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The field of machine learning has drawn increasing interest from various other fields due to the success
of its methods at solving a plethora of different problems. An application of these has been to train artificial
neural networks to solve differential equations without the need of a numerical solver. This particular
application offers an alternative to conventional numerical methods, with advantages such as lower
memory required to store solutions, parallelization, and, in some cases, a lower overall computational cost
than its numerical counterparts. In this work, we train artificial neural networks to represent a bundle of
solutions of the differential equations that govern the background dynamics of the Universe for four
different models. The models we have chosen are ΛCDM, the Chevallier-Polarski-Linder parametric dark
energy model, a quintessence model with an exponential potential, and the Hu-Sawicki fðRÞ model. We
use the solutions that the networks provide to perform statistical analyses to estimate the values of each
model’s parameters with observational data; namely, estimates of the Hubble parameter from cosmic
chronometers, type Ia supernovae data from the Pantheon compilation, and measurements from baryon
acousstic oscillations. The results we obtain for all models match similar estimations done in the literature
using numerical solvers. In addition, we estimate the error of the solutions that the trained networks provide
by comparing them with the analytical solution when there is one, or to a high-precision numerical solution
when there is not. Through these estimations we find that the error of the solutions is at most ∼1% in the
region of the parameter space that concerns the 95% confidence regions that we find using the data, for all
models and all statistical analyses performed in this work. Some of these results are made possible by
improvements to the method of solving differential equations with artificial neural networks conceived in
this work.

DOI: 10.1103/PhysRevD.107.063523

I. INTRODUCTION

To improve our understanding of the Universe, new
models are constantly being proposed to better describe its
different aspects. All models need to be continuously tested
against observational data to determine which models best
describe nature. Besides, often the theoretical predictions
are calculated from a system of differential equations that

need to be solved first to test the model’s predictions
against the data. The usual approach to solving these
equations is to use numerical methods, which usually
provide the solution in the form of an array of points
matching a discretization of the domain. In addition, any
statistical analysis which aims to constrain the parameters
of a model requires exploring the parameter space of such a
model. For this, the numerical solver needs to integrate
each time the parameters of the differential system are
changed by any amount, which, in sufficiently complex*augustochantada01@gmail.com
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systems, can create a bottleneck in the computation time
required to make the analysis statistically robust. The past
few years have seen an increased interest in the use of
artificial neural networks (ANNs) as new tools for analyz-
ing both data and physical models. For example, the so
called physics-informed neural networks are able to inter-
polate the physical behavior of a given data set, provided
the underlying physical laws are assumed [1]. Some
approaches in the field of cosmology include using
ANNs to reconstruct cosmological data, like in Ref. [2]
where this was done for both cosmic expansion and large-
scale structure data, and creating artificial data extending
the range of current data sets as in Ref. [3]. Additionally,
ANNs have been used as a replacement for numerical
methods to serve as solutions to physical models. For
example, in Ref. [4] ANNs were trained through supervised
learning on the outputs of a numerical method to constrain
the Lambda cold dark matter (ΛCDM) model with cosmic
microwave background (CMB) and large-scale structure
data. Also, ANNs trained through unsupervised learning
were used to compute the tunneling profiles of cosmologi-
cal phase transitions in Ref. [5] with a modified version of
the method introduced in Ref. [6]. Contrary to the numeri-
cal method, the solutions provided by ANNs are continu-
ous and fully differentiable [7].1 Furthermore, typically the
storage for ANNs is tiny, and especially compared to
numerical methods. In this way, scientists and engineers
can share the solutions used in their research with a wider
community, easing the process of reproducibility.
An extension of the unsupervised method for solving

differential equations with ANNs was proposed in Ref. [8],
which introduces the possibility of training ANNs whose
outcome is a bundle of solutions corresponding to a
continuous range for the values of the parameters of the
differential system, which can include initial and boundary
conditions. The main advantage of this method can be
summarized as follows: the integration required to obtain
the solutions is performed once, during training, after which
the solutions can be used indefinitely to perform parameter
inference, requiring in some cases (mainly those where the
differential system is not easy to integrate) less computational
time than with traditional numerical solvers. In this work, we
adapt the bundle ANN method introduced in Ref. [8], to
obtain solutions of physical models in a cosmological
context and perform statistical analyses to obtain constraints
on the model’s parameters. For this we implement the
NeuroDiffEq [9] Python library [10] to solve the background
dynamics of four cosmological models. Also, to adapt the
method to the cosmological background equations, some
improvements to the method are developed.
The physical models considered in this paper are part of

an active area of research in cosmology, which constitutes

modeling the late-time accelerated expansion of the
Universe as first evidenced by measurements of type Ia
supernovae [11,12]. Currently, the favored model to explain
this behavior is the ΛCDM model, where a positive
cosmological constant Λ is introduced to the Einstein-
Hilbert action of general relativity to reproduce the late-
time acceleration in the expansion of the Universe.
Although this model represents the simplest solution, it
has some serious issues, like the lack of a theoretical
explanation for the observed value of Λ. Therefore, the
physical mechanism that drives the accelerated expansion
is still unknown. Another problem is the so-called Hubble
tension. This tension concerns the apparent difference in
the current value of the Hubble parameter H0 between the
estimate obtained with model-independent observations
and those inferred from indirect measurements which
therefore also require the assumption of a cosmological
model. The most prominent example of this is the 5σ
tension between the value reported by direct measurements
of the SH0ES Collaboration [13] and the one inferred from
CMB data by the Planck Collaboration [14]. While this
tension could be attributed to ΛCDM not being the correct
cosmological model, there is still the possibility that the
tension arises from systematics in the direct measurements.
For recent reviews on this topic, we refer the reader to
Refs. [15,16].
A myriad of alternative models have been considered to

explain the current accelerated expansion of the Universe.
Such models can fall into one of three categories. A first
alternative is to add a fluid to the energy-momentum tensor
with an equation of state that can eventually change with
time. These kinds of models are referred to in the literature
as parametric dark energy models. The second one is to,
instead, include a new field that is minimally coupled to
gravity or matter in the energy-momentum tensor. The
simplest examples of such models are those called quintes-
sence models, where the new field is a self-interacting
scalar field. Last, another choice is to consider alternative
theories to general relativity to describe the gravitational
interaction, such as for example fðRÞ theories, where a
modification to the Einstein-Hilbert action in the form of a
function of the Ricci scalar R is introduced. In this work,
we focus on one model from each of these categories in
addition to ΛCDM and compute the expansion rate of the
Universe using ANNs instead of numerical solvers. We
consider (i) the Chevallier-Polarski-Linder (CPL) para-
metric dark energy model [17,18], (ii) a quintessence
model with an exponential potential [19,20], and (iii) the
Hu-Sawicki fðRÞ model [21]. For both the ΛCDM and
CPL models, the solutions to the differential equations
can be found analytically, while the differential equations
of quintessence and a cosmological model in fðRÞ gravity
do not have analytical solutions. Then, to conclude, we use
the trained ANNs together with observational data from
cosmic chronometers (CC) [22–27], type Ia supernovae

1A discussion concerning this affirmation can be found in
Appendix C.
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(SNIa) [28] and baryon acoustic oscillations (BAO) [29–
37] to do Bayesian inference on the parameters of all of
these models.
We start by explaining the details of each model in

Sec. II, underlining the similarities between them. In
addition, we describe the variables that we use in each
model to have dimensionless quantities as the dependent
variables of the differential equations. Next, in Sec. III, we
explain in further detail the ANN method and how it can be
applied to an inference pipeline. We also describe the
improvements made to the bundle method to implement it
in the cosmological scenario. In Sec. IV, we explain how
we apply the ANNmethod to the cosmological models, and
showcase the accuracy of our cosmology-informed neural
networks in the parameter space of each model. Then, in
Sec. V, we give a description of the different data sets we
use, the physical quantities that are derived from them, and
their corresponding likelihoods, which are used to test the
models’ predictions in the statistical analysis. Later on, in
Sec. VI, we present the inferred constraints for each model.
In Sec. VII we analyze how the neural network method
compares to a commonly used numerical method regarding
computational efficiency. Finally, we share our conclusions
and give a summary of our work in Sec. VIII.
The codes used to train the ANNs in this work can be

found in the following repository: https://github.com/at-
chantada/cosmo-nets.

II. THEORETICAL MODELS

In this section, we explain the theoretical background of
the models tested in this work. While each of the models
has distinct characteristics, they still share some common
underlying assumptions.
First, let us recall the cosmological principle, according

to which the geometry of the spacial part of space-time is
homogeneous and isotropic. Such space-time can be
described by the Friedmann-Lemaître-Robertson-Walker
(FLRW) metric. In reduced circumference polar coordi-
nates, this metric sets the line element as2

ds2 ¼ −dt2 þ aðtÞ2
�

dr2

1 − kr2
þ r2ðdθ2 þ sin2θdϕ2Þ

�
: ð1Þ

In this work, we use k ¼ 0, representing a spatially flat
universe. We recall the definition of the “Hubble param-
eter,” H ¼ _a=a, where the dot denotes the derivative with
respect to the cosmological time and aðtÞ is the scale factor
introduced in Eq. (1).
Second, it is usually assumed that the Universe is

comprised of a perfect fluid and therefore the energy-
momentum tensor is Tμ

ν ¼ diagð−ρ; p; p; pÞ, where ρ

denotes the energy density and p is the pressure of the
fluid. Moreover, due to the cosmological principle, both ρ
and p are independent of the position. Then, the continuity
equation (which in turn follows from the conservation of
the energy-momentum tensor) reads

_ρþ 3Hðρþ pÞ ¼ 0: ð2Þ

Every model considered in this paper includes nonrelativ-
istic matter that is assumed to be mostly dust. From this,
and Eq. (2), an analytical solution for the nonrelativistic
matter density ρm as a function of the redshift, z ¼ 1

a − 1,
can be found,

ρmðzÞ ¼ ρm;0ð1þ zÞ3; ð3Þ

where ρm;0 denotes the matter density at the present time.
Last, because our analysis is done for values of redshift
z ∈ ½0; 10�, the effects of radiation can be ignored.

A. ΛCDM
In this model, the background cosmological evolution

considering an energy-momentum tensor with only non-
relativistic matter, is described by the Friedmann equations
as follows:

H2 ¼ κρm þ Λ
3

; ð4aÞ

2 _H þ 3H2 ¼ Λ; ð4bÞ

where Λ is the cosmological constant, κ ¼ 8πG and G is
Newton’s gravitational constant. Next, H0 is defined as the
value of HðzÞ at z ¼ 0, and Ωm;0 ¼ κρm;0=3H2

0. Therefore,
using Eq. (3) in Eq. (4a) we get

HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm;0ð1þ zÞ3 þ Λ

3H2
0

s
; ð5Þ

which canbe evaluated at z¼ 0 to obtainΛ¼ 3H2
0ð1−Ωm;0Þ.

With this result, we can express HðzÞ as

HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm;0ð1þ zÞ3 þ 1 −Ωm;0

q
: ð6Þ

Given the fact that the only differential equation that
needs to be solved in this model is Eq. (2) for ρm with
pm ¼ 0, we define the variable x ¼ κρm=3H2

0 to get the
following differential system:2Throughout this paper we use c ¼ 1.
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dx
dz

¼ 3x
1þ z

; xðzÞjz¼0 ¼
κρm;0

3H2
0

¼ Ωm;0: ð7Þ

The Hubble parameter obtained from the solution of
Eq. (7) is

HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðzÞ þ 1 −Ωm;0

q
: ð8Þ

B. Parametric dark energy

As described in the Introduction, there are both theo-
retical and observational reasons to consider alternative
cosmological models. A simple alternative to ΛCDM,
introduced phenomenologically, is to consider a new
component of the energy-momentum tensor, whose equa-
tion of state is that of a fluid and a function of redshift. For
this model, the equations that describe the expansion of the
Universe replace Eqs. (4a) and (4b) to become

H2 ¼ κ

3
ðρm þ ρDEÞ; ð9aÞ

2 _H þ 3H2 ¼ −κpDE; ð9bÞ

where ρDE and pDE represent the density and pressure of the
new fluid component, respectively. This new fluid is often
referred to as “dark energy” and it is characterized by the
following equation of state:

pDE ¼ ωðzÞρDE; ð10Þ

where ωðzÞ is the model’s parametrization of the equation
of state. In this work, we use the CPL parametric dark
energy model introduced in Refs. [17,18], with the equation
of state

ωðzÞ ¼ ω0 þ
ω1z
1þ z

; ð11Þ

where ω0 and ω1 are free parameters. Applying the CPL
parametrization in Eq. (10) and using Eq. (2), the differ-
ential equation of the model is

dρDE
dz

¼ 3ρDE
1þ z

�
1þ ω0 þ

ω1z
1þ z

�
: ð12Þ

This differential equation has the analytical solution

ρDEðzÞ ¼ ρDE;0ð1þ zÞ3ð1þω0þω1Þ exp
�
−
3ω1z
1þ z

�
; ð13Þ

where ρDE;0 is the value of the dark energy density at z ¼ 0.
Using Eqs. (3) and (13) in Eq. (9a), along with the
definition of H0 and Ωm;0, the expression for the Hubble
parameter is

HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm;0ð1þ zÞ3 þ ð1 −Ωm;0Þð1þ zÞ3ð1þω0þω1Þ exp

�
−
3ω1z
1þ z

�s
: ð14Þ

Doing an analogous change of variable as the one done
in ΛCDM, we define x ¼ κρDE=3H2

0, and highlighting the
fact that κρDE;0=3H2

0 ¼ 1 −Ωm;0, the differential equation
and initial condition of the problem can be expressed as

dx
dz

¼ 3x
1þ z

�
1þ ω0 þ

ω1z
1þ z

�
;

xðzÞjz¼0 ¼
κρDE;0
3H2

0

¼ 1 − Ωm;0: ð15Þ

Considering this change of variable, the expression of the
Hubble parameter is

HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm;0ð1þ zÞ3 þ xðzÞ

q
: ð16Þ

C. Quintessence

An alternative proposal to explain the present accelerated
expansion of the Universe, is to consider a scalar field ϕ

minimally coupled to gravity with an appropriate potential
VðϕÞ. These kinds of cosmological models assume general
relativity as the underlying gravitational theory and are
usually referred to in the literature as quintessence models
[38–40]. Let us recall that the energy density and pressure
of a homogeneous scalar field in a flat FLRW background
are given by ρϕ ¼ _ϕ2=2þ VðϕÞ and pϕ ¼ _ϕ2=2 − VðϕÞ.
Besides, the expansion of the Universe can be described by
the following Friedmann equations:

H2 ¼ κ

3
ðρm þ _ϕ2=2þ VðϕÞÞ; ð17aÞ

2 _H þ 3H2 ¼ −κð _ϕ2=2 − VðϕÞÞ: ð17bÞ

In addition, applying Eq. (2) to ρϕ and pϕ, the equation of
motion of the scalar field can be obtained:

ϕ̈þ 3H _ϕþ dV
dϕ

¼ 0: ð18Þ
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The quintessence model considered in this work corre-
sponds to a model characterized by an exponential potential
VðϕÞ ¼ V0 exp ð−λ

ffiffiffi
κ

p
ϕÞ as proposed in Refs. [19,20],

where λ is a free parameter, and V0 is set by the initial
conditions. Equations (17) and (18), along with Eq. (2)
applied to the matter density, provide the necessary
equations to solve the dynamics of the problem given
the initial conditions.
In order to solve Eqs. (17a) and (17b), we use the change

of variables introduced in Ref. [41] such that

x ¼
ffiffiffi
κ

p
_ϕffiffiffi

6
p

H
; y ¼

ffiffiffi
κ

p
VðϕÞffiffiffi
3

p
H

: ð19Þ

Using these new variables along with Eqs. (17) and (18),
plus definingN ¼ − ln ð1þ zÞ, the differential equations to
solve for x and y are

(
dx
dN ¼ −3xþ

ffiffi
6

p
2
λy2 þ 3

2
xð1þ x2 − y2Þ;

dy
dN ¼ −

ffiffi
6

p
2
xyλþ 3

2
yð1þ x2 − y2Þ:

ð20Þ

To set the initial conditions of x and y, we assume thatHðzÞ
should match the corresponding ΛCDM solution at z ¼ z0.
In this work, we choose z0 ¼ 10 and set N0 accordingly. In
this way, we can write

x0 ¼ 0; y0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −ΩΛ
m;0

ΩΛ
m;0ð1þ z0Þ3 þ 1 −ΩΛ

m;0

s
; ð21Þ

where the superscript Λ refers to the quantities defined in
the ΛCDM model. Therefore, ΩΛ

m;0 is the matter density
parameter in the ΛCDM model which should be distin-
guished from Ωm;0 the matter density parameter defined in
the quintessence model. Both quantities are related as
follows:

Ωm;0H2
0 ¼ ΩΛ

m;0ðHΛ
0 Þ2: ð22Þ

Once the solutions for x and y for the system of equa-
tions (20) with initial conditions described by Eq. (21) are
obtained, the Hubble parameter is computed from the
following expression:

H ¼ HΛ
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩΛ

m;0ð1þ zÞ3
1 − x2 − y2

s
: ð23Þ

Here the Hubble factor that describes the expansion of the
Universe in the quintessence model is expressed in terms of
the Hubble constant and matter density of the ΛCDM
model. However, we will report the results of the parameter
inference (see Sec. VI) in terms of the parameters defined in
the quintessence model (H0 and Ωm;0).

D. f ðRÞ gravity
Another possibility to explain the physical mechanism

responsible for the accelerated expansion of the Universe is
to assume an alternative theory to general relativity to
describe the gravitational interaction [42]. In this paper, we
focus on a particular class of theories [referred to in the
literature as fðRÞ theories], namely, those in which the
action is written as [43]

S ¼ 1

2κ

Z
d4x

ffiffiffiffiffiffi
−g

p
fðRÞ þ Sm: ð24Þ

Here R is the Ricci scalar and fðRÞ is an arbitrary function
of the latter. Applying the modified Einstein equations
derived from Eq. (24), along with the assumptions listed at
the start of this section, results in the modified Friedmann
equations

H2 ¼ 1

3fR

�
κρm þ RfR − f

2
− 3H _RfRR

�
; ð25aÞ

2 _H þ 3H2 ¼ −1
fR

�
−
RfR − f

2
þ fRRR _R

2

þ ðR̈þ 2H _RÞfRR
�
; ð25bÞ

where the notation fR ¼ df=dR, fRR ¼ d2f=dR2, etc.,
is used.
It has been shown that only fðRÞ models that show a

“chameleon-like” effect are able to explain observational
bounds from Solar System and equivalence principle tests
[44,45]. For this reason, we focus on one of the few fðRÞ
models that have not been ruled out by the aforementioned
local gravity tests, namely, theHu-Sawickimodel [21]where3

fðRÞ ¼ R − 2Λ
�
1þ 1

R
Λb þ 1

�
: ð26Þ

As Eq. (26) shows, when b → 0, the usual general relativity
with the cosmological constant is recovered. Therefore, b
quantifies the deviation from general relativity.
To finally set the parameters of the problem, we express

the cosmological constant in terms of the parameters in
ΛCDM as Λ ¼ 3ðHΛ

0 Þ2ð1 −ΩΛ
m;0Þ. In this way, the param-

eters of the problem are ðb;ΩΛ
m;0; H

Λ
0 Þ. However, as

explained for the quintessence model, results for the
parameter inference will be shown in terms of the param-
etersΩm;0 andH0 defined in the fðRÞmodels and related to
the ΛCDM parameters through Eq. (22).

3In the Hu-Sawicki model, usually fðRÞ ¼ R − m2c1ðR=m2Þn
c2ðR=m2Þnþ1

. In
this paper, we focus on the case n ¼ 1 and we write fðRÞ as a
function of b ¼ 2=c1 while c2 and m2 are fixed such that in the
high-curvature regime, the ΛCDM behavior is reproduced.
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To solve the modified Friedmann equations, we use the
variables introduced in Ref. [46]

x ¼
_RfRR
HfR

; y ¼ f
6H2fR

;

v ¼ R
6H2

; Ω ¼ κρm
3H2fR

: ð27Þ

Using these variables, Eq. (25a) gives the relation

1 ¼ Ωþ v − x − y: ð28Þ

The differential system that follows from the derivatives of
the variables in Eq. (27) with respect to z, has the problem
of including a function Γ ¼ fR=RfRR. For some simple
fðRÞ models, it is possible to express Γ in terms of v and y,
but in the case of the Hu-Sawicki model this is not the case.
A way to solve this problem is to add an extra variable
r ¼ R=Λ to Eq. (27) to be able to write Γ in terms of it.
With this new addition, the differential system is8>>>>>>>>><

>>>>>>>>>:

dx
dz ¼ 1

1þz ð−Ω − 2vþ xþ 4yþ xvþ x2Þ;
dy
dz ¼ −1

1þz ðvxΓ − xyþ 4y − 2yvÞ;
dv
dz ¼ −v

1þz ðxΓþ 4 − 2vÞ;
dΩ
dz ¼ Ω

1þz ð−1þ 2vþ xÞ;
dr
dz ¼ − rΓx

1þz ;

ð29Þ

where the Γ corresponding to the fðRÞ in Eq. (26) can be
expressed as follows:

ΓðrÞ ¼ ðrþ bÞ½ðrþ bÞ2 − 2b�
4br

: ð30Þ

Details of the calculation of the differential equation for r
can be found in Appendix B. As we did for the quintes-
sence model, we choose the initial conditions so that the
behavior of the model matches that of the ΛCDM model at
z ¼ z0. Furthermore, the relation between HðzÞ and the
Ricci scalar is given by R ¼ 6ð2H2 þ _HÞ, and therefore the
initial conditions of Eq. (29) can be written as

x0 ¼ 0; ð31aÞ

y0 ¼
ΩΛ

m;0ð1þ z0Þ3 þ 2ð1 −ΩΛ
m;0Þ

2½ΩΛ
m;0ð1þ z0Þ3 þ 1 −ΩΛ

m;0�
; ð31bÞ

v0 ¼
ΩΛ

m;0ð1þ z0Þ3 þ 4ð1 −ΩΛ
m;0Þ

2½ΩΛ
m;0ð1þ z0Þ3 þ 1 −ΩΛ

m;0�
; ð31cÞ

Ω0 ¼
ΩΛ

m;0ð1þ z0Þ3
ΩΛ

m;0ð1þ z0Þ3 þ 1 − ΩΛ
m;0

; ð31dÞ

r0 ¼
ΩΛ

m;0ð1þ z0Þ3 þ 4ð1 −ΩΛ
m;0Þ

1 −ΩΛ
m;0

: ð31eÞ

After solving the differential equations, one can obtain the
solution for H using the following relation:

H ¼ HΛ
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r
2v

ð1 − ΩΛ
m;0Þ

r
: ð32Þ

The final change of variables that we make is due to the
nature of r. This variable reaches high values and grows
rapidly with z. Such behavior presents a challenge to the
ANN (see discussion in Sec. III A). Therefore, we propose
to use r0 ¼ ln r, so now the variable that we solve for does
not present such a challenge to the ANN.
It is necessary to mention that this last variable change

restricts the values that R can take to just R > 0. However,
doing an exploration of the parameter space ðz; b;ΩΛ

m;0Þ ∈
½0; 10� × ½0; 5� × ½0.1; 0.4� using a numerical solver on
Eq. (29) without the variable change, we find that R > 0
in that region, so this is not a concern.

III. METHODS

As mentioned in the Introduction, we employ ANNs to
solve differential equations. In particular, we use the
NeuroDiffEq [9] Python library [10], which provides the tools
to solve differential equations using ANNs. We explain
some aspects of the method that are specific to this
application and refer the reader to the original paper,
documentation and library for more details. We explain
the neural network approach for ordinary differential
equations (ODEs) or systems of ODEs, which are the
relevant ones in this paper, but note that the library also has
the capability of solving partial differential equations
(PDEs) and systems of PDEs.

A. Neural networks that solve differential equations

The problem of solving the equations using ANNs is
framed as an optimization problem, where the task is to find
the set of internal parameters of the network (see
Appendix C for details) that minimize a cost (or loss)
function L that quantifies how well the output of the ANN
satisfies the differential equation. The ANN solution also
has to satisfy the initial and/or boundary conditions of the
system. We use the simplest form for the loss function:

LðuN ; tÞ ¼
XM
i

RiðuN ; tÞ2; ð33Þ

where uN ¼ uN ðtÞ ¼ ðu1N ðtÞ; u2N ðtÞ;…; uMN ðtÞÞ is the vec-
tor comprised of the outputs of the ANN for each of the M
dependent variables of the problem at t (the independent
variable) and the superscript constitutes a label for each
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dependent variable, while the subscript N denotes that uN
is the output of the ANN. Besides, Ri represents the
residual of the ith equation in the differential system with
M equations. While the true solution satisfies exactly the
differential equation, if we evaluate the ith differential
equation using the ANN solution (uN ), we obtain some-
thing different from zero, which we call the residual of the
ith equation. In particular, we employ an architecture in
which we have one ANN for each dependent variable of the
problem. This way, each ujN ðtÞ is the only output of a single
ANN with a single input t. We remark that the analytical or
numerical solutions are not used in the training of the
ANNs [which can be inferred from Eq. (33)], stressing the
unsupervised nature of the method used in this work.
The criteria for determining when a residual is accept-

able is that its scale must be several orders of magnitude
lower than the scale of the variables of the problem.
Therefore, rescaled variables of order one are preferred
for this method. For example, in the case of the Hu-Sawicki
fðRÞ model, one of the variables of the problem reaches
high values and therefore we implement a change of
variables so that this variable is of order one (see discussion
at the end of Sec. II D). Besides, the relation between the
ANN solution errors and the residuals has not been
analyzed yet for the cosmological context. However, a
recent work [47] studied this issue for some types of
differential equations, and its application to cosmology is
left for future work.
While Eq. (33) is a good representation for how well the

ANNs solve the equations of a given differential system, the
information for the initial/boundary conditions ismissing. To
impose them, a reparametrization ũðuN ; tÞ of uN can be
defined. For example, in the case of a system of first-order
ODEs with initial conditions as uðtÞjt¼t0 ¼ u0, the repar-
ametrization must satisfy ũðuN ; t0Þ ¼ u0. An example of a
good reparametrization choice for this case introduced in
Ref. [48] is

ũðtÞ ¼ u0 þ ð1 − e−ðt−t0ÞÞuN ðtÞ: ð34Þ

This way, to solve ODEs, the loss function to optimize for is

Lðũ; tÞ ¼
XM
i

Riðũ; tÞ2: ð35Þ

The loss displayed in Eq. (35) takes as input all of the
reparametrizedoutputs of theANNs, and outputs a scalar that
serves as a measurement for the accuracy of the ANNs at
solving a given ODE system at t.

B. Bundle solution

An extension of the regular ANN method described
before can be made, as suggested in Ref. [8], for the trained
neural networks to represent a set (or bundle) of solutions

of a given differential system for a continuous range of its S
parameters θ ¼ ðθ1; θ2;…; θSÞ. To accomplish this, uN
must now have S extra inputs for the parameters of the
system. Therefore, if t0 is not part of the S parameters, now
Eq. (34) turns into

ũðt; θÞ ¼ u0ðθÞ þ ð1 − e−ðt−t0ÞÞuN ðt; θÞ; ð36Þ

where, because the parameters entering in the initial
conditions are also parameters of the system,
u0 ¼ u0ðθÞ. In addition, Eq. (35) turns into

Lðũ; t; θÞ ¼
XM
i

Riðũ; t; θÞ2; ð37Þ

representing the loss function for the bundle solution at
time t, for the differential system defined by the parameters
θ. For a concrete example, the details of the implementation
of this method to the cosmological background equation of
the ΛCDM model can be found in Appendix A 1.
A natural next step, is to integrate this method into a

pipeline whose goal is to perform a statistical analysis to
test the theoretical models using observational data.
Let us say that we have a data set D and a model MðpÞ,

where p is a vector comprised of all the parameters and
observables of the model. Our objective is to draw con-
clusions on the possible values of p using D. In general, to
achieve this outcome, one has to solve a differential system
characterized by its differential equations, with initial and/
or boundary conditions. We can describe the equations of
the differential system by itsM residualsRiðu; t; θÞ, where
u ¼ ðu1; u2;…; uMÞ are the dependent variables of the
system. Here, it is important to clarify that θ is the vector
that contains only the parameters of the differential equa-
tions and those that are necessary to write the initial
conditions, such as Ωm;0 in Eq. (7). This implies that θ
is contained within p, and there can be parameters of the
model that do not change the differential system itself but
are included in the observable quantities that are considered
in the statistical analysis. For example, HΛ

0 is included in
the expression of the observable HðzÞ in all models
analyzed in this paper [see Eqs. (6), (16), (23), and (32)]
but not in their respective differential equations or initial
conditions. Now that the problem is defined, the next step is
to set up a loss and reparametrization as was described at
the start of this subsection, with the goal of training ANNs
to solve the given bundle problem. Once the training is
finished, ũðt; θÞ becomes the bundle solution uðt; θÞ. Then,
the latter can be used together with the data in a statistical
analysis to infer bounds on the parameters p. The method
described before is illustrated in Fig. 1 for the case where
the differential system is a single ODE.
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C. Case-specific extensions

The regular and bundle methods described so far can be
used to tackle any differential system. When applying the
bundle method to the cosmological background scenario,
we improve the method in Ref. [8] by proposing two new
reparametrizations of the ANN solutions. These improve-
ments of the ANN bundle method are applied to the CPL,
quintessence, and Hu-Sawicki fðRÞ cosmological models
and are an important achievement of this work.

1. Integrating factor case

To describe the first reparametrization, let us consider a
homogeneous linear first-order ODE. We can take advan-
tage of the fact that for the general case

du
dt

¼ ufðtÞ; ð38Þ

where f is an arbitrary function of the independent variable
t, the general solution to the problem with an initial
condition u0 at t0 is

u ¼ u0 exp

�Z
t

t0

fðt0Þdt0
�
: ð39Þ

Now, we take this one step further into the bundle problem

du
dt

¼ ufðt; θÞ; ð40Þ

with the initial condition u0ðθÞ. If we consider the special
case where the function fðt; θÞ can be expressed
as fðt; θÞ ¼ PQ

i hiðθÞgiðtÞ,4 the general solution to
Eq. (40) is

u ¼ u0ðθÞ exp
�XQ

i

hiðθÞ
Z

t

t0

giðt0Þdt0
�
: ð41Þ

We can now take this knowledge and come up with an
ANN architecture and reparametrization ũ that takes
advantage of it. Choosing an ANN with Q outputs i and
one input t we propose

ũðt;θÞ ¼ u0ðθÞ exp
�XQ

i

hiðθÞ½uN ;iðtÞ− uN ;iðt0Þ�
�
; ð42Þ

where uN ;i is the ith output of the neural network. The main
advantage of this reparametrization is that it provides a way
of getting a bundle solution where the neural network does
not need to have the parameters of the differential system as
an input. Also, it is important to note that there is only one
ANN involved in this specific implementation, which
corresponds to the single dependent variable of Eq. (40).

FIG. 1. Illustration of an example implementation of ANN-based bundle solutions to a differential system of a model Mð pÞ in a
statistical analysis with a data set D to obtain samples from the posterior Pð pjDÞ.

4While there can be multiple ways of expressing a given
function fðt; θÞ as the required sum, one should strive to choose
the one that corresponds to the smallest Q possible to avoid
unnecessary complexity.
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The Q different outputs of this ANN are necessary for the
viability of this specific implementation. This reparamet-
rization is implemented for the bundle method in the CPL
model. The details are shown in Appendix A 2.

2. Perturbative reparametrization

To make the job of minimizing the loss L in Eq. (35)
easier for the ANNs, we propose to modify the reparamet-
rization in Eq. (34) by providing it with an approximate
solution ûðtÞ to the problem, which also satisfies
ûðt ¼ t0Þ ¼ u0. This way the reparametrization becomes

ũðtÞ ¼ ûðtÞ þ ð1 − e−ðt−t0ÞÞuN ðtÞ: ð43Þ

This new reparametrization can be thought of as a pertur-
bative solution to the problem, where the job of the second
term of Eq. (43) is to correct the approximate solution.
This approach can be specialized further for the bundle

case, by choosing the approximate solution as the true
solution for a fixed value of one or more of the S
parameters. Here, the approximate solution plays the role
of a boundary condition in the bundle solution. In this way,
if ûðt; θ2;…; θSÞ ¼ uðt; θ1 ¼ θ10; θ

2;…; θSÞ denotes the
true solution when the parameter θ1 ¼ θ10 we can recast
Eq. (36) as

ũðt; θÞ ¼ ûðt; θ2;…; θSÞ
þ ð1 − e−ðt−t0ÞÞð1 − e−ðθ1−θ10ÞÞuN ðt; θÞ; ð44Þ

where this can be naturally extended when more than one
parameter needs to be fixed to use a true solution as the
basis for the reparametrization.
Example: We show a simple example to illustrate the

method with the following first-order ODE:

dx
dt

¼ xðαþ β sin xÞ; xðtÞjt¼t0 ¼ x0: ð45Þ

For this ODE, we know that the solution when β ¼ 0 is
x ¼ x0 exp½αðt − t0Þ�, which we can call x̂ðt; x0; αÞ.
Therefore, we can use x̂ðt; x0; αÞ as a boundary condition
in the bundle reparametrization when β ¼ 0. So the
perturbative reparametrization would be

x̃ðt; x0; α; βÞ ¼ x̂ðt; x0; αÞ þ ð1 − e−ðt−t0ÞÞð1 − e−βÞ
× xN ðt; x0; α; βÞ; ð46Þ

where xN is the output of the ANN. Then, the loss function
that the ANN must minimize to solve the problem is

Lðx̃; t; x0; α; βÞ ¼
�
dx̃
dt

− x̃ðαþ β sin x̃Þ
�
2

: ð47Þ

The perturbative reparametrization is implemented for the
quintessence and fðRÞ Hu-Sawicki models. For the latter,

this allows us to tackle the problem introduced by a
singularity in the system of equations (see discussion in
Sec. IV B).

IV. IMPLEMENTATION SPECIFICS

In this section, we describe how we implement the
methods described in Sec. III in the quintessence and Hu-
Sawicki fðRÞ models.5 Some of the details of each
implementation are omitted in this section for the sake
of readability. We elaborate on these details in Appendix D.
To close out this section, we share an estimation of the
errors of our cosmology-informed neural networks that we
obtain for each model in their respective parameter space.

A. Quintessence implementation

The perturbative reparametrization described in the last
section can be implemented to successfully solve the
background equations of the quintessence model. We show
in Appendix B 2 that when λ ¼ 0 the solution of Eq. (20) is
equivalent to the ΛCDM solution, which implies that

xðNÞ ¼ 0; yðNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −ΩΛ
m;0

ΩΛ
m;0e

−3N þ 1 −ΩΛ
m;0

s
: ð48Þ

Therefore, defining x̂ðN;ΩΛ
m;0Þ ¼ 0 and setting ŷðN;ΩΛ

m;0Þ
equal to the yðNÞ in Eq. (48), we can apply the method
described in Sec. III C 2, and set a boundary condition at
λ ¼ 0. Thus, the reparametrizations of the outputs of the
ANNs that solve the differential system in Eq. (20) are

x̃ðN; λ;ΩΛ
m;0Þ ¼ ð1 − e−ðN−N0ÞÞð1 − e−λÞ

× xN ðN; λ;ΩΛ
m;0Þ; ð49aÞ

ỹðN; λ;ΩΛ
m;0Þ ¼ ŷðN;ΩΛ

m;0Þ þ ð1 − e−ðN−N0ÞÞð1 − e−λÞ
× yN ðN; λ;ΩΛ

m;0Þ: ð49bÞ

In this model, there are two individual ANNs, one for each
dependent variable. Both of them have N, λ and ΩΛ

m;0 as
inputs, and the outputs are denoted as xN ðN; λ;ΩΛ

m;0Þ for
the network assigned to x, and yN ðN; λ;ΩΛ

m;0Þ for the one
that corresponds to y.

B. f ðRÞ gravity implementation

In a similar vein to quintessence, the solution to the fðRÞ
problem matches ΛCDM when b ¼ 0.6 The reparametri-
zation of the variables is then

5The specifics of the implementations for the ΛCDM and CPL
models are detailed in Appendix A.

6In the actual implementation we use b ¼ 10−13, because at
b ¼ 0 there is a singularity.
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ũðz; b;ΩΛ
m;0Þ ¼ ûðz;ΩΛ

m;0Þ þ ð1 − e−ðz−z0ÞÞð1 − e−bÞ
× uN ðz; b;ΩΛ

m;0Þ; ð50Þ

where uN ¼ ðxN ; yN ; vN ;ΩN ; rN Þ7 is the vector com-
prised of each of the individual outputs of the five
ANNs that correspond to each dependent variable. Also,
û ¼ ðx̂; ŷ; v̂; Ω̂; r̂Þ is the vector with the exact solutions of
each variable when b ¼ 0.8

If we observe Eqs. (29) and (30), we see that there is a
singularity in the differential equations at b ¼ 0. Here, the
perturbative reparametrization allows us to get values of b
that are arbitrarily close to zero without the need for more
computational time, which is a clear benefit of the ANN
method. This is because, as the value of b tends to zero, the
first term in Eq. (50) becomes dominant, and the ANN only
provides a minimal correction. In contrast, the numerical
approach can demand more operations in those situations,
which in turn implies more computational time. This
problem became so important that a perturbative analytic
method was developed in Ref. [49] to obtain an approxi-
mation of the Hu-Sawicki and Starobinsky models to be
used to perform parameter inference. For example, in
Refs. [50–52] the output of the numerical solvers in the
region close to b ¼ 0 is replaced by the solution provided
by the aforementioned method.
For this model, in addition to the modification of the

reparametrization, we add three additional terms to the loss
L that involve relationships between the dependent vari-
ables of Eq. (29). The first one is Eq. (28), while the other
two are the following:

Ω ¼ 2yΩΛ
m;0ð1þ zÞ3ðrþ bÞ

rð1 −ΩΛ
m;0Þðrþ b − 2Þ ; ð51aÞ

Ω ¼ 2vΩΛ
m;0ð1þ zÞ3ðrþ bÞ2

rð1 −ΩΛ
m;0Þ½ðrþ bÞ2 − 2b� : ð51bÞ

Both of these equations are related to the conservation of
mass through the use of Eq. (3) (the detailed calculation can
be found in Appendix B 3). To impose these equations, the
extra terms added to the loss are the squares of the relative
difference of each equation’s right-hand side and left-hand
side. By adding these three extra terms we get the following
expression:

LCðũ; z; θÞ ¼ ðΩ̃þ ṽ − x̃ − ỹ − 1Þ2

þ
�

2ỹΩΛ
m;0ð1þ zÞ3ðr̃þ bÞ

r̃ Ω̃ ð1 −ΩΛ
m;0Þðr̃þ b − 2Þ − 1

�2

þ
�

2ṽΩΛ
m;0ð1þ zÞ3ðr̃þ bÞ2

r̃ Ω̃ ð1 −ΩΛ
m;0Þ½ðr̃þ bÞ2 − 2b� − 1

�2

:

ð52Þ

Denoting the part of the loss that only regards the residuals
as LR, the final loss for this model reads

L ¼ LR þ LC: ð53Þ

While Eq. (51) should be approximately obeyed by the
ANN-based solutions without the extra term LC in the loss,
we find that explicitly imposing these relations through the
extra term yields more accurate solutions.

C. Accuracy of solutions

The loss function is the quantity that reflects how well
the ANNs are at solving a given differential system. The
ANN method employed in this work lacks the capability of
estimating the uncertainty of its solutions.9 Therefore, we
choose to quantify the accuracy of the solutions provided
by our trained ANNs as the absolute value of the relative
difference between the ANN solution and (i) the analytical
solution in the case of the ΛCDM and CPL models or
(ii) the numerical solution in the case of quintessence and
fðRÞ models. We stress that this is the only time that the
analytical or numerical solutions of the cosmological
models are used in this work, i.e., these solutions are
never used to train the ANNs or in the inference pipeline. It
is important to note that this analysis is mainly done to give
a more appropriate quantification of the errors of the
solutions over the parameter space of interest of each
model, which can not be inferred from the value of the loss
function. Nevertheless, it is still necessary to see if the
errors shown here are small enough to not affect in any
meaningful way the results of an inference pipeline such as
the one we illustrated in Fig. 1. In the case of our solutions,
this situation is tested later on in Sec. VI by comparing the
results of the inference we perform using our cosmology-
informed neural networks against ones found in the
literature that use either similar or the same data to test
the same models, but using numerical methods.
Let us begin this analysis with the accuracy of the bundle

solutions of Eq. (7), which correspond to the ΛCDM
model. Figure 2 shows the percentage error in the range
of z and Ωm;0 that the ANN was trained for. It follows that
the maximum error in the whole training range is ∼0.16%7We remind the reader that we use r0N ¼ ln rN in order that the

variables are of order 1. See Sec. III.
8These solutions are the same as those that were used for the

initial conditions in Eq. (31), but with the difference that z is not
fixed at z0.

9A recent work [53] showed how to estimate uncertainties in
the general framework. The application to the cosmological
context is left for future work.
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and that the ANN solution is worse at the edges of its
training range for the only parameter in the bundle (Ωm;0).
Now we focus on the CPL parametric dark energy

model. Figure 3 shows the percentage error for four
different values of ω0 in a wide range of ω1 and the range
of z for which the solution was trained for. It follows from
Eq. (13) (analytical solution) and the reparametrization of
the ANN solution [Eq. (A5)] that the percentage error is
independent of the initial condition. Besides, the maximum
error is ∼0.01% which compared to the results obtained for

the ΛCDM model, leads us to conclude that we have
obtained a more accurate solution to a more general version
of the problem. In particular, the plot corresponding to
ω0 ¼ 0 in Fig. 3 contains the solution to Eq. (7) at ω1 ¼ 0.
This improvement in accuracy is related to the method
described in Sec. III C 1.
Figure 4 shows the percentage error for the quintessence

model for four different values ofΩΛ
m;0, andgoing through the

whole training rangeof λ. In this case, since there ismore than
one dependent variable, the percentage error is calculated for
HðzÞ=HΛ

0 . For the numerical solution, we use an adaptive
explicit Runge-Kutta method of order 5(4), where the local
estimated error e for any dependent variable of the system ui

can be bounded such that jej < atol þ rtoljuij.10 For the plot
in Fig. 4 we consider rtol ¼ 10−10 and atol ¼ 10−13.
Although the ANNs are trained for z ∈ ½0; 10�, the plot is

limited to the redshift range that is relevant for the data we
use. Besides, in the region that is not shown in the plot, the
value of the percentage error is lower or at most equal to the
one in Fig. 4 and it gets lower as z gets closer to the initial
condition z0.
Finally, Fig. 5 shows the percentage error for HðzÞ=HΛ

0

in the fðRÞ Hu-Sawicki model; here the values of the error
tolerance for the numerical solver are set as follows: rtol ¼
10−11 and atol ¼ 10−16. We also restrict the range of b in the
plot to the region that is more relevant for the cosmological
inference. However, it is important to report that there is a
small region with an error ∼5%, which is located at

FIG. 2. Percentage error of the neural network–based bundle
solution to ΛCDM in its training range, through comparison to
the analytical solution.

FIG. 3. Percentage error of the neural network–based bundle
solution to the CPL parametric dark energy model in its training
range of z, a range of ω1 covering the range used in the statistical
analysis, and four different values of ω0. The percentage error is
calculated through comparison to the analytical solution.

FIG. 4. Percentage error of the neural network–based bundle
solutions of HðzÞ=HΛ

0 in the quintessence model, through
comparison to numerical solutions. The range of the comparison
goes through the training range of the parameters of the bundle.

10This is in fact a slight oversimplification. For a more detailed
description we refer the reader to Ref. [54].
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ðb;ΩΛ
m;0Þ ∈ ½2; 5� × 0.1 far away from the obtained 2σ

region of the parameter space obtained later on in
Sec. VI with both data sets (see Fig. 7).

V. OBSERVATIONAL DATA

In this section, we describe the different data sets that we
use to do inference on the parameters of the models
presented in Sec. II, along with their associated likelihood
functions.

A. Cosmic chronometers

The method of cosmic chronometers allows to obtain
measurements of HðzÞ at different values of z through the
measurement of the difference in age Δt between passively
evolving galaxies whose light is observed at different
redshifts, which differ by Δz [55].11 Using the relation
between the scale factor, a, and the cosmological redshift,
z, we can obtain the equation

H ¼ _a
a
¼ −1

1þ z
dz
dt

; ð54Þ

from which it is possible to determine HðzÞ, if the
following approximation holds: Δz=Δt ≃ dz=dt. A key
advantage of this method is that it relies on the measure-
ment of relative ages dt, which has smaller systematic

errors than the determination of absolute ages. Besides, the
measurement of dt depends only on atomic physics and
therefore it is model independent. We consider 30 mea-
surements of HðzÞ obtained with this technique [22–27]
within a range of redshift z ∈ ½0.07; 1.965� which we
summarize in Table IX of Appendix E. The likelihood
function for this data set can be written as

LCC ∝ exp
�
−
1

2

X30
i¼1

�
HobsðziÞ −Hthðzi; pÞ

σHobsðziÞ

�
2
�
; ð55Þ

where HobsðziÞ refers to the observational measurements of
HðzÞ obtained with the CC method and σHobsðziÞ refers to the
corresponding error (see Table IX). The model’s prediction
is Hthðzi; pÞ obtained with the ANN method where p is a
vector that includes the free parameters of the model. All
the models share ΩΛ

m;0 and HΛ
0 while the following extra

parameters are added: ω0 and ω1 for the CPL model, λ for
the quintessence model and b for the fðRÞ Hu-Sawicki
model; see Sec. II for details.

B. Type Ia supernovae

Type Ia supernovae are powerful and extremely lumi-
nous stellar explosions. Due to the homogeneity of their
light curves and spectra, they are considered as standard
candles, which allows to determine cosmological distances
from their luminosities. In this work, we consider the 1048
measurements of supernovae luminosities comprised in the
Pantheon compilation in the redshift range z ∈ ½0.01; 2.3�
[28]. The observed quantity is the distance modulus μ,
which can be expressed by a modified version of the
formula proposed by Tripp in Ref. [56]:

μ ¼ mb −M þ αx1 − βcþ ΔM þ ΔB; ð56Þ

where the color c, the light-curve shape parameter x1 and
the log of the overall flux normalizationmb are provided by
the compilation through light-curve fitting using SALT2 as
presented in Ref. [57] and implemented in SNANA [58]. In
addition, α is the coefficient of the relation between
luminosity and stretch, β is the coefficient of the relation
between luminosity and color, and M is the absolute B-
band magnitude of a fiducial SNIa with x1 ¼ 0 and c ¼ 0.
The distance correction, ΔB, is based on predicted biases
from simulations and ΔM is a distance correction based on
the host galaxy mass of the SNIa, which is determined by

ΔM ¼ γ½1þ eð−ðm−mstepÞ=τÞ�; ð57Þ

where γ is a relative offset in luminosity, m is the mass of
the host galaxy, and mstep is the mass step for the split that
separates the SNIa into ones that have a host galaxy with
high mass and low mass. Last, τ is an exponential transition
term in the Fermi function that describes the relative

FIG. 5. Percentage error of the neural network–based bundle
solution of HðzÞ=HΛ

0 in the Hu-Sawicki model, through com-
parison to numerical solutions. The range of the comparison goes
through a section of the training range of the parameters of the
bundle.

11We denote passively evolving galaxies as those galaxies with
no current star formation or interaction with other galaxies.
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probability of masses being on one side or the other of the
split. In this way, α, β, γ and M are called nuisance
parameters and they are usually estimated via a statistical
analysis where a theoretical model for the dynamics of the
Universe is assumed. However, as described before, the
nature of these parameters is astrophysical and therefore
their values should not depend on the cosmological model.
In this work, we use the mean values estimated by the

Pantheon compilation [28] (α ¼ 0.0154� 0.06, β ¼ 3.02�
0.06, γ ¼ 0.053� 0.009)where aΛCDMmodel is assumed.
These values have beenverified by two independent analyses
with alternative cosmological models: the one in Ref. [50]
where the fðRÞHu-Sawicki model was assumed and the one
in Ref. [59] performed in the context of the modified gravity
theory. Moreover,M will be considered as an additional free
parameter for all models in the statistical analysis (meaning
that it is included in p). To perform the statistical analysis, we
compare the value of μ obtained from the data using Eq. (56)
against the theoretical value provided by

μðzÞ ¼ 25þ 5 log10 ðdLðzÞÞ; ð58Þ

where the luminosity distance dLðzÞ is related to HðzÞ
through

dLðzÞ ¼ ð1þ zÞ
Z

z

0

dz0

Hðz0Þ : ð59Þ

The likelihood function concerning this data set can be
expressed as [28]

LSNIa ∝ exp
n
−
1

2
ΔμT · C−1 · Δμ

o
; ð60Þ

where the vector Δμ ¼ μobs − μthðpÞ contains the difference
between the observed value and the theoretical prediction of
the distancemodulus [Eqs. (58) and (59)] for eachof the1048
measurements of the Pantheon compilation. Furthermore,
the covariance matrix C is defined as follows:

C ¼ Dstat þ Csys; ð61Þ

where the statistical matrix Dstat has only a diagonal
component which includes measurement errors such as
the photometric error of the SNIa distance, the uncertainty
from the distance bias correction, the uncertainty from the
peculiar velocity, the redshift measurement uncertainty
(added in quadrature), and the uncertainty from stochastic
gravitational lensing. Moreover, Csys is the systematic
covariance matrix.

C. Baryon acoustic oscillations

Since the pioneering work in Refs. [60–62] studying the
connection between matter fluctuations and the anisotro-
pies in the CMB, the physical mechanisms operating in the
early Universe have now been well established. Before the
recombination of hydrogen, baryons and photons interact
through Thomson scattering, while baryons and dark
matter interact gravitationally. The result is a photon-
baryon fluid that suffers acoustic oscillations, thanks to

TABLE I. Constraints on the parameters of the ΛCDM model. The table shows the 68% and 95% confidence intervals for each free
parameter. The reduced χ2ν is also shown for each analysis.

Data Ωm;0 H0½km=s
Mpc � M χ2ν

CCþ SNIa 68% C.L. [0.281, 0.322] [67.251, 70.959] [−19.434, −19.326]
95% C.L. [0.26, 0.342] [65.331, 72.622] [−19.484, −19.271]
Best fit 0.301 68.994 −19.38 0.969

CCþ SNIaþ BAO 68% C.L. [0.284, 0.306] [67.861, 69.277] [−19.422, −19.347]
95% C.L. [0.275, 0.317] [67.175, 69.944] [−19.444, −19.347]
Best fit 0.296 68.545 −19.396 0.97

TABLE II. Constraints on the parameters of the CPL model. The table shows the 68% and 95% confidence intervals for each free
parameter. The reduced χ2ν is also shown for each analysis.

Data ω0 ω1 Ωm;0 H0½km=s
Mpc � M χ2ν

CCþ SNIa 68% C.L. [−1.172, −0.822] [−2.089, 1.401] [0.296, 0.437] [66.36, 70.249] [−19.458, −19.342]
95% C.L. [−1.363, −0.648] [−5.104, 1.757] [0.111, 0.47] [64.563, 72.216] [−19.514, −19.287]
Best fit −1.051 −0.554 0.343 68.724 −19.39 0.97

CCþ SNIa
þBAO

68% C.L. [−1.05, −0.889] [−0.295, 0.494] [0.279, 0.307] [66.219, 69.182] [−19.46, −19.37]

95% C.L. [−1.12, −0.803] [−0.827, 0.734] [0.266, 0.32] [64.594, 70.444] [−19.509, −19.334]
Best fit −0.974 0.088 0.291 67.441 −19.426 0.971
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the pull of gravity towards matter overdensities, and the
push of photons due to the radiation pressure. When the
temperature of the Universe becomes sufficiently low due
to cosmic expansion, hydrogen atoms are formed, the
density of free electrons dramatically drops, and
Thomson scattering becomes inefficient. The subsequent
decoupling between matter and radiation freezes the
oscillations, leaving an imprint both in the CMB and in
the distribution of galaxies thanks to the BAO mentioned
above. The BAO offers a characteristic scale, namely, the
sound horizon rd at recombination, which is the largest
comoving distance a sound wave could have traveled
before recombination, and it provides a very useful stan-
dard rod. Thus, we can use observations of galaxy
clustering as a cosmological probe. The quantities related

to the BAO data relevant for this paper are the Hubble
parameter HðzÞ, the Hubble distance

DHðzÞ ¼
1

HðzÞ ; ð62Þ

the angular diameter distance

DAðzÞ ¼
1

1þ z

Z
z

0

dz0

Hðz0Þ ; ð63Þ

the comoving angular diameter distance

DMðzÞ ¼ ð1þ zÞDAðzÞ; ð64Þ

and the combination ofDM andDH, introduced in Ref. [63]

DVðzÞ ¼
�
DAðzÞ2

z
HðzÞ

�
1=3

: ð65Þ

To do inference on the BAO data that we use, we also need
to calculate the sound horizon rd. To do this, we follow the
method employed in Ref. [64] which uses the fitting
formula for the drag epoch redshift zd introduced in
Ref. [65]. It is important to remark that the BAO data sets
we use, which are listed in Table X, are independent. Thus,
we define the likelihood function as follows:

LBAO ∝ exp
�
−
1

2

X20
i¼1

�
Aobs
i ðziÞ − Ath

i ðzi; pÞ
σAobs

i ðziÞ

�
2
�
; ð66Þ

where the Ai denotes the specific quantity that is measured
(such as Hrd, DH=rd, DA=rd, and others; see the first
column of Table X), Aobs

i ðziÞ refers to the observed value
and σAobs

i ðziÞ refers to the observational error.12 Moreover,

Ath
i ðzi; pÞ indicates the model’s prediction for the quantity

Ai at zi.
FIG. 6. Results of the statistical analysis for the quintessence
model with an exponential potential. The darker and brighter
regions correspond to the 68% and 95% confidence regions,
respectively. The plots on the diagonal show the posterior
probability density for each of the free parameters of the model.

TABLE III. Constraints on the parameters of a quintessence model with an exponential potential. The table shows the 68% and
95% confidence intervals for each free parameter. The reduced χ2ν is also shown for each analysis.

Data λ Ωm;0 H0½km=s
Mpc � M χ2ν

CCþ SNIa 68% C.L. [0, 0.584] [0.27, 0.317] [67.097, 70.753] [−19.432, −19.324]
95% C.L. [0, 0.941] [0.245, 0.338] [65.382, 72.629] [−19.486, −19.273]
Best fit 0.008 0.301 68.995 −19.38 0.97

CCþ SNIaþ BAO 68% C.L. [0.159, 0.744] [0.284, 0.306] [66.837, 68.856] [−19.442, −19.383]
95% C.L. [0, 0.893] [0.275, 0.317] [65.638, 69.677] [−19.474, −19.354]
Best fit 0.532 0.295 67.733 −19.415 0.97

12For measurements with both statistical and systematic errors,
we use the sum of both in quadrature.
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VI. RESULTS

In this section, we present the results of the statistical
analyses performed with the data sets described in Sec. V.
We perform the statistical analyses using the likelihood
functions through a Markov chain Monte Carlo (MCMC)
method. For this, we set the same flat priors for the
parameters that all four models share: HΛ

0 ∈ ½50;
80� km s−1Mpc−1, ΩΛ

m;0 ∈ ½0.1; 0.4� [for the CPL model
with just CC and SNIa the prior is too restrictive for its
parameter space as can be confirmed with the results
of the statistical analysis (see Table II),13 so we use
ΩΛ

m;0 ∈ ½0; 0.6�], and the absolute magnitude M ∈ ½−22;
−18� for all models. We recall that in both the ΛCDM and
CPL models, ΩΛ

m;0 ¼ Ωm;0 and HΛ
0 ¼ H0 which is not

necessarily the case in both the quintessence and fðRÞ
models. Therefore, for these models we carry out a post-
processing of the chains obtained by MCMC, where for
each chain we calculateH0 ¼ Hðz ¼ 0Þ and use Eq. (22) to
obtain Ωm;0. For all models we report the values of H0 and
Ωm;0. To implement MCMC, we use the emcee [66] Python
library, which implements the samplers introduced in
Ref. [67]. Also, to plot the contours displayed in this
paper, we use the GetDist [68] Python library. For each
theoretical model considered in this paper we carry out a
first analysis with only CC and SNIa data and a second
analysis where the BAO data are added to the previous
ones. In both cases the joint likelihood used is the product
of all the individual likelihoods involved.

Starting with ΛCDM, we show the results of the
statistical analysis for this model in Table I and we observe
that the constraints on the parameters are tighter when the
BAO data are included. Furthermore, the obtained con-
fidence intervals of the analysis with CC and SNIa are in
agreement within 1σ14 with the ones obtained in Ref. [51],
where the same data sets were considered.
Regarding the CPL model, the flat priors that we use for

the parameters that are not shared with the other models are
ω0 ∈ ½−0.4;−1.6� and ω1 ∈ ½−8; 3�. Results of the statis-
tical analysis for this model are shown in Table II. As in the
case of the ΛCDM model, we note that the constraints
tighten when the BAO data are added, as this effect is more
pronounced for the parameter ω1. Furthermore, the
obtained confidence intervals are in agreement within 1σ
with the ones obtained in Ref. [69], where only the CC data
set were considered.
As regards the statistical analysis for the quintessence

model considered in this work, we set a flat prior for λ,
namely λ ∈ ½0; 3�. Results are shown in Table III and Fig. 6.
We note three changes in the results of the statistical
analysis when the BAO data set is added: (i) the constraints
are tighter, (ii) the correlation between Ωm;0 and H0

changes sign, and (iii) the model parameter λ shows a
small correlation with H0, while its correlation with Ωm;0

noticeably decreases. The comparison of our results with
the ones obtained by other authors for the same model are
summarized in Table IV. In this table, we show the

TABLE IV. Our results from the statistical analysis for the parameters of the quintessence model with an
exponential potential, as well as similar analyses done with traditional numerical solvers. The table shows the
95% confidence intervals for each free parameter.

Data λ Ωm;0 H0½km=s
Mpc �

SNIaþ BAOþ CMBþH0 Akrami et al. [0, 0.8] N=A N=A
CCþ SNIaþ BAOþH0 Tosone et al. [0, 0.709] [0.257, 0.307] [69.2, 73.9]
CCþ SNIaþ BAO This work [0, 0.941] [0.275, 0.317] [65.638, 69.677]

TABLE V. Constraints on the parameters of a cosmological model in Hu-Sawicki fðRÞ gravity with n ¼ 1. The table shows the 68%
and 95% confidence intervals for each free parameter. The reduced χ2ν is also shown for each analysis.

Data b Ωm;0 H0½km=s
Mpc � M χ2ν

CCþ SNIa 68% C.L. [0, 0.649] [0.24, 0.302] [67.236, 70.834] [−19.425, −19.32]
95% C.L. [0, 1.313] [0.207, 0.324] [65.469, 72.547] [−19.474, −19.266]
Best fit 0 0.301 68.994 −19.38 0.97

CCþ SNIaþ BAO 68% C.L. [0.031, 0.411] [0.28, 0.302] [65.897, 68.289] [−19.469, −19.399]
95% C.L. [0, 0.708] [0.27, 0.314] [64.611, 69.235] [−19.505, −19.369]
Best fit 0.218 0.293 67.349 −19.426 0.97

13The first MCMC runs show that the obtained bounds onΩm;0
match the priors, and therefore it is necessary to enlarge them.

14This means that the 1σ confidence intervals obtained with
one statistical analysis in a given work overlap with the 1σ
confidence intervals calculated in another.
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95% confidence intervals for each parameter instead of the
68% ones because only the former were available in
Ref. [70].
The obtained 95% confidence interval for λ is in agree-

ment with the ones obtained in Ref. [70]. Besides, there is
also agreement with the 95% intervals of λ and Ωm;0

reported in Ref. [71], and a marginal agreement with the
value of H0. However, we note that the analysis performed
in Ref. [71] included the current value of H0 reported in
Ref. [72], which affects the obtained results.
Concerning the statistical analysis of the fðRÞ Hu-

Sawicki model, we set a flat prior for b, namely b ∈
½0; 5� and show the results in Table V and Fig. 7. Similar to
the analysis performed for the quintessence model, we note
the following effects when the BAO data set is added to the

statistical analysis: (i) the constraints are tighter, (ii) the
correlation between Ωm;0 andH0 changes sign, and (iii) the
parameter b shows an important correlation with H0, while
its correlation with Ωm;0 noticeably decreases.
Let us now compare our results with similar ones

published in the literature, which are summarized in
Table VI (a similar comparison was shown in Fig. 3 of
Ref. [50]). We start with the ones performed in
Refs. [50,51] where the same data sets of CC and SNIa
were considered. First, we note that the estimates in
Ref. [51] for the b parameter were smaller than the ones
obtained in this work, while an excellent agreement is
found with the results of Ref. [50]. The reason for this is the
following: due to the computational instabilities of Eq. (29)
in the region b → 0, in Ref. [51] the expression for HðzÞ
was computed from a series expansion proposed in
Ref. [49]. This approach allowed the authors to explore
only a small region of the parameter space while there are
no computational instabilities in the ANNmethod, and thus
a wider region can be explored. On the other hand, in
Ref. [50], the series expansion was only used for b < 0.15
and a numerical integration was performed for other values
of b allowing for a complete exploration of the parameter
space. We stress that the excellent agreement between the
results of this work and the ones in Ref. [50] where the very
same data sets were considered, which shows that the errors
of the ANN solutions are not significant enough to affect
the results of the statistical analysis. Furthermore, we also
note that our estimates for the b parameter are in agreement
within 1σ with the ones of another analysis performed in
Ref. [51], where data from six systems of strongly lensed
quasars analyzed by the H0LiCOW Collaboration [73]
were added to the previous ones (CCþ SNIa). On the other
hand, another recent work [52] also tested the fðRÞ Hu-
Sawicki model considering besides the CC and SNIa data,
redshift-space distortions (RSD), BAO, and CMB data. We
note that the resulting values of the b parameter were more
restricted than in this work, but this can be explained since
the former analysis considered more data sets than ours.
Finally, Figs. 8 and 9 show the behavior of HðzÞ and the

SNIa apparent magnitudemb [related to dLðzÞ] respectively
for each of the cosmological models considered in this

FIG. 7. Results of the statistical analysis for the fðRÞ Hu-
Sawicki model. The darker and brighter regions correspond to the
68% and 95% confidence regions respectively. The plots on
the diagonal show the posterior probability density for each of the
free parameters of the model.

TABLE VI. Our results from the statistical analysis for the parameters of a cosmological model in Hu-Sawicki fðRÞ gravity with
n ¼ 1, as well as similar analyses done with traditional numerical solvers. The table shows the 68% confidence intervals for each free
parameter.

Data b Ωm;0 H0½km=s
Mpc �

CCþ SNIa Leizerovich et al. [0, 0.587] [0.241, 0.303] [67.296, 70.701]
D’Agostino et al. [0.07, 0.49] [0.261, 0.314] [67.5, 71.5]

This work [0, 0.649] [0.24, 0.302] [67.236, 70.834]
CCþ SNIaþ H0LiCOW D’Agostino et al. [0.03, 0.29] [0.244, 0.29] [71, 73.8]
CCþ SNIaþ BAO Leizerovich et al. [0.024, 0.382] [0.281, 0.304] [65.874, 68.313]

This work [0.031, 0.411] [0.28, 0.302] [65.897, 68.289]
CCþ SNIaþ BAO þ RSDþ CMB Farrugia et al. [0, 0.00005] [0.295, 0.307] [68.043, 69.007]
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paper. For this, we set the values of the free parameters at
the best-fit values obtained by cosmological inference with
CCþ SNIaþ BAO. The relative difference of each model
with respect to ΛCDM is also shown in Figs. 8 and 9, and it
allows us to conclude that the behavior of all these models
concerning the CC and SNIa data is very similar.

VII. COMPUTATIONAL EFFICIENCY

To discuss the topic of computational efficiency we
perform an analysis on the amount of floating point
operations (FLOPs) that it takes for a specific numerical

method of common use [Runge-Kutta 5(4) with interpo-
lation [74,75]] to solve the differential equations of a given
initial value problem, as well as the equivalent for the ANN
approach. In this section we only summarize the results of
such an analysis, while the detailed calculation and dis-
cussion can be found in Appendix F.
Our analysis shows that if the number of points of the

domain where the solution is evaluated is large or the
problem is easy to integrate, as in the case of the quintessence
model, the numerical solver is likely to outperform theANNs
in terms of computational cost, whereas in the casewhere the
opposite is true (i.e., few points to evaluate or a problem that
is difficult to integrate), ANNs aremost likely preferred. This
is the case for the fðRÞ Hu-Sawicki model, where the
problem is rather more difficult to solve than in the
quintessence model. This is confirmed in Table VII where
the computational times for the MCMC runs performed for
the numerical andANNmethods with different hardware are
detailed. The main factor that makes the ANN method
preferable in the context of problems that are hard to solve
is the fact that once theANNsare trained, the solutions can be
used indefinitely. This is due to the process of solving the
model’s differential equations being performed only during
the training of the network,whereas in the numericalmethod,
the integration is done each time one needs to know an output
of the model for a given parameter combination. This feature
can be very important when using the obtained solution to
perform statistical analyses like with MCMC. In the case of
the fðRÞ Hu-Sawicki model this is further amplified by the
fact that, as we have discussed in Sec. IV B, the ANNs
require no additional computing time when there is a
singularity in the differential system and an analytical
solution at the singularity is available, which is not the case
with traditional numerical solvers. Besides, we stress that we
have left the optimization of the ANN method for future
work, while the numerical method has been already tested
and optimized. In fact, the use of parallelization canmake the
cost of both training and parameter inference much more
efficient in terms of actual time spent executing the compu-
tations, thus making the scenario discussed before more
favorable to ANNs.

VIII. CONCLUSIONS

In this work, we trained artificial neural networks
through an unsupervised method to serve as bundle

FIG. 9. Top: apparent magnitude of a supernova, mb, as a
function of z for all the models studied (using the parameters
corresponding to the best fit obtained from the combination
CCþ SNIaþ BAO) together with SNIa data. The relation be-
tween mb and the Hubble parameter can be seen by looking at
Eqs. (56), (58), and (59). Bottom: relative difference between the
values ofmb in the top panel for eachmodelwith respect toΛCDM.

FIG. 8. Top: HðzÞ as a function of z for all the models studied
(using the parameters corresponding to the best fit obtained from
the combination CCþ SNIaþ BAO) together with CC data.
Bottom: relative difference between the values of H in the top
panel for each model with respect to ΛCDM.

TABLE VII. MCMC running times in minutes for different
hardware and models using the CCþ SNIa data set. For the CPU
case, we use a ninth-generation Intel i7 (8 cores), while in the
GPU case, we use a single Nvidia A100.

Method (hardware) fðRÞ Quintessence

Numerical method (CPU) 328 min 120 min
ANN method (CPU) 162 min 375 min
ANN method (GPU) 88 min 240 min
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solutions to the differential equations of the background
dynamics of the Universe for four different cosmological
models. We then performed a statistical analysis using these
solutions with observational data to draw conclusions on
the possible values of each model’s parameters. The
novelty in this paper relies on the unsupervised nature of
the training of the ANNs. This is in stark contrast to
applications of neural networks in cosmology such as in
Ref. [4], where the nature of training was supervised due to
the use of solutions provided by numerical methods as
training data.
We found our results from the statistical analysis to be

compatible with the ones in the literature that used tradi-
tional numerical solvers. In addition, we provided estima-
tions of the errors of our ANN-based solutions that show all
errors to be either below or around ∼1% for the 95% con-
fidence level region of the parameter space of all models for
all the statistical analyses performed in this work.
Among the main achievements of this paper we stress the

development of improvements to the ANN bundle method.
One of these improvements was instrumental to making the
method viable in the cosmological context by providing it
with the capability to solve a special case of stiff15 problems
without additional computational cost. We used this imple-
mentation in one of the models we solved, namely the
differential equations of a cosmology in the fðRÞ Hu-
Sawicki gravity model, which has been shown to require
significant computation time with numerical solvers for a
specific region of its parameter space where the equations
become stiff due to the presence of a singularity.
We showed in this paper that unsupervised ANN bundle

solutions of differential equations can be effectively used
to constrain physical models, and pose a viable alternative to
traditional numerical methods. We also shared our codes to
facilitate the implementation for future users in the follow-
ing repository: https://github.com/at-chantada/cosmo-nets.
We also performed an analysis of the computational

efficiency of the ANN-based method against a common use
numerical solver. We showed (see Sec. VII) that once the
training of the ANNs is concluded, the time required to
perform parameter inference with MCMC is less than in the
case of using traditional numerical methods when the
differential system is not easy to integrate. In addition,
the parallelization capabilities of ANNs can be exploited to
make the use of these solutions even more computationally
efficient. Nevertheless, we stress that the optimization of
the ANN method to reduce computing times was not the
main focus of this paper, and thus is left for future work.
While we showed an effective use of the ANN method,

there are still many aspects of the method that can be
improved which constitutes future work. Some of these

future improvements include uncertainty quantification of
the solutions provided by the method, model selection, a
general tuning of the architecture (e.g., finding optimal
activation functions, numbers of hidden layers and units,
etc.), and improvements in the design of the training so as
to achieve lower values for the loss, while also lowering the
computational cost of training, namely the amount of
iterations and batch sizes needed to obtain an optimal
solution.
In summary, we used ANNs as the tool of choice to solve

the differential equations of cosmological models, and
used the solutions they provided to perform MCMC to
constrain the models’ parameters using data, without the
use of numerical solvers in any step of the process.
Finally, our results show that ANNs provide a promising

alternative to traditional numerical solvers for use in an
inference process.
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APPENDIX A: IMPLEMENTATION OF THE
ANN METHOD IN SPECIFIC MODELS

1. Implementation in the ΛCDM model

To solve the background equation of the ΛCDM model
[Eq. (7)], using the bundle solution, one starts by assigning
an ANN to each dependent variable. As described before,
the inputs of the ANN are the independent variable, and the
parameters of the bundle. Therefore, in this case, we have a
single ANN whose output we label xN ðz;Ωm;0Þ. Then, to
enforce the initial condition of the system, the reparamet-
rization in Eq. (36) is implemented as follows:

x̃ðz;Ωm;0Þ ¼ Ωm;0 þ ð1 − e−zÞxN ðz;Ωm;0Þ: ðA1Þ

We recall that x ¼ κρmðzÞ=3H2
0, so x̃ in Eq. (A1) satisfies

the initial condition in Eq. (7). Next, the loss is constructed
from the residual, R, which is defined by the differential
equation of the system,

Rðx̃; z;Ωm;0Þ ¼
dx̃
dz

−
3x̃

1þ z
; ðA2Þ

15Here we use the term stiff in a broad sense to refer to
problems where numerical solvers require extremely low step
sizes to solve them.
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which can be used in Eq. (37) to get the loss of the problem:

Lðx̃; z;Ωm;0Þ ¼
�
dx̃
dz

−
3x̃

1þ z

�
2

: ðA3Þ

As the loss is defined as a function of x̃, this allows that the
process of training leads to a solution that meets the initial
condition.
The training proceeds as follows. For a fixed value of the

network’s internal parameters [here we refer to the weights

and biases detailed in Eq. (C3)], x̃ðz;Ωm;0Þ is obtained and
the respective loss [Eq. (A3)] is evaluated. Next, the
training proceeds as an optimization problem performed
with the gradient descent method where the network’s
internal parameters vary in order to minimize the loss
function. Figure 10 shows one of the main indicators in the
training of the ANN for theΛCDMmodel, namely, the total
loss per iteration. Further details on how to train the ANNs
were described in Ref. [6], and in Ref. [10] on
NeuroDdiffEq’s specific implementation.
The main takeaway from Fig. 10, is that the value of the

total loss decreases rapidly at the start of the training, and as
the training continues this behavior starts to slow down.
This is often the expected behavior of the loss during
training. Therefore, the usual approach is to stop training
when the relative change in the average value of the total
loss per 400 iterations is of order 10−4.

2. Implementation in the CPL model

To solve the background equation of the CPL dark
energy model, we can take advantage of the reparametri-
zation introduced in Sec. III C 1. We can identify fðt; θÞ in
Eq. (40) as fðz;ω0;ω1Þ in the Friedmann equation of the
CPL model [Eq. (15)]:

fðz;ω0;ω1Þ ¼
�
3ð1þ ω0Þ

1

1þ z
þ 3ω1

z
ð1þ zÞ2

�
: ðA4Þ

Following Eq. (42), the reparametrization x̃ for the
outputs of the ANN in this model is

x̃ðz;ω0;ω1;Ωm;0Þ ¼ ð1 −Ωm;0Þ exp f3ð1þ ω0Þ½xN ;1ðzÞ − xN ;1ðz0Þ� þ 3ω1½xN ;2ðzÞ − xN ;2ðz0Þ�g; ðA5Þ

where xN ;1 and xN ;2 represent the two outputs of the
ANN and the respective loss function can be defined as
follows:

Lðx̃;z;ω0;ω1Þ¼
�
dx̃
dz

−
3x̃
1þz

�
1þω0þ

ω1z
1þz

��
2

: ðA6Þ

APPENDIX B: MODELS’ CALCULATIONS

In this section we show some models’ calculations that
were avoided in the main text for the sake of readability.

1. Dynamics of r

This subsection’s goal is to show the calculation of the
differential equation for r that results in Eq. (29), starting
from the definition

dr
dz

¼ dt
dz

dr
dt

¼ 1

Λ
dt
dz

dR
dt

¼ − _R
ΛHð1þ zÞ : ðB1Þ

Now using the definition of x in Eq. (27) as well as
Γ ¼ RfR=fRR, we get

dr
dz

¼ −1
1þ z

�
_R

ΛH

�

¼ −1
1þ z

0
BB@ R

Λ

z}|{¼r

_RfRR
HfR

z}|{¼x

fR
RfRR

z}|{¼Γ 1
CCA ¼ −

rΓx
1þ z

: ðB2Þ

2. λ= 0

Here we show that when λ ¼ 0 the behavior of the
quintessence model shown in Sec. II C, is the very same as

FIG. 10. Example of a plot of the total loss per iteration of
training. In blue are the values of the total loss at each iteration,
and in red the average value of the total loss per 400 iterations.
This particular example comes from training an ANN to solve
ΛCDM [Eq. (7)], defining the reparametrization in Eq. (A1) and
the loss in Eq. (A3).
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that of the ΛCDM model. Using λ ¼ 0, which results in
dV=dϕ ¼ 0 we can now solve for _ϕðzÞ in Eq. (18) and get

_ϕðzÞ ¼ _ϕ0

�
1þ z
1þ z0

�
3

: ðB3Þ

Given the fact that the initial condition x0 ¼ 0 results in
_ϕ0 ¼ 0, using Eq. (B3) and the definition of x in Eq. (19),
we can conclude that xðNÞ ¼ 0 ∀ z when λ ¼ 0. Now,
using the initial condition for y0 we can obtain
V0 ¼ ð3=κÞðHΛ

0 Þ2ð1 − ΩΛ
m;0Þ, and using this result with

Eq. (17a) one gets HðzÞ ¼ HΛðzÞ. Last, by inserting the
expression of HΛðzÞ [Eq. (6)] into Eq. (23) we get

yðNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −ΩΛ
m;0

ΩΛ
m;0e

−3N þ 1 − ΩΛ
m;0

s
: ðB4Þ

3. Extra loss terms in f ðRÞ implementation

To close out the models’ extra calculations, here we show
how to get Eq. (51). Starting from the definition of Ω in
Eq. (27), and using Eq. (3), we can obtain

Ω ¼ κρm;0ð1þ zÞ3
3H2fR

: ðB5Þ

a. First equation

To obtain Eq. (51a), we start by multiplying and dividing
Eq. (B5) by 2f, and using the definition of y in Eq. (27), the
following expression is obtained:

Ω ¼ 2yκρm;0ð1þ zÞ3f−1: ðB6Þ

To develop this expression further, we first express Eq. (26)
in a more compact form using r ¼ R=Λ:

fðrÞ ¼ Λ
�
r − 2

�
1 −

1
r
b þ 1

��
¼ Λ

�
r − 2

�
r

rþ b

��

¼ 3ðHΛ
0 Þ2ð1 −ΩΛ

m;0Þr
�
rþ b − 2

rþ b

�
; ðB7Þ

where in the last step Λ ¼ 3ðHΛ
0 Þ2ð1 −ΩΛ

m;0Þ was used.
Using this last result with the expression for Ω in Eq. (B6),
while remembering the definition ΩΛ

m;0 ¼ κρm;0=3ðHΛ
0 Þ2,

we obtain

Ω ¼ 2yΩΛ
m;0ð1þ zÞ3ðrþ bÞ

rð1 −ΩΛ
m;0Þðrþ b − 2Þ : ðB8Þ

b. Second equation

In a similar fashion to the first equation, we start by
multiplying and dividing Eq. (B5) by R=2, and make use of
the definition of v in Eq. (27), which yields

Ω ¼ 2vκρm;0ð1þ zÞ3
RfR

: ðB9Þ

We now need an expression for fR. Performing the
derivative with respect to R of f, and using Eq. (26) and
r ¼ R=Λ,

fR ¼ 1 −
2b

ðRΛ þ bÞ2 ¼
ðrþ bÞ2 − 2b

ðrþ bÞ2 : ðB10Þ

Replacing this expression for fR in Eq. (B9) while
multiplying and dividing by Λ, we obtain

Ω ¼ 2vκρm;0ð1þ zÞ3ðrþ bÞ2
Λr½ðrþ bÞ2 − 2b� : ðB11Þ

Finally, using Λ ¼ 3ðHΛ
0 Þ2ð1 −ΩΛ

m;0Þ along with ΩΛ
m;0 ¼

κρm;0=3ðHΛ
0 Þ2 in Eq. (B11),

Ω ¼ 2vΩΛ
m;0ð1þ zÞ3ðrþ bÞ2

rð1 −ΩΛ
m;0Þ½ðrþ bÞ2 − 2b� : ðB12Þ

APPENDIX C: DETAILS OF THE ANN METHOD

In this appendix, we list a series of details that were
omitted in the main explanation of the ANN method. In
Fig. 1 we show a schematic of an example ANN. To outline
how to calculate the outputs of the ANN, we start by
translating what each element of that graph represents
mathematically. Each circle represents a unit, and each one
of these, except for the ones in the input layer, has an
associated bias and activation function. For example, we
can denote the bias of the jth unit on the second hidden

layer as bð2Þj , and the activation function as gð2Þj . Then, each
line that connects a pair of units has an associated weight.
In a similar vein to the previous example, we can denote the
weight of the line that connects the ith unit in the input

layer to the jth unit in the first hidden layer as wð1Þ
ij . Let us

consider an ANN architecture composed by an input layer
with n units, one hidden layer with m units each and an
output layer with k units; this is an ANN of size ðn;m; kÞ,
and the outputs uN ;l with inputs xi

16 can be expressed as

16We recall that the inputs of the ANN are the independent
variable and the parameters of the differential system (θ).
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uN ;l ¼
Xm
j

wout
jl g

ð1Þ
j

�Xn
i

wð1Þ
ij xi þ bð1Þj

�
þ boutl : ðC1Þ

We can dissect this last equation further by noticing that
the outputs of the hidden layer are essentially

hð1Þj ¼ gð1Þj

�Xn
i

wð1Þ
ij xi þ bð1Þj

�
: ðC2Þ

Therefore, if we wanted to calculate the outputs of an
ANN of size ðn;m;m; kÞ (this is an ANN that includes two
hidden layers with m units each), it would be

uN ;l ¼
Xm
j

wout
jl g

ð2Þ
j

�Xm
i

wð2Þ
ij h

ð1Þ
i þ bð2Þj

�
þ boutl ; ðC3Þ

where hð1Þi is the same as in Eq. (C2).
It follows from the last equation that for a choice of

continuous activation functions gi, the continuity of uN ;l is
assured since the composition of continuous functions is
also continuous. Besides, the last equation also shows that
uN ;l is differentiable with respect to the independent
variable and the parameters of the differential system (xi).
On the other hand, Table VIII shows details that involve

specifics of the training like the number of iterations for
each model, the number of training points for each input
considered in each iteration which is called the batch size,
the training range of each parameter, the specific values of
the ANN architecture used for the training of each
cosmological model, the number of internal parameters
of the networks (here we refer to the weights and biases

described above) and the training time for each cosmo-
logical model.
For every network in this work we use the Adam [76]

optimizer with its default values and all of them use tanh as
their only activation function. Regarding the sampling of
the points from the independent variable and the parameter
spaces, we use a uniform distribution for each one, where
the limits correspond to their respective training range.

APPENDIX D: DETAILS OF THE
IMPLEMENTATION OF THE ANN METHOD TO

COSMOLOGICAL MODELS

In this appendix we describe minor changes to the
reparametrization and loss function of some of the models
analyzed in this paper, and variable changes to some inputs
of the networks so that they do not reach outside of the
interval [0, 1] are also discussed in this appendix.

1. ΛCDM
This being the simplest model, we make only one

modification to the default loss in Eq. (37) [or more
explicitly Eq. (A3)], this being the addition of a weighting
function as proposed in Ref. [8]. With this consideration we
set the final loss used to solve Eq. (7), for a bundle in Ωm;0
to be

Lðx̃m; z;Ωm;0Þ ¼ Rðx̃m; z;Ωm;0Þ2e−2ðz−z0Þ; ðD1Þ

where x̃m is the reparametrization of the variable, that uses
the default bundle reparametrization in Eq. (36).

TABLE VIII. Training details of the models. We state the amount of training iterations employed, the training range for the parameters
of each model, as well as their corresponding batch sizes used during training. In addition, we specify the architecture of the ANN that
represents the dependent variables and the number of internal parameters of the network. In the last column the time that the training
required is listed along with the hardware used to perform the training. In the case of a CPU, we used an Intel i7-6500U, while in the case
of a GPU, we used a single Nvidia A100.

Model Iterations Training range Batch size
ANN architecture
(in, hid, hid, out)

Number of internal
parameters of
the ANNs Training time (Hardware)

ΛCDM 100000 z ∈ ½0; 3� 64 x∶ð2; 32; 32; 1Þ 1185 20 minutes (CPU)
Ωm;0 ∈ ½0.1; 0.4� 64

CPL 50000 z ∈ ½0; 3� 32 x∶ð1; 32; 32; 2Þ 1186 10 minutes (CPU)
Quintessence 200000 z ∈ ½0; 10� 32 x∶ð3; 32; 32; 1Þ 1217 17 hours (CPU)

λ ∈ ½0; 3� 32 y∶ð3; 32; 32; 1Þ 1217
ΩΛ

m;0 ∈ ½0.1; 0.4� 32
Hu-Sawicki 600000 z ∈ ½0; 10� 128 x∶ð3; 32; 32; 1Þ 1217 2 days (GPU)

y∶ð3; 32; 32; 1Þ 1217
b ∈ ½0; 5� 128 v∶ð3; 32; 32; 1Þ 1217

ΩΛ
m;0 ∈ ½0.1; 0.4� 64 Ω∶ð3; 32; 32; 1Þ 1217

r0∶ð3; 32; 32; 1Þ 1217
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2. Parametric dark energy

In spite of the fact that the network trained using
Eq. (A5) only has one input, the training is not strictly
speaking only done in z. For each iteration of training of
this ANN, the loss is calculated for two combinations of the
pair ðω0;ω1Þ, namely, ð−1;−0.6Þ and ð−0.8; 0Þ.

3. Quintessence

Due to the increasing complexity of the problem, and the
fact that the inputs of the ANNs corresponding to N and λ
are not bound between 0 and 1, we make two changes to
Eq. (20). Instead of using N and λ, we define λ0 ¼ λ=3 and
N0 ¼ N=jN0j þ 1 (making N0

0 ¼ 0). This way, both of
these inputs to the ANNs are bound as N0 × λ0 ∈
½0; 1� × ½0; 1�. Making these changes, the differential sys-
tem to solve is now8<

:
1

jN0j
dx
dN0 ¼ −3xþ 3

ffiffi
6

p
2
λ0y2 þ 3

2
xð1þ x2 − y2Þ;

1
jN0j

dy
dN0 ¼ −3

ffiffi
6

p
2
xyλ0 þ 3

2
yð1þ x2 − y2Þ:

ðD2Þ

Similarly to ΛCDM, we also add an exponential term to
this model’s loss. But, due to Eq. (49) having a boundary
condition on top of an initial one, we choose to modify the
weighting function to account for this. With this modifi-
cation, the loss to solve Eq. (D2) is

Lðx̃; ỹ; N0; λ0;ΩΛ
m;0Þ ¼

X2
i

Riðx̃; ỹ; N0; λ0;ΩΛ
m;0Þ2

× e−2λ
0N0
: ðD3Þ

4. f ðRÞ
For this model, z is not really a suitable variable to use in

conjunction with a reparametrization as in Eq. (34), due to
the fact that z0 is the maximum value of z in the training
range. Because of this, and for the same reasons as listed for
quintessence, we define z0 ¼ 1 − z=z0 and b0 ¼ b=5. With
these changes, the final differential system is now8>>>>>>>>><
>>>>>>>>>:

dx
dz0 ¼ −z0

z0ð1−z0Þþ1
ð−Ω − 2vþ xþ 4yþ xvþ x2Þ;

dy
dz0 ¼ z0

z0ð1−z0Þþ1
ðvxΓðr0Þ − xyþ 4y − 2yvÞ;

dv
dz0 ¼ z0v

z0ð1−z0Þþ1
ðxΓðr0Þ þ 4 − 2vÞ

dΩ
dz0 ¼ −z0Ω

z0ð1−z0Þþ1
ð−1þ 2vþ xÞ;

dr0
dz0 ¼ z0Γðr0Þx

z0ð1−z0Þþ1
;

; ðD4Þ

where Γ is now

Γðr0Þ ¼ ðer0 þ 5b0Þ½ðer0 þ 5b0Þ2 − 10b0�
20b0er0

: ðD5Þ

In addition to this, we also perform a change to the loss
analogous to the one in quintessence making the part of
final loss L ¼ LR þ LC to solve Eq. (D4) corresponding to
just the residuals LR as

LRðũ; z0; b0;ΩΛ
m;0Þ ¼

X5
i

Riðũ; z0; b0;ΩΛ
m;0Þ2e−2b

0z0 : ðD6Þ

The final detail to note, is the addition of a hyperparameter
α in the reparametrization expressed by Eq. (50), that helps
tuning how good the solution provided by the ΛCDM
model approximates to the true solution of the Hu-Sawicki
model. This change gives the following general expression
for the reparametrization used in Eq. (D6):

ũðz0; b0;ΩΛ
m;0Þ ¼ ûðz0;ΩΛ

m;0Þ þ ð1 − e−z
0 Þð1 − e−αb

0 Þ
× uN ðz0; b0;ΩΛ

m;0Þ: ðD7Þ

It is evident that α ∼ 0 corresponds to a belief that the
Lambda CDM solution is close to the real one for all values
of the parameters, whereas α ≫ 1 denotes that the real
solution is far from the one provided by the Lambda CDM
model. We choose to use α ¼ 1=6.17

APPENDIX E: DATA SETS

In this appendix we show the values and associated
errors of the CC and BAO data that we use to obtain the
results of the statistical analysis. We list in Table IX the
measurements of the Hubble parameter H from cosmic
chronometers, and in Table X the measurements of differ-
ent physical quantities that use the scale provided by
baryon acoustic oscillations.

APPENDIX F: COMPUTATIONAL EFFICIENCY

In this appendix, we explore how the ANN method
stands against its numerical counterpart, and in which
circumstances one might find either method more appeal-
ing. As mentioned in the Introduction, neural networks can
provide an advantage over numerical methods when used to
test a model whose predictions are obtained by solving a
system of differential equations. To quantify this advantage
we calculate an estimation of the amount of FLOPs that it
takes for a numerical method to solve the differential
equations of a given initial value problem, as well as the
equivalent for the ANN approach. In addition, we remark
on some other appealing features of the ANN method.

1. Floating point operations estimation

The general form of an initial value problem is as
follows:

17This value was found by trial and error with the goal of
obtaining the lowest value for the loss L.
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du
dt

¼ fðt; uÞ; uðtÞjt¼t0 ¼ u0; ðF1Þ

where fðt;uÞ is an arbitrary function, and the vector u ¼
ðu1; u2;…; uMÞ contains the M dependent variables of the
system. With the general problem defined, we begin our
analysis by analyzing the FLOPs of numerical methods,
and we note that the computational cost can significantly
vary depending on the specific method used. Because all
the problems in this work are initial value problems, we
choose to analyze the FLOPs of SciPy’s [77] implementa-
tion18 of the adaptive explicit Runge-Kutta method RK5(4)
[74,75]. In this implementation the number of function
evaluations of fðt;uÞ in Eq. (F1) is independent from the
amount of points that the algorithm is asked to output.
Besides, due to the adaptive nature of the integrator, the
number of function evaluations is highly dependent on both
the differential system and the error tolerance for the solver.

Taking these facts into account, we can define a rough
expression for the number of FLOPs, FRK5ð4Þ, that it takes
for the integrator to output the values of the M dependent
variables at Nout points for a given value of the parameters
of the differential system (θ), as follows [54]:

FRK5ð4Þ ≃ 9NoutðM þ 1Þ þ NevalðF eval þ 20MÞ; ðF2Þ

where Neval is the number of evaluations of fðt; uÞ and
F eval is the amount of FLOPs that it takes to do such an
evaluation. The first term in Eq. (F2) corresponds to the
interpolation cost, and the second to the Runge-Kutta steps.
We see from this expression, that the cost associated with
this numerical method scales linearly with a slope of order
10 on the number of points. On the other hand, the term
corresponding to the integration does not depend on the
number of points. Besides, it is important to note that Neval
is the only factor in Eq. (F2) that is going to be different
each time the integration is done for a different value of θ.
This becomes especially relevant in cases like the one we
mentioned in Sec. IV B where because of a singularity in
the parameter space of the differential system, there is a
region of that space, close to the singularity, where the
numerical solver requires more function evaluations to
obtain a solution.
For the ANN method we first only count the number of

FLOPs that it takes for the trained network to give the

TABLE X. Measurements of different quantities reliant on the
scale provided by Baryon Acoustic Oscillations that we used in
this paper. For the values with two errors, the first corresponds to
the statistical uncertainty, while the second represents the
systematic error. In those cases we used the sum of both errors
in quadrature.

Observable zeff Value� error References

DV=rd 0.15 4473� 0159 [29]
0.44 11.548� 0.559 [30]
0.6 14.946� 0.680
0.73 16.931� 0.579
1.52 26.005� 0.995 [31]

DA=rd 0.81 10.75� 0.43 [32]
DM=rd 0.38 10.272� 0.135� 0.074 [33]

0.51 13.378� 0.156� 0.095
0.61 15.449� 0.189� 0.108
0.698 17.65� 0.3 [34]
1.48 30.31� 0.79 [35]
2.3 37.77� 2.13 [36]
2.4 36.6� 1.2 [37]

DH=rd 0.698 19.77� 0.47 [34]
1.48 13.23� 0.47 [35]
2.3 9.07� 0.31 [36]
2.4 8.94� 0.22 [37]

Hrd½km=s� 0.38 12044.07� 251.226� 133.002
0.51 13374.09� 251.226� 147.78 [33]
0.61 14378.994� 266.004� 162.558

TABLE IX. Measurements of the Hubble parameter H using
the Cosmic Chronometers technique described in Sec. VA.

z HðzÞ � σH½km=s
Mpc � References

0.09 69� 12 [22]
0.17 83� 8
0.27 77� 14
0.4 95� 17
0.9 117� 23
1.3 168� 17
1.43 177� 18
1.53 140� 14
1.75 202� 40
0.48 97� 62 [23]
0.88 90� 40
0.1791 75� 4 [24]
0.1993 75� 5
0.3519 83� 14
0.5929 104� 13
0.6797 92� 8
0.7812 105� 12
0.8754 125� 17
1.037 154� 20
0.07 69� 19.6 [25]
0.12 68.6� 26.2
0.2 72.9� 29.6
0.28 88.8� 36.6
1.363 160� 33.6 [26]
1.965 186.5� 50.4
0.3802 83� 13.5 [27]
0.4004 77� 10.2
0.4247 87.1� 11.2
0.4497 92.8� 12.9
0.4783 80.9� 9

18The analysis for this implementation was done for SciPy 1.8.0,
which was the latest release at the time of submission.
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output we want, and later we include the cost of training the
network, which is where most of the computational cost is.
To estimate the amount of FLOPs that it takes to

calculate the k outputs of such an ANN given n inputs
(called a forward pass), which we denote F forw, we focus
on the output of an ANN of size ðn;m;m; kÞ19 [see
Eq. (C2)]. If we ignore the FLOPs necessary to calculate
the activation function, all of the operations inside the ANN
are just additions and multiplications. We count one FLOP
per multiplication or addition. First there is the calculation
of the m outputs of the first hidden layer. Looking at
Eq. (C2), we see that this requires n additions and n
multiplications, which makes for a total of 2nm FLOPs to
calculate all the outputs of the first hidden layer. Following
the same procedure for each layer until reaching the output
layer we obtain

F forw ≃ 2mnþ 2m2 þ 2mk ¼ 2mðnþmþ kÞ: ðF3Þ

Regarding the cost of the neural network method
specifically, we recall from Sec. III B that the inputs of
the networks used correspond to the independent variable
and parameters of the differential system. In addition, there
is the process of passing the outputs of the ANN through
the reparametrization, which entails some additional cost
that depends on the reparametrization itself. Therefore, the
final amount of FLOPs, FANN, that it takes for an ANN to
output the values of a dependent variable at Nout different
points can be estimated as follows:

FANN ≃ NoutðF forw þ F repÞ; ðF4Þ

where F rep is the amount FLOPs that it takes to calculate
the reparametrization. Besides, because we associate each
dependent variable with an individual ANN, as mentioned
in Sec. III, the formula in Eq. (F4) is valid for each
dependent variable. Therefore if for example one needs
only two of the M dependent variables, the cost is just
2FANN, and there is no need to calculate the M − 2
remaining. To close on this part of the analysis, the training
cost must be addressed. The training of the ANNs con-
stitutes an iterative process where in each iteration the loss
L must be computed at Ntrain training points. To calculate
the value of L at each of these points, the outputs of the M
ANNs need to be computed, which constitutes M forward
passes. Next, the outputs of the ANNs must be reparame-
trized. Once this has been achieved, the reparametrized
outputs are used in Eq. (37) to calculate the value of L.20

Then, the internal parameters of the ANNs are optimized to
minimize the value of L, called a backward pass. The cost
of this last procedure can be estimated to be at most 3 times
the cost of a forward pass [78]. Therefore, the amount of
FLOPs, F train, required for the training made up of Niter
iterations can be estimated to be

F train ≃ NiterNtrainMð4F forw þ F repÞ: ðF5Þ

It is evident from comparing Eqs. (F4) and (F5) that in the
majority of cases the training is where most of the
computational cost is going to be. In this case we see that
the cost scales with three main factors: (i) the sizes of the
ANNs, (ii) the batch size, and (iii) the amount of iterations.
All of these can be related to the accuracy of the results
from the method. For the case of the batch size and amount
of iterations, because there is no risk of overfitting, a higher
number of these two quantities tends to correlate with more
accurate solutions. In the case of the network size, it is not
necessarily always the case that a bigger network, meaning
more hidden layers and/or more units per hidden layer, is
the route to achieve better results. Taking this into account,
we can say that computational cost associated with a
complex problem and/or a need for low-error solutions
mostly translates into more computation resources in the
training stage of the ANN method.

2. Parallelization

While the preceding calculations show a high amount of
FLOPs in the ANN method, we have to take into account
the viable hardware options to start translating this into time
spent computing. This is where the highly parallelizable
nature of ANNs comes into play. The usual choice of
hardware to accomplish this task is GPUs. During training,
these make it possible to calculate the outputs of the
forward and backward passes for the Ntrain points in
parallel, although this is limited by the memory of the
GPU. This also applies for a trained ANN, where the Nout
points can also be computed in parallel. Both of these uses
result in a significant speed up when compared to using
CPUs when Nout (or in training Ntrain) is large enough. An
example of this last case can be seen in Ref. [4], where the
process of MCMC with trained ANNs was done on a GPU
in an inference pipeline.

3. Storage

An additional capability to consider is the portability of
the solutions. In the case of numerical methods, the option
to store the solutions often comes in the form of storing a
mesh of solutions in the parameter space to do interpolation
afterwards. Such a method has several disadvantages such
as the storage size of the mesh growing exponentially with
the amount of parameters, and the interpolation adding a
new source of error that can only be mitigated through
making a denser mesh. Therefore, in many cases it is often

19In Fig. 1 we show an example of an ANN with a certain
amount of inputs, hidden layers (each with m units), and a single
output. A bit more generally, we can think of an ANN with an
input layer with n units, two hidden layers with m units each, and
an output layer with k units, which we can denote as ðn;m;m; kÞ.

20We ignore the contribution from the FLOPs necessary to
calculate this last step.
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more efficient to run the numerical solver each time a
solution is needed, instead of storing the solutions.
Conversely, neural networks are lightweight and, because
of the very nature of the method being used in this work, the
only things one needs are the trained ANNs and their
associated reparametrizations to the dependent variables.
To give a precise example of the storage needed for this
method, each individual ANN used in this work takes
∼10 kB to store.

4. When to use ANN

Combining what we described throughout this appendix,
we can now make a more educated selection of the use
cases where one might find either numerical methods or
ANN-based methods more appealing for solving an initial
value problem.
If for a moment we ignore the training, we can take

Eqs. (F2) and (F4) and get

FRK5ð4Þ
MFANN

≃
9NoutðM þ 1Þ þ NevalðF eval þ 20MÞ

MNoutðF forw þ F repÞ
; ðF6Þ

where we multiplied the ANN cost by M to account for the
FLOPs necessary to calculate all of the dependent variables.
From Eq. (F6) we can evaluate two different scenarios. First
is the case where 9NoutðM þ 1Þ ≫ NevalðF eval þ 20MÞ,
which represents a situation where either the amount of
points is rather large, or the problem at hand is easy to
integrate. It is clear that the Runge-Kutta method is the less
costly implementation for this case, as we can see if we
approximate Eq. (F6) as

FRK5ð4Þ
MFANN

≃ 9ðF forw þ F repÞ−1: ðF7Þ

On the other hand, given the case where the relation is
9NoutðM þ 1Þ ≪ NevalðF eval þ 20MÞ, we are left with

FRK5ð4Þ
MFANN

≃
NevalðF eval þ 20MÞ
MNoutðF forw þ F repÞ

: ðF8Þ

This approximation is applicable to situations where the
amount of points is fairly low or the problem is difficult to
solve. Therefore, in these situations we can use Eq. (F8) as an
approximate rule of thumb to determine which method is
likely to be the most efficient.
Now it is important to recall the training. From what we

discussed previously about Eq. (F5), we can see that even in
the situations where Eq. (F8) suggests the use of ANNs, the
additional cost of training the networks can still make it the
less efficient option. Although this may seem discouraging,
we have to be reminded of two important things mentioned
before: the fact that the training is done just once, and
parallelization. First, because the training is performed just
once, we can see that the cost from this process can be
easily overlooked if the solutions are used several times.
We can see that this can be the case in a scenario that
involves using MCMC. For example, if in such a scenario
the number of chains is Nchains, the total cost from the use
of the ANN solutions is NchainsMFANN þ F train. Therefore,
the larger Nchains, the less significant the cost of training the
ANN. Besides, the use of parallelization can make the cost
of both training and using the ANNs much more efficient in
terms of actual time spent executing the computations, thus
making the scenario discussed before more favorable to
ANNs when the hardware options are available.
To conclude this appendix, it is important to note that the

analysis done here for the computational capabilities of the
ANN method is valid for any kind of differential system.
The only caveat to have in mind for the most general case
would be that now the n inputs of the network represent the
parameters as well as the multiple independent variables,
instead of just a single independent variable in the initial
value case.
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