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Abstract

We analyze when partially hyperbolic endomorphisms can be perturbed in order to
be close to one with non-zero Lyapunov exponents and with an unique inverse measure.
Problems of this nature were already boarded and solved in the setting of diffeomorphisms.
The extension to non-invertible maps presents as one the main difficulties the fact of that
multivaluated inverse iterations of the map make that the local unstable manifolds may in-
tersect each other since they depend on the whole prehistory.

1. Introduction

The Ergodic Hypothesis, introduced by Boltzmann in Statistical
Mechanics, states the agreement of the time-average of the orbit of any
point with the spacial-average with respect to a probability. With this
inspiration was formulated the Birkhoff ergodic theorem which estab-
lishes that for any continuous potential y : X — R the time-average of the
orbit of any point converges to the mean value of Y with respect to a
measure [ invariant with respect to a measurable map f:X - X, ie. if

n=1

Sa(y) (x):= > w(f (x)) then
i=0

nlimm % Sn() (x) = f(,bd,u, for any x, £ —ae.
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A dynamical system (M, /), with M a compact Riemannian manifold,
is conservative if it preserves a Lebesgue measure on M. In general by stable
ergodicity is understood that a system remains ergodic under small per-
turbations. Conservative systems have stable ergodicity if every nearby
system remains ergodic with respect to the Lebesgue measure.

Relevant studies about ergodic stability in partially hyperbolic dif-
feomorphisms [10],[11], revealed that natural measures to analyze ergodic
stability in conservative systems are those y for which there is a disin-
tegration {4} along the unstable foliation in such a way that any g is
absolutely continuous with respect to m., where {m.} is the disintegration
of the Lebesgue measure. These kind of measures are called unstable Gibbs
states, u—Gibbs states for short or SRB (Sinai-Ruelle-Bowen) —measures. In the
dissipative case, the physical measures thus called by Eckmann and Ruelle,
are adequate candidates to replace the Lebesgue measure. Physical mea-
sures for a dynamical system are those for which the set

n—1 .
Vu) = {x t dim % igo d(f'(x) = f¢dﬂ},

has positive Lebesgue measure for any continuous map ¢: M — R. The
points in V() are called generic points for f or pi-generic. Properties and
application of these measures in fields like non-equilibrium statistical me-
chanics and turbulence theory were developed by Eckmann and Ruelle.
The SRB-states are used to study non-equilibrium statistical mechanics
systems close to the equilibrium [6]. Any ergodic SRB-measure with a
non zero Lyapunov exponent is a physical measure [9] and for partially
hyperbolic diffeomorphisms physical measures disintegrate along unsta-
ble directions and they are s—Gibbs states. Partially hyperbolic systems
can have zero Lypaunov exponents, along the central direction, now the
existence of ergodic measures is related with the existence of non-zero
Lyapunov exponents along the central direction. Therefore the analysis
of ergodic stability may be close to the possibility of perturbing partially
hyperbolic maps to remove zero central Lyapunov exponents.

An important recent insight is the work of Andersson [2], there the
author proved that for partially hyperbolic diffeomorphisms f negative
central Lyapunov exponents, with respect to any u—Gibbs state the number
of physical measures of f is an upper-semi continuous map, i.e. there is a
C? —neighborhood U of fsuch that if fhas N physical measures and g € U
has M physical measures then M < N. So that if f has an unique physical
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measure can be obtained C*-closed maps having an unique physical mea-
sure. Partially hyperbolic diffeomorphisms such that central Lyapunov
exponents with respect to any Gibbs state are negative are called mostly
contracting. More recently Araujo and Vazquez [1] proved that partially
hyperbolic diffeomorphisms with minimal stable foliation can be close to
maps with non-zero Lyapunov exponents, this was done for the mostly
expanding (Lyapunov exponents with respect to any u—Gibbs state are
= 0) and mostly contracting cases.

Among the difficulties found to extend results for diffeomorphisms
to non-invertible dynamical systems (endomorphisms) can be mentioned:

(1) Since any point has several preimages by the map f the statistical

n—1 X
sums Sh(P) ) := D, (f(y) may have different behaviors at the
/=0

points y € f~"(x) and so the Birkhoff ergodic theorem cannot be ap-
plied directly in these cases.

(2) The local unstable manifolds at depend on whole sequences
XX_1X_s..., With x_;,;€f "x_),i>1, each sequence of this
kind is called a prehistory of x, so that they may be intersect each oth-
er and by a point may pass infinite unstable manifolds. By this situ-
ation for non-inveritible maps f: M — M, is considered the natural
extensiori M of M, which consists of the all preimages of the points
in With this notion of hyperbolicity, or partial hyperbolicity, can be
done for non-invertible maps, by mean of the decomposition of the
tangent of M .

For hyperbolic endomorphisms, Mihailescu [8], proved that when the
basic set is a connected repellor, i.e. the critical points of the map do not
intersect the basic set, can be constructed sequences of measures which
weakly converge to a measure (L, which is the equilibrium state of the
stable potential ®° = log|det(Df | E®)|. Then is proved that there exists a
measure 4~ which has absolutely continuous conditionally measures on
local stable manifolds, such a measures are called inverse SRB-measures or
s—Gibbs states, indeed is established that ys = ¢~ and g~ is the unique
inverse measure. By an argument of large deviations can be proved that
if is the unique inverse measure then is physical. Uniqueness is ensured
since is the only measure which satisfies a Pesin type entropy formula
for non-invertible maps, due to Liu, which relates entropy and negative
Lyapunov. A feature of connected repellors is that the number of the
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preimages of any point in the basic set is constant, this property remains
under C~!— perturbations [8], i.e. if f has a connected repellor basic set
and g is C~'— close to f then the number of images is the same for any
point in the basic set of g.

In this article we consider a situation like Mihailescu, but in the
case of partially hyperbolic endomorphisms, to analyze the problem of
perturbing connected repellors to obtain endomorphisms with non-zero
Lyapunov exponents, i.e. we board a non-invertible version of the prob-
lems solved by Andersson and Araujo-Vazquez. As we mentioned for
hyperbolic connected repellors there is an unique s-Gibbs state and under
perturbation the property of having a basic set which is connected repellor
remains, so that there is ergodic stability in the hyperbolic case. We ana-
lyze what occurs when there is a central direction, i.e. partially hyperbolic
dynamics, we show that there is also an unique s-Gibbs state and study
the problem of perturbing partially hyperbolic endomorphisms to remove
zero Lyapunov exponents.

2. Background

Let f: M — M be a smooth, for instance C 2, endomorphism and M
a Riemannian manifold. Let A C M be a compact f— invariant set, i.e.
f(N) = A. A basic set for fis a set A such that neighborhood V of A with

A= ﬂ f(V). The preimage of a point x is F 1) ={y: flx) = y} and the
n=0
n-preimage of x is f~"(x) = {y: f"(x) = y}. A sequence xx_; X_j..X_,41,

with x_;y1ef Nx=n),i=0,1,...n =1, is called a n-prehistory of x, a full
prehistory of x is a sequence xx_; x_,..., with x_; ef Nx-i),i>1.

To give a notion of hyperbolicity for endomorphisms is introduced
the following concept:
The natural extension of a general metric space X is defined as

X={k=xx_,x_,...,withx_j 1€ f Yx_),i>1,x€X}. (1)

i.e. the set of the full prehistories, with respect to f, of points in X.

The map fis extended to amap f on X by the shift f(x = xx_; x-2...) =
(f(x)xx_1x-2...). In the natural extension metric space then in the natural
extension is put the metric
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iGy) =3 rwyon) @)

n=0 2"

This makes the natural extension a compact metric space and f
a homeomorphism. Also can be defined a natural projection by
7:X—Xbyz(x =xx_, x_1...) = x, this map is a bijection.

Dynamical properties of the system (X,f) can be translated to X, 1),
for instance if f has the property of specification on X and f is positively
expansive in A then 7 verifies specification and expansiveness on X. Any
measure 4 in X can be lifted to an unique measure £ in X i.e. 7, (&) = u
where 7, (i) (E) = f1(n~ ' (E)), for any set E and besides hi(f) = hu(P),
where # is the measure theoretical entropy.

Let A be a basic set for fand A its natural extension, the fibre bundle
over A is defined as

T(A) ={(x,u):x € A,v € T (N}
, with fibres T% (A).

An endomorphism f: M — M is hyperbolic if the there is a basic set
A C M such that for any x € A, x € A there is a splitting

7-(A) = E (@ E* (%), 3)
such that
D(F)(x) (B (x) = E* (£(x)), D(f)x) (E“(X)) = E* (F(X))
,and for any n = 1, and some constant A > 1 holds
I D( GO < A" v, forv € E* (%)

HD(f")(x)(v)H <A "lvl, forv e E*(x),

Now the corresponding definition of partial hyperbolicity is given as:
there is an invariant splitting

T-(K) = EE(0)® E (x) @ E“(3),
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such that there are numbers 0 < i<y <L << A3, i<l
< Az with

C ATV D) ol <cullvl, ve E (x)
C_llg\vlﬁﬂD(f")(x)(V)HSC,ugle veEE“(x)
CT A VI DO o < cut vl ve EY(F) 4)

for some constant C. The subbundle E is called the central direction.
These inequalities mean that E* is uniformly contracting by f and E" is
uniformly expanding, the central direction E° is dominated by E" and
dominates E*.

Recall that a distribution Ex C Tx(M) is integrable if there is a foliation
W of M with leaves W(x) and a C' curve 0 : R — M such that 6(¢) € Eg(1)
for any ¢, in particular 7*(W(x)) = E., for any x € M. In the case of hyper-
bolic diffeomoprphisms is well known that the stable and unstable sub
bundles are integrable, can be defined stable and stable local manifolds
We(x), We (x), satisfying the above definition. For endomorphisms oc-
curs that the fibres of the unstable sub bundle at points x = xx_; x_, € A
depend on the full prehistories of and local unstable manifolds at each
x € A are defined as:

wix)={yeMm:35,7(3) = p:d(xi,y-i) < & forany i > 0}.

The stable bundle E* depends only of x, local stable manifolds at each
x € A are defined as:

Wi ={yeM:d(f"x), f'(y)) < &, forany n > 0}.
wix)={yem:357(y)=y:d(x—i,y-i) < & foranyi > 0}.

and
we(x)={yem:35,7(3) = p:d(x_;,y_;) < & foranyi > 0}.

The stable and unstable manifolds are respectively
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W) =(yeM:d(f"(x), f'(y)) — 2 0%

w(x)={yeMm:35, 7(3) = y:d(x-i, y-i)— i 0}.

In general the central sub bundle is not integrable, when the sub
bundles E“:=E°Q@E’, E™:= E°® E"and E° and E¢ are integrable the
system is called dynamically coherent, for diffeomorphisms one condi-
tion for integrability is: let W*, W¥ be the lifting to M of the stable and
unstable manifolds respectively, if W* and W¥ are quasi-isometric then
E®,E" andE® are integrable. Let W° be the central manifold and by
WS (x) = W(x) N Be(x) are denoted the local leaves.

Let f be hyperbolic with basic set A, if A is a connected repellor, i.e.
the critical points of the map do not intersect the basic set, in this case all
points have the same number of preimages, for this kind of systems Mihai-
lescu [8] introduced the following measures

1 1 n—1
Ha=—r X 2 8o, (5)
yefMonu =0

where UD A, z€ A, and d = card {fﬁl(y) N U}, the sequence {,u,ﬁ} weak-
ly converges to a measure 4, Lebesgue almost all z € A. The measure u
is precisely the unique Gibbs state of the potential ®° = log|Jac(Df | gs)|.

A partition A of M is subordinated to the unstable manifold W*, for
a given measure K, if A(x) C W*(x),, for any y —a.ex, where A(x) is

the member of A containing x Let {4x 4} be the conditional measures
of ufor the partition A and let mxa be Riemannian measure on A(x),
inherited from the Riemannian measure W"(x) in W“(x) A f—invariant
measure 4 has absolutely continuous conditionally measures on W* if has
a positive Lyapunov exponents and x« is absolutely continuous with
respect to max s for any measurable partition A subordinated to W* and
for any y — a.e.x. Now measures are those which have absolutely continu-
ous conditionally measures on unstable manifolds. The states are used
to study non-equilibrium statistical mechanics systems close to the equi-
librium [6].

The measure u; satisfies a Pesin type entropy formula which relates
entropy and negative Lyapunov exponents, which was discovered by Liu
[7], more specifically: if € is the partition by points of then the folding
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entropy is defined as the conditional entropy Hy(€|f '(€)) and the en-
tropy production of (f, ) is

eu(f):=Hule £~ (€))+ [ log | Ds(f) | d.

Let —oo < A1 (x) < A2(x) = ... < Ar)(x) be the Lyapunov spectrum of
(f,14), and the measure-theoretic entropy of the measure Liu proved that
if m;(x) is the multiplicity of the Lyapunov exponent A;(x) then

hu(f) = Hu(e1/1(8) = [ mi(0AT () ©6)

is valid if and only if has absolutely continuous conditionally measures
on stable manifolds, where a™ = min(a,0) If g is a SRB —measure then

hu(f)= fZl.mi(x)/U(x),witha+ = max(a,0)andsoey(f)= 0, to obtain

inverse SRB —measures, recall that inverse is in the sense of having condi-
tional measures on stable manifolds, must be analyzed cases with entropy
production = 0 or > 0. The result of Liu is valid with great generality, not
only for hyperbolic or partially hyperbolic endomorphisms, he made as-
sumptions just on the Jacobian of the map.

In[8]wasprovediffisadtoendomorphismthen H (g] £ (&) = log d
and that

hus(f) = logd—fzimi(x)/li_(x), (7)

therefore the weak limit of {45} has absolutely continuous conditionally
measures on stable manifolds, now let us call g7 to such a limit, instead

of us.

The central Lyapunov exponent of f (recall that we shall assume that dim
E = 1), is the map

(frx)= A(f,2) = Jim - log | DF"(x)] £,

provided the existence of the limit otherwise may be taken lim sup or
lim in f. The integrate central exponent, with respect to the measure , is
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X )= [ A (L)

For y = u;, we denote A° (f)=A°(f, &5 ), since iy is ergodic, because it
is a Gibbs, state results '

/li(f)zflognDﬂEcndy; 8)

A foliation & of is called minimal if all of its leaves are dense in M. Let
Fthe foliation whose leaves are the stable manifolds W*(x), we do not
need to impose that 7 be minimal for the uniqueness of the Gibbs state,
but shall need to assume that the stable foliation be minimal to ensure that
the orbits of Lebesgue almost every point visit any open set U with posi-
tive frequency and u(U) > 0, for any Gibbs state 4.

3. Statement of the main result

We present the main result to be proved in this article

Theorem. Let f:M — M be a partially hyperbolic C* — endomorphism
on a compact Riemannian manifold M is assumed that f is a connected
repellor, the system is dynamically coherent, the central subbundle is one-
dimensional and the stable foliation is minimal. Then f can be perturbed
toa C*-close map g which has a s-Gibbs state 4z with A% (g) # 0.

The steps to follow for proving the theorem are outlined next:

e Firstly is established that f has a s-Gibbs state ; this measure is
obtained as weak limit of the sequence like in the hyperbolic case,
here are pointed out the necessary modifications to extend the re-
sult of [8] to partially hyperbolic systems. {5} Like for hyperbolic
systems can be proved that if g is a C*-close to a connected repellor
then it is also a connected repellor, thus g has an unique s-Gibbs state
Ug , now the system is stably ergodic. Then is also analyze cases for
which gy is physical, this fact is indeed no essential in the proof of
the theorem, but we add it for a more complete analysis.

e The map f— AZ(f) is lower-semi continuous, from which can be
obtained that if A< (f) > 0 then A% (g) > 0.
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e When A% (f) =<0, are followed the technics of Araujo and Vazquez
to define a local perturbation g, such that for any point x belong-
ing to a set W. with g (W) > 0 holds E%(x) # Eg(x). The perturba-
tion “inclines” the central direction towards the stable subbundle
E}(x) in such a way that | Df| z< | and | Dg | g¢ | can be compared to

establish that A° (g) < 0, in this case.

n

~1
Let ui= % > L

4"y ey "t n=0
introduced in [8], here d = card{f” "W NULUD A, recall that in the
hyperbolic case was proved that this sequence weakly converges to
the Gibbs state us of the potential ®° log|det(Df|gs)|, and which is a
s-Gibbs state. We sketch next how to establish here the validity of this re-
sult for partially hyperbolic systems by rewriting the theorem 2 of [8] with
the needed modifications.

Sri(y), be the sequence of measures

Any point of A has the same number of preimages, so there exits a
neighborhood U of A such that any point in U has d" preimages. In [8]

is established that if £ € M(A, f), L € M(A, J) with 72+ (@) = , then for
Ec A isvalid g(E) = lim U({x_y:thereisa i = xx—1---x—p--- € E}).

n—1
Let us denote Z(n,x):=% D 8y — s, and D (n,x,¢) =%
i=0
n—1 .
>, (/)(f’(x))—f(/)d,us, for a map ¢p: M —~R. If 7> 0,n>1 then let set
i=0

En(n)={x € A:|>.(n.x-x)| = 0}, the Birkhoff Ergodic Theorem can be
applied in (A,f) and then for small 77, holds s (En(1)) ,=.0. So that for
any small 7 > 0, and Y > 0,n =1 thereisa N = N(7,7) such that

Us{x—me Anf " " (xn): D (nx—nd)=n}) <7,

for any m > N.

Let us fix a Holder continuous map ¢ it must be proved that if y,z
are such that if du(z,y):= max{d(f (z).f (y)):i=0,1,.n—1} < & then
Z(n, »P), Z(n,z,gb) behave similarly for enough large For this it should
be shown that if 7> 0, with |D_(n,y,¢p)|> 7 then there is a N = N(77)
such that | X (n,z,¢) | = 17/2, for any z with dn(x,y) < &n=N.
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Let Bne(y) be the ball in the metric d» of radius centered at Y if
ZE Bne(Y) then z€ Wi(y) or d(z,We(y)) > 0. As is pointed out in [8]
all the local stable manifolds are contained in the basic set A. In the case
of z& Wi(y) there is a A €(0,1) such that d(f'(z), fi(y)) < A,i=0,
1,..n — 1, so there exists a No = 1 with

[(FNo(3) + o + P H() = (fN0(2)) = . = p( 1 (D)

< AN,

for some constant C and where is the Holder exponent of ¢.

If z¢ We(y), butz € Bre(y) then the iterations f"(z) will close expo-
nentially to unstable o central directions, in the hyperbolic case are consid-
ered of course the case of unstable manifolds, this is the main difference
in the proof for the partially hyperbolic case, but the domination of the
central direction allows to manage this situation.

In case of the iterations f"(z) approach to the unstable direction they
are close manifolds at /" (y) and the distance between their “projections”
over this manifolds grows exponentially up to value less than €. In case of
becoming close to central manifolds at f'(y) the growing of the distance
is controlled by the growing in the unstable manifold. Now there exist
No,Ni1,A €(0,1) such that

d(f(2), fi(y)) < A',i = No,..,N; — 1. The number is taken such that
d(fi(2), F(y)<Ad( (), FT(y)),j = Ni,...,n— 2, where A is some

. 1
number in (7ianDf L 1>.

If V' (z) approaches to WZ(W) or We( 1 (y)) then d(f(z), fi(y))

will grow exponentially in We (m) or in some cases in W& (fN(y))

or will have a stable component like in the first case. Further like in [8]
follows that for a number N> < n — N,

X (n,y,¥) — S (nz )l < %[ZNO Ny 11+ C(AN + A7 Lons iy )],
let N = N(n) such that

%[ZNO 11+ C(A%N0 + A o v 1)]<n/2 for n> N, therefore
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1X(n,2, W)= 112, for Nany z € Bne(y), )

and

12 (nzy) =2 (ny.W)|<1n/2, z€Bne(y). (10)

Let Fune be (n,€)-separated set in A with maximal cardinal-
ity and U a neighborhood of A which points have d"n-preimages.
Let AcVcU such that all the points of V have d" n-preimages in U
If yeV then ye€f"(Buse(yi),yi€Fue,i=1,..,d". Let I(nx,y)= ﬁ

> 1> (n,y,¥)|, this expression can be decomposed in pieces
yef~MxNU
V(y1,...,y,), for different yy,...,y, € F, ¢ in such away that Y_(n,y,¢) can be

replaced by > (n,{,¢) with { € Fyeand y € Bn3e({). Now |>.(n,y,¢0)| <

I> (n,y,)|+n/2, for n=N(n), and then /I(n,x,gb)dm(x)ﬁ ﬁ

> [ ST (nze)l dm+ni2m =L 2 Sz

otgn€Fy e VO 1yn) (21 ne

,,,,,

> m(V(yisesyn)) + gm(V), where m is the Lebesgue measure in /.

zZ€ {Zl,Zdn}

Thus in a similar way than in [8] obtains

/;](n’x’ ¢)dm(x) S C Z |Z(n7ya¢) | ’ m(fn(B”vSE(y))> Lﬂ + gm(V)
YEFe d
(11)

and
I Hnx@)dmD<Cy 2 [L(ny )l ts(BreptD+m), (1)

for some constant C.
Then is partitioned in disjoint sets Gn.e = {y € Fue:|D(n,y, )| < 1}

and Hne ={y € Fac| 2 (ny.) 20} 20 122(n2.@) |- ts(Bren(y)) =

ZG: | 22 (ny. ) |- s (Buer2 () + EZH: | 22 (ny. ) |- s (Buera(y)) if

Y € Hne,2 € Bren2(y) then | > (n,z,¢p)|>n/2 and
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Buen(y)NAc{ze A:[D (n,z,¢)|=n/2} Therefore

2 12y )| s (Buen(y)) <

YEF ¢

n 2 Hs(Bren(y)+21¢IXus(z€ | 2 (n,z,¢) = 1/2)Ce,

y € Gne

for a constant Ceg.

Since the balls B2 (y) are disjoint Y. s(Bnen(y)) < 1, and also

yEGn,E
Us(z€ N:| D (n,z,¢0)|= u/2) <y for n =N = N(1/2,y). The proof contin-
ues like in [8] to obtain

fvl(n,x,(,b)dm(x) =Ci(2n+Cel@ly)

for arbitrary y,7.

To see that ur is physical it must be proved that if m is the Leb-
esgue measure on M, then for any continuous potential ¢:X — R holds

lim,Hoo Z O(fi(x)) = f(/)df for a -a.e. To establish this fact can be

analyzed the set of points for which — Z ¢(f) apart from the integral,

this can be done by mean of elements from the large deviations theory
developed by L.S. Young [12]. If ¢ € C(X) has exponential decay, i.e. there
are C > 0,€& > 0, such that forany x€ A,n =0

m(Bne(x)) < Cexp(—=Sa(@)(x)) then the following large deviation
principle is satisfied.

lizri’s;lpilog m{x: rllng:)q)(fl(x))—f(/)dﬂ > 5}

Ssup{hv(f)—f(pdv:‘f(/)d,u—f(/)dv‘ZS}.

The stable potential ®° is Holder continuous since the stable sub-
bundles depend Hélder continuously on the base point and verifies a
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bounded distortion condition [5], from this and [8] can be justified that the
large deviation principle holds for P(®*) + ®* (P is the topological pres-
sure) So that if, £ = uy,and f is d —to—1, the large deviation principle
is expressed as;

>3

[ daus = [ dar|= 8},

1T ¢~ [ pa

n— oo

lim sup % log m{x :

< sup{hv(f)— Av:

where Av:=logd — fzimi(x)/li_ (x)dv(x).

A large deviation principle for rational maps was established by
Comman and Rivera-Letelier [4], in this case is not required exponential
decay: let C be the Riemann sphere and f:C — C be a rational map of
degree at least two, satisfying the topological Collet-Eckmann condition,
i.e there is a constant C > 0, such that for any @ e M(J((f), f) holds
floglf’ | du > C, where J((f) is the Julia set of f.If ¢ : J((f) - R is a

Holder continuous map then

1S gt - [ pau> o]

liglﬂsogpilog m{x:
<swp{h (/)= P(@)~ [@dv:| [ pdu~ [ ¢pav|=s}.

Proposition 1. The measure y; is physical.

Proof. The proof follows the ideas of [12], firstly we claim that
sup{hv(f)—)w: fgbd,u; —fgbdv‘25} if it were sup{h,(f)—Av:
‘ f dduy — f ¢pav ‘ > 8} = 0, there would be a sequence of measures (vx)

suchthat’fgbd,ujy —fgbdvn > 8 and v (f) = Avy — 0. Themap v — hv(f)

is upper semicontinuous, this can be seen for a result by Bowen [3]: for
any € > 0, thereisa & > 0, such thatif A is a partition with diameter < &

then hv(f) < hv(f.A)— €. This fact joint with limsup hy, () < hv(£.A)
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leads that v~ hy(f, A) is upper semicontinuous. Now let v be an accu-
mulation point of (vx) so that since log | det(Df| gs)| is continuos and so
v~ Ay does, is obtained &5 (f) = Ay. But this is not possible since y P is the
unique measure which verifies this equality. Therefore

lim sup % m{x :

LS 4~ [ paur | > 8 <0

Let Zyn:= Jlx: %jg;(p(fi(x))—f(/)dﬂf

> ,1,}, hence lim sup 1

n-o N

log m(Zr.n) = 0 and so D m(Zy.n) converges for any fixed r. Finally for
n=1
r — oo,

1n—1 ( i ) di-. f — L]
;igo(/) Fi(x) —»,,f(/) Uy, for m — a.e.x.

By the comment above the proposition for rational complex maps
and potentials @ : J((f) — R with an unique stable Gibbs state u is valid
that & is physical.

Following the scheme for proving the theorem state:

Lemma 1. The map f— A (f)= f log | Df | £¢ | dz is lower semicon-
tinuous.

Proof. Let € > 0 and let N be enough large such that % / log | DfY(x) | 5l
dz > AZ(f) — €, it can be considered a neighborhood U of (f,47) such
that ﬁf log | Dgv (x) | 5> A (f) — €, for any (g,445) €U Thus A% (g) =

limnno%flog I D" (x) | g 1> AZ(f) — €. -

From this Lemma and the existence of stable Gibbs states in partially
hyperbolic systems is obtained the conclusion of theorem 1 for the case in
which the central Lypunov exponent is strictly positive. For the situations
in which can be A (f) =<0, is used a perturbation map whose construc-
tion follows [1].
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Let f:M—-M and x,€M, let be U a neighborhood of x,
with AU)NU=@. By B{(0) is denoted the unit ball in R’ with
d = dim Ef + dim E%. For a manifold X transversal to E} is considered a
C? — parametrization 77: Bf (0) — >, also can be assumed that Ty () =
E%(x9)® EF(x¢). There is a embedding i: B1(0) — M, where B} (0) is the

unit ball in RIMEr [13]. Now is defined a C? -parametrization.

¢:D—U, with D= B{(0)x Bi(0) by ¢(w,z)=y where y is the
point with of M with d(y,n(w)) =|z|.
The map ¢ can be chosen such that

Dp(w,0) (R x{0}) = E}($p(w,0)) ® Ef (¢(w,0))

DP(w.2) ({0} X RIVET) = E3(¢(w.2)
D (w2 {0} X RX{0}) = ES((w.2)).

Let ®: R —[0,1] such that

—P=0enR—(2,2),®P=1len[—1,1] and
—(s®) #0 for any s €(2,2) except for {£s0} for some s, € (1,2).
From the map @ is defined a function
q)eID—>R
dim E'f dim E%

e (x1, %09 (2120 =[] O(F)p0) [T ®(7)

i=1 i=1
and then a map
h= h[‘g;D —-D

hie(x,y,2°) = (x, 3, 2" + ty@e (x", y, 2°) ey c+1) (13)

Jhere x* = (x1,..,xu), 2" = (x1,..,2s), {e;} is the canonical basis in R? and
eu+c+1 is the first coordinate along the stable direction. Finally is defined
the perturbed map
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fx)ifxeM-U

(f- H)x)if x€U 14)

<(x) ={

where H=¢poho¢p™!

In the construction of can be taken ¢ = t(€), with € — 0 and with
this the C?-distance between f and g can be bounded in the C*-
topology, and in this way the perturbation g is C* —close to f If the stable
foliation Fis of class C* then the function H becomes of class C* Besides
if xeV=Ve=¢(B2(0)), then DH(x) preserves the stable and central-
stable foliations. From the construction of g can be noticed that the stable
directions of g and f agree, so that the same occurs for the stable folia-
tions of g and f Another property of is Dg(x)(E$(x)) = E%(g(x)).

The next task is to show that the central directions of f and g apart
in a positive angle. For a vector v = v’ +v* € E® its central slope, with

S

respect to the stable direction, is defined as Sc(v)= Scs(v)= H
%

Following [1] are considered field cones around the central directions of

fand g
Cay(x)={v=rv"+v"€F(x):Sc(u) < a}
Cag(x)={u=v"+v' € (x):Sc(v) < a},

if it is proved that Cas(x) is not Dg(x) — invariant or Ca,¢(x) is not Df(x)
invariant then Ef(x) and Eg can be written as graphs of linear maps
L:Efg(x) — Efg(x).

By a direct calculation if v = v +v' € Ef' (x), and x € V = ¢(B2:(0))
then follows

I (DFCH(x))u) |
S (De(x)y) = MRAHCD)u) 1l _
(Pem) = Do uy
| DFCHO)DH(x)v) 1| Il (DFCHG)VE 1]
- (DHW).
IDHCOW T 1D HGDHGwF 1 PHEY)

(15)
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If {@w::M — M} is an Anosov flow f = wi and then the central direction is
the direction of the flow, so II DAx)u®lI=llull, for any and the above for-
mula reduces, in this case, to

Il DFCHO)DH () u) 1|
B D ) = C(DH )
Se(Dg(x)v) N DHwr S PHGY
When xeM -V
IDFCOVIIL VS I el
(Dfx)v) (Dglxv) IV VeI D FGoOVE T
= IDRVIL vl g (), (16)
VI DOV

which reduces for the case of time Anosov flow to

Il DFCOV' I

Sc(Df(x)v) = Sc(Dg(x)v) = T
v

SC(V).

IfxeV,gi(x)e¢V,i=1,.,nand g""'(x) €V then

_ D" CHG)) (DHG)vY I

. D n+1 )
Se(Dg"*! (xv) I DHGOVY ]

Sc(DH(x)v).

Let be a fixed point of H and 0 < € < /4, for a small 7 = #(€).

DH(x0) (0,v,v*) = (0,v, v +1).  If v=v"+v' €E}(xq), then

e+
c

Sc(DH(xg)v) = >ltl-Sc(v), If sc(v)<lrl/a then Sc(DH(xq)v) >

SC(V).

Thus, by the continuous dependence x — Ef (x) thereisa > 0,0 >
B > 0 such that if x € By(x,),v €E} (x) and Sc(v) < B then

Sc(DH(x)v) > o> B> Sc(v) and so DH(x)veE Cg(x). Therefore
DH(x)(Cp(x)) is a can around DH(x)(E$(x)).
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Let x € Bp(x0) CV, such that g'(x) & V,i=1,..,n and g""!(x) €V,
hence.

Se (DI (x)v) = AT S (DH(x)v) > AT ar > Se (v)(A1 from the defini-
tion of partial hyperbolicity). Thus if return to after at most n + 1 iterations
then Dg" "' (Cp(x)) apart from Cp(g"*'(x)) If R(x) is first-return time
map of x € Bp(xo) to V then ES(gR9(x)) & Cp(g"™® (x)). Thus ES(x) and
E%(x) apart with a positive angle for those y € V such that g®(x) =y, for
some x € By (xo) which does not return to V in a time less than R. Let us
call W to this set. In particular if y € W then Eg(y) can be written as the
graph of a linear map

L:ES ()~ E(y).

With the next proposition the proof of the theorem will be completed.

Proposition 2.

(i) The set W has u; positive measure.

(ii) For any x € M holds.

[ Dg(x) | gg (o) | < (1 = G(x)) H Df(x) , for some measurable function

E?(x)

G: M — R, with G(x)> 0.

Proof.

(i) It is assumed that the stable foliation F* is minimal. i.e. any leaf
F(x) is dense in M. The s-Gibbs state tg is absolutely continu-
ous to the Lebesgue measure along the leaves of the stable folia-
tion F7(x) = Fi(x), and the frequency of visits to V of any almost
Ug point x € V if positive. So sup p(ug ) D Fi(x), for some x and
m(F3) = 1. Therefore wz (W) = g (By(x0)) > 0.

(ii) Let us firstly consider the case E}(x)# Eg(x), so that Eg(x) is
the graph of a linear map L: E_?(x) — E}(x), i.e. any u belonging
to the graph of £ can be written as u = v+ Lv,v € E} (x) — {0},
Lv € E}(x), also Dg(x)(Lv) € E} (x).
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Letxe M-V and
Dg(x): Ef (x) ® Ef (x) — Ej (x) ® E (),

IDgull> _ I1Dg()(v+ Lv)11* _ I1Dgx)vil? +11 Dg(x) Ly 11
Null? v+ Lvil? N2+ Lvll?

, the last

equality is because the Dg-invariance of the decomposition chc x)® E} (x).

IDg Lvll?
I Dgull> _ 1Dg)+ L2 | 1 Lvin?
Thus 7 = 2 2
Null v+ Lyl IDgovIl”
hvi?
= v+ we EGO® E) () then S (Dg(ou) = 28Il

vl
I DgCvI’

1 Dg(xwl
Iwil

since w € Ef(x) = E3(x) and g is a contraction along Ej we

have that < A < 1, for some number A. By the domination in

I Dg(x)vll

the central subbundle holds T

> A. Consequently

Sc(Dg(x)u) < Sc(l/l).

Then
I DgOWIL _ jwil IIDg(x) Ly 11> _ IIDglx)vil?
I Dg(x)vll vl and I Lyl < v I2 . Thus

Il Dg(x) 1 gg (O 1= (1 = G(x)) [ Df(x)lE?(x)H for some G(x) > 0.

Let x €V, in this case is considered

Dg(x) = DFCH(x))DH(x) : DH(x) (ES(x)) — DH(x)(E% (x)),

and the graph of the map DH(x) o £ So, similarly than the earlier situation

1 Dg()1 g5 () 11= 11 DACH(0) DHCO(E§ (0) 1< (1 = GG 11 DFO(EG GOl



Downloaded by [Fernando Vericat] at 10:00 11 March 2014

PERTURBATION OF ENDOMORPHISMS 363

Let us consider now the case E7(x) = Eg(x),i.e. L=0.Letxe M-V,
since Dg(x)(ES(x)) = E$(g(x)), we have

| Dg(x)lEg(x)H = | DG (0| = 1.

LetxeV,

| Dg(0)1 g5 ()| = | DAHG)DHO(ES )| = | DAHG)DHGO(ES ()|, if

were DH(x)(E§(x)) = E$(x) then | Dg(x)I ES(x)DH)(E5()), If then
DH (%) (ES (x)) would be the graph of linear map

LH: E]Co (H(x)) — EJf (H(x)) and like in the case Ejf (x) # Eg(x) obtains

| Dg(a)1 £ | = | DFCH) DH(x)(Eg ()| <

(1 — G) | DFH ) DH(x) (ES(HG)) .

By 7) the set in points in which G is strictly positive has i, positive mea-
sure, thus A° (¢) = [ log|| Dg|e| dptz < (1= G [ log| Df | pe duy < 0.
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