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Abstract

We consider different ergodic averages and estimate the measure of the set of
points in which the averages apart from a given value. The cases considered are
empirical measures of cylinders in symbolic spaces and averages of maps given a kind
Lyapunov exponents, in a such spaces. Besides we obtain bounds for the fluctuations
of ergodic averages from amenable action groups. The bounds obtained are valid
for any “time”, not only, like in case of large deviations, for asymptotic values.
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1 Introduction

In [3] was estimated the entropy of a "sample” x, x1, ..., corresponding to a discrete-time
ergodic process {X,, : n € N} ie. X,, = Xo f" where f is an ergodic measure-preseving
transformation and X is a measuble function. The problem is analyzed in the setting of
symbolic dynamical systems and so any sample may be seen as an element of symbolic
space (X, o) of infinite sequences in a finite alphabet 2 and with ¢ : ¥ — ¥ the usual shift.
The so called “plug-in estimator” is related to the frequency of a sequence yoy;...yp—1 in a
block sample xg z1...x,_1 € Q", extending the block sample to a periodic sequence T = x
T1...Tp_1Ty T1..-Tp_1... € 2, the plug-in can be considered as a o—invariant measure
in ¥. In [3] are estimated the fluctuations of the entropy of the plug-in for a class a
Gibbs measures associated to real-valuated maps on Y. The main tool for the estimates
is a theorem for separately Lipschitz n—variable functions ® : X" — R proved in [5].
Separately Lipschitz means that
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Lip; (®) := sup sup ’ ( >(4) (.() )}
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< 00,

(1)
forany 7 =0,1,...,n — 1.

Theorem A [5]: If ¢ : ¥ — R is a potential which has a Gibbs measure p., and @ is

a separately Lipschitz function of n—variables then holds:

/exp [QJ (x,a:v, ...,a”_lx)] dp, (x) <

n—1
exp { / S (y,0y,....,0" 'y) du, (y)} exp [D Lip; (CD)] :
§=0
where D is a constant depending only on ¢. In [3] were proved the following estimations,

as corollaries of the above formula:

" ({x B (2,00, .., 0" 2) _/cp(y,ay,...,an—ly) dp, () > a}) <

< 2exp

and

i ({x : %29@ (0'(2)) — /sod/w > a}) < exp(Ban?), (3)

where p,;, is the Gibbs state for the potential ¢ and B is a constant depending on D and

®.
The variance of ® can be bounded by

Var (@) = / (cp (2,00, .0 ) — / & (y, 0y, . 0"y du, (y))Qde (z)

<2D " Lip? (®) (4)

J=0
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In some cases instead of function defined on 3™ can be considered maps of n—variables
® defined on €2, in this case instead of Lip is taken the oscillation in each coordinate

i (@)= sup sup |® (2o, ..., Tjy ooy, Tne1) — P (( X0y, 5 Yjy ooy Tne1)| -
20, Tn—1€X T;7Y;
The earlier results are valid with §; instead of Lip,[3].
In this article we shall consider ergodic averages which can be estimated by the above
result, i.e. by mean of adequate functions ® defined accordingly to the problem. We also
work in situations more general than symbolics, specifically we consider amenable action

groups and analyze fluctuations of Lindenstrauss ergodic averages[6].

2 Previous definitions and notations

Let (X,0) be the symbolic space of infinite sequences in a finite alphabet ) and with
o : ¥ — X the Bernoulli shift (ox), = 2,41. This space can be endowed with the metric
di (z,y) = tN, wheret € (0,1) and N = max {j rxy=y;, 0<5 < N} . More generally
can be introduced metrics in ¥ in this way:
let x Ay be the common prefix of x and y and N the unique integer such that

x; =195, 0<j7<Nand zy # yn. Let 1 : L>Jo (2" — R be a non-increasing map such

that lim ¢ (xg,...,2,—1) = 0. Thus

d(z,y) =v(rANy),

is a metric in X[4]. When v = ¢V, is obtained the metric d;.
A map f: X — X with a compact metric space is conformal if the function a : X —
[0, 00) defined by

()

= y)
is continuous. When 0 < a(x) < oo, for any z, it says that f is without critical points
nor singularities.

If X is a Riemannian manifold then f is said to be conformal if

|Df(z)]| = a(x)I(x) where I is an isometry of X.

If 2 = 29 1..2y-1... € X, then by [z], will be denoted the truncation to its first
n—symbols, the cylinder of length n containing x is
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C, (x) ={y :[z], =[y],} . The entropy of a measure v is

h(v)= lim |— Z v (Cy, (x))logv (C, (2))
T leon
and holds h (v) < log .

For conformal maps in metric spaces Climenahagal4] gave a special a definition of
Lyapunov exponents

n—1
Az )—hmﬂsup Zlog (f'(2)))
A () _hggfgz:log 2))),

where the limit exists when is verified the condition of temperated contraction[4]. The
Lyapunov exponent of the measure v is

a(z) = lim —————== = lim Plo(x) Noly) _ ¥ (215 ooy Ti1)
y—x d(l’,y) y—x @Z)(x/\y) ¢(x0,-..7$n_1)7

(6)

where the case 1) =tV gives a(z) =t for any z and X (z) = t.

Let g 1...7,_1 be a sequence in Q" and yy y1...yx—1 be a sequence in QF. From z,
T1...Tp—1 can be formed a periodic sequence " = xy x1...T,_1Tg T1...Tp_1... € 2, NOW let
us consider the plug-in estimator

1 , .
Ek (Lo T1o Ty 1 Yo Y1---Yp—1) = Ecard {j =0,..,n—1: [ajx }k = Yo yl...yk_l}. (7)

This estimator is related to the empirical frequency of the sequence yy yi...yx_1 in the
sample zg x1...2,_1. By M (X) is denoted the space of measures on the space X.Due to
the extension of the sample to an infinite sequence the plug-in can be seen as empirical
measure



Bounds for estimators of ergodic averages 703

£, (z) = % Spin € M(Z),

where ¢ is the point-mass measure. If g y1...yx_1 is the k—truncation of a sequence
y € X, then the plug-in (7) is seen as &, (z) (Cx (y)) . For any ergodic measure v holds

lim &, (z") (Cy (y)) = v (Cr ()

k—oo

for any ™ in a set of v—measure one. By Ornstein and Weiss (see e.g.[8]) can be taken k
depending on n and setting &, (2") and the limit with n — oo. In [7] were obtained large-
deviation results for empirical measures, in that article was described a large deviation
process for

v({z: & (x) € K}), with K C M (X). Herein we analyze the measure of the fluctu-
ations {z : Eny (™) (Criny (¥)) — v (Cny (y)) > a}, for any n.

For Lyapunov exponents in symbolic spaces we shall study the measure of the fluctu-

1 n=1 )
ations - > log(a(o'(x))) — A (x), for any n, with a(z) defined in (6), this can be worked
i=0

out from (2). However, the bound depends on the variation of a(z), this value is contained
in the constant B in (3), and in case of using the metric d; recall that a is constant, so, for
our porposes, it must be considered another metrics from the map 1 as described above.

Of course in a more general situation than symbolics the techniques based on the
oscillation of separetely Lipschitz functions cannot be used. We consider here as a more
general situation amenable action groups and analyze the fluctuations of ergodic averages
from the action. Let us recall basic definitions in this setting:

Let (X, v) be a measured space and I' a locally compact groups acting on it, by mr is
denoted the Haar measure on I''A group I' is amenable if for any compact K C I'" and
0 > 0 there is a set F' C I' such that

mr (FAKF)
T (F) S0

A such set F' is called (K, §) —invariant. A sequence (F),), F,, C T, is a Folner sequence
if each F), is (K, J) —invariant, for any compact K C I"and 6 > 0 and

po e (RAKF,)

= 0.
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Any amenable group has a Fglner sequence[6]. From the action (z,7) — 7z and for a
Folner sequence (F),) can be defined an ergodic average, let ¢ : X — R and set

1

SFap (T) = m

/ o (v2) dmo (7). (8)

n

When I'=7 | F,, = {1,2,..,n} and f: X — X obtains the usual ergodic average
1 n—1 )
— > p(iz), where iz = f'(x).
=0

A sequence (F,) of subsets of I" is tempered if there is a constant C' > 0 such that
n—1

mr ( U £y an> < Cmr (F,). Any Fglner sequence has a temperated subsequence|6].
k=1

An important result of Lindenstrauss[6] is that if ¢ € L' (X, v) then Sg, ,, (z) converges
to a I'—invariant map P, for any v — a.e.x and when the action is ergodic the map is
constant v — a.e., this generalizes the Birkhoff ergodic theorem.

In this article we shall estimate the measure of sets {z : Sg, ., (z) — @(z) > a}.

3 Results

Theorem 1: Let (X, 0) be the symbolic space of infinite sequences in a finite alphabet
, let ¢ : ¥ — R be a map having an unique Gibbs state p,( for instance a Holder
continuous function) and 6 € (0, 1), then for any n,y holds:

e ({Exm) (27) (Crim) (1)) = v (Cuiy (9) > @}) < exp [_%}

01
where D is the constant of the eq. (3) and with k(n) < %™ Besides the variance

~ 2log(cardQ)
of &y is estimated by

Var (Sk(n) (Ck(n) (y))) < 2Dn'?logn.

Proof: Let ® = @, (29 1...7,-1) = Ekmn) (2") (Cn) (¥)) - Now to obtain the bounds
we must estimate J; (®). We have

Extmy (Crimy (1)) < @

n—1 2 2 2 (1o n?)> 0 0
25]2(@)§ a®logn < o (ogn) QSnlogn
7=0 4n (log(cardS)) An (log(cardS)) n

and so

. Hence
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aQ

exp S S exXp l—
4D > 5]2- (P)
j=0
sequence (eq. 3) we obtain the desired result. For the variance, in the same way, we

aQ

——n!'7?|, and by the theorem A and its con-
4D logn

have

n—1
Var (gk(n) (Ck(n) (y))) S 2D Z 5]2 (CI)) S 2Dn1’9 log n.
j=0

J

The next analysis is for Lyapunov exponents, we analyze the concentration of the
ergodic average of log(a(x)) around its p,—average, i.e. the Lyapunov exponent of /i,
recall that the Gibbs states are ergodic. The function a(x) is a map defined from a map
v J Q" —R. Let ¢: ¥ — R be a continuous map, set

n>0

V() = sup { ’(pw(f) . (y)) | cwi =, 1=0,1,...,n— 1} . For the next result we
T1y..y Ty

shall consider a map v such that
-y <1
— ¢ (x Ay)=1 when xg # y.

—(xAy) > (ocxAoy) > ... > (et Ao™ly), for any n.

Proposition 1: Let (3,0) be the symbolic space of infinite sequences in a finite
alphabet Q, let ¢ : ¥ — R be a map having an unique Gibbs state p,. Let a(z) =
o U@ Aoty
= Y (T Ay) 1

Sp(loga(x)) = nz: log(a(c'z)), then for any n

i=0

e ({ sntomate) ~ 2 ) < e [_w <vn,¢czf;a<x>>>2] |

Proof: Define

1
@ (1,00, ..,0" 1) = — 5, (loga(x)) = loga() + loga(ow) + ... + loga(o™ '),
n

thus

Lip; (@) := sup sup

z,0x,....,0" "tz  oix#ttoy

{ llog a(o?x) — log a(a’y)| }
P(o(x) ANoly) ’
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n—1
and so, by the conditions of 1, we get Y Lip? (®) < n (V4 (log a(z)))*. Now, again by
j=0

the consequence of theorem A, the conclusion of the proposition is obtained.

Finally we try to get concentration bounds for ergodic averages from amenable action
groups. Let T' be an amenable group and let {F}, F5, ..., Fiy} be a temperated sequence
in I' with constant C' (definitions given in the earlier section). Recall that temperated
sequences can be obtained as subsequences of Fglner sequences. Let F' be a compact
subset of I, a collection F of subsets of I" can be specified by sets Aj, such that F;A; C F,
7=12,...,N, and

F={Fa:a€ 4, j=1,2,..,N}.

Random subsets of I'can be given by a measurable map

F:A—P(F),

where A is a probability space, which is called the sample space. In[6] are introduced the

norm

IF@ll= > mr(B),

BeF(w)

and the counting function F, : ' = N

Fo()= Y. Is(v),

BeF(w)

where [g is the characteristic function of B.

Let Zyo = Zp,0 ={v: Sp,, () > a} where

1

SFup (7) = o (F) [z, (yz) dmp(7).

The following proposition is like to the maximal ergodic inequality in [6], but without
taking supremum in Sg, , ().

Proposition 2: Let v be a measure on X, and (F},) C I', be a temperated sequence
of compact sets in I', (amenable with finite Haar measure). Then holds
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M

v (Zna) < — gl

where M is a constant depending only on Fj,.

Proof: Since I' is amenable and each F), is compact, can be found, for each n, a
compact set ﬁn C I, such that if ¢ > 0 and

G, = F, E, then mr (G,) < (1+¢)mr ( ﬁn) , we shall show that holds

M
/~ Iz, . (yx)dmp(y) < ~ |o ()| dmrp(7y), for some M > 0. (9)
n Fn

Let Apo = {7 € F: Sp,.e (yz) > a} , FrA, o C F, and let F (w) be a random col-
lection of subsets of F with counting function f,. For a € A, , we have

Sk, (ax) = fF ¢ (yax) dmr(vy) > «, and

ozmp(FnAma) < % [ @ (yaz) dmr (). Thus if A is the modular function on
mr n "
I' defined by
1
fSO(%%)de(%) = ﬁf@ T dmr(%) then

amp(F,Ana) <A(a) [ ¢ (ye)dme(y) = [5 ¢ (y2) dmr(y). Then
O‘Zml“ (FnAn,a)—O‘H}—( )HS Z fB‘P fo de( )
An,a BeF(w)

By the Lindenstrauss covering lemma[6], we have

1
o gmr (Ana) < aE(||F (w)]]), where E is the expectation value and C' is the
constant for the temperated sequence
1
AT E [ & 1z,. (yz)dmr(y) = AT (Ana) < aE (|| F (w)|). Therefore

E (Bg;( )fB v (ye) dmr(’y)> =E (an Fo () e (ye) dmr(7)> =
Jr, BF (1) (yz) dmr(y) < 2 [, | ()] dmr(7). So

1
[ & 1z, (yz)dmr(y) < 2(17 J& l¢ (v)| dmr(v), and the inequality (9) holds
2
ith M = ——.
wit ¢

Then integrating on the whole X, with respect to the measure v

1

v (Zna) = o () S (J 7, 12,0 () dme(3)) dv () <



708 A. Mesén and F. Vericat

M m M
— 1+ Il

%fx (an‘SO(VfK)‘de(V))dV(x):_m < >fX\g0 z)|dv (x) <

«

Since ¢ is arbitrary the result follows.
[ |

Definition: Let v be a probability measure on X, the space L? (X, v) is formed by
the maps ¢ : X — R, such that

/ lp () — t]*dv (z) < oo, for some t € R.
b'e

As a metric in L? (X, ) can be taken

\//\90 D v (z)

Definition: Ameasure m on R has second finite moment if

/ (t —u)® dm (u) < oo, for any t € R.
R

Let us denote by M; (R) to the set of measures in M (R)) with second finite moment.
Let us consider, for any Fglner sequence (F),), the empirical measures Ep, ,(z) €

M (R), given by

Er,o(x) (E) = r ({v:e(e) € E}). (10)

—m
mr (Fn)
In the classic case I' = Z, F,, = {1,2,..,n} and f: X — X obtains

,_.

n—

1
Enp(r) = — 2 Oetsita))-

%

1§
o

Definition: Let m € My (R), the barycenter of m is the real numbert which mini-
mizes the map F(t) = [ (t — w)? dm (u) .

For m € My (R ) such a minimum does exist|?]

Thus we have a map bar : My (R) — R, and holds

bar (Ep, ,(x)) = Sk, »(2).
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By the Lindenstrauss ergodic convergence theorem for groups the sequence {bar (Eg, (2))}
= {Sp, ()} converges a.e. to a I'—invariant map @ ().

A coupling of two measures my, my € My (R) is a measure A € My ( R?) which on
the first and second factor projects on my, ms respectively. The 2 — Wasserstein metric

is defined as

Wy (mq, mg) = Acodﬁigof \//R2 t—u)d\(t,u) ,

©1,2EM R2

Lemma 1: Is valid

|SFue(2) = Sp ()] S W2 (Ep, (), Ep,p(T)).
Proof: We have

(t— Sk, p(x) < Jr (t— u)® d€p, () (u) , integrating with respect to d€g, ,(z) ob-
tains

S (6 = Sy (@))® iy (@) (1) < [ (¢ = 0)* dEr, () (1) dEr, () (u) . Besides

( Sk, p(z) — u)2 < fR (t — u)2 d€p, o () (t) . Putting u = Sp, 4(z) we get
( SFnso(%) — Spw(@)” < [q (t = Spu(2)) dER, 4(x) () <

Jrez (t =) d€p, o (2) (t) dEr, (@) (u) .
Let A\, (z ) = Ep, »(v) X Er, y(x), thus

(Srp(2) = Srw(@)” Sinf fgo (8 —w)® d€p, 4 (2) (1) dEp, 4 () (w) = Wa (Er, 4 (2), Er,u(@)).
|

In a similar way can be proved the more general result

|SF,.o(x) — bar(m)| < Wy (Ep, »(x),m), for any m € My (R).

The objective is to study the fluctuations set {z : |Sp, ,(z) — @ (x)| > a}. We firstly
consider the case of when the map ¢ takes only finite values {t1, to, ..., t} . In this situation
the sequence {bar (€r, (7))} = {Sk, ,(x)} converges to a map @ () = bar (m(x)), with

k
E V:v 5t17
=1
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with {v, } the ergodic decomposition of v with respect to the action. In a more general case
any map can be approximated by functions taking finite values, so that the fluctuations
for general maps may be estimated by the bounds obtained for the case of finite values.

Theorem 2: Let ¢ : X — R taking values {t1,ts,...,tx}, if v € M (X) then

(2 1Sr,(r) — bar(m (2))] > a}) < o []).

k
where U (z) = Y v, (071 (&) (¢ (x) — ;) , and M = M (F,) is the constant of the propo-
i=1
sition 2.

Proof: 1t is valid, by lemma 1 and proposition 2, that

{z :|Sp, () — bar(m (z))| > a} C{x: Wy (€, (), m(z)) > a},

and

M
v({z: Sk, ¢(x) > a}) 2 |¢]|, , for any function ¢.

Thus

W3 (Er, (@), m(x)) < /R ] (t = w)* dEr, o(2) () dm(z) (u) =

/R {m/ (¢ (y2) = u)” dmr(y)| dm(z) (u). (11)

n

Let ¢, () = (¢ (¥) — u)®, we have that if T : R — R then [ Tdm(z) = [Td (il ve (71 () 5@-) ,

therefore

/R [#(EJ / (v (Vx)_“)Qdmr(v)] dm(z) (u) =

n

k

B m/}? D v (97 (1)) b, (v2)* dimr ().

i=1

Hence
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v({z:[8p,p(x) = bar(m (2))] > ?}) <v({z: Sp,u(x) > a?}) < % [l ; with

k
V() =Y va (o7 (1) (0 () — 1)
i=1 =
For general maps ¢ : X — R, holds that for a given > 0, there is function v taking
finite values such that ds (¢, 1) < 62, in fact this is valid for functions valued in general
separable spaces. Thus

{z Sk () = Spu(z) | >0} C{ar: Wa(Ep, (), Epu(z))) > d}. We have

W3 (€, (), Er, (@) < [ro (t =)’ dEr, 4 (2) (t) dEr, (@) (w) =

o () S, (0 () = ¢ (y2))* dmr (7). So

=

v({z : Sk, o(7) = Sk,y(x) | >0}) <
|9ll, = d5 (¢, %), is obtained that

5 19l with ¢ (z) = (¢ (z) — ¢ (z))?. Since

(=)

v({z :|Sk,u(x) = Sp,u(z) | > d8}) < Ma?, for arbitrary é. Therefore the sequences of
the ergodic averages for ¢ and 1 asymptotically oscillate by at most 6, and where S, ()
converges a.e. . This means that Sg, ,,(z) converges outside a set of negible measure to
an invariant function @ (x)

Now the fluctuations for Sg, ,(x) may be estimated by the bounds obtained for a

mesure which takes finite values and which approximates ¢.
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