmetries,” that is, symmetries of the physical system that do not necessarily preserve
the symplectic structure. This is motivated mainly by the so-called scaling symmetries and by a
well-known philosophical argument according to which any minimal description of the universe
should avoid introducing a global scale into the picture, that is, it should be scale-invariant.>® In
this context, the theory of “shape dynamics” aims to rephrase our best description of the universe
(general relativity) in a completely scale-invariant fashion.”® This has led already to remarkable
results that defy the way we understand the (classical) dynamics of the universe. For instance,
the scale-reduced cosmological and black hole systems can be continued in some cases through
the corresponding singularities.” ' Moreover, it has been further argued that the apparent dis-
sipative nature of the scale-reduced systems may have important consequences for topics such
as the origin of the arrow of time and the formulation of quantum mechanics through unitary
operators.®!>13

Interestingly, the reduction of a symplectic Hamiltonian system by a scaling symmetry pro-
duces a contact Hamiltonian system, which has been the subject of intensive study recently for
their use in the description of, for example, dissipative, thermostatted and thermodynamic sys-
tems (see, e.g., Refs. 14-24 and the references therein). This intuition was first put forward in
Ref. 25 and then formalized more precisely in the recent work,?® where a thorough mathematical
investigation of the role of scaling symmetries in symplectic Hamiltonian systems has been per-
formed. Moreover, the relationship with the geometry of the blowups used in celestial mechanics
has also been highlighted, together with the connection with other geometric structures.?’-*

However, so far the study of the joint reduction by scaling and standard symmetries has not been
considered in depth, at least from the mathematical perspective. Moreover, the case in which the
reduced manifold is nonorientable, which seems to be the important case for the resolution of
singularities in general relativity,” ' has been elusive of a fully fledged mathematical description
(although, see Refs. 29-31). Finally, from the point of view of comparing the resulting physical
theories, it is also crucial to highlight how to reconstruct the “original” symplectic system from
the reduced one.
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In this work, we perform a detailed mathematical analysis of all the above points. To give a feel-
ing of the objects involved in our constructions, in the remainder of this introduction we provide
a high-level description of the most important tools and results.

1.2 | Standard Lie symmetries for Kirillov Hamiltonian systems

A Kirillov structure on a real line bundle is a Lie algebra structure [-, -] on the space of sections of
the dual bundle such that, if we fix a section & on this line bundle, the operator [-, h] is a derivation.
Thus, every section of the dual line bundle defines a vector field on the base manifold which is
called the Hamiltonian vector field associated with the section. So, a Kirillov Hamiltonian system
is a Kirillov structure on a real line bundle plus a section of the dual bundle (the Hamiltonian
section).

Examples of Kirillov structures may be produced from symplectic, Poisson and Jacobi struc-
tures, contact 1-forms and contact structures (i.e., distributions of corank 1 which are maximally
nonintegrable). Apart from the last case, in the other previous examples the real line bundle is
trivial and the sections of the dual bundle are just C* functions on the base manifold. Anyway,
as we show in this paper, there exist interesting examples of Kirillov structures for which the real
line bundle is not trivial. In particular, those in which the base space of the line bundle is the
projective bundle associated with a vector bundle (for more details on Kirillov structures, see for
instance, Refs. 31-35).

On the other hand, it is well-known that dynamical systems (in particular, mechanical systems),
which are invariant under the action of a symmetry Lie group, have received a lot of attention from
researchers in mathematics and physics. For this reason, in this paper we introduce the notion of
a standard Lie symmetry for a Kirillov Hamiltonian system. It is a principal representation of a Lie
group on the line bundle such that the dual representation preserves the Kirillov structure and
the Hamiltonian section is equivariant. A Lie group of symplectic (respectively, Poisson, contact,
or Jacobi) Hamiltonian symmetries is a particular example of a standard Lie symmetry for the
corresponding Kirillov Hamiltonian system. Moreover, for a standard Lie symmetry on a Kirillov
Hamiltonian system, the space of orbits of the action on the line bundle is again a line bundle. In
fact, in the particular case when the Kirillov structure is Poisson (or Jacobi), we have a reduced
Poisson (or Jacobi) structure. This is well-known in the theory of Poisson (or Jacobi) reduction
(see, for instance, Refs. 36, 37). We remark that, very recently other (pre)contact reduction pro-
cesses have been developed. So, in Ref. 38, the authors give an intrinsic geometric approach to
reductions of contact manifolds. In fact, they discuss a precontact analog of the presymplectic
reduction (i.e., precontact-to-contact reduction), a contact analog of the constant-rank reduction
in symplectic geometry and a precontact analog of the Marsden-Weinstein reduction.

1.3 | Scaling symmetries for poisson Hamiltonian systems

In Ref. 26, the authors introduce the notion of a scaling symmetry for a symplectic Hamiltonian
system and they exhibit several examples where such a symmetry is present (see also Refs. 25, 39,
40).

The previous notion may be extended for the more general class of Poisson Hamiltonian sys-
tems as follows. It is a principal action ® : R* x P — P of the Lie group R* (with R* = R* or
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R* = R —{0}) on the Poisson manifold (P, IT) such that
AT ®oIl = sTTod, Ho® = sH

for all s € R*, where H : P —» R is the Hamiltonian function. In the particular case when P is
a symplectic manifold S, it is proved in Refs. 29, 30 that the space of orbits C = S/R* admits
a contact structure. In addition, the homogeneous function H on S induces a section of the dual
bundle over C to the Kirillovline bundle in such a way that we have a reduced contact Hamiltonian
system (see Refs. 30, 31).

1.4 | Owur motivation

As we mentioned before, many symplectic Hamiltonian systems admit scaling symmetries. How-
ever, they do not only admit such symmetries, typically they also have standard Lie symmetries.
In addition, the scaling and the standard Lie symmetries usually commute. So, one may reduce
the dynamics by both types of symmetries, and some natural questions arise:

* What is the nature of the reduced system?

* If we reduce first by the scaling symmetries and then by the standard ones, is it the same as
doing it the other way around?

* Is it possible to obtain the dynamics of the original symplectic Hamiltonian system from the
dynamics of the reduced system via a suitable reconstruction process?

In this paper, we will provide answers to these questions.

1.5 | The results of the paper

For a symplectic Hamiltonian system with compatible scaling and standard Lie symmetries (i.e.,
they commute plus other natural topological conditions necessary to perform reduction by stages),
we will develop two reduction processes:

* In the first reduction process, we start with the standard symmetry and then we apply the scal-
ing symmetry. In this case, the first reduced system is a Poisson Hamiltonian system endowed
with a scaling symmetry. The reduction of such a system by this scaling symmetry produces a
Kirillov Hamiltonian system (see Theorem 2).

* In the second reduction process, we use the scaling symmetry and then the standard symmetry.
In this case, the first reduced system is a contact Hamiltonian system endowed with a stan-
dard Lie symmetry. The reduction of the latter by this standard symmetry produces again a
final Kirillov Hamiltonian system (see Theorem 4). In fact, the reduction of a general Kirillov
Hamiltonian system by a standard Lie symmetry is again a Kirillov Hamiltonian system (see
Theorem 3).

* We also prove that the final reduced Kirillov Hamiltonian systems obtained in both processes
are Kirillov equivalent (see Theorem 5). The following diagram summarizes both reduction
processes.
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. Symplectic

Symplectic scaling symmetry Contact

Hamiltonian Systems ‘ Hamiltonian Systems

Symplectic Kirillov
standard symmetry standard symmetry
. Poisson P

Poisson scaling symmetry Kirillov

Hamiltonian Systems ‘ Hamiltonian Systems

* Using more general ideas on reconstruction processes for dynamical systems in the presence
of a symmetry Lie group, we present the reconstruction of the symplectic (respectively, Pois-
son) dynamics, for a system which admits a scaling symmetry, from the reduced contact and
(respectively, Kirillov) Hamiltonian dynamics (see Section 7).

* All the previous constructions are applied to two examples of symplectic Hamiltonian systems
which are interesting from the physical and mathematical point of view: The 2D harmonic
oscillator and standard fiberwise-linear Hamiltonian systems on cotangent bundles induced
by vector fields in the configuration space. For this last class of examples, when the cotangent
bundle is that of a Lie group G, after the two reduction processes, we obtain an interest-
ing Kirillov structure on the projective space associated with the dual space g* of the Lie
algebra of G. This Kirillov structure may be considered as the Kirillov version of the Lie-
Poisson structure on g*. For this reason, it will be called the Lie-Kirillov structure (see the
last part of Subsection 4.3). The geometric nature of this structure and its applications to
Hamiltonian dynamics will be discussed in a next paper in progress. We remark that a holo-
morphic version of the Lie-Kirillov structure has been discussed in Ref. 41 (see Examples 54
in Ref. 41).

1.6 | Structure of the paper

The paper is structured as follows. In Section 2, we review some notions and properties of con-
tact, Poisson, Jacobi, and Kirillov manifolds. At the end of the section, a diagram illustrates the
relations between these kinds of structures. In Section 3, we show the scaling reduction process
of a symplectic (Poisson) Hamiltonian system. This procedure is applied to two examples: The 2D
harmonic oscillator and the standard fiberwise-linear Hamiltonian systems on cotangent bun-
dles. In Section 4, we will discuss the reduction of symplectic Hamiltonian systems which are
invariant under the action of a Lie group and, in addition, admit a scaling symmetry which is
compatible with the standard symmetry. The reduction process starts by using first the standard
symmetry and then the scaling symmetry. The process in the other direction (the first reduction
is obtained by a scaling symmetry and the second one is done using the standard symmetry)
is given in Section 5. Moreover, in this section we present a reduction process for general Kir-
illov Hamiltonian systems in the presence of a standard symmetry. In Sections 4 and 5, both
processes are illustrated with the examples mentioned above. The equivalence between the reduc-
tions in both directions is proved in Section 6. Finally, in Section 7 we study the reconstruction
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process by focusing our attention on the case of symplectic Hamiltonian systems with scaling
symmetries.

2 | CONTACT AND KIRILLOV HAMILTONIAN SYSTEMS

In this section, we recall some notions and properties of contact, Jacobi and Kirillov manifolds
(for more details see, for instance, Refs. 3, 29, 31-35, 42-44).

A contact 1-form on a (2n + 1)-dimensional manifold C is a 1-form » such that n A (dn)"
defines a volume form on C. We remark that a manifold with a contact 1-form is orientable
and has a distinguished vector field R € X(C), the Reeb vector field, characterized by the
conditions

irdn =0 and irn =1.

The Reeb dynamics can be seen as the one induced by a Hamiltonian vector field on C. In
fact, if H : C — R is a smooth function on C, the Hamiltonian vector field XZI € X(C) of H is
characterized by these two conditions

: _ _ Ny —
lXZdn =dH - R(H)y and n(Xy) = H. (€))

The Reeb vector field is just the Hamiltonian vector field for the constant function H = 1.
In the following example, we show a manifold endowed with a contact 1-form obtained by a
reduction process.

Example 1 (The spherical cotangent bundle of a Riemannian manifold). Let (Q,g) be an n-
dimensional Riemannian manifold and 0, the zero section of the cotangent bundle rg :T'Q —
Q. On the open subset T*Q — 0, of T*Q, we consider the action of the multiplicative group of the
positive real numbers R* given by

¢ : RT X (T*Q —0g) = (T*Q —0q), ¢(s,a) = sa, ()

which defines a principal bundle p : (T*Q —0g) — (T*Q — 0g)/R*. The canonical symplectic
structure wg on T Q — 0¢ is homogeneous with respect to this action, that is,

¢5(wg) = swy, foralls € RY, 3)
or equivalently,
EAQ C()Q = C()Q,
where Ag is the infinitesimal generator of the action ¢, that is, Ag is the Liouville vector field on

T*Q.
The quotient manifold (T*Q — {0,})/R* is diffeomorphic to the spherical cotangent bundle

S(T*Q) = {a € T*Q/llall = Vg(a, @) = 1},

where g denotes here the corresponding metric on T*Q.
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In the particular case when Q is R+ with the flat Riemannian metric, we have that the
spherical cotangent bundle is

S(T*R™!) = R™1 x §7, @

with S” the n-sphere in R"**1,
If /1Q is the Liouville 1-form on T*Q, that is,

Ao(@)(v) = oc(Tara(v)), foralla € T*Q, v € T,(T*Q),

andi : S(T*Q) — T*Q is the inclusion map, then 7, = —i*A is a contact 1-form on S(T*Q) (see,
for instance, Refs. 45-47).

‘We remark that the regular and singular Marsden-Weinstein reduction of the spherical cotan-
gent bundle have been discussed some years ago.*®*° In fact, this reduction process is a particular
case of the more general Marsden-Weinstein contact reduction which has been intensively
discussed by several authors.?*0-3

A contact 1-form is a particular case of a Jacobi structure. A Jacobi manifold M (****) is endowed
with a pair (I, E) € V(M) x X(M), where I is a 2-vector field and E is a vector field on M such
that

[ILI] =2E AT, [E,II] =0,

[-, -1 being the Schouten-Nijenhuis bracket on M. Associated with a Jacobi manifold (M, (I1, E))
we have a Jacobi bracket, given by

{1, i = LA S, df2) + fLE(f2) — [LE(f1), for f1, [, € C®(M), 5)

which is a Lie bracket on the space of functions on M such that

{12 = AL v + A v — AL fadue

for f, f1, f, € C*®(M). Reciprocally, a Jacobi bracket on the space of functions C*(M) defines a
Jacobi structure (I, E) satisfying (5).

Note that we have a vector field X}';}M on M, the Hamiltonian vector field associated with f,
such that

Ufifah = Fifu P + XD ©)

In terms of the Jacobi structure, this vector field is given by

X =TI, dfy) - foE . ™

If E = 0, we recover the notion of a Poisson bracket on the space of functions on M and (M, IT)
is a Poisson manifold.
For a manifold C with a contact 1-form 7, the Jacobi structure is

Hn(a’ ﬁ) = d’?(b};l(a), bgl(ﬁ)), Er] =-R
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for all a, B € Q!(C), where R is the Reeb vector field associated with 7 and b,] D X(C) - QYO)is
the isomorphism of C*°(C)-modules given by

b,(X) = ixdn + (n,X)n, withX € 2(C).

Moreover, the Hamiltonian vector field defined in (1) is just the corresponding Hamiltonian vector
field X}'"}M associated with the Jacobi structure (IT,, E,)) (see Ref. 44).

Example 2 (continuing Example 1). In the case of the spherical cotangent bundle of a Riemannian
manifold (Q, g), we consider the differentiable function x, : T*Q — 0, — R defined by

1
Ko(a) = §||oc||2, fora € T*Q.

If X,C:g ¢ e X(T*Q — 0) is the Hamiltonian vector field with respect to g, of the function x,, that
is, the vector field characterized by

lxz)gQ wo = dxg,

then the Jacobi structure (IT,, orEn Q) on (S(T*Q),nq) is just the restriction to S(T*Q) of the Jacobi
structure (IT, E) on T*Q given by

@Q @Q
=1, -AAX, , E=X.,
where I, is the Poisson structure induced by the symplectic structure wg on T*Q.

On the other hand, contact 1-forms are also a particular kind of more general structures which
are not, in general, Jacobi structures.

A contact structure on a (2n + 1)-dimensional smooth manifold C is a distribution D on C of
codimension 1 which is maximally nonintegrable, that is, for all x € C, there is an open neighbor-
hood U of x such that the distribution D on U is given by the annihilator < 5y >° of the vector
subbundle of T*C generated by a contact 1-form 7y on U, that is,

Dy = (ny)’ ={X € TU /ny(X) = O}

In this case, the pair (C, D) is a contact manifold.

It is clear that if C has a global contact 1-form, the pair (C, D =< n >°) defines a contact mani-
fold. But in general, a contact structure on C may not be defined by a global contact 1-form on C
as the following example proves.

Example 3 (The projective cotangent bundle of a manifold). Let Q be an n-dimensional manifold

and 0, the zero section of the cotangent bundle T:S : T*Q — Q. On the open subset T*Q — 0 of
T*Q, we consider the action of the multiplicative group R — {0} given by

¢ R—-{0PX(T*Q—-0g) = (T"Q—0q),  ¢(s,a) = sa. ®)
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Its infinitesimal generator A is the Liouville vector field on T*Q — 0, and the reduced space
(T*Q —0g)/(R —{0}) is just the projective cotangent bundle P(T*Q) of Q.

Remark 1. The notion of projective bundle P(V) may be defined for an arbitrary vector bundle
7 : V — Q as the quotient bundle induced by the action on V' — 0

(R ={0}) X (V = 0g) = (V = 0g), (s,v) — sv,

where 0, is the zero sectionof 7 : V — Q.
A particular case is when Q is a point and V is the dual of a Lie algebra g. In this case, the base
space of the projective bundle p : g* — {0} - Pg* is just the projective space Pg*.

If A is the Liouville 1-form on T*Q and p : (T*Q — 0p) — P(T*Q) is the quotient projection,
using (3), one can prove that the distribution of corank 1

D= (1)’

is p-projectable. If D denotes its projection, then (P(T*Q), D) is a contact manifold.

A simple example of this kind of contact manifolds is when Q is a Lie group G. In this case, the
cotangent bundle T*G may be left trivialized to the trivial vector bundle G X g* — G, where g is
the Lie algebra of G. Under this identification, the action ¢ is just

¢ R-{ODX(Gx(g"—{0})) > Gx(g"—{0D),  (5(8 W) — (851

Then, the quotient bundle is p = Idg X p : G X (¢* — {0}) » G X Pg* and the contact structure
is the distribution on G x Pg* given by

. o
Digpu = {(TgLg1)* (W) X Tp()(Pg*)

for all g € G and u € g* —{0}. Here, L : G X G — G denotes the left action of the Lie group G
on itself.

In the particular case when G = R"*!, the projective cotangent bundle P(T*R"*!) can be
identified with the Cartesian product R"*! x P*(R), where P"(R) is the real projective space of
dimension n. This space is nonorientable when n is even and therefore, P(T*R"*!) does not admit
a global contact 1-form.

Contact and Jacobi structures are special examples of more general structures: Kirillov
structures (see, Ref. 35 and also Refs. 29, 30, 32).

Definition 1. A Kirillov structure on a manifold K is a real line bundle 7; : L — K endowed with
aLiebracket [, -]p+ : T(L*) X T(L*) = T'(L*) on the space I'(L*) of sections of the dual line bundle
7wy« » L* — Ksuch that [-, h,];« : T(L*) - I'(L*) is a derivation for all h, € I'(L*), that is,

[fhy, ol = flhy, ol +X£2"]L* (f)hy, forall b, € TI(L*) and f € C¥(K), )

with X L'Z"]"* a vector field on K. The vector field X LZ]I € X(K) is called the symbol of [-, hy ]+
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The line bundle (L*, 71+, K) with the bracket [ -, -];+ on the space of sections of 77 « is, in Marle’s
terminology,®' a Jacobi bundle. This kind of structures are essentially equivalent to the conformal
Jacobi structures studied in Ref. 43.

When the line bundle 7; : L — K is trivial, that is, L = K X R, the sections of 77« can be iden-
tified with smooth functions on K. Under this identification, the local Lie algebra [-, -]« is a Lie
bracket

{,}g 1 CR(K) X C®(K) » C*(K)
satisfying that, for all f € C*(K),

Ufo F = fifu fale + X050 f

for all f1, f, € C®(K).
Note that if f; = 1 then {f, fo}x = f{1, f2}x +X§,';'}K(f), which implies

{f1 3k = ff fale + Al ke = AL falke

This means that {-, -}x is a Jacobi bracket, whose associated Jacobi structure (II, E) is given by

E(f1) =1L f1}k and (df1,df2) = {f1, [2dx — FlL, fale + AL, fikk,

with f1, f, € C®(K). Conversely, every Jacobi manifold (K,{-, }x) defines a Kirillov struc-
ture on the trivial line bundle 7 : K X R — K. Therefore, Jacobi structures are just trivial
Kirillov structures.

In the case of a contact manifold (C, D), consider the line bundle with total space the annihilator
bundle D° of D, w0 : D° — C of D, which is, in general, not trivial. Using this line bundle and
the representation R* X R — R of R* (with R* = R* or R* = R — {0}) over the vector space of
real numbers given by

t
s,t) > -,
CHES

we have a R*-principal bundle p : S := (D° — 0¢c) — C = S/R* (see the Appendix). Here, O¢ is
the zero section of 70 : D° — C. Moreover, we may consider the 1-form 15 on S

A5(@)(V) =< &, Typ() >, witha € (D° = 0¢), v € To(D° - 0¢),

which defines the symplectic structure wg = —dAg. This symplectic structure is homogeneous
with respect to the RX-action ¢° : RX xS — S on S, that is,

(#3)"(wg) = swg, for s € RX.

Now, a Lie bracket [, -] po)« on the space of sections I'((D)*) of the line bundle (D°)* — C can
be constructed as follows.
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There is a one-to-one correspondence between the sections of 7(poy- : (D°)* — C and the
homogeneous functions H : S — R on S, that is, the functions satisfying

Ho¢$ = sH, fors € RX

(see the Appendix). Using the homogeneous character of the symplectic structure wg, we deduce
that the Poisson bracket {H;, H,}s induced by wg of two homogeneous functions H;,H, : S - R
is again a homogeneous function. Taking into account this fact, we define the Kirillov bracket
[, Iepoys = T((D°)") x T((D°)*) — T((D°)*) by the relation

{H,,Hy}s = —H| (10)

]’lH1 ’hHZ ](DO)* >
where hy;, is the section of 7oy« @ (D°)* — C associated with the homogeneous function H; on
S and H [ty sy Vo is the homogenous function associated with the section [y, , by, |(poy+. In
conclusion, every contact manifold (C, D) admits a Kirillov structure on the line bundle 7po :
D° - C.

The following diagram illustrates the relations among all the previous geometric structures.

KIRILLOV

JACOBI

CONTACT

1-FORM

POISSON

3 | SCALING SYMMETRIES AND SYMPLECTIC (POISSON)
HAMILTONIAN SYSTEMS

In the previous examples, the reduction processes are the fundamental tool to obtain contact
structures from symplectic structures. Now, we will show this process for a general symplectic
Hamiltonian system, which was discussed in Ref. 30, and then we will present some exam-
ples. We begin by recalling the notion of scaling symmetries®® for this kind of dynamical
systems.

Definition 2. Let (S, w) be a symplectic manifold and H : S — R afunction on S. A scaling sym-
metry for the dynamical system (S, w, H) isa principal action ¢ : R* X S — S of the multiplicative

group R* (with R* = R* or R* = R — {0}) on S such that

i = sw and ¢sH = sH, forall s € R
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Note that if A € X(S) is the infinitesimal generator of the scaling symmetry, then
£ACO=(I) and EAH=H.

In fact, if R* is connected (i.e., R* = R*), then the previous conditions are equivalent to the
fact that the principal action ¢ is a scaling symmetry.

An immediate consequence of the existence of a scaling symmetry is that the symplectic struc-
ture is exact, that is, w = —dA with 4 = —iyw. Moreover, the 1-form A is homogeneous, that is,
(¢5)*A = sA, and if 11, is the Poisson bivector induced by w, then II, satisfies the following
relation:

A2T¢sonw = sl o¢y, €1))

where A’T¢, : A’TS — ATS is the vector bundle isomorphism induced by the diffeomorphism
¢ 1S —S.

Now, we will develop the reduction process with the scaling symmetry ¢.

Denote by C := S/R* the corresponding quotient manifold and by pg : S — C its quotient
projection. Then, we may consider the distribution

D=1,

which is p-projectable and the corresponding distribution D on C, which is a contact structure.
Denote by [, -](po)« the Kirillov bracket on the space of sections of the line bundle 770+ :

(D°)* - C characterized by (10). On the other hand, from the homogeneity of H : S - R with

respect to the scaling symmetry, we have a section hy; : C — (D°)* of 7(po). The corresponding

symbol X ;’l’;](m -

Xj;. The following diagram summarizes this reduction process (see Ref. 30 for more details on

this reduction process).
R
Rxm /
)

of hy given as in (9) is just the p-projection on C of the Hamilton vector field

(S, w0, X35
ips
©.D X["’](D”’*) - e (D)
s ) hH h” >

Now, we will exhibit two examples of contact dynamical systems induced by a scaling reduction
process.

Example 4 (The 2D harmonic oscillator and the spherical cotangent bundle). Consider the

manifold Q = R? — {(0, 0)}, which is diffeomorphic to R* x S! via the map

¥ R*—{(0,0} > R* xS, W(g)= <|IQII,ﬁ>- (12)
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Then, under this identification the space T*Q — 0o = (R* — {(0,0)}) X (R* — {(0,0)}) is just (R* x
SY x (R* x S1). Moreover, if (r, 0) (respectively, (r,0,r’,0")) are polar coordinates on Q =~ R* x
S* (respectively,on T*Q — 0 = R* x S' x R* x S'), we have that the local expression of the stan-
dard symplectic form w, and the corresponding Poisson bivector I, on R* x S x R* x S! are,
respectively,

wg = cos(8 —8")dr Adr’ 4+ v sin(@ — 8")dr A d6’ —rsin(@ — 8")dOAdr’ + rr'cos(6 — 6")dOAdE’

and

_cos(8 - 6"

A0y 7 Jg A Ogr.
13)

Now, we consider the symplectic Hamiltonian system (T*Q, wg, H) of the harmonic oscillator
where, under the identification (12), H : T*Q — R is the Hamiltonian function given by

. _ : _Q
I, = —cos(6 —6")6, A6, — sm(er—’e)ar A g + wae

H(r,0,r,0') = %(ﬂ + ('R, a4)

with 7,7’ € R*. In this case, the dynamics is given by the Hamiltonian vector field

sin(6 — 6')

7

,sin(@r— 6" .

X2 =rcos(@ 63, +r 31 —r'cos(6 —0)3, +r

We consider the action of R* on (R* x S') x (R* x S'), whose infinitesimal generator is
1 /
A= E(rar +r 6,/).

Note that it defines a scaling symmetry, since L wo = wg and L,H = H.
On the other hand, the diffeomorphism

Rt xS!XxR*xS! - RTxS!xR*xS!
/
(r.6.r".6) — (p.6.0.6) = <r, 6,~, e’)
transforms the generator A of the R*-action on R* x S x R* x S into the vector field % p9,. The
inverse of this map is (p, 6, 0’,8") — (0,6, pp’,8"). Then, we have that:

* The reduced space S(T*(R* x S1)) (see Example 1) is diffeomorphic to R* x S' x S. Under
this identification, the quotient map p : R* x S x R* x S' — R* x S x S! is just

p(p,6,0",6") = (0',6,0")

* The contact 1-form under this identification is given by

7 = " (iawo) = %(,o’ sin(6 — 6/)(d6 + d6') + cos(6 — 6')dp)
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with (0/,6,0") € R* x S x S'. Here ¢ : Rt x S! x S! - R* x S! x Rt x S! is the inclusion
[(P,’ 6’ 6,) = (1’ 69 P,; 6,)'
The Reeb vector field associated with this contact 1-form is

3 _pn/
R =2cos(6 — 6')3, + z%a@.

From the homogeneity of the Poisson structure {., -}, o with respect to the symplectic form
wo we deduce that

{0*h,p*h'}y, = %pap{pzh,pzh’}%,
with h, b’ € C®(R* x S! x S1). Therefore,
{0*h, p*W'}y, = p*{h, W,
where {-, -}¢ is the Jacobi bracket on C = R* x S' x S' and h, h’ € C*®(C).

From this fact and using the local expression of I, with respect to the coordinates
(p,6,0',0"), we obtain the Jacobi bracket associated with the contact structure defined by 7

. _ o
ile = —2c080 — 0O,k — o ,h) —252C =D o w  Wogh)
sin(6 — 6,)(ap/ hag/h, - ap/h,ae/ h) + sin(6 — 6’)(59h6p/h’ - 69h’ap/h) (15)
_p
19950 =60 (5 hd ! — 3’6o k).

o’

Therefore, the Jacobi structure is given by

_ o
I = sin(6 — 9’)6p/ A Oy — sin(6 — 6’)6p/ AOg — %69 A Qg
A (16)
Ec = —2cos(8—6)3, — zwfag.

* The reduced Hamiltonian function H is the function H|g+xs1xs1(0’,6,6") = %((p’ )? +1).
* The reduced vector field on R* x S! x St is

Tp(X:Q) =1+ (p)?*)cos(6 —6")3y +sin(6 — 6') (%69/ + p’é‘@), a7

which is just the contact Hamiltonian vector field of the restriction H|p+ygs1xs1 With respect to
the contact 1-form 7 or, equivalently, the Jacobi Hamiltonian vector field of H|g+xs1xs1 With
respect to (TI¢, Ec).

In the previous example, the Hamiltonian function H induces a function H¢ on the reduced
space C. However, in general, we do not necessarily have a function on the reduced space, as the
following example proves.
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Example 5. The projective cotangent Hamiltonian system deduced from a standard lin-
ear Hamiltonian system. Let Y € X(Q) be a vector field on the manifold Q of dimension n. We
denote by Y? : T*Q — R the fiberwise-linear function induced by Y, that is,

Yl (a) =< a, Y(TZ(oc)) >, Va eT*qQ, (18)

with 1'5 : T*Q — Q the canonical projection. If (¢, p;) are local coordinates of T*Q — 0, the local

expression of Y is
Y%(q,p) = Y(@p;,
where Y(q) = Yi(q)aqi. We remark that the linearity of Y implies its homogeneity, that is,
Y(sa) = sY? (), foralls € R — {0} and @ € T*Q,

with respect to the action given in (8).
The local expression of the Hamiltonian vector field X;? € X(T*Q) with respect to the
canonical symplectic structure wg on T*Q is

“Q _ vk j
XYf =Y gk — pjOgkY'3,,.

Moreover, if {-, -}, o is the Poisson bracket induced by w, then
", z%,, = -lv.zI

forallY,Z € X(Q).
Let U;, be the open subset of T*Q — 0 given by

U, =1(@",...q", p1, ., pp) € T*Q — 0o/ p;, # O}.

Then, if H is the restriction of Y* to T*Q — 0g after the reduction process of the symplectic
Hamiltonian system (T*Q — 0g, @, H) by the scaling symmetry, we have that:

* The corresponding reduced space is the projective cotangent bundle p : TQ — 0y — P(T*Q)
induced by the action (8). If we denote by p = (pi, .., Dj,—1> Pig+1, > Pn) the standard
coordinates on p(U;,) € P(T*Q), then the local expression of the projection p on U; is

D1 Piy—1 Diy+1 Pn
(q,...q", py, ... )=< 1. "————> =(q, D).
plq q P15 DPn q q Dy, Py P D q,p

* The contact distribution D on p(Uj,) is just

D plpwy = TapP(< Pidg >*) = TigpP < Xis s Xig 1, Xig i1, s X Opy s 5 0p, >

= < Xl, 9Xi0—1!Xi0+1! ,Xn, ap‘l, vee sy aﬁioﬂ, ai,‘ioﬂ, ey aﬁn >
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with X; = p;dg0 — pioaqi,fi = Di04i0 — Di,0qi- Moreover, the local expression of the line bundle
Tpo : D° — P(T*Q) on p(U;,) is

Tpo(q, D, t) = (g, P)-

* The section hy¢ : P(T*Q) — (D°)* of m(poy- : (D°)* — P(T*Q) associated with Y? is defined
locally by

hye(q, D)@, B t) = YO(q, Brs s Big15 L Bigy1 -+ Ba) = Y (@Bi + Yo (1. 19)

* The Kirillov bracket [, -]po)« on the sections of the dual of the line bundle 7. satisfies the
condition

[hxf N hy€ ](DO)* = —h{Xf’Yé’}wQ = h[X,Y]é) .

* The Hamiltonian vector field X ;? € X(T*Q) is p-projectable to a vector field on P(T*Q) whose
local expression is

Yi8g + (Bi(Bidyo Y/ = 85 Y)) + Bidgo Yo = Y )35,

The particular case of a Lie group. When Q is a Lie group G and the vector field Y on G is
left-invariant, we have (see Example 3):

* The vector field Y is given by Y(g) = T,L,(§), with § an element of the Lie algebra g of G.
* The linear function Y? : G x g* — Ris just Y?(g, ) = a(¥).

* The reduced space is G X Pg*.
» The contact structure is the distribution on G X Pg* given by

% 0 * *
D(g,p(u)) = <(Tng—l)*(,L£)> X Tp(,u)(ﬂ:bg ) for all geG and MEQG — {0}
Here, p : ¢* — {0} - Pg* is the corresponding quotient map determined by the scaling

symmetry on g* — {0}.
* The fiber of the line bundle 7o : D° - G X Pg* at (g, u) € G x Pg* is just

D (g pipy) = <(Tng—1)*(r“)>'

¢ The reduced Hamiltonian section of 7r(poy+ : (D°)* — G x Pg* induced by Y? is

he (g, pPO)(E(TgLg-1)" (1)) = tu(§)

withg € G,u € ¢* —{0}and &£ = Y(e).
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* Under the identification T*G — 05 = G X (g* — {0}), the symplectic structure w is given by

wG(g7 ,L()((Ul, :ul)’ (UZa /"2)) = _:ul(Tng*1 (Uz)) + #Z(Tng*1 (Ul)) + ,M[Tng—l (Ul)’ Tng*1 (UZ)]g

forallg € G, 4, uy, 4, € ¢* and vy, v, € TG (see Ref. 1). Here, [, -], is the Lie algebra structure
on g. Then, the Hamiltonian vector field X;ﬁf € X(T*G — 0g) can be identified with the pair

(Y, { € 3o 1)) € E(G) x E(g* — {0D),

where £ is the restriction to g* — {0} of the linear function ¢¢ : ¢* — R induced by ¢ and
{+,-}qs—{0; is the restriction to functions on g* — {0} of the Lie-Poisson bracket on g*. We recall
that this bracket is characterized by

{gf’ ng }g* (a) = _a([gl’ §2]g)a (20)

with a € g¢* and &; € g (for more details, see Ref. 1).
The reduced vector field after this reduction is just (Y, X hg) € X(G) x X(Pg*), such that

Xp(Nop ={fop,& Y1), Vf € CX(Pg"), 2D

which is the symbol of the derivation [-, hg]poy«.

A more explicit (local) expression of the vector field X ne € X(Pg*) may be obtained as fol-
lows. For each v € g — {0}, one can consider the coordinate open neighborhood p(U) of Pg*
with U = {a € ¢*/v’(a) = a(v) # 0}. On p(U), the typical local coordinates in Pg* have the
form r(¢, v) characterized by

;—6’
r({, V)Op = 17

with { € g — {0}. Moreover, using (20) and (21), we deduce that

$E(Iv, E1)" = v (1S, €1y)°

7 )

X, (r(¢, v))op =
Given the above facts, it is natural to ask if it is possible to extend the previous reduction to a
Poisson Hamiltonian system, not necessarily symplectic. The following result gives an affirmative

answer to this question. Before that, we introduce the notion of scaling symmetry for this kind of
systems.

Definition 3. If (P,II, H) is a Poisson Hamiltonian system on the Poisson manifold (P, II), a
scaling symmetry for (P, 11, H) is a principal action ¢* : R x P — P of the multiplicative group
R* (with R* = R* or R* = R — {0}) on P such that the Poisson structure IT and the function H
are homogeneous with respect to the action ¢, that is,

NToll = sTlog! and  Hogl = sH fors € R, @)

where A’T¢! : A’TP — A?TP is the vector bundle isomorphism induced by ¢f : P — P.
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The conditions in (23) are equivalent to the following ones:
{Fop?,GopP}p = s({F,Glpo¢’) and Ho¢! =sH, forF,G e C®(P)andse RX, (24)

where {-, -}p is the Poisson bracket of functions on P.
We remark that (23) implies that the Poisson structure IT and the Hamiltonian function H
satisfy (see Refs. 31, 43)

Lp,I=-I1 and L, H=H,
where Ap is the infinitesimal generator of ¢°. Moreover, if R* is connected (i.e., R* = R*) the
previous conditions are equivalent to (23). In addition, in the case of a symplectic manifold (S, w),
the condition

A2T¢§°Hw = Snw°¢§’

with IT,, the Poisson structure induced by w, is equivalent to (¢f)*w = sw.
Now, we have the following result whose proof is similar to the proof in the symplectic case
given in Ref. 30.

Theorem 1. Let pp : P — K = P/R* be a principal R*-bundle with total space a homogeneous
Poisson manifold (P,1I). If 7; : L — K is the line bundle associated with the principal bundle pp
(see the Appendix), then:

(a) There is a one-to-one correspondence between homogeneous functions H : P - R and sec-
tions hy : L* — K of the dual line bundle ;- : L* — K of y.
(b) On the space T'(L*) of the sections of the line bundle ;. : L* — K, we have a Kirillov bracket

[, ]+ : TL*) X T(L*) - T(L*)
such that the Poisson bracket {H,, H,}p of two homogeneous functions H,,H, : P — R is just

{H1, Hylp = _H[hnl Ay I

where H| .. Is the homogeneous function on P associated with [hy , hyp, |+

b, |
(c) The Hamiltonian vector field XZ"}P = —i(dH)II € X(P) of a homogeneous function H with

[ lex c

respect to the Poisson bracket {-,-}p is pp-projectable and its projection is the symbol X oy

X(K) of the derivation [-, hy |+, that is, the following diagram is commutative.

P$>K

{ip [l
iX” ixh”

T
TP —" . TK

(d) We have that

Lol Lo loe | g lodos
[Xhl ’Xhz ]_ X[hl,hzh*

forall hy, h, € T(L*).
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Proof. For a proof of (a) see the Appendix.
If Hy, H, are two homogeneous functions then,

H,o¢! = sH, and H,o¢! = sH,,
and, using (24), we deduce that
{Hyo¢; , Hyo¢{}p = s({H, Ho}pody ),
which implies that
s{Hy, Holp = {Hy, Hy}po?,

that is, the function {H;, H,}p is homogeneous. Thus, the Poisson bracket {-,-}p is closed for
homogeneous functions with respect to Ap.

Using this fact and Proposition A.1 (see the Appendix), we may define a bracket [-, -];« : T'(L*) X
['(L*) - T'(L*) on the space I'(L*) of the sections of 777« : L* — K which is characterized by

H[hl’hz]L* = —{th,th}p, with ]’ll,hz e I'(L*). (25)

This bracket was described (up to the sign) in Ref. 29 (Theorem 3.2). Using the fact that the
Poisson bracket {-, -}p defines a Lie algebra on the space of functions on P and (25), we deduce
that [-, -]z« is a Lie bracket. Moreover, for a C* function f : K — R, from the properties of the
Poisson bracket {-, -}p, we have that

Hipn nyye = —{Hpn, Hpydp = —{(fopp)Hp,, Hp,}p

—(fopp){Hy,, Hp,}p — {(fopp), Hy, }pHp, (26)
(fopp)Hin hy), + Xilhip (fopp)Hy, .

On the other hand, using the homogeneity of IT and Hj, , we deduce that

Lap Xyl = =Layian, U= =g, La, 1= i(d(Ap(H;, )T = 0,

or, equivalently, X;’:P is pp-projectable. Then, there is a vector field X L’;h* on K such that
2
X["']L* opp=T oX{"'}P 27
hy Pr Pr Hy,
From (26) and (27), we have that

Hifn, nylpe = (FoPp)Hp ny)p + X LZ]L (f)opp)Hy, s

and consequently (see (9)) we have a Kirillov structure on the space of sections of 77+ : L* - K
and the symbol of [, h];« is just the pp-projection on K of the Hamiltonian vector field XE,;}P . This
proves (b) and (c).
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Finally, from (27) and using that X%,;}P ,XL’:P ] = —Xg'}}'i" Hyy WE have that
1 2 1’ 2

[l loloe | _ yrlolos
[Xhl ’Xhz ]_ thlshZJL*.

Therefore, we deduce (d). O

Remark 2. In Ref. 31, Marle proves that if 7; : L — K is a line bundle endowed with a Kirillov
structure - (L*, 77+, K) is a Jacobi bundle in his terminology—and h : K — L* is a section of
71+, then one can induce a Poisson structure IT on L* (which is homogeneous with respect to the
negative of the Euler vector field A on L*), a differentiable function H : P := (L* — 0;») — R and
a vector field X on L* such that:

* The restriction of X to P is just the Hamiltonian vector field induced by IT and H.
* The vector field X projects on a vector field X; on K

(see Theorem 4.3 and Proposition 4.7 in Ref. 31). Therefore, if the flow of A induces a principal
action on P, then we have a Poisson Hamiltonian system (P, I, H) with a scaling symmetry in such
away that the corresponding reduced Kirillov Hamiltonian system is just the original system. So,
Marle’s result may be considered as a converse of Theorem 1.

Remark 3. In Ref. 54 (see Theorem 2.2.6 of Ref. 54), the authors obtain a one-to-one correspon-
dence between Atiyah (I, m)-tensors on a line bundle and homogeneous (I, m)-tensors on its slit
dual bundle (the dual bundle with the zero section removed). Using this general result, one could
prove that there exists a one-to-one correspondence between Kirillov structures on the line bun-
dle and homogeneous Poisson structures on its slit dual bundle (see Example 2.4.2 in Ref. 54).
Anyway, in order to have our paper more self-contained, we have included a direct and simple
proof of the items (a), (b), (¢), and (d) of Theorem 1.

The following diagram summarizes Theorem 1.

R

N

(P’ {" '}P’Xl{r..l,.}P)

\LPP
Ty

(K=P/R%,m : L » K, X"y =———— =~
L hy

hll

4 | REDUCTION OF SYMPLECTIC HAMILTONIAN SYSTEMS USING
FIRST STANDARD SYMMETRIES AND THEN SCALING SYMMETRIES

In this section, we will discuss the reduction of symplectic Hamiltonian systems which are invari-
ant under the action of a symmetry Lie group and, in addition, admit a scaling symmetry. The
standard and the scaling symmetries will be compatible in the following sense.
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Definition 4. Let (S, w, H) be a symplectic Hamiltonian system. Suppose that ¢° : RX x S — Sis
ascaling symmetry on (S, w, H). In addition, suppose that we have a Lie group G and a G-principal
bundle g : S — S/G such that the corresponding action ®° : G xS — S on the symplectic
manifold S satisfies:

@) (Cbg)*(w) = w, for g € G, that is, the action ®° is symplectic.
(ii) H : S — R is G-invariant, that is, H(®%(g, x)) = H(x), forall x € Sand g € G.
(iii) The symplectic and the scaling actions commute, that is, ®go¢§ =¢5 ocbg, forall s € R* and
gEeG.
(iv) R*x N Gx = {x}, for all x € S, where R*x is the R*-orbit at x and Gx is the G-orbit at x.
(v) The quotient space (S/R*)/G induced by the action ®5/R" : G x S/R* — §/R*

o)/ [x] = [@3(x)]

is Hausdorff.

In this case, we say that the dynamical system (S, w, H) admits a scaling symmetry ¢¥ : R* x
S — S and a symplectic G-symmetry ®° : G X S — S which are compatible.

Remark 4.
(i) Note that the previous conditions (i) and (ii) imply that

LeIl, =0 and Ly H=0, (28)
where &g is the infinitesimal generator of the action ®° associated with an element £ of the
Lie algebra g of G and I1,, is the Poisson bivector on S induced by the symplectic structure
w. If G is connected, then the conditions (i) and (ii) are equivalent to (28).

(ii) We remark that, from (iii) in Definition 4, the G-action ®°/ R* on the quotient manifold S /R*

is well-defined. Moreover, using (iv), we have that this action is free and, thus,
Graph(®%/™°) = {([x], [®5(x)]) € S/R* x S/R*/x € S,g € G}

is a submanifold of S/R* x S/R*. In addition, condition (v) is equivalent to the fact that

Graph(®5/®”) is a closed submanifold of S/R* x S/R* and, therefore, (S/R*)/G is a quo-

tient manifold (see Theorem 4.1.20 in Ref. 1). On the other hand, if pg : S - S/R* is the

canonical projection then, using (iii) in Definition 4, we have that

(Ps X Ps) ™! (Graph(@%/%7)) = {(x, ®3(¢{(x))) € S X 5/x € S,5 € R* and g € G}.
So, condition (V) is equivalent to

Graph(®%,¢%) 1= {(x, ®3(¢5(x))) € Sx S/x € S,5 € R* and g € G}

is a closed subset of S X S.
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(iii) Using again (iii), we can induce an R*-action ®%/¢ on the quotient manifold S/G and, as
in the previous case, the quotient space (S/G)/R* is Hausdorff if and only if Graph(®°, $°)
is a closed submanifold of S X S. So, the spaces (S/R*)/G and (S/G)/R* are smooth mani-
folds and the canonical projections S/G — (S/G)/R* and S/R* — (S/R*)/G are surjective
submersions.

(iv) Using that the scaling action and the G-action commute, it is easy to prove that the condition
(iv) in Definition 4 is equivalent to the fact that the actions ®5/®* and ¢5/C are free. Thus,
the conditions in Definition 4 imply that these actions are principal.

(v) From the previous comments, it follows that we have two chains of principal bundles

S — S/R* — (S/RX)/G and § — S/G —> (S/G)/R*

(this will be the situation in our examples). So, one could consider a more general point of
view using double principal bundles (see Ref. 55).

4.1 | The first step: Reduction by standard symmetries

It is well-known (see Ref. 36) that the symplectic structure on S induces a Poisson bracket {-, -}p
on the quotient manifold P := S/G characterized by

{f1080s, f2060s}s = {f1, [2}pogos (29)

with f; € C*(P), where {-, -}5 is the Poisson bracket induced by the symplectic structure w on
S. Consequently, the Poisson structure IIp on P and the Poisson structure IT, induced by the
symplectic structure w are related as follows:

A*Tggoll, = Ipogs. (30)

In addition, from the G-invariance of H, there is a reduced Hamiltonian function H® : P - R
such that

HSogg = H. (3D

Moreover, the Hamiltonian vector field X, € X(S) is gog-projectable and its projection is just

the Hamiltonian vector field X;'I’(';}P = {-,H%}p € X(P) associated with the Poisson structure ITp.
The following diagram summarizes this first reduction process.

R

(P =S/G.{\ . X))
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On the other hand, using that ®3o¢5 = ¢5o®g, for all s € R* and g € G, the R*-action ¢°
induces an action ¢” : R* x P — P characterized by

¢F (g05(x)) = g5(¢5(x)), forall x € S and s € R*. (32)
As we know, ¢ is a principal action (see Remark 4). In fact, we have
Proposition 1. ¢ is a scaling symmetry for the Poisson Hamiltonian system (P, 1, HY).
Proof. Given s € R*, using (30) and (32), it follows that
A2T¢F ollpogos = A2T¢F o A2 TgogoIl, = A2Tgogo A2 TS oll,,.
Now, since ¢° is a scaling symmetry for the symplectic manifold (S, w), we deduce that
AT ¢l oTlpogog = 5 A2 T@SonodJSS
and, using again (30), we obtain that
ATy ollpogos = sTlpody ogos.
This implies that
A2T¢Pollp = sTpogt.
On the other hand, from (31) and (32), it follows that
HCog{ ogog = HOogogody = Hogy
and, since H is a homogeneous function for the action ¢S , we deduce that
HY%o¢Fogog = sH = sH ogyg,
where for the last equality we use again (31). This implies that
HCo¢! = sH = sHC,
which ends the proof of the result. [

Now, we may apply the scaling reduction process.

4.2 | The second step: Reduction by scaling symmetry

Consider the Poisson Hamiltonian system (P, IIp, H®) obtained in the previous subsection by
reduction from the symplectic Hamiltonian system (S, w, H). In the second step of the reduction
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process, we will apply Theorem 1 to the Poisson Hamiltonian system (P, ITp, H) and the scaling
symmetry ¢* : R*x P — P.
The complete reduction process is described in the following theorem.

Theorem 2. Let (S,w, H) be a symplectic Hamiltonian system with compatible scaling symmetry
¢S 1 RX xS — S and symplectic G-symmetry ®5 : G X S — S, G being a Lie group. Then:

(1) The multiplicative group R* acts on the Poisson manifold P = S /G such that the corresponding
quotient map pp : P — P/R* isa R*-principal bundle. Moreover, ift; : L — K = P/R* isthe
line bundle associated with pp : P — K = P/RX, then the homogeneous function H® : P - R
induces a section hyc : K — L* of the dual line bundle 7y« : L* — K of y.

(2) On the space of sections T(L*) of wr+ : L* — K, we have a Kirillov bracket

[,-] : TAL*) x T(L*) —» T(L*)
such that, if {, -}p is the Poisson bracket on P,
[hH?9 hHZG ]L* = _h{foHZG}P

for HS ,H f € C*(P) homogeneous functions on P.
(3) The Hamiltonian vector field X}, is (ppogos)-projectable on K and its projection is the symbol

xp G’ € X(K) of [, hyc |1+

The following diagram illustrates both reduction processes together.

/\

(P = S/G.{ b Xyl =—————— (S,0.X

I

(K =P/R%, [, ]L*’X]E;I(],H)

T

N L
I
N

L*

4.3 | Examples
In this subsection, we will apply the previous reduction processes to Examples 4 and 5.

Example 6. Continuing Example 4: The 2D harmonic oscillator reduced first by a
standard and then by a scaling symmetry. In this case, we have:
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(1) A standard rotational S'-symmetry, with infinitesimal generator &g = xd, — 0, + pxdpy -
py0,, , where (x,y, py, p,) are coordinates on S = T*(R? —{(0,0)}). Using the identification
R* x ! X R* x S' = T*(R? — {(0,0)}) — Og2_g(0,0)}> the local expression of &g is

s =0 + 99,

where (r,6,r',0") are polar coordinates on R* x S x R x S*.
(2) A scaling R*-symmetry, with generator

Ag = %(rd, +13.).

One can also easily check that [£g, Ag] = 0 and thus, since the multiplicative group R* and S*
are connected, the two symmetries commute. Therefore, the corresponding actions satisfy (i), (ii),
and (iii) of Definition 4. We shall see below that they also satisfy (iv) and (v), so we can apply The-
orem 2. In order to highlight all the mechanisms involved, we will proceed by steps and indicate
the main derivations.

In the first step, with the S!-symmetry, the reduced objects are:

* The reduced space: We perform the reduction by the standard symmetry, obtaining the
Poisson system (P, IIp, H). First, we have that the symplectomorphism

R*xSIxR*xS! - SIx(R*xR*xSh
((r’ 6)7 (r/79/)) - (e’ (ra rly OC)) = (65 (ry r/’ e - 6/))

transforms &g into d5. Using this identification, the quotient manifold (R* x S* x R* x S')/S?!
is just

P=R*xR*xS!
and the reduced Poisson structure on P is given by (see (13))

sina sina
Ip(r,r',a) = —cosa 8, Ad,r + Tar A8y —

3,1 A0, (33)

where (7,1, &) are local coordinates on R* x R+ x S1.
* The reduced Hamiltonian function: The reduced Hamiltonian function is

HS (r,r,a) = %(V2 +(")A). (34)

* The reduced dynamics: The corresponding Hamiltonian vector field on P is just

!/

o . roor
xtir =rcosa 8y —r' cosa d, —sina| — — — |3,.
HS! rvoor )¢

8SUB017 SUOWILLOD BA 1D 8|cedl|dde au) Aq peusenoh 8.8 B YO ‘8N J0 S8INJ 10} Afiq 1 BUIUO /1A UO (SUOIPUOD-PU.-SWLBIALIOD A8 | IM ARG 1[BUUO//STNIY) SUO B IPUOD PUe SW L 8U3 885 *[7202/0/TT] U ARiqiTauliuo A8|im eunbeeaq pepsioniun Aq T892T Wdes/TTTT 0T/I0p/wo0 8| 1M Arelq eul|uo//Sdny woay papeojumoq ‘0 ‘0656.97T



26 | BRAVETTI ET AL.

* The scaling symmetry on the reduced space: The projection on P of the scaling symmetry
AS is

1
Ap = E(rdr + r’ar/),

which generates the scaling action ¢* : R* x (Rt x Rt x §1) = (R* x R* x S!) given by

$F (s, (r, 1", 8)) = (\/sr,\/sr',0).
Note that this action is free.

Now, using Theorem 1, we can further reduce again the system (second step) with this last
scaling symmetry. We obtain:

* The reduced space: Consider the diffeomorphim
Rt*xR*xS! - R*x(R*xS

!
(r,r',a) - (p,p’,c)=<r,r7,oc>,

which transforms the generator Ap of the R*-action on R* x R* x S! into the vector field

1
2P%
with (p, ', o) local coordinates on R* x (R* x S1).

Thus, the space of orbits of the reduced R*-action may be identified with

K=R*xS!

and, under this identification, the canonical projection is
rl
pr: P=R*xR*xS! - K=R*"xS!, pp(r,r’,oc)=<7,oc>.

In particular, the action ¢ of R* on P is a principal one and the standard S'-symmetry and
the scaling R*-symmetry are compatible.
The associated line bundle is trivial

7, i L:=RxR*xS! - Rt xS, . (t,0',0) = (p',0),

and therefore, we have a Jacobi bracket on the space of functions on K. In the sequel, we will
describe this structure.
The expression of the reduced Poisson structure on P in terms of the new local coordinates

(p,p’,0) is (see (33))
cosa sin o sino

Ilp = — P 5p A 5p/ + Wap A 60 - 27619’ A aa' (35)
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Note that

E%papnp = _HP'

Since the homogenous functions with respect to the vector field % pd,, are of the form 0% h,
with h € C®(R* x S1), then we have that

1
{p*h, p*W'}p = EPap{ch’ch’}P

forall h, ' € C*(R* x S!). This implies that the Jacobi bracket {-, - }x on the space of functions
on K satisfies

{0%h,p*h'}p = p*{h, '}k, h,h € C*(R* xSh).
As a consequence (see (35)),

{h, W} = —2cos a(hd,h' — W3y h) + 22&(;@}/ — W8,h) — 2sin 0(8, hd,H — ;hd ).

Therefore, the corresponding Jacobi structure (Ig, Ex) is

. sinc
g = —2singdy Adg, Ex = —2cosgd, + 2760. (36)

The reduced Hamiltonian function: The Hamiltonian function HS' (see (34)), in terms of
the local coordinates (p, o', o), is

2
H (p,0',0) = S (1 + (o).

Since
1 Sl Sl
EpapH =H",

we deduce that HS' (0%, 0/, 0) = p*hys1 (0, 0) and therefore

By () = 50+ (&),

The reduced dynamics: The Hamiltonian vector field induced by the previous Jacobi
structure and the function A a1 is

() -1

XM = —i(dhys i = hyi B = (1 + () cos o + o sinode, (7

which is the pp-projection of XZ’;P .
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Example 7 (Continuing Example 5: The linear Hamiltonian system reduced first by a standard
and then by a scaling symmetry). Let ® : G X Q — Q be a free and proper action of a Lie group
G on a manifold Q. Denote by 0 the zero section of the cotangent bundle T*Q : T*Q — Q and by
T"® : GX(T*Q —0p) = (T*Q — 0p) the restriction to T*Q — 0, of the cotangent lift action, that
is, the free and proper action given by

(T*®)y(tg) = (T (yPg1)"(cg), Vg € G and Ve, € T;Q — 0. (38)

It is well-known that (T*®), is a symplectomorphim with respect to the standard symplectic
structure wp on T*Q — 0.
Suppose that Y € ¥(Q) is a G-invariant vector field on Q, that is,

T ®4(Y(q) =Y(Pg(q)), g€Gandg Q. (39)

Moreover, let ¢ : R — {0} X (T*Q — 0g) — (T*Q — 0p) be the action given by (8).
A direct computation, using (38) and (39), shows that the fiberwise-linear function Y? : T*Q —
R induced by Y is G-invariant, that is,

Ylo(T*®), = Y*.
The symplectic action T*® is fiberwise linear. So,
(T*®)g0p; = pso(T*®),, forg € Gand s € R — {0}

On the other hand, we have that Ga, N (R — {0Da, = {a,}. In fact, if (T*®),(a,) = sa,, for
g € Gand s € R, then <I>g(x) = x. Therefore, since ® is free,g = eand s = 1.

Moreover, the quotient space ((T*Q — 0,)/G)/R* can be identified with the projective bundle
P(T*Q/G) of the vector bundle (rg)G : (T*Q—05)/G = Q/G (see Remark 1).

Thus, the previous comments imply that the actions T*® and ¢ are compatible and the con-
ditions of Theorem 2 hold. Now, we will reduce the Hamiltonian symplectic system (T*Q —
OQ,coQ,Yf), first by T*® and then by the scaling symmetry ¢. The objets obtained after the
G-reduction are:

* The reduced space: The restriction of the canonical projection Tg :T*Q - QtoT*Q —0g is
G-equivariant and therefore it induces a fibration

1'8 1P :=(T*Q-0q)/G - Q/G,

which is just the restriction of the Atiyah bundle TS : T*Q/G - Q/G to T*Q/G — O, with
O the zero section of this vector bundle. The Poisson bracket {-, -}p on the space of functions

C®((T*Q — 0qg)/G) is characterized by {fog, gog},, = {f,glpog With
g 1 (T"Q —0g) = (T"Q —0q)/G

the quotient map.
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* The reduced Hamiltonian function: The G-invariant function Y? induces a function
(Y9)? : (T*Q — 05)/G — R such that

(Y% (g()) = Y ().

* The reduced dynamics: The Hamiltonian vector field X 3? is go-projectable and its projection
isjust

{odp _ t
X(YKI;G - {’(Y )G}P'

* The scaling symmetry on the reduced space: The scaling symmetry ¢ : (R — {0}) X (T*Q —
0g) = (T*Q — 0gp) induces a scaling symmetry ¢¢ : (R —{0}) x P — P for the reduced Poisson
Hamiltonian system (P, {-, -}p, (Y*)?) which is given by

$°(s, () = go(sa), fors € R —{0}and a € T*Q — 0.

Now, we will apply the second reduction step to the Poisson Hamiltonian system (P = (T*Q —
00)/G,Mp, (Y?)Y) with respect to the scaling symmetry ¢© : (R —{0}) X P — P. The reduced
objects in this second reduction are:

* The reduced space: In this case, the reduced space is the projective bundle P(T*Q/G) =
(T*Q = 00)/G)/(R — {0}) of the vector bundle (TE)G 1 (T*Q —05)/G — Q/G (see Remark 1).

* The reduced Hamiltonian section: Denote by 7; : L — P(T*Q/G) the line bundle asso-
ciated with pp : (T*Q —00)/G — P(T*Q/G). The section of the dual bundle 7. : L* —
P(T*Q/G) induced by the homogeneous function (Y*)¢ € C®(T*Q — 00)/G) is the reduced
Hamiltonian section.

* The reduced dynamics: The Hamiltonian vector field Xéyf}’)’o is pp-projectable and it
determines the final reduced dynamics.

The particular case of a Lie group. In what follows, we will show the previous reduction
process in the particular case when the initial manifold Q is a Lie group G. In such a case, one
may use the left trivialization of the cotangent bundle T*G in order to identify T*G with the prod-
uct manifold G x g*, where (g, [-, -]g) is the Lie algebra of G, in such a way that the canonical
projection 7, : T*G — G is just the first projection p; : G X g* — G.

The left action ® : G X G — G on G is the one defined by the group operation of G. We take
the left invariant vector field Y = E’ on G induced by an element £ of g. In the first reduction with
the cotangent lift of @, the reduced space is (T*G — 05)/G = ¢* — {0} and the reduced function
induced by Y is the restriction to g* — {0} of the linear map ¢ associated with ¢ € g, that is,

€ g = {0} > R, &(a)=aé).

On the other hand, the Lie-Poisson bracket {:, -}4- on (T*G — 05)/G = g* — {0} is characterized
by
€ .t ¢
€ .8 g =161, 6], forall§y,§ €0
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The scaling symmetry on g* — {0} is just
¢¢ : R—{0)x (¢" —{0h) = (g" = {0}),  (s,@) = sa. (40)

Now, we apply the second reduction step to the (Lie)-Poisson Hamiltonian system (g* —
{0}, {3, § %), with respect to the scaling symmetry ¢°. In this case, the reduced space is the
projective space Pg*. The corresponding line bundle 7z; : L := (g* — {0} x R)/(R — {0}) —» Pg*
is defined by the action

F: R-ODX (@~ D xR = (@ —{0DxR,  F@n=(sx5).

*

The section of the dual line bundle 7;. : L* — Pg* associated with the linear map &¢ : ¢* —
{0} > Ris

he(p(@)([(a, ]) = ta(§),

with [(a, t)] € L, where p : (¢g* — 0) — Pg* is the quotient projection.
The Kirillov bracket on the projective space Pg* is characterized by

[he,» he, lpg-(P(O)([(a, D)]) = —h{gf,gg}g*(p(a))([(oc,t)])=—t{§f,§§}g*(0¢)
ta([€1,821q) = hig, £,1,(P(@)([(a, D)D.

This structure on the line bundle L — Pg* may be considered as the Kirillov version of the Lie-
Poisson structure on g* and for this reason we will use the terminology the Lie-Kirillov structure
on Pg*.

The reduced dynamics is determined by the p-projection of the Lie-Poisson Hamiltonian vector
field associated with the linear function £¢ € C®(g* — {0}), that is,

folge
ng Y= {'ygt)}g*-

{'9'};]*

Note however, that this p-projection of X e

is just the vector field X he € X(Pg*), which is
locally characterized by (22).

5 | REDUCTION OF SYMPLECTIC HAMILTONIAN SYSTEMS USING
FIRST THE SCALING SYMMETRY AND THEN THE STANDARD
SYMMETRIES

As in the previous section, we have a symplectic Hamiltonian system (S, w, H) with a scaling
symmetry ¢° : R* x S — S and a symplectic G-symmetry ®° : G x S — S which are compatible.
In what follows we describe the reduction process of the system (S, w, H) in two steps, but in the
following order: the first reduction is obtained by the scaling symmetry and the second step is
done using the standard symmetry.

First of all, we will show a reduction process for Kirillov structures in the presence of a
standard symmetry.
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5.1 | Reduction of Kirillov structures by standard symmetries
Let 7r; : L — K be areal line vector bundle with a Kirillov bracket
[, -]+ : TL*) x T(L*) - T'(L*)

on the space of the sections I'(L*) of the dual vector bundle 7;. : L* — K of 7;. Denote by 0,
the zero section of 77, and by ¢* =% : RX x (L — 0;) — (L — 0;) the R*-action associated with the
principal bundle p;_, : (L —0;) — K whose line bundle is 7, (see the Appendix).

We suppose that (®F : G XL — L,®* : G x K — K) isarepresentation of a Lie group G on the
vector bundle 7z; : L — K. This means that (<D§, <I>§ ) is avector bundle isomorphism for every g €
G. So, we have a dual representation (®~" : G x L* — L*,®X : G x K — K) on the dual vector
bundle 7. : L* — K. Here, ®" : G x L* — L* is the representation of G on L* induced by ®*,

given by

(@' (@), x) = (@, 9% ,(x)), foralla €L andx €L

Note that 77, 0®% = ®Xo7;, which implies that 7. o®L" = ®Koz;., forall g € G.

Definition 5. If the local Lie algebra structure [-, -]« is closed for G-equivariant sections of I'(L*),
we say that the representation (&' : G XL — L,®X : G x K — K) is compatible with the Kirillov
structure.

We recall that a section h : K — L* is G-equivariant if
L* g — K
@, oh = ho®,, forallg € G.

On the other hand, since the principal bundle associated with 7;, is the restriction p;_,, :
L —0; - Kof r; to L — 0y, (see the Appendix), we deduce that

¢§opL—OL = pL—OL O@é, (41)

In what follows, we suppose that the orbit space K/G of the action ®* of G on K is a smooth
quotient manifold. As a consequence, the orbit space L/G is a real line bundle over K /G whose
fibers are isomorphic to the fibers of 7; : L - K.

Denote by 0y the zero section of the line bundle 77,5 : L/G — K/G. The R*-principal
bundle

Pr/G—o0,c  (L/G —0p/6) = (L—0,)/G - K/G

associated with 7y /¢ is deduced from the G-equivariant principal bundle p; o, : (L —0.) — K.
Moreover, the principal actions ¢~ and ¢(L=%)/C of RX on L—0; and (L —0.)/G,
respectively, are related by

L0 L—01)/G
$r_o 095 = g v/ ogr—o,, forse€ R, (42)

where g;_, ¢ L—0; — (L —0;)/G is the quotient map.
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On the other hand, the dual vector bundle 7} E (L/G)* - K /G isisomorphic to the line bun-
dlez;« /g : L*/G — K/G deduced from the G-equivariant dual vector bundle ;- : L* — K of 7,

for the pair of actions (®*", ®X). The following diagram summarizes the previous comments.

*

ol oK

O N!

. Ty
L* — K

P

. TG
L*/G — K/G

Now we can prove the following general result that will be used in the following.

Theorem 3. Let [, -], : T(L*) x [(L*) — T'(L*) be a Kirillov structure on the real line bundle 7y, :
L — K. Suppose that (®", ®X) is a compatible representation of G on L. Then:

(1) There is a one-to-one correspondence between G-equivariant sectionsh : K — L* of my« : L* —
K with respect to (@, ®X) and sections h® : K/G — L* /G of the line bundle 7ty / : L* /G —
K/G.

(2) On the space of sections of m+/g : L*/G — K/G there is a Kirillov structure [-,-]1+/c,
characterized by

(1S, S 11 /6 = ([h1, halp)C
for all G-equivariant sections hy, h, of 7.

3) If h : K — L* is a G-equivariant section of 7y, then the symbol XL'"]"* € X(K) associated
with the derivation [-, h;« is G-invariant with respect to ®%. Moreover, if gox : K — K/G is

the quotient map, the g -projection ofXL"']L* € X(K) is the symbol X;JL*/G € X(K/G) of the
derivation [-, h®]1: g.

Proof. From the general theory of representations of Lie groups, we have that there is a one-to-

one correspondence between G-equivariant sections h : K — L* of 77+ : L* — K with respect to

(", @) and sections h® : K/G — L* /G of the line bundle 7. : L*/G — K/G such that
h(px(x)) = gr-(h(x)), forallx €K,

where o7« : L* — L* /G is the quotient map. Thus, we can induce a bracket [+, -]+ ¢ : ['(L*/G) X
I'(L*/G) - T'(L* /G) characterized by

(A7, hS 11+ j6 = ([hy, hal)C, (43)

where h;, h, : L* - K are G-equivariant sections of 7z« : L™ — K.
Itis clear that [+, -], /¢ is a Lie algebra structure. On the other hand, if f € C*(K/G), then

[(Fogodhn, hali- = (Fogoi)lh, bl + X, (Fogor )

for all hy, h, € T(L¥).
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Now, by hypothesis, the sections [(fogox)hy, hy ]+ and (fogox)[h;, h,]r+ are G-equivariant.
Thus,

X (Fogorhy

is G-equivariant too, which implies that the function X };J” (fogr) is gox-basic.

is gox-projectable over a vector field X W0 "% on
2

So, we have proved that the vector field X L’;JL

K /G and, in addition,
[l
[FhY N e = STRY BTy + X, (Y.

Therefore, [-, hg] 1+/c is a derivation and its symbol is just the gox-projection of the symbol of
[+, hy]1+. This finishes the proof of the theorem. O

The following diagram summarizes this reduction process.

G G

0 0

L* T (K, X]E’]I* )

h
oL+ l (U

["']L*/G)

L*/G — (K/G,X,,

h(.

Remark 5. When the real line bundle 7; : L — K is trivial, the previous theorem is just the
reduction process of Jacobi manifolds given in Ref. 37.

5.2 | The first step: Reduction by a scaling symmetry

Now, we start with the scaling reduction process of the symplectic Hamiltonian system (S, w, H).
In this case, we have (see Section 3):

* The reduced space C = S/R* admits a contact distribution D.

* The principal bundle pg : S — C isisomorphic to the restriction of 7 : D° — Cto(D° — 0¢),
where D° is the annihilator of D and O is its zero section. Therefore, the associated real
line bundle, under this isomorphism, is 7. : D° — C. Moreover, there is a one-to-one cor-
respondence between the sections h : C — (D°)* of the dual vector bundle of 7, and the
homogeneous functions H,, : S — R on the symplectic manifold S.

* On the space I'((D°)*) of the sections of the dual vector bundle of 7710, we have a Kirillov bracket

[+, Jpoy + TUD®)*) x T(D°)*) — T'((D)*)
such that

H[h1-hz](DO)* = _{th’th}S
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for all hy, h, € T((D°)*), where {-, -} is the Poisson bracket associated with the symplectic
structure on S.

* The Hamiltonian vector field X7, € X(S) of H with respect to the symplectic structure w is ps-
projectable on C and its projection is the symbol X }[1-;{-1(90)* € X(C) of the derivation [, hy | poy--

* A G-action on C. In fact, the compatibility condition between the actions implies that d)é :
S — S is R*-equivariant, for every g € G, and it induces a principal action ® : G xC — C
such that

®f opg = psod;. (44)
Moreover,
SoA — S
T®50A = Ao® (45)
with A the infinitesimal generator of the scaling symmetry ¢5. Using this relation and that
(Cpg)*co = w, we conclude the G-invariance of the 1-form 4 = —ijw, that is,
(@) (R) = —(B5) (ia) = —ipw = 4. (46)
Therefore,
THS((1)%) = (1o®)’, forallg € G, (47)

where T®® : G x TS — TS is the tangent lift of the action of ®5. In other words, D = (1)’ is
a G-invariant distribution. So, since @goqﬁss =¢S5 otbg, we deduce that the contact distribution
D = Tps(D) is G-invariant, that is,

T®g (D) = D.

This implies that the cotangent lift T*®C of the action ®¢ preserves the annihilator D° of the
contact distribution. Therefore, we have a representation (®2° := (T*®%),p, ®°) of G on the
real line bundle 7o : D° — C.

5.3 | The second step: Reduction by standard symmetries

Now, we apply the second reduction process with the representation (®7° := (T*®), 1, ®°). To
do so, we will use Theorem 3 on the reduction of Kirillov structures.

Theorem 4. Let (S, w, H) be a symplectic Hamiltonian system with a scaling symmetry ¢° : R* x
S — S, G a Lie group and ®° : G x S — S a symplectic G-symmetry which is compatible with ¢°.
Then:

(D) If (C = S/RX, D) is the contact manifold induced by the scaling symmetry ¢°, then we have
a representation (®° : GxD° — D°,®C : G x C — C) on the line bundle mpo : D° — C
such that the corresponding quotient vector bundle wpo /¢ : D°/G — C/G is a real line bundle.
Moreover, there is a one-to-one correspondence between the G-equivariant sections h . C —
(D°)* of the dual vector bundle of tpe : D° — C and sections h® : C/G — (D°)* /G of the dual
vector bundle of 7w po -

8SUB017 SUOWILLOD BA 1D 8|cedl|dde au) Aq peusenoh 8.8 B YO ‘8N J0 S8INJ 10} Afiq 1 BUIUO /1A UO (SUOIPUOD-PU.-SWLBIALIOD A8 | IM ARG 1[BUUO//STNIY) SUO B IPUOD PUe SW L 8U3 885 *[7202/0/TT] U ARiqiTauliuo A8|im eunbeeaq pepsioniun Aq T892T Wdes/TTTT 0T/I0p/wo0 8| 1M Arelq eul|uo//Sdny woay papeojumoq ‘0 ‘0656.97T



BRAVETTI ET AL. | 35

(2) Thereis aKirillov bracket [+, -] poy /¢ * T((D°)*/G) X T((D°)*/G) — T((D°)* /G) on the space
L((D°)* /G) of the sections of the dual vector bundle 7w poy- ¢ : (D°)* /G — C/G, such that

([hy, hz](DO)*) [hl ’ h2 ](DO)*/G

for hy, hy, € T((D°)*) G-invariant sections.
(3) Ifhy : C — (D°)* is the section of w(poy+ = (D°)* — C induced from H, the symbolX}[;](Do)* S
X(C) of the derivation [, herl(poy+ is G-invariant and the corresponding vector field on C /G is

just the symbolX oo € X(C/G) of the derivation |- ,hH](Do) «/g- Thus, if goc : C - C/G

is the quotient map, the Hamiltonian vector field X}, € X(S) of H with respect to the symplectic

[

structure w is (gocops)-projectable on C /G and its projection is XhG](DO) % e X(C/G).
H

Proof. We have the representation (®”°,®C) of G on the real line bundle 7y : D° = C
defined previously.

Now, we will prove that if h, h, : C — (D°)* are G-equivariant sections of 77 (poy, then the
bracket [hy, hy](poy« is also G-equivariant. From (A.2), (A.3) (see the Appendix), and the com-
mutation of the actions ®° and ¢°, we deduce that h : C — (D°)* is a G-equivariant section if
and only if the corresponding homogeneous function Hy, : S — R is invariant with respect to the
action ®°,

So, if hy, h, : C —» (D°)* are G-equivariant, then H Iy and H h, are G-invariant with respect to
®° and, since the action ®° is symplectic, we have that the function {H hy» Hp,}s is G-invariant.
Therefore,

Hipy g ooy (@5 () = —{Hp,, Hp, }s(@5(x)) = —{Hp,, Hp, }5(X) = Hipy y] oy (6)

for all x € S. In conclusion, [hy, h;](poy- is G-equivariant.
Now, applying Theorem 3, we deduce the result. O

The following diagram shows both reduction processes together.

R

e

(S, @, X2) (C=5/R%D, X,y

DO)*

Doy (C/G (D“)*/GaX[ ](Dr?)*/(})
I

y

(D°) /G
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Now we illustrate the reduction processes using the two examples considered above.

Example 8 (Continuing Example 6: The 2D harmonic oscillator reduced first by a scaling and then

by a standard symmetry). We consider again the example of a two-dimensional harmonic oscilla-

tor (see Examples 4 and 6). In Example 6, we have shown how to apply the reduction process by

first using the standard symmetry and then the scaling symmetry. Now, we take the reverse order.
‘We recall that in this example we have:

(1) A standard rotational S'-symmetry, with infinitesimal generator &5 = x8), — y3, + px0p, —
p,0,, where (x,y, py, p,) are coordinates on S = T*(R? —{(0,0)}). Using the identification
R* x S' x R* x S' = T*(R? — {(0,0)}) — Og2_gg,0); the local expression of & is

gS = 59 + 69/,

where (r,0,r',0") are polar coordinates on R* x S x R x S*.
(2) A scaling R*-symmetry, with generator

A= %(rar +18.).
As seen in Example 4, by applying first the scaling R*-symmetry, we obtain:
* The reduced space: It is R* x S! x S, with the quotient map
p:RTxS!xR*xS' - Rt xS xS, p(p,6,0,0")=(,0,0).

The Jacobi structure on C = R x St x S is given by (16).
* The reduced Hamiltonian function: The reduced Hamiltonian function is given by

1
H|R+><Sl><SI(PI,e,6,) = E((P’)Z + 1)

* The reduced dynamics: It is given by the vector field on R* x S' x S! obtained by the p-
projection

p*(X;UIQ) =1+ (0')*)cos(6 — 6")d, +sin(6 — 9’)(%69/ + p’ég),

which is just the contact Hamiltonian vector field X tje
H\R+XS1 xS

. of the function H|p+ygs1xs1 With
respect to the Jacobi structure on C = R* x S! x S! described in (16).
* The standard symmetry on the reduced space: We may induce an S'-action on the reduced

space R x S! x S! whose infinitesimal generator is

gR*XSlel = a@ + 69,.

Now, we apply the second step of the reduction process using this last symmetry, obtaining the
reduction of the Kirillov structure by this standard symmetry. More precisely, the reduction of the
Jacobi structure, because in this case the Kirillov line bundle is trivial.
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* The reduced space: We consider the diffeomorphism

Rt xS!xS! —» RtxSlxS!
©.,6,6") - (0,6,6-0",

which transforms Eg+ygixst = dg + 9y into dg. Therefore, the quotient space (Rt x S! x
S1)/S! may be identified with

K=R*xS!,

so that gog : Rt x S x S — R* x S! is the map gog(0’,0,8") = (0’,6 = 8').
In this case, the line bundle associated with gy is trivial and we obtained a Jacobi structure.
From (16), we deduce that the Jacobi structure on K = R* x S is

. sing
g = —2singdy A ds, Ex = —2coscd, + 27%, (48)

with (o', o) polar coordinates on R* x S. Note that this Jacobi structure is just the one given
in (36).
* The reduced Hamiltonian function: In this case, the reduced Hamiltonian is

1
Hp+xs1(p',0) = 5((,0’)2 +1),

with (o’, o) polar coordinates of R* x S*.
* The reduced dynamics: The reduced vector field is the gox-projection
{}c "2 1- (P’)z .
(gox)X =1+ (p')*)coscd,y — Tsmadg,

H\mﬁxsl

which coincides precisely with the results obtained in Example 6, using the reverse reduction
process (see (37)).

Example 9. Continuing Example 7: The linear Hamiltonian system reduced first by a
scaling and then by a standard symmetry. We consider again the example of a free and proper
action ® : G X Q — Q of a Lie group G on a manifold Q with a G-invariant vector field Y € X(Q).
Then, we have two symmetries on T*Q — 0:

* The restriction T*® : G X (T*Q — 0¢g) — (T*Q — 0¢) to T*Q — 0y of the cotangent lift of the
action on Q.
* The scaling action ¢ : R — {0} X (T*Q — 0g) — (T*Q — 0p) given by (8).

In Example 7, we have shown how to apply the reduction process by first using the standard
symmetry and then the scaling symmetry. Now, we take the reverse order.

As seen in Example 5, by using first the scaling symmetry, we obtain the following reduced
objects:
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* The reduced space: It is the projective cotangent bundle P(T*Q). Let D be the contact distri-
bution on P(T*Q) such thatp : D° — 0y — P(T*Q) is a principal bundle with real line bundle
po + D° = P(T*Q). The Kirillov bracket on the sections of 7770y« : (D°)* — P(T*Q) satisfies

[hxf 5 hzf](Do)* = _h[X,Z]f

forall X,Z € X(Q).

* The reduced Hamiltonian section: It is defined locally by (19).

* The reduced dynamics: The Hamiltonian vector field Xc;? € X(T*Q — 0p) is p-projectable
and its projection is the symbol of the derivation [, by |poy«.

* The standard symmetry on the reduced space: The action is defined by

GxP(T*Q) - P(T*Q), (g p(a)) = p((T*P)g(a)).

Now, we can consider the second step of the reduction process. The standard symmetry on the
reduced space satisfies the conditions of Theorem 3, and therefore, we have

* The reduced space: In this case, the reduced space is the quotient space P(T*Q)/G. More-
over, the projection p :D° — 0 — P(T*Q) is G-invariant and it induces a reduced projection
p® :(D° —0)/G — P(T*Q)/G. The real line bundle fiposg L :=D°/G - K :=P(T*Q)/G is
deduced from the G-equivariant line bundle 750. On the space of sections of the dual of this
real bundle, we have a Kirillov structure [-, -];+ characterized by

G G _ _1,G
[thr hZﬁ ]L* - h[X,Zlf

for X, Z € X¥(Q) G-invariant vector fields on Q.

* The reduced Hamiltonian section: The section hy¢ of 7oy : (D°)* — P(T*Q) is G-
invariant and therefore it induces a section

hgf : P(T*Q)/G = (D°)*/G.
* The reduced dynamics: The vector field p..(X ;?) is G-invariant. Thus, it induces a vector field
on P(T*Q)/G, which is just the symbol of [, A7, .

The particular case of a Lie group. When Q = G is a Lie group, for the first reduction step
with the scaling symmetry, we have (see Example 5):

* The reduced space is G X Pg*.
* The contact structure is the distribution on G X Pg* given by

o §
Digpu) = {TgLg-1)* (W) X Tp(y(Pg*)

forallg € Gand u € g* — {0}
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* The fiber of the real line bundle 7o : D° - G X Pg* at (g, p(1)) € G X Pg* is just

D° (g, p(uy) = «Tng*l)*(r“))'

* The reduced Hamiltonian section of 7(poy- : (D°)* — G X Pg* induced by the function Y? is
characterized by

he (g, p)(TgLg-1)* (1)) = (&),
with g€ G, ue g —{0}, £ =Y(e) and p : ¢* — {0} —» Pg* the corresponding quotient map

determined by the scaling symmetry on g* — {0}.
* The reduced vector field after this reduction is (Y, X hf) € X(G) x X(Pg*), such that

Xp,(f)op ={fop, £y —iop (49)
which is the symbol of the derivation [-, hg]poy«-
Now, if we perform the second reduction step associated with the induced G-action
G x(GxPg") > GxPg*, (g',(g p(w)) — (gg', p(1)),
the corresponding reduced elements are:

* The reduced space is the projective space Pg*.
* The line vector bundle 7r; : L — Pg* is given by

Lp(y) = (,L{), HE gx

* The reduced section of 7z~ : L™ — Pg* is just
hg (p()(t) = tu(®).

* The final reduced dynamics is the vector field X}, . on Pg* described in (49), which is the symbol
of [+, h?] 1= and whose local expression is (22).

So, also in this case, similarly to the two previous examples (see Examples 6, 7, 8, and 9), both
reduction processes give rise to the same reduced dynamics. This fact motivates further analysis
on the equivalence of the two reduction processes, which will be addressed in full generality in
the following section.

6 | THE EQUIVALENCE OF THE TWO REDUCTION PROCESSES

Finally, we will prove that both processes considered in Sections 4 and 5 are equivalent. Let
(S,w, H) be a symplectic Hamiltonian system with a scaling symmetry ¢° : RXx S — S and a
symplectic G-symmetry ®° : G x S — S which are compatible, G being a Lie group.
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Theorem 5. Under the previous conditions we have that:

(1) There exists a real line bundle isomorphism (¥, 1) between the line bundles r; : L — (S/G)/R*
and 7w(poy/g = (D°)/G = (S/RX)/G

L—* ~D°JG

lﬂL i”zw/c
P

(§/G)/R* ——(S/R*)/G

(2) The sections hg € I'((D°)* /G) and hyc € T(L*) induced by the Hamiltonian functionH : S —
R and obtained in Theorems 4 and 2, respectively, are related as follows:

hye = W*oht oy, (50)

where W* is the dual isomorphism, between the line bundles 7t(poy: /g and 7y+, deduced from V.
(3) The Kirillov structures [-, -]+ and [, -]poy+ /¢ obtained in Theorems 2 and 4, respectively, are
isomorphic. In fact, we have that

[w*ohl o, W*ohSoply. = Wo[hS, hS](poy jcop (5D)

for all hy, h, G-invariant sections of the line bundle & : D° — S/R*.

(4) The vector fields X L ]GL* and Xi;]wo)*/ ¢ given in Theorems 2 and 4, respectively, are -related,
H H
that is, the following diagram is commutative.

(S/G)/RX —— ¥ (S/RX)/G

[l I oyt /G
Xhu‘" \L iX
T

T((S/G)/R*) ————=T((S/ RX)”/G)
Proof.
(1) The diffeomorphism ¥ is just
P (S/G)/R* = (S/RX)/G,  P(pp(gs(x)) = goc(ps(x)), forallx €S,  (52)

that is,

Idg
S§——S§

b

P=5/G C = §/RX

| ¢ Je

(§/G)/R* ——=(§/R*)/G
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We remark that this map is a diffeomorphism from the equality ®;o¢5 = ¢5 o®5. Moreover,
the diffeomorphism ¥ is characterized in this diagram

Tdgxp

SXR SXR
J/WSXIdR \LPSXR
PXR=S/GxXR (S x R)/R* (53)

\L Ppxr \L FO(SxR) /R

L=((S/G)xR)/R* —~ ((Sx R)/R*)/G =~ D°/G
Here, ppxr is the quotient map deduced from the action
R X (PXR) > (PXR), (s (ps(0,0) = (s(sx), ©),
and psyr the quotient map deduced from the action
t
RXX(SXR) = (SxR),  (5,(0) = (sx,2).
(2) From (A.3) in the Appendix, we have

e (Pp(§05(X))(Ppxr (925(X), 1)) = tHE (go5(x)) = tH(x)

forx e Sandt € R.
On the other hand, using (52), the diagram (53) and again (A.3) in the Appendix, we
obtain

(P ohg; o) (pp(§rs (X)) (Pexr (§25(X), 1)) = A (Ps(X))(Psxr (X, 1)) = tH(X).

(3) If hy, h, are G-invariant sections of the line bundle 77(poy- : (D°)* — C = S/R™, then from
(2) in Theorem 4 and (50), we deduce

G

Hlp*°[h1G’hg](D°)*/G°¢o@S - HW*O[hl’hZ](GDG)* °¢O@S = H[hl’hzl(DO)* °%s

H[hl’hz](DO)* = —{Hp,, Hp,}s-

On the other hand, using (b) in Theorem 1, (29) and (50), we have

H[ly*ohlcow,\p*ohg;ozp]L* Ops = —{H >:(°h?°-¢5 H‘P*Ohngzp}Po@S
=—{H *ohfo¢°@S’Hly*thGo¢°@S}S
= —{Hgfﬁ’s’Hgf@s}s = —{Hy,,, Hp,}s-

Therefore, we have (51).
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(4) We consider the section W*oh®ot) € I'(L*), with h a G-invariant section on T(poy- and f €
C*((S/R*)/G). From the properties of the Kirillov structure [, -]; <, we have that

[(Foy)(W ohCop), hyoli = (fop)W"ohop, by . + X, (fop)(W"ohC o).

On the other hand, using (50) and (51), we obtain

[(fop)(W*ohCop), hyclps = [W*o(fhC)op, B*ohGop]r. = W o[fh,hG | puy oY

(Fop)[W* ohCop, hyclre = W o(fIHC, hS ] poy 6)o.
Replacing these relations in (6), we have that
o[ fRO, Kl oy 0% = B*o(F IS, K] poy j6 )09 + XLH]GL (fop)(W*oh%oth).  (54)
However, we know that

[ oy
LFRO B oyt 6 = TR i lpoye o + X, ™/ (PRC. (55)

G
H

Comparing (54) and (55), we conclude (4).

O

Both reduction processes and the corresponding equivalence between them are summarized in
the following diagram.

R R

— {dp Ps _ [ ]epoys
(P =S/G,{, o, Xji") <———— (5,0, X3) . (C = S/R*,D, X,
//
Pr (Do) = Pc
el =] [ ]poys s
((S/G)/RX, [" ']L*aX]E”(]J,L ) ~—-—-—-"—-=-=-—- === = > (C/Ga [‘a '](D”)*/GaXhﬁ @ /0)

Ty % /
\ h‘(;

L* = (D°)*/G

7 | RECONSTRUCTION PROCESS FOR SCALING SYMMETRIES

In this section, we will study the inverse process of reduction: the reconstruction process. First, we
shall introduce the general involved ideas, for arbitrary dynamical systems and Lie groups, and
then we shall concentrate on the case of symplectic Hamiltonian systems with scaling symmetries.
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7.1 | The general context

Let M be a manifold, X € ¥ (M) a vector field on M and G a Lie group acting on M by an action
$M : G x M — M such that X is G-invariant. Assume that ¢M defines a principal fiber bundle
Pm - M — M/G. In such a case, the G-invariance of X ensures that there exists a vector field
X% € X(M/G) such that X®op,,; = Tp,roX. The question is: how can we get the integral curves
of X from those of X°? To do that, we can proceed as follows. If we want the integral curve T :
(—€,€) > M of X such that I" (0) = x,, then:

(1) consider the integral curve y : (—¢,€) = M /G of XY such that y (0) = py; (x0);
(2) fixaprincipal connection A : TM — g for p,; (where g is the Lie algebra of G) and fix a curve
@ . (—€,€) > M such that ¢ (0) = x,

A(¢'()) =0 and pu(p(®) = y(®) (56)

(in other words, t — ¢(t) is the horizontal lift of the curve y by the principal connection A);
(3) and find the curve g : (—¢,€) — G such that

8'(t) = T Ly [AX (D)),  8(0) =e. (57)

From now on, we shall take € small enough in order to fulfill above conditions. Then, proceeding
as in Ref. 1 (see pp. 304-305), one may prove that

I(t) = $M(g(1), (1))

is the curve we are looking for. The above three-step procedure is usually known as reconstruction.
The steps 2 and 3 are known as the reconstruction problem (see, e.g., Ref. 2).

Clearly, such a procedure can be used for the standard as well as for the scaling symmetries. In
the following, we shall focus on the latter, since the reconstruction process for scaling symmetries,
as far as the authors know, has not been studied in the literature so far.

7.2 | Application to scaling symmetries and symplectic Hamiltonian
systems

Now, as in Section 3, let us suppose that we have a scaling symmetry ¢ : R*XxS — S on a
symplectic Hamiltonian system (S, w, H), with infinitesimal generator A. Then, assuming that
ps : S — C = S/R* is a principal bundle (see the first part of Section 3),

* we have a contact distribution D on C and a related real line bundle 7o : D° — C with a
Kirillov structure [-, -] poy, and
* we can ensure that the Hamiltonian vector field X7; € X(S) of H projects onto the symbol

XL-;RD%* € X(C) of the derivation [-, hy ] poy:-

Recall that hy : C — (D°)* denotes the section of I'((D°)*) related to the homogeneous func-
tion H. So, we are in the situation of the previous subsection, with M = S, X = X%, G = R*,
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g=Rand X¢ =X E;](DD)*. We shall apply the reconstruction procedure described above in this
particular context.

7.2.1 | Existence of a flat connection

There is a case in which solving the reconstruction problem is especially simple (as we will show
later). This case is when there is a nonvanishing homogeneous function F : S — R*. This kind
of functions are called scaling functions.”®

In such a case, the map

(F,ps) : S » RXxC

is a diffeomorphism and defines a trivialization for pg. Its inverse is given by

(F,ps) " : (s, ps(x)) € RX X C — ¢<I%,x> €S

for all s € R* and x € S, and we have a global section o : C — S of pg which takes the values

o(y) = (F,ps) '(1,y), VyeC. (58)

Conversely, if pg : S — C is trivial, that is, S = R* x C and ps is the second projection, then the
function F : S 2 R* x C — R given by F(s, x) = s is a nonvanishing homogenous function, that
is, a scaling function.

Therefore, the existence of a scaling function F on S is equivalent with the trivialization of the
principal bundle pg : S — C. This fact guarantees the local existence of this kind of functions F
(see Ref. 26).

Moreover, if A is the infinitesimal generator of ¢, since

dF(x)(A(x))=F(x)#0, VxeS,
then we have that
TS = (A) @ (dF)°.
So, the map A : TS — R, characterized by
A(A(x)) = A(F)(x), Vxe€S, (59)
and
ker A = (dF)° (60)

is a principal flat connection for pg (because ker A is integrable).
On the other hand, the 1-form 7 := o*(4) is a global generator of D° with 4 = —iyw, which

makes 7po trivial. In fact, using (58), we have that copg = ¢ 1. Therefore,
F

Ps)n = <¢>%> A= <¢o<%,ld>> A
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Since 1 = —ijw, then T; ¢, (A($(x, 5)) = 0, for all (s, x) € R* X S. Thus, from the homogeneity

ps X F, N (1) X ( ) X).

pS F *

This implies that D = (1)°, and 7 is a contact 1-form on C.
The one-to-one correspondence between homogeneous functions H : S - R on S and
functions hy : C — R on C (sections of the trivial line bundle 750+ ) is defined by the relation

1
hHopS = IFH

Note that the function on C associated with F is just the constant function 1.
The Jacobi bracket of two functions h, h, on C defined by the contact 1-form 7 is given by

{h1, ha}cops = —={F(hops), F(hsops). (62)

The relation between the Hamiltonian vector field X7; of H with respect w and the Hamiltonian
vector field X ZH of hy with respect to the contact structure 7 is

TpsoX¥ = XZH ops.

Remark 6. Since above equation is actually true for any homogeneous function H, for H = F we
have that

TpsOXlC:U = X;} oPps = Rops, (63)
where R is the Reeb vector field of #.
Below, we shall use all these facts to address the reconstruction problem for the system (S, w, H)
and the action ¢.
7.2.2 | Solving the reconstruction problem
Suppose that we want to find the integral curve I' : (—¢,¢) — S of X}, such thatT'(0) = x,. Follow-
ing the step 1 of the reconstruction procedure, let us fix the integral curve y : (—¢,¢) » C = S/R*

of XZ” such that y (0) = ps (x(). Now, we need to find the curves ¢ (¢) and g (¢) of steps 2 and 3.
Consider the flat connection A given by (59) and (60). Define

o(t) = (F,ps)” (50, 7(t)), VI € (—¢,€),
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with 5o = F (xg). Then, ps (¢ (t)) = v (t) and F (¢ (t)) = so. In particular, ¢ (¢) belongs to a level
set of F (of value s, € RX), and consequently its tangent vector belongs to (dF)° = ker A, that is,

A(p'(H) =0 Vt € (—¢,€).
Then, the two parts of (56) are satisfied. Furthermore, since y (0) = pg (x,),
#(0) = (F.ps) " (50, 7(0)) = (F.ps)” (F(x0). Ps(%0)) = Xo.
Thus, the step 2 is complete.
In order to find the curve g (t), let us calculate A (X;"I () (t))). Using the decomposition T'S =
(A) @ (dF)°, we have that
X4 =fA+Z,
with f € C*(S) and Z a vector field on S such that Z(F) = 0. It follows that
{F,H}s = X (F) = fA(F) = f F,

and consequently

_{F,H}g
f=—7F"
Then,
{F,H}g
AoXjy = fA= —== A,
Writing g (t) = exp (« (t)), Equation (57) translates to
H,F t
v HEsEO)

So

which has the solution

t
at) = = / {H, F}(o(s)) ds.
0

Summing up, the trajectory which we are looking for is

t
F(t):¢5<exp<%/ {H,F}5(¢(S))ds>,§0(t)>, with  @(t) = (F,ps)” (50, 7(1)).  (64)
0

Remark 7. If H itself is a scaling function (i.e., H (x) # 0 for all x), then we can take F = H. In
such a case, {H,F }S = 0 and consequently

T(t) = p(t) = (H,ps) " (50, ¥(1)), (65)

where sq = H (x).
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Now, we shall construct an alternative expression of I' (¢), which involves the Reeb vector field
R of (C, 7). Using (63) and acting with the first and last members on the differential of the contact
Hamiltonian function hy; (related to H), it easily follows that

{H,F}g = =F (R(hg)ops)-

Then,

1 t t
5% /0 {H, F}s(p(s)) ds = — /O R(hp)(y(s)) ds,

and applying (F, ps) on (64) we have that

t
(F, ps)(I(1)) = (So exp (—/ R(h)(r(s)) dS)J’(t))- (66)
0
Thus, we have found, up to quadratures, the trajectories I' (¢) of X}, from the trajectories y (¢) of
X .
hy

Remark 8. According to the local existence of scaling functions, if there is not a (global) scaling
function for ¢°, then we can proceed as above around every point x € S, just replacing S by an
appropriate coordinate neighborhood U of x,. In particular, we can obtain the result of Remark 7
along the open submanifold of S where H # 0.

To end this section, suppose that, instead of a symplectic Hamiltonian system, we have a Poisson
Hamiltonian system (P, IT, H) with scaling symmetry for ¢ : R* x P — P such that pp : P —
K = P/RX is a principal bundle. Assume that F : P — R* is a scaling function for ¢. Then, as
we saw above, the related line bundle 7; : L — K is trivial (via a global section as that given by
(58)), so the sections of 777« can be identified with the functions 4 : K — R, which in turn are in
bijection with the homogeneous functions H : P — R through the equation hyopp = %H . Also,
the related Kirillov bracket [-, -], .. can be identified with the Jacobi bracket {-, -}, given by

1
{hHl ’ th}KopP = _F{leHz}p

Moreover, following the same calculations made along this section for the symplectic case,

given x, € P, we can construct the trajectory I' () of X;"}P such that I' (0) = x,, in terms of the

trajectory y (t) of X g};]"* such that y (0) = pp (xo), through the equation

t
(F,pp)T'(1)) = <So exp <—/ E(hi)(y(s)) dS),V(t)>,
0

with s) = F (xy) and E € X (K) such that E (f) = {1, f}.

Example 10. The 2D harmonic oscillator. If we consider the local coordinates (p, 8, 0’,6")
defined at the end of Example 4 on R* X §? X R* x §! = T*(R? — {(0,0)}) — Og2_(00)} then we
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have that the local expression of the Hamiltonian function is just

1
H(p,6,0,6") = Epz(l + ('),

which is a scaling function.

Moreover, the reduced space is R* x S! x S! and the principal bundle p : R* x S! x R* x
S! —» R* x S x S'is given by p(p,0,0’,0") = (0’,0,0"). Now, we will describe the integral curve
[:(—¢e) - R xS xR xS of X§; with I'(0) = (pg, 6y, o}, ;). Note that the inverse of the
diffeomophism

(H,p) : RF xS'XxRT xS - R*xRT xS xS, (H,p)p,b,0,0") = <%p2(1 + (p’)2>,p’,6,6’)

is

2
(H,p)' : R* xRt xS!'xS! - Rt xS'xR* xS, (H,p)'(p,p,0,0") = (1 / ng/)z,e,p’,e’).

Therefore, the integral curve of X3 such that T'(0) = (oo, 6y, oy, 6;) is (see (65))

a1 , [ @+ (pp)?)
I'(t) = (H,p) 1<§P§(1 + (PO)Z),V(t)> =1ro W’(Ot)Z)’y(t) ,

where y(t) = (6(¢), o' (t),6(t)) is the integral curve of the contact Hamiltonian vector field
. 1
XZH =1+ (0')*)cos(6 —6")d, +sin(6 — 6’)({769/ + ,o’a@)
(see (17)).

Example 11. The projective cotangent Hamiltonian system deduced from a standard lin-
ear Hamiltonian system. We consider Example 5 with Y € X(Q) a vector field on the manifold
Q of dimension n. Let U;;, be the open subset of T*Q — 0 given by

U, =1(@",..q", p1, ... pn) € T*Q — 0o/ p;, # O}
with (g, p;) local coordinates on T*Q. The local expressions of the linear function Y and of the

corresponding Hamiltonian vector field X ;? are

. o ,
Yi(g,p)=Yi(@p  and X =Y*3u —p;duYid,,

with Y(q) = Y'(q)d:.
Note that Y is a scaling function if and only if Y is a vector field without zeros. In any case, we
have a scaling function on U; given by
F: Uio - R’ F(qi’Pi)=pi0-

After the reduction process of the Hamiltonian symplectic system (T*Q — 0g, wq, H) by the
scaling symmetry (8), we have that the local expressions of the reduced elements are:
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* The local expression of the projective bundle p : T*Q — 0o — P(T*Q) on U, :

D1 Piy—1 DPiy+1 DPn
(@' q" Py ):( n,_,...,_,_,...,_>.
plq q5 P15 DPn q q D Py P Dy,

* The contact distribution D on U, :

D ppw,) = TgpP(< pidg >°) =TgpP < X1, Xig—1,Xig415 0 Xy Opy s e, O, >

= <Xl,...,Xio_l,)?io_{_l,...,in,a" ,6 5 ..,a’ﬁn >,

D122 “Pig-1° “Pig+1°

with X; = piaqio — Piy0qis X = anio — Pi,0qi and (g, p) = (g, P1, - Piy—1, Dig+1> - » Pn) local
coordinates on P(T*Q).
The local expression of the line bundle 7o : D° — P(T*Q) on U, is
7po(q, i t) = (g, Pp)-
* The section hye : P(T*Q) — (D°)* of m(poy- = (D°)* — P(T*Q) associated with Y? :

hYﬁ (q’ 5)(‘1, 5a t) = Yf(q: ﬁlﬂ ’ﬁio—l’ L, 5i0+1’ e 5}1) = Yl(q)ﬁl + Yi"(‘])t- (67)

* The p-projection of the Hamiltonian vector field Xi? € X(T*Q —0g) to P(T*Q) :

Yid, + (5j(5iaq,-0 Y7 =0, Y)) + Bidy Yo — aqino)aI,-i. (68)

* The trivialization (F,p) : T*Q — 0p = R* X P(T*Q) :

D1 Dip—1 Pig+1 Dn
et ) = (g (B Pt i B2))
FR)@'s 20" P Pr) = Pigp (@00 s = mp =

and its inverse map

(F,p)7(5,(q"s -, " Py e Pig—15 Dig1s s Pn)) = (@5 @™ 81, s SDjg—15 55 SPig 415 -+ > SP)-

The integral curveI" : (—¢,€) — T*Q — 0 of the Hamiltonian vector fielXmw/? such thatT'(0) =
(g}, p?) is (see (64))

t
. 1 . - _ ~ ~
F(t) = (ql(t)a €xXp (F / (pjaq[() YJ(Q(S))dS)>(P2)p1(t), see sy pg)pig—l(t)’ pg’ pzpi0+1(t)7 e pgpn(t)),
ip 70

where y(t) = (¢'(t), D1(8); e, Dig—1(8), Pig+1(0), -, Pn(2)) is an integral curve of the vector field
given in (68) such that

0 0
0) = i pg) plo pi0+1 pg
Y( )_ qor _0,.--,_0, 0 ,...,—0 .
ip pio pi() pio
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APPENDIX: LINE BUNDLES AND R*-PRINCIPAL BUNDLES

Let py : M — K be the principal bundle associated with an action $™ : R* x M — M of the
multiplicative group R* (with R* = R — {0} or R* = R*) on the manifold M. Consider the
representation R* X R — R of R* over the vector space of real numbers given by

t
(S, t) - E
Let $¥ : RX x (M X R) = (M x R) be the action of R* on the cartesian product M x R given
by

(s, 06,00 = (#6530, 2) with (s, (x, 1)) € RX X (M X R), (A1)

Then, the first projection p; : M X R — M is an equivariant map with respect to the actions $™
and ¢M and the map 7; : L := (M x R)/RX — K = M /R* between the corresponding quotient
spaces is a vector bundle with fiber R. It is the line bundle associated with py; : M — K and the
representation (A.1).

If 0 is the zero section of the vector bundle 7; : L > Kand7w : M XR —» L = (M X R)/R*is
the quotient map, one can identify M with L — 0, via the isomorphism of principal bundles

M - (L —-0p), xX€M - n(x,1) € L—0;.

Conversely, if 7; : L — K is a line bundle (vector bundle with fiber R) and 0; is the zero sec-
tion of 7;, then py; : M := (L —0;) — K is a R*-principal bundle. The action associated with
this principal bundle is given by

M RXX(L—0;) = (L—0p), PM(s, x) = sx

for x € L — 0y, and the line bundle associated with this principal bundle is isomorphic to 7;. In
fact, the R*-invariant map

L-0)XR—>L, (x,t)—tx, with(x,t) e (L —-0;)XR

induces an isomorphism between the line bundles ((L — 0;) x R)/R* and L.

Proposition A.1. Let py; : M — K be a R*-principal bundle and 7r; : L — K its associated line
bundle. Then, there is a one-to-one correspondence between the sections h : K — L* on the dual
vector bundle of ; : L — K and the homogeneous functions on M, that is, functions H : M — R
satisfying the condition

H(¢M(s,x)) = sH(x), foralls € RX,x €P,

where M : RX x M — M is the corresponding principal action.
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Proof. Indeed, ifh : K - L*isasectionof 7y« : L* > Kand7w : MXR - L=(M xXR)/R* is
the canonical projection, one can define the function

H, : M >R, Hp(x)=h(py(x))(m(x,1)), forall x € M, (A.2)
which satisfies that
Hp(¢M (s, x)) = h(pp ()@ (@M (s, %), 1)) = h(pp (X)) (x, 5)) = h(pp(x))(s7(x, 1)) = sH,(x)

for (s, x) € R* x M. Therefore, H), is homogenous with respect to ¢M.
Conversely, if H : M — R is a homogenous function for the action ¢, then we have a
section hy : K — L* of 7y« given by

hy(py (X)) (x,t)) = tH(x) forallx e M and t € R, (A3)

which is well-defined by the homogeneity of H. O
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