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A B S T R A C T

Magnetic resonance imaging is a powerful, non invasive tool for medical diagnosis. The low sensitivity for
detecting the nuclear spin signals, typically limits the image resolution to several tens of micrometers in
preclinical systems and millimeters in clinical scanners. Other sources of information, derived from diffusion
processes of intrinsic molecules such as water in the tissues, allow getting morphological information at
micrometric and submicrometric scales as potential biomarkers of several pathologies. Here we consider
extracting this morphological information by probing the distribution of internal magnetic field gradients
induced by the heterogeneous magnetic susceptibility of the medium. We use a cumulant expansion to derive
the dephasing on the spin signal induced by the molecules that explore these internal gradients while diffusing.
Based on the cumulant expansion, we define internal gradient distributions tensors (IGDT) and propose
modulating gradient spin echo sequences to probe them. These IGDT contain microstructural morphological
information that characterize porous media and biological tissues. We evaluate the IGDT effects on the
magnetization decay with typical conditions of brain tissue and show that their effects can be experimentally
observed. Our results thus provide a framework for exploiting IGDT as quantitative diagnostic tools.
1. Introduction

Magnetic resonance imaging (MRI) has proven to be a powerful
technique for non-invasive medical diagnosis. The implementation of
MRI techniques usually limits the spatial resolution to millimeters in
clinical scanners and to tens of micrometers in preclinical systems.
However, the monitored nuclear spins can probe smaller spatial scales.
The molecular diffusion in complex compartmentalized media is deeply
affected by its microstructure. The Brownian motion of spin-bearing
molecules is modulated by morphological parameters allowing the
extraction of quantitative information of biological tissues and porous
media [1,2]. For example tortuosity coefficients [3], axon diameters
[4–9], cell size-distributions [10–13], intra/extra cellular volume frac-
tion [14–16] can be inferred. Other methods exploit magnetic tissue
properties, as the magnetic susceptibility, to generate contrasts that can
unveil the tissue microstructure [17–24].

Based on these principles, diffusion-weighted images (DWI) display
information about the motion of water molecules within tissues [25].
DWI has become a common diagnostic tool in clinical practice. For
instance, the most established clinical indication for DWI is the assess-
ment of cerebral ischemia [26]. DWI has been also used to monitor
lesion aggressiveness and tumor response in oncology imaging [27]. Its
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extension to diffusion tensor imaging (DTI), based on estimating the
components of the apparent diffusion coefficient (ADC) along multi-
ple directions, enables to determine tissue microstructure anisotropies
which are very useful for tracking brain connectivity [28–31] and mon-
itor physiological white-matter changes in multiple sclerosis [32]. Nev-
ertheless, there are cases where the anisotropy of the apparent diffusion
tensor is small, as occurs in wide compartments or in fiber crossing
regions in brain, and the application of DTI it is thus limited [33,34].

Alternatively, susceptibility-weighted imaging (SWI) exploits the ef-
fect of magnetic susceptibility variations in tissues, to generate high res-
olution (0.3 mm) anatomical images in high field scanners (> 7 T) [35].
Tissue susceptibility variations are encoded in the amplitude and phase
of the magnetic resonance (MR) signal. Using this information it is
possible to suppress or enhance spectral components and modify the
contrast of different tissues. These concepts have been used for wa-
ter/fat separation [36,37], MR angiography [38–40] and gray/white-
matter contrast [41]. Its application as disease biomarker is highly
encouraging based on observing image changes due to iron and calcium
concentration variations, and for axon demyelination witness [42–44].
However, to attain this quantitative information it is often required the
rotation of the studied subject [45].
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Fig. 1. Scheme for the effective applied gradient modulation function 𝑓𝐺(𝑡) and internal
gradient modulation 𝑓0(𝑡), based on an arbitrary applied gradient waveform 𝐺(𝑡) and
a Hahn-echo sequence for modulating the internal gradient 𝐺0. The RF 𝜋-pulse of
the Hahn-echo sequence induces a sign inversion of the applied and internal gradient
modulations.

Biological tissues have very complex structures and compartmental-
ization heterogeneities due to different molecular compositions. The in-
trinsic heterogeneity is imitated by the magnetic susceptibility changes
along the tissue structure [46–50]. In the presence of an external
magnetic field, the susceptibility discontinuities induce internal mag-
netic field gradients. These internal or background gradients generate
measurable effects on the MR signal [51]. Since then, many authors
have studied these effects on the MR signal in multiple contexts. At
the beginning their were found as a source of distortions of ADC
measurements, and several efforts were proposed for attaining more
accurate measurement by mitigating their effects [51–53]. Then, they
were found as a useful source of information as they are correlated
with the microstructural features of minerals and biological tissues. For
example, the effective dimensionality of the media where the particles
are diffusing can be identified by the scaling laws of the ADC with the
diffusion time [54]. More recently, normal and anomalous diffusion
were shown to evidence differences between their MR signal decay in
presence of internal gradient effects [55]. More related with the goal
of this work, the correlation between internal gradients and the media
microstructure allows characterizing pore size distributions [56–60] as
well as microstructure morphological anisotropy [49,61,62].

These techniques are specially useful when DTI fails due to diffusion
scenarios that are almost isotropic. More importantly, in contrast to
quantitative SWI, the statistical characterization of internal gradient
distributions can be done without reorienting the subject with re-
spect to the direction of the main magnetic field, thus allowing to
extract anisotropy information based on susceptibility heterogeneities
in tissues and materials [49,61].

Brain physiology is also regulated by an assemblage of molecules
and structures as the myelin sheath of axons, with significant magnetic
susceptibility changes with respect to the surrounding medium. The
degree of axon myelination has been shown to significantly affect the
transverse relaxation time and spin phases in white matter [22,23].
Therefore, it is expected that internal gradient distributions also show
correlation with the amount of myelin in such tissues [35,63–65], thus
being a potential biomarker of degenerative diseases.

In this article, we provide a perturbative framework to characterize
and determine internal gradient distributions by their first statisti-
cal moments. These moments define internal gradient distributions
tensors (IGDT) that provide information about the media anisotropy.
We formalize previous works that evidence these IGDT [49,61,65,66],
based on a cumulant expansion of the spin dephasing beyond a Gaus-
sian phase approximation. The framework presented here allows to
formalize the IGDT-expansion previously reported in Ref. [49] based
on a phenomenological approach. Moreover, it allows to introduce
new relevant terms in the perturbative expansion, and thus gives an
estimation of the errors based on the next order of the expansion. Here
we consider an internal gradient ensemble model, where spin-bearing
molecules diffuse in presence of an effective gradient. This effective
2

gradient is determined by the average gradient seen by the spins along t
their diffusion trajectory [17]. The molecular diffusion is approximated
as a Gaussian process allowing the simplification of high order correla-
tions of the spin-bearing particle displacement. Then, the magnetization
signal can be expressed as an expansion of IGDT of different ranks. The
IGDT may have subtle effects on the magnetization signal decay, thus
we exploit this IGDT-expansion to design Modulated Gradient Spin-
Echo (MGSE) sequences [25,67] that use cross-correlations between
an applied and the internal gradient to enhance their contributions on
the MR signal decay [49]. These MGSE sequences encode the internal
gradient information on the diffusion weighting decay rather than on
a phase-shift of the magnetization signal, as the latter is removed in
contrast to previous methods. We perform a combination of analytical
and numerical analyses to predict the feasibility of determining the
IGDT in realistic conditions using typical brain tissue properties. We
also discuss the validity of the proposed framework.

The article is structured as follows: in Section 2 we describe the
physical problem and the considered internal gradient ensemble model;
Section 3 introduces the cumulant expansion framework for the mag-
netization decay and the derivation of the IGDT-expansion; in Section 4
we propose a method for measuring the IGDT and design MGSE se-
quences to enhance the IGDT effects on the magnetization decay;
Section 5 discusses the feasibility of measuring the IGDT for conditions
similar to those founds in brain tissue; in Section 6 we discuss the scope
and limitations of the considered model for characterizing the internal
gradients; finally, in Section 7 we summarize the results and discuss
some conclusions and outlooks.

2. Spins diffusing in an inhomogeneous field

2.1. Spin phase modulated by MGSE sequences and internal gradients

We consider an heterogeneous medium in presence of a static mag-
netic field 𝑩0 in the 𝑧 direction. Due to inhomogenities of the magnetic
susceptibility in the sample, the effective magnetic field becomes also
inhomogeneous leading to local field variations 𝛥𝑩0(𝒙) that depends
on the spatial position 𝒙. The typical magnetic field variations induced
by the magnetic susceptibility changes in porous media are of order
≈ 10−6𝑩0 [20]. As these local field variations are significantly weaker
than the static magnetic field strength, we only need to consider the
𝑧 component of that local field, 𝛥𝐵0(𝒙). Since 𝛥𝐵0(𝒙) intrinsically
depends on the microstructure morphology of the medium, we are
interested to probe it to extract sub-voxel morphological information.
As these field variations originate internal or background gradients
𝑮0(𝒙) = ∇𝛥𝐵0(𝒙), with ∇ being the differential operator with respect
o 𝒙, they can be probed with the nuclear spin of molecules diffusing
ithin these internal field gradients [48].

The Brownian motion of spin-bearing particles in a constant mag-
etic field gradient induces spin dephasing that cannot be fully refo-
used by spin-echo based sequences [68–70]. This dephasing thus leads
o a magnetization decay that is typically used to probe the molecular
iffusion in porous media [1,25,71–73]. The temporal diffusion process
an be characterized by applying magnetic field gradients that vary
ver time with a modulation function 𝑓𝐺(𝑡) [74]. Thus, the phase
cquired by a diffusing spin-bearing particle during a diffusion time 𝑡𝑑
epends on the spin-bearing particle trajectory 𝒙(𝑡), the internal field
𝐵0 and the applied gradient 𝑮 as
[

𝑡𝑑 ,𝒙(𝑡), 𝛥𝐵0
]

= 𝛾 ∫

𝑡𝑑

0
𝑑𝑡′

{

𝒙(𝑡′) ⋅𝑮𝑓𝐺(𝑡′) + 𝑓0(𝑡′)𝛥𝐵0[𝒙(𝑡′)]
}

, (1)

here 𝛾 is the gyromagnetic ratio of the nucleus. The sign of the
nternal field can be controlled by radio-frequency (RF) 𝜋-pulses and
t is described by the modulation function 𝑓0(𝑡). Both modulation
unctions, 𝑓𝐺(𝑡) and 𝑓0(𝑡), are normalized such that max |𝑓 (𝑡)| = 1. The
F 𝜋-pulses globally affect the phase evolution of the spins. Each of

hese pulses effectively switches also the sign of the applied gradient in

he toggling frame representation of the spins [48,49]. The considered
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modulation 𝑓𝐺(𝑡) includes the effects of the total modulation due to the
applied gradient control and the effective sign switches induced by the
RF 𝜋-pulses. Thus, 𝑓𝐺(𝑡) denotes the effective modulation of the applied
gradient interaction with the spins, see Fig. 1. Here we consider MGSE
sequences [25,67], where the modulating functions satisfy

∫

𝑡𝑑

0
𝑑𝑡′𝑓 (𝑡′) = 0. (2)

2.2. Internal gradient ensemble model

An exact and rigorous treatment that describes the phase accumula-
tion of Eq. (1) for a spin ensemble is in general very complex. We here
assume that the spin phase accumulation is induced by an effective and
spatially constant internal field gradient 𝑮0 that is probed by the spin
bearing particle during the diffusion time 𝑡𝑑 [17] (see Fig. 2). Then, the
spin phase is simplified to the form

𝜙
[

𝑡𝑑 ,𝒙(𝑡),𝑮0
]

= 𝛾 ∫

𝑡𝑑

0
𝑑𝑡′𝒙(𝑡′)⋅

{

𝑮𝑓𝐺(𝑡′) +𝑮0𝑓0(𝑡′)
}

. (3)

When the diffusion distance is short compared with the internal gra-
dient correlation length, it is expected that the internal gradient vari-
ations are negligible. Then, 𝑮0 is given by the local gradient at the
particle position. Instead, when the diffusion distance is comparable or
larger than the internal gradient correlation length, 𝑮0 is determined
by an effective gradient resulting from a motional average of spin-
bearing particles. This internal gradient 𝑮0 may be different for each
particle depending on their position and diffusion pathway. We thus
consider an ensemble of spin-bearing particles, and an ensemble of
internal gradients leading to what we call the internal gradient ensemble
model (Fig. 2). In Section 6 we discuss the scope and limitations of this
model assumptions and in Appendix A we provide an analysis of its
validly.

The only relaxation mechanism of the spin phase that we consider
here is the diffusion process in presence of magnetic field gradients.
The total spin magnetization is given by the spin ensemble average
that involves all possible realization of the spin’s accumulated phase.
Considering the introduced internal gradient ensemble model, the spin
ensemble average is separated in the average of all possible fluctuating
diffusion paths and the average over the distribution of the internal
magnetic field gradients as

𝑀(𝑡𝑑 ) =
⟨

𝑒𝑖𝜙[𝑡𝑑 ,𝒙(𝑡),𝑮0]
⟩

𝜙
≈
⟨

𝑒𝑖𝜙[𝑡𝑑 ,𝒙(𝑡),𝑮0]
⟩

𝑥,𝐺0
. (4)

Here, the brackets ⟨⋅⟩𝜙 and ⟨⋅⟩𝑥,𝐺0
denote the ensemble average over

the spin’s accumulated phase, and the double average over the particle
displacement paths 𝒙(𝑡) and the distribution of internal gradients 𝑮0 re-
spectively. Notice that in general the equality of the average procedures
in Eq. (4) does not hold, as medium heterogeneities might generate
correlations between the internal gradients and the particle diffusion
process. An exact analytical solution is very complex and depends on
the particular correlation between the stochastic process that defines
the convoluted correlation between 𝒙(𝑡) and 𝑮0(𝑥). Here, in order to
attain analytical solutions and focus on the effects of the internal
gradients distributions, we assume a simple model that neglects the
correlations between internal gradient disorder and particle diffusion
(see Appendix A).

Fig. 2 shows a schematic representation of these assumptions to
describe the internal gradient distributions. A realistic model for single
random realizations of spin-bearing particles moving freely within a
space with internal gradient distributions is shown in Fig. 2a. Along
the Brownian motion paths, the spins interact with different gradi-
ent strengths depending on their instantaneous spatial position. Our
simplified model, to consider the effects of the motional averaging,
is shown schematically in Fig. 2b, where we assume that, during the
diffusion probing time 𝑡𝑑 , a spin diffuses within a spatial region that
is represented by an effective and constant magnetic field gradient 𝐺0.
Then, the ensemble of constant gradient strengths considered in Eq. (4)
3

Fig. 2. Schematic representation of the internal gradient ensemble model. The internal
gradient strengths are shown in colors represented in arbitrary units by the color bars.
Realizations of the stochastic path of the Brownian motion of spin-bearing particles
are shown with pink solid lines. (a) The gradient strength of a realistic model where
a spin particle can diffuse freely in an inhomogeneous magnetic field. (b) Scheme for
the simplified model where we assume a spin-bearing particle moves in a effective and
constant gradient. (c) Comparison between the true gradient distribution associated to
panel (a) and the effective gradient distribution probed by the diffusing spin-bearing
particles schematized in (b). For the latter, we consider uniformly distributed spins that

diffuse during a time 𝑡𝑑 achieving a root mean square displacement
√

⟨

(𝒙(𝑡) − ⟨𝒙⟩)2
⟩

much lower than the boundary length of the simulation matrix. Notice that the effective
gradient distribution and the real spatial distribution of these constant gradients are
not equivalent. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

accounts for the distribution of particles in the different gradient field
strengths. Fig. 2c shows how a realistic internal gradient distribution is
approximated by the one determined by the internal gradient ensemble
model. Further considerations of the regimes where this gradient en-
semble distribution can be used and mimick the real distribution are
discussed in Section 6.

3. Cumulant expansion framework for internal gradient distribu-
tions

3.1. Cumulant expansion for the spin dephasing

The fluctuating spin phase in presence of a constant gradient typ-
ically follows a Gaussian distribution [75,76]. However, due to the
internal gradient distribution, the accumulated spin phase defined in
Eq. (3) deviates from the Gaussian assumption. We thus determine
the ensemble average of Eq. (4) by a cumulant expansion of the spin
phase [77,78]

ln𝑀(𝑡𝑑 ) = −1
2
⟨⟨

𝜙(𝑡𝑑 )2
⟩⟩

+ 1
4!

⟨⟨

𝜙(𝑡𝑑 )4
⟩⟩

− 1
6!

⟨⟨

𝜙(𝑡𝑑 )6
⟩⟩

+⋯ . (5)

Here, the double brackets ⟨⟨𝜙𝑛
⟩⟩ denote the 𝑛th order cumulant for the

random variable 𝜙.
Following the internal gradient ensemble model introduced in Sec-

tion 2.2, we separate the average of the spatial position due to the dif-
fusion process from the average over the internal gradient distribution.
The second order cumulant is thus
⟨⟨

𝜙(𝑡𝑑 )2
⟩⟩

=
⟨

𝛥𝜙
[

𝒙(𝑡𝑑 ),𝑮0
]2
⟩

𝑥,𝐺0

=𝛽𝐺𝐺
𝑖𝑗 (𝑡𝑑 )𝐺𝑖𝐺𝑗 + 𝛽00𝑖𝑗 (𝑡𝑑 ) ⟨𝑮0𝑮0⟩𝑖𝑗 + 2𝛽0𝐺𝑖𝑗 (𝑡𝑑 )𝐺𝑖 ⟨𝑮0⟩𝑗 , (6)
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where 𝛥𝜙 = 𝜙 − ⟨𝜙⟩ is the deviation from the mean accumulated spin
phase. We assume that the system is at the stationary state, i.e. the
probability density functions of the particles are invariant under time
translation. Then, the average of Eq. (3) over the particle positions
gives ⟨𝒙(𝑡)⟩ = const. Hence, as we are considering MGSE sequences that
satisfy Eq. (2) to control the phase evolution, the mean accumulated
spin phase vanishes

⟨𝜙(𝑡)⟩ = 0. (7)

We use the Einstein sum convention in Eq. (6), where the indexes
𝑖, 𝑗 = 𝑥, 𝑦, 𝑧 represent the three spatial directions. The averages ⟨𝑮0⟩𝑗
and ⟨𝑮0𝑮0⟩𝑖𝑗 denote the matrix elements of the first two moments of
the internal gradient distribution. The attenuation matrices

𝜷𝐺𝐺(𝑡𝑑 ) =𝛾2 ∫

𝑡𝑑

0
𝑑𝑡1 ∫

𝑡𝑑

0
𝑑𝑡2𝑓𝐺(𝑡1)𝑓𝐺(𝑡2) ⟨𝛥𝒙(𝑡1)𝛥𝒙(𝑡2)⟩

=𝛾2 ∫

∞

−∞

𝑑𝜔
2𝜋

|

|

𝐹𝐺(𝜔, 𝑡𝑑 )||
2 𝑺(𝜔), (8)

𝜷00(𝑡𝑑 ) =𝛾2 ∫

𝑡𝑑

0
𝑑𝑡1 ∫

𝑡𝑑

0
𝑑𝑡2𝑓0(𝑡1)𝑓0(𝑡2) ⟨𝛥𝒙(𝑡1)𝛥𝒙(𝑡2)⟩

=𝛾2 ∫

∞

−∞

𝑑𝜔
2𝜋

|

|

𝐹0(𝜔, 𝑡𝑑 )||
2 𝑺(𝜔) (9)

and

𝜷0𝐺(𝑡𝑑 ) =𝛾2 ∫

𝑡𝑑

0
𝑑𝑡1 ∫

𝑡𝑑

0
𝑑𝑡2𝑓0(𝑡1)𝑓𝐺(𝑡2) ⟨𝛥𝒙(𝑡1)𝛥𝒙(𝑡2)⟩

=𝛾2 ∫

∞

−∞

𝑑𝜔
2𝜋

ℜ
[

𝐹0(𝜔, 𝑡𝑑 )𝐹 ∗
𝐺(𝜔, 𝑡𝑑 )

]

𝑺(𝜔) (10)

are overlap matrix functions that include all the temporal dependence
of the magnetization decay. They are associated to the self-correlation
tensor function of the spin displacement ⟨𝛥𝒙(𝑡1)𝛥𝒙(𝑡2)⟩ and to the
gradient modulation functions 𝑓0(𝑡) and 𝑓𝐺(𝑡). We consider modulation
functions independent of the gradient direction. Here the instantaneous
displacement 𝛥𝒙(𝑡) = 𝒙(𝑡) − ⟨𝒙⟩ is the deviation from its average
value. These overlap matrix functions are also written in terms of their
Fourier representations, where the Fourier transform of the gradient
modulation functions is

𝐹 (𝜔, 𝑡𝑑 ) = ∫

𝑡𝑑

0
𝑑𝑡′ 𝑒𝑖𝜔𝑡

′
𝑓 (𝑡′) (11)

and, using the Wiener–Khinchin theorem, the displacement power spec-
trum matrix is

𝑆𝑖𝑗 (𝜔) = ∫

∞

−∞
𝑑𝑡′ 𝑒𝑖𝜔𝑡

′ ⟨
𝛥𝑥𝑖(𝑡′)𝛥𝑥𝑗 (0)

⟩

, (12)

assuming that the system is in the stationary state.
The Fourier representation based on the displacement power spec-

trum defines the dephasing of the spin signal from the overlap between
a filter function |𝐹 (𝜔, 𝑡)|2 that depends on the gradient control and
the frequencies modes distribution of the diffusion process 𝑺(𝜔) [79,
80]. Thus, the filter functions |𝐹 (𝜔, 𝑡)|2 can select what frequency
component of the displacement power spectrum affects the dephasing.

Hence, the overlap matrix functions 𝜷(𝑡) can be tailored to probe the
interaction of the diffusing spin-bearing particles with the modulated
gradients [48,49]. The matrices 𝜷𝐺𝐺(𝑡) and 𝜷00(𝑡) quantify the spin’s
interaction with the applied and background gradients respectively,
and 𝜷0𝐺(𝑡) quantifies a cross-interaction of the spins with the applied
and background gradients [49].

The next non-Gaussian correction of Eq. (5) is the 4th order cu-
mulant

⟨⟨

𝜙(𝑡𝑑 )4
⟩⟩

. This cumulant involves four time self-correlation
tensor functions such as ⟨𝛥𝒙(𝑡1)𝛥𝒙(𝑡2)𝛥𝒙(𝑡3)𝛥𝒙(𝑡4)⟩, that can be simpli-
fied in terms of two times ones ⟨𝛥𝒙(𝑡1)𝛥𝒙(𝑡2)⟩ for Gaussian diffusion
processes for the spin-bearing particle trajectory 𝒙(𝑡).
4

Fig. 3. Schematic representation of anisotropic diffusion due to anisotropic restriction
lengths. The spin trajectory in space is restricted, described by a OU process with
restriction lengths 𝑙3 > 𝑙2 = 𝑙1, where 𝑙2𝑖 = 𝐷0𝜏𝑖. The ellipsoid represents the
corresponding correlation time tensor 𝝉𝑐 .

3.2. Diffusion translation as a 3-dimensional Ornstein-Uhlembeck process

According to the internal gradient ensemble model, the random vari-
able describing the diffusion motion is independent of the gradient dis-
tribution. Thus, to obtain analytical results we model the spin-bearing
particles diffusion as a Gaussian and Markovian process according to
the assumptions discussed below. This diffusion model allow us to
simplify the high order self-correlation tensor function that appears in
Eq. (5).

As typically assumed when modeling diffusion processes in re-
stricted compartments, we require the diffusion propagator to be sta-
tionary when diffusion time tends to infinity [81]. In one spatial
dimension, the only Gaussian, Markovian and stationary process is the
Ornstein–Uhlenbeck (OU) process [82,83]. In the three-dimensional
space, the OU process preserves these properties, therefore we consider
this model of diffusion that allows to perform analytical calculations.

In a general restricted media, the displacement correlation function
along a given direction is given by

⟨𝛥𝑥(0)𝛥𝑥(𝑡)⟩ = 𝐷0
∑

𝑘
𝑏𝑘𝜏𝑘𝑒

−|𝑡|∕𝜏𝑘 , (13)

where the coefficients 𝑏𝑘 and characteristic times 𝜏𝑘 account for the
specific geometry of the compartment [84–86]. Typically, the first of
these exponential decays is the most significant, dominating the spin
signal evolution [74,87,88]. The correlation function of the OU process
is ⟨𝛥𝑥(0)𝛥𝑥(𝑡)⟩ = 𝐷0𝜏𝑐𝑒−|𝑡|∕𝜏𝑐 with the characteristic correlation time
𝜏𝑐 [82]. Thus, modeling the diffusion with an OU process is equivalent
to approximate the correlation function of Eq. (13) to the one given by
its dominant term.

Based on this assumption, the effective restriction length 𝑙𝑐 of the
microstructure compartment in which the diffusion is taking place, can
be defined as the variance of the stationary displacement distribution
of the OU process. This restriction length is defined by the correlation
time via the equation 𝑙2𝑐 = 𝐷0𝜏𝑐 [25]. The restriction length 𝑙𝑐 and
the geometric size of the compartment depend on its shape. For the
example of cylinders oriented perpendicular to the direction of the
magnetic field gradient, a good approximation is 𝑙𝑐 = 0.37𝑑, where 𝑑 is
the cylinder diameter [74,79,86,87].

The three-dimensional version of the OU process [89] accounts
for anisotropic diffusion processes that are also typically found in
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ln𝑀(𝑡𝑑 ) = − 1
2
𝐺𝑖𝛽

𝐺𝐺
𝑖𝑗 (𝑡𝑑 )𝐺𝑗 − 𝐺𝑖𝛽

0𝐺
𝑖𝑗 (𝑡𝑑 ) ⟨𝑮0⟩𝑗 −

1
2
𝛽00𝑖𝑗 (𝑡𝑑 ) ⟨𝑮0𝑮0⟩𝑖𝑗 +

1
2
𝐺𝑖𝐺𝑙𝛽

0𝐺
𝑖𝑗 (𝑡𝑑 )𝛽0𝐺𝑙𝑘 (𝑡𝑑 ) ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘 + 𝐺𝑖𝛽

0𝐺
𝑖𝑗 (𝑡𝑑 )𝛽00𝑙𝑘 (𝑡𝑑 ) ⟨𝑮0⟩𝑙 ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘

+ 1
2
𝛽00𝑖𝑗 (𝑡𝑑 )𝛽

00
𝑘𝑙 (𝑡𝑑 ) ⟨𝑮0⟩𝑖 ⟨𝑮0⟩𝑙 ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘 +

1
2
𝐺𝑖𝛽

0𝐺
𝑖𝑗 (𝑡𝑑 )𝛽00𝑙𝑘 (𝑡𝑑 ) ⟨𝛥𝑮0𝛥𝑮0𝛥𝑮0⟩𝑗𝑘𝑙

+ 1
2
𝛽00𝑖𝑗 (𝑡𝑑 )𝛽

00
𝑙𝑘 (𝑡𝑑 ) ⟨𝑮0⟩𝑖 ⟨𝛥𝑮0𝛥𝑮0𝛥𝑮0⟩𝑗𝑘𝑙 + 

[⟨

𝛥𝑮4
0
⟩]

, (16)
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orous media and biological tissues [28,29,31]. In order to generate
quantitative model that introduces the microstructure morphology,
e first consider that the free diffusion coefficient is isotropic leading

o the tensor 𝑫0 = 𝐷0𝑰 . The anisotropy of the diffusion process
s thus only due to the compartment morphology. This anisotropy
s introduced from the different correlation times along the different
patial directions in the displacement self-correlation tensor

𝛥𝒙(𝑡)𝛥𝒙(0)⟩ = 𝐷0𝝉𝑐 exp
(

−𝝉−1𝑐 |𝑡|
)

. (14)

Here, the correlation-time tensor 𝝉𝑐 has as eigenvalues the diffusion
correlation times 𝜏𝑖 along the principal axes of the compartment geom-
etry (Fig. 3). The Fourier transform of the displacement self-correlation
tensor gives the three-dimensional displacement power spectrum

𝑺(𝜔) = 2𝐷0
(

𝝉−2𝑐 + 𝑰𝜔2)−1 . (15)

Thus, the anisotropy in the displacement power spectrum tensor reflects
directly the anisotropy of the microstructure compartment morphol-
ogy. In the following, we calculate the overlap matrix functions of
Eqs. (8)–(10) based on this diffusion model.

3.3. The IGDT-expansion

Assuming that the diffusion process for the spin-bearing particle is
driven by an OU process, we consider the cumulant expansion up to the
first non-Gaussian correction, that is up to the 4th order cumulant of
Eq. (5). The non-Gaussian effects increase with the internal gradient
variance

⟨

𝛥𝐺2
0
⟩

, where 𝛥𝑮0 = 𝑮0 − ⟨𝑮0⟩. It is thus expected the
expansion of Eq. (5) to work well if ‖

‖

𝑮 + ⟨𝑮0⟩
‖

‖

≫
√

⟨

𝛥𝐺2
0
⟩

. Therefore,
e rewrite Eq. (5) in terms of the moments of the internal gradient
istribution. In general, the cumulant expansion (5) converges slowly
nd irregularly with the addition of higher order terms [73]. Then,
o improve the convergence of the expansion up to the 4th order
umulant, we omit the internal gradient distribution moments of order
igher than 3. Under these assumptions, the magnetization decay is
see Eq. (16) in Box I) where we used the Einstein notation again. The
oments ⟨𝑮0𝑮0 ⋯⟩𝑖𝑗⋯ and the central moments ⟨𝛥𝑮0𝛥𝑮0 ⋯⟩𝑖𝑗⋯ denote

the matrix elements of the IGDT. Notice that the average is taken over
the internal gradient distribution, expressing the cumulant expansion
of Eq. (5) in terms of the IGDT of different ranks.

The expansion of Eq. (16) involves several terms that depend on the
applied gradient strength 𝐺 and the IGDT of different ranks, combined
with the overlap integrals between gradient modulation functions and
the displacement self-correlations given by the matrices 𝜷𝐺𝐺(𝑡), 𝜷00(𝑡)
nd 𝜷0𝐺(𝑡). Eq. (16) thus sets one of the main results of this article,
efining what we call the IGDT-expansion. Table 1 summarize the
otation we use in the following for all the terms of Eq. (16).

The assumption of Gaussian diffusion allows the simplification of
he noise spectrum and its cross-correlation with the gradient mod-
lation filters due to the factorization of high-order cumulants as
roducts of the 2nd order overlap matrices 𝜷𝐺𝐺(𝑡), 𝜷00(𝑡) and 𝜷0𝐺(𝑡)
see Eq. (16)]. Notice that within the internal gradient ensemble model
ssumptions, more complex, non-Gaussian diffusion models can be
onsidered. However in those cases, the factorization of the overlap
5

atrices on 2-rank matrices does not hold, and thus higher rank o
atrices have to be considered. For example, the factor 𝛽0𝐺𝑖𝑗 (𝑡)𝛽0𝐺𝑘𝑙 (𝑡) in
the 4th term of the expansion (16) becomes 𝛽00𝐺𝐺

𝑖𝑗𝑘𝑙 (𝑡), where

𝜷00𝐺𝐺(𝑡𝑑 ) =𝛾4 ∫

𝑡𝑑

0
𝑑𝑡1 ⋯ 𝑓0(𝑡1)𝑓0(𝑡2)𝑓𝐺(𝑡3)𝑓𝐺(𝑡4)

× ⟨𝛥𝒙(𝑡1)𝛥𝒙(𝑡2)𝛥𝒙(𝑡3)𝛥𝒙(𝑡4)⟩ .

his example shows that in order to get analytical expression, a model
or the 4-order diffusion correlator need to be defined. However, if
he correlation between spin position and internal gradient holds neg-
igible, the IGDT that contribute to the dephasing retain the same
tructure.

The leading term in Eq. (16) 𝜒𝐺2 = − 1
2𝐺𝑖𝛽𝐺𝐺

𝑖𝑗 (𝑡𝑑 )𝐺𝑗 only depends on
the applied gradient modulation. The next term 𝜒0𝐺 = −𝐺𝑖𝛽0𝐺𝑖𝑗 (𝑡𝑑 ) ⟨𝑮0⟩𝑗
is a cross-term involving the overlap integral of the displacement power
spectrum with the applied and internal gradient modulation filters. The
overlap matrix 𝜷0𝐺(𝑡) can be positive, negative or null depending on
the gradient modulation shapes and symmetries, unlike the attenuation
matrices 𝜷𝐺𝐺(𝑡) and 𝜷00(𝑡) that are always positive defined. The magni-
tude of 𝜒0𝐺 depends on the angle between the applied gradient and the
mean internal gradient, therefore it can be controlled by the applied
gradient direction to probe the average internal gradient direction.
Accordingly, its sign depends on the direction of 𝑮. The next term
𝜒02 = − 1

2 𝛽
00
𝑖𝑗 (𝑡𝑑 ) ⟨𝑮0𝑮0⟩𝑖𝑗 is proportional to the mean square value of

he background gradient, but it is insensitive to its spatial orientation.
The next relevant term is 𝜒𝐺2𝛥2 = 1

2𝐺𝑖𝐺𝑙𝛽0𝐺𝑖𝑗 (𝑡𝑑 )𝛽0𝐺𝑘𝑙 (𝑡𝑑 ) ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘.
This is also a cross-term similarly to 𝜒0𝐺, but it involves the variance
IGDT ⟨𝛥𝑮0𝛥𝑮0⟩. This variance tensor provides information about the
anisotropy of the internal gradient distribution widths along the dif-
ferent spatial directions, and thus depends on the media morphology
and its orientation with respect to magnetic field 𝑩0 [49]. Then, the
term 𝜒02𝛥2 = 1

2 𝛽
00
𝑖𝑗 (𝑡𝑑 )𝛽

00
𝑘𝑙 (𝑡𝑑 ) ⟨𝑮0⟩𝑖 ⟨𝑮0⟩𝑙 ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘 depends only on

he internal gradient and contains information about its distribution
idth. However, it is invariant under applied gradient modulations,

hus it does not provide information about internal gradient anisotropy.
he term 𝜒0𝐺𝛥2 = 𝐺𝑖𝛽0𝐺𝑖𝑗 (𝑡𝑑 )𝛽00𝑘𝑙 (𝑡𝑑 ) ⟨𝑮0⟩𝑙 ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘 is a cross-term as
𝐺2𝛥2 and 𝜒0𝐺, and in this case its magnitude can be controlled by
he applied gradient. By suitable control of the symmetries of the
radient’s modulations it may vanish. Moreover, the sign of 𝜒0𝐺𝛥2
hanges also like 𝜒0𝐺 when the direction of the applied gradient is
nverted. The last two terms 𝜒𝐺𝛥3 = 1

2𝐺𝑖𝛽0𝐺𝑖𝑗 (𝑡𝑑 )𝛽00𝑘𝑙 (𝑡𝑑 ) ⟨𝛥𝑮0𝛥𝑮0𝛥𝑮0⟩𝑗𝑘𝑙
nd 𝜒0𝛥3 = 1

2 𝛽
00
𝑖𝑗 (𝑡𝑑 )𝛽

00
𝑘𝑙 (𝑡𝑑 ) ⟨𝑮0⟩𝑖 ⟨𝛥𝑮0𝛥𝑮0𝛥𝑮0⟩𝑗𝑘𝑙, involve IGDT of the

th order that give information about the skewness of the internal
radient distribution. Thus, they vanish for symmetric distributions.

. Distilling and improving the IGDT-expansion effects on the spin
ephasing

.1. Observing IGDT terms

We aim at distilling the contribution of the different IGDT-expansion
erms in Eq. (16) and maximizing their effects on the spin magneti-
ation decay. We use MGSE sequences to avoid a phase shift induced
y the mean macroscopic inhomogeneity in the magnetization signal
ccording to Eqs. (2) and (7) [48]. We then identify four groups of
erms in the IGDT-expansion ln𝑀 = 𝜒app + 𝜒bck + 𝜒odd−cross + 𝜒even−cross

f Eq. (16) (see Table 1):
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Table 1
Nomenclature for the different IGDT terms of the cumulant expansion, their definitions and physical description. The term descriptions in the
last column give geometric interpretation assuming isotropic diffusion, i.e. overlap matrices 𝜷(𝑡) proportional to the identity. The more general
interpretation is based on considering the overlap matrices as metric tensors that modify the inner product of the gradient vectors. In this case
the overlap matrices 𝜷𝐺𝐺(𝑡) and 𝜷00(𝑡) are real, symmetric and positive-definite while 𝜷0𝐺(𝑡) may be null, negative or positive-definite depending
on the gradient modulation symmetries. Given a non-singular symmetric matrix 𝜷, we can define an inner product (⋅, ⋅) between two vectors
𝒖 and 𝒗 as (𝒖, 𝒗) = 𝒖 ⋅ 𝜷 ⋅ 𝒗. Here 𝜷 is the metric tensor and is a generalization of the traditional Euclidean inner product 𝒖 ⋅ 𝒗 = 𝒖 ⋅ 𝑰 ⋅ 𝒗. The
definitions in the third column can be interpreted by this inner product generalization with a metric defined by the anisotropy of the diffusion
process encoded by the 𝜷 matrices.

IGDT groups IGDT names Definition Description of the IGDT term

𝜒app 𝜒𝐺2 − 1
2
𝐺𝑖𝛽𝐺𝐺

𝑖𝑗 (𝑡)𝐺𝑗 Applied gradient weighting

𝜒bck

𝜒02 − 1
2
𝛽00𝑖𝑗 (𝑡) ⟨𝑮0𝑮0⟩𝑖𝑗 Trace-weighting of the internal gradient variance tensor

𝜒02𝛥2
1
2
𝛽00𝑖𝑗 (𝑡)𝛽

00
𝑘𝑙 (𝑡) ⟨𝑮0⟩𝑖 ⟨𝑮0⟩𝑙 ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘

Weighting of the internal gradient variance tensor
in the mean internal gradient direction

𝜒0𝛥3
1
2
𝛽00𝑖𝑗 (𝑡)𝛽

00
𝑘𝑙 (𝑡) ⟨𝑮0⟩𝑖 ⟨𝛥𝑮0𝛥𝑮0𝛥𝑮0⟩𝑗𝑘𝑙 Weighting of the internal gradient distribution skewness

𝜒odd−cross

𝜒0𝐺 −𝐺𝑖𝛽0𝐺𝑖𝑗 (𝑡) ⟨𝑮0⟩𝑗
Weighting of the internal mean gradient
projected into the applied gradient direction

𝜒0𝐺𝛥2 𝐺𝑖𝛽0𝐺𝑖𝑗 (𝑡)𝛽00𝑘𝑙 (𝑡) ⟨𝑮0⟩𝑙 ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘

Weighting of the internal gradient variance tensor
projected in the applied and
internal mean gradient directions

𝜒𝐺𝛥3
1
2
𝐺𝑖𝛽0𝐺𝑖𝑗 (𝑡)𝛽00𝑘𝑙 (𝑡) ⟨𝛥𝑮0𝛥𝑮0𝛥𝑮0⟩𝑗𝑘𝑙

Cross-weighting of the internal gradient distribution
skewness with the applied gradient

𝜒even−cross 𝜒𝐺2𝛥2
1
2
𝐺𝑖𝐺𝑙𝛽0𝐺𝑖𝑗 (𝑡)𝛽0𝐺𝑘𝑙 (𝑡) ⟨𝛥𝑮0𝛥𝑮0⟩𝑗𝑘

Internal gradient variance tensor
weighted in the applied gradient direction
t
I
b

(i) the pure applied term 𝜒app = 𝜒𝐺2 ;
(ii) the pure background terms: 𝜒bck = 𝜒02 + 𝜒02𝛥2 + 𝜒0𝛥3 ;
(iii) the odd cross-terms 𝜒odd−cross = 𝜒0𝐺 + 𝜒0𝐺𝛥2 + 𝜒𝐺𝛥3 ;
(iv) and the even cross-term 𝜒even−cross = 𝜒𝐺2𝛥2 .

These terms can be probed selectively by suitable design of the gradient
modulation sequence inspired on a previous proposal [49]. We can
observe directly the pure applied and background gradient terms (i and
ii) 𝜒app + 𝜒bck , by making null the cross-terms contribution described in
(iii) and (iv). The cross-terms are null if the overlap matrix 𝜷0𝐺(𝑡𝑑 ) = 0,
by generating an odd function for the product 𝑓0(𝑡)𝑓𝐺(𝑡) with respect
to the diffusion time 𝑡𝑑∕2. This is done by exploiting the symmetries of
applied and background gradient modulation to generate what we call
the symmetric sequence as shown in Fig. 4a. Thus, the magnetization
attenuation factor for this sequence is ln𝑀Sym = 𝜒app + 𝜒bck . The
pure background gradient effects (ii) can be selectively observed by
a null applied gradient, i.e. we obtain ln𝑀Sym,𝑮=0 = 𝜒bck . Then, by
subtracting its corresponding attenuation factor to the one obtained by
the symmetric sequence, we can probe the pure applied gradient terms
𝜒app = ln𝑀Sym − ln𝑀Sym,𝑮=0.

We then increase the cross overlap matrix 𝜷0𝐺(𝑡𝑑 ) contribution while
keeping invariant 𝜷𝐺𝐺(𝑡𝑑 ) and 𝜷00(𝑡𝑑 ). This is done just by relatively
shifting the applied and background gradient modulations functions,
creating what we call an asymmetric sequence as shown in Fig. 4b.
Thus, by subtracting the attenuation factors from the decaying signals
between the symmetric and asymmetric sequences, we can selectively
observe the cross-terms contributions 𝜒odd−cross +𝜒even−cross = ln𝑀Asym −
ln𝑀Sym. We then exploit the fact that the odd cross-terms change their
sign by inverting the applied gradient direction, while the even cross-
terms are invariant against this change. Again, by subtracting or adding
the attenuation factors derived from the inverted directions of the
applied gradient we can selectively probe the odd cross-terms

𝜒odd−cross = 1∕2 ln𝑀Asym,+𝐆 − 1∕2 ln𝑀Asym,−𝐆 (17)

and the even cross-term

𝜒even−cross = 1∕2 ln𝑀Asym,+𝐆 + 1∕2 ln𝑀Asym,−𝑮 − ln𝑀Sym. (18)

Fig. 4c shows a scheme manifesting the described signal behaviors.
For a 3-dimensional IGDT inference, we must repeat this strategy

on multiple non-collinear applied gradient directions in order to de-
termine the IGDT terms. Inspired on the methods for reconstructing
6

Fig. 4. Schematic representation of a symmetric (a), an asymmetric sequence (b) and
he corresponding spin signals behavior based on the contribution of the different
GDT terms (c). The solid black line in (c) corresponds to the attenuation induced
y the pure applied (i) and pure background gradients (ii) terms derived from the

symmetric sequence. The orange solid lines add the odd cross-terms contributions (iii)
to the signal attenuation. Depending on the relative direction between the applied
and mean background gradient, this contribution is positive or negative. The blue
dashed lines in (c) are the signal decay derived from the asymmetric sequence, that
add the even cross-term contribution, which is proportional to the covariance tensor of
the internal gradient distribution. The even-cross terms are always positive independent
on the applied gradient direction. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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the diffusion tensor [28,29], we proposed a technique to extract ⟨𝑮0⟩

nd ⟨𝛥𝑮0𝛥𝑮0⟩ in Ref. [49]. First, we need to determine the pure
pplied gradient overlap matrix 𝜷𝐺𝐺(𝑡) to find the correlation-time
ensor 𝝉𝒄 and the free diffusion coefficient 𝐷0. The matrix 𝜷𝐺𝐺(𝑡) has
ix independent elements. Therefore, we must measure the pure applied
erm 𝜒app at least for six non-collinear applied gradient directions. As the
ttenuation terms are noisy, it is also important to increase the number
f non-collinear gradient directions [33,34,90] to estimate 𝜷𝐺𝐺(𝑡) sta-
istically using a multivariate linear regression. The correlation times
n each direction and the free diffusion coefficient can be estimated by
itting the estimated 𝜷𝐺𝐺(𝑡) based on our analytic model (8).

Once these parameters are determined, we can calculate the other
wo overlap matrices 𝜷0𝐺(𝑡) and 𝜷00(𝑡) in term of them using Eqs. (9),
10) and (15). With the overlap matrix 𝜷0𝐺(𝑡) reconstructed, we can
stimate the IGDT ⟨𝛥𝑮0𝛥𝑮0⟩ and the mean internal gradient vector
𝑮0⟩ by measuring the even cross-term 𝜒even−cross and the odd cross-
erms 𝜒odd−cross at several applied gradient directions and using the
ultivariate linear regression. While further work needs to be con-
ucted to analyze the robustness and reliability of the IGDT estimations,
e anticipate that the number of experiments required in practice
ould be similar to those performed for estimating the diffusion tensors
nd/or kurtosis tensors using multivariate linear regression.

.2. Sequence design to enhance the IGDT contributions

The IGDT contributions may be weak. As the overlap matrix 𝜷0𝐺(𝑡𝑑 )
ppears as a dyadic product in the cross-terms 𝜒𝐺2𝛥2 , 𝜒0𝐺𝛥2 and 𝜒02𝛥2 ,
hey become more relevant than the pure applied and pure background
radient ones with increasing the diffusion time. This can be seen by
onsidering the asymptotic behavior of the attenuation factors 𝛽(𝑡𝑑 ) ∼
𝑐𝛾2𝐷0𝜏2𝑐 𝑡𝑑 and 𝛽(𝑡𝑑 ) ∼ 2𝑐𝛾2𝐷0𝑡3𝑑 , for the restricted (𝑡𝑑 ≫ 𝜏𝑐) and
ree (𝑡𝑑 ≪ 𝜏𝑐) diffusion limits, respectively. Here 𝑐 is a dimensionless
oefficient that depends on the specific gradient modulation waveform.
he first order terms that are linearly proportional to the overlap
atrices 𝜷(𝑡𝑑 ) are the most significant on the attenuation factor up to

he following approximated time scale

𝐺𝑡𝑜𝑡
=
[

𝑐𝛾2𝐷0
(

𝑮 + ⟨𝑮0⟩
)2
]−1∕3

, (19)

for the free diffusion regime and

𝑡𝐺𝑡𝑜𝑡
=
[

𝑐𝛾2𝐷0
(

𝑮 + ⟨𝑮0⟩
)2 𝜏2𝑐

]−1
, (20)

for the restricted diffusion regime. Here, 𝑡𝐺𝑡𝑜𝑡
is the dephasing time asso-

ciated to the magnetization decay 𝑀(𝑡𝑑 ) = exp
{

− 1
2 𝛽(𝑡𝑑 )

(

𝑮 + ⟨𝑮0⟩
)2
}

to 1∕𝑒, of the spin-bearing particles diffusing in a gradient 𝑮𝑡𝑜𝑡 =
𝑮+⟨𝑮0⟩ in the respective diffusion regimes. At longer times, the higher
order IGDT terms become more relevant.

The previous consideration are general for a cumulant expansion.
In the following, we consider control strategies to enhance the IGDT
terms contribution to the signal decay, while minimizing the loss of
signal due to the pure interaction with the applied gradient. We need
to enhance the terms that include the cross-overlap matrix 𝜷0𝐺(𝑡) in the
GDT-expansion of Eq. (16). We thus look for conditions on the overlap
atrices 𝜷𝐺𝐺(𝑡𝑑 ) and 𝜷0𝐺(𝑡𝑑 ) that increase the cross-terms contribution
ith respect to the pure applied one.

We find that requesting the matrix difference |𝜷0𝐺(𝑡𝑑 )| − 𝜷𝐺𝐺(𝑡𝑑 ) to
be positive-definite, enhance the IGDT terms contributions. Here, we
define the modulus matrix |𝜷| as the matrix whose eigenvalues are the
modulus of the eigenvalues of 𝜷. As the principal directions of all con-
sidered overlap matrices are defined by the ones of the correlation-time
tensor 𝝉𝑐 , the positive-definite condition for |𝜷0𝐺(𝑡𝑑 )| − 𝜷𝐺𝐺(𝑡𝑑 ) is

|𝛽0𝐺𝑖 (𝑡𝑑 )| > 𝛽𝐺𝐺
𝑖 (𝑡𝑑 ) 𝑖 = 1, 2, 3, (21)

where 𝛽0𝐺𝑖 (𝑡𝑑 ) and 𝛽𝐺𝐺
𝑖 (𝑡𝑑 ) are the eigenvalues of the corresponding

overlap matrices. A derivation for this condition to enhance the IGDT
7

contributions is found in Appendix B. Notice that from Eq. (16), if the
Fig. 5. Suitable design of Symmetric and Asymmetric Sequences of modulated gradients
to probe the IGDTs. The sequences involve an initial excitation pulse followed by an
applied gradient modulation defined by 𝑓𝐺(𝑡) given by Eq. (27). Together with two RF
𝜋-pulses at times 𝑡 = 1∕4 𝑡𝑑 and 𝑡 = 3∕4 𝑡𝑑 to modulate the background gradient as 𝑓0(𝑡),
etermines the Gaussian derivative gradient spin-echo (GDGSE) sequence. This diffusion
eighting block is then followed by an acquisition block. (a) Asymmetric Sequence
nd (b) Symmetric Sequence. In both sequences, the internal gradient modulation
0(𝑡) corresponds to the one determined by the two RF pulses conforming a CPMG
equence that refocus the decoherence due to susceptibility-induced magnetic field
nhomogenities. The applied gradient modulation is proportional to the first derivative
f the Gaussian function as shown in Eq. (27). The spin dephasing due to interaction
ith the positive part of the applied gradient modulation is then refocused by the

nteraction with the negative part of the modulation. The modulation profile 𝑓𝐺(𝑡) in
he Asymmetric Sequence is obtained by applying the gradient profile shown with the
lue line in panel (b), as the RF 𝜋-pulses effectively change the sign of the phase
volution of the spins. The time interval in which the modulation 𝑓𝐺(𝑡) is significantly
ifferent from zero is lower than 1∕2 𝑡𝑑 . (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article.)

vector 𝜷0𝐺(𝑡𝑑 ) ⟨𝑮0⟩ is orthogonal to the applied gradient, the second
erm vanishes independently on the relation (21). Then, the expression
f Eq. (21) is a necessary but not sufficient condition.

The pure background gradient contribution is enhanced by mini-
izing the number of RF pulses, as its corresponding filter function

ower the frequency of its dominant peak, thus maximizing the overlap
ith the displacement spectral density 𝑺(𝜔) which is centered at zero

requency. The cross-term contributions are enhanced by increasing the
pplied gradient strength [see Eq. (16)], however this also enhance
he pure applied gradient term. In order to avoid the latter effect, we
ncrease the modulation frequency of the applied gradient to reduce the
verlap of the applied gradient filter function with the spectral density,
hus reducing its dephasing effects. This can be done by considering
he temporal variations of 𝑓𝐺(𝑡) only during a small time interval with
espect to the total diffusion time as shown in Fig. 5.

If the modulation frequency of the applied gradient becomes larger
han the one of the background gradient modulation, the cross-filter
verlap ℜ

[

𝐹0(𝜔, 𝑇𝐸)𝐹 ∗
𝐺(𝜔, 𝑇𝐸)

]

in Eq. (10) also is reduced. With the
im of increasing the cross-terms dephasing effect, we thus reduce the
otal duration of the applied gradient modulation to broaden its high-
requency peak and allow the overlap with the background gradient
ilter component at lower frequencies. This cross-filter overlap can be
urther maximized by synchronizing properly the sign changes of the
pplied and background gradient modulations to make a constructive
nterference between them as described in details in Appendix C.

In order to attain the condition of Eq. (21), we reduce the effective
nteraction time of the spins with the applied gradient, compared to
he times they interact with the cross interference of the applied and
ackground gradients. The effective interaction time of the background
nd applied gradients are the diffusion times during which the spins
nteract with each of these gradients,

0 =
𝑡𝑑
𝑑𝑡 𝑓 2(𝑡) (22)
∫0 0
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and

𝑇𝐺 = ∫

𝑡𝑑

0
𝑑𝑡 𝑓 2

𝐺(𝑡), (23)

espectively. Similarly, the effective interaction time of the cross-term
s the diffusion time that generates the cross interference between the
pplied and background gradients,

0𝐺 = ∫

𝑡𝑑

0
𝑑𝑡 𝑓0(𝑡)𝑓𝐺(𝑡). (24)

herefore, to achieve the condition (21), we need 𝑇0𝐺 > 𝑇𝐺. This latter
ondition can be seen more directly at the restricted diffusion limit,
here we can approximate the overlap matrices as

𝐺𝐺
𝑟𝑒𝑠𝑡(𝑡𝑑 ) ≈ 𝑺(0)𝛾2 ∫

∞

−∞

𝑑𝜔
2𝜋

|

|

𝐹𝐺(𝜔, 𝑡𝑑 )||
2

≈ 𝑺(0)𝛾2 ∫

𝑡𝑑

0
𝑑𝑡 𝑓 2

𝐺(𝑡)

≈ 𝑺(0)𝛾2𝑇𝐺 (25)

and

𝜷0𝐺
𝑟𝑒𝑠𝑡(𝑡𝑑 ) ≈ 𝑺(0)𝛾2 ∫

∞

−∞

𝑑𝜔
2𝜋

ℜ
[

𝐹0(𝜔, 𝑡𝑑 )𝐹 ∗
𝐺(𝜔, 𝑡𝑑 )

]

≈ 𝑺(0)𝛾2 ∫

𝑡𝑑

0
𝑑𝑡 𝑓0(𝑡)𝑓𝐺(𝑡)

≈ 𝑺(0)𝛾2𝑇0𝐺 , (26)

being both proportional to the corresponding effective interaction
times, as the displacement spectral density can be factored out from
the overlap integral. A general demonstration is found in Appendix B.

Applied gradients can be arbitrary modulated in general. However,
the background gradient is only modulated by applying the RF 𝜋-
pulses that invert the spin phase evolution, which is encoded in the
modulation function 𝑓0(𝑡) that switches between +1 and −1 at every
time a 𝜋-pulses is applied. To enhance the cross-term effect with re-
spect to the pure applied term, we thus propose the implementation of
smooth modulations for the applied gradient that satisfy the condition
|𝑓𝐺(𝑡)|

2 < |𝑓𝐺(𝑡)|, and a synchronization of the sign changes of 𝑓0(𝑡) and
𝑓𝐺(𝑡) such that 𝑓0(𝑡)𝑓𝐺(𝑡) = |𝑓𝐺(𝑡)| (Fig. 5).

To get a MGSE sequence, the applied gradient modulation 𝑓𝐺(𝑡)
must cross zero at least once. The condition 𝑓0(𝑡)𝑓𝐺(𝑡) = |𝑓𝐺(𝑡)| can
be attained by setting a smooth MGSE with an applied gradient modu-
lation with a single refocusing echo, whose zero crossing time matches
the instant of time where the RF 𝜋-pulse is applied to modulate the
background gradient function 𝑓0(𝑡). To avoid further sign inversions
in 𝑓0(𝑡)𝑓𝐺(𝑡), the applied gradient modulation 𝑓𝐺(𝑡) must vanish every
time that a 𝜋-pulse is applied. Fig. 5a shows an example of such a
modulation. Thus, all of these conditions define a general asymmetric
sequence that enhance the IGDT cross-term contributions.

To probe directly the IGDT terms proportional to 𝜷𝐺𝐺(𝑡𝑑 ) and
𝜷00(𝑡𝑑 ), we must cancel the cross-term dephasing effect in Eq. (16), while
keeping invariant the pure terms. We thus make 𝜷0𝐺(𝑡𝑑 ) = 0 by setting
𝑓𝐺(𝑡) an odd function with respect to its middle time and 𝑓0(𝑡) an even
function, again with respect to its middle time. Then, the cross-filter
vanishes by matching the modulation centers of 𝑓𝐺(𝑡) and 𝑓0(𝑡). Fig. 5b
shows an example of such modulation sequence. The pure overlap
matrices 𝜷𝐺𝐺(𝑡𝑑 ) and 𝜷00(𝑡𝑑 ) thus remain invariant, because temporal
shifts of the corresponding modulation functions does not alter the
squared modulus of their Fourier transform. This shifted modulation
define a general symmetric sequence.

Finally, to maximize the background gradient dephasing effects
with the overlap integrals 𝜷00(𝑡𝑑 ) and |

|

|

𝜷0𝐺(𝑡𝑑 )
|

|

|

, we have to mod-
ulate the background gradient with a low frequency to maximize
their overlap with the displacement spectral density 𝑺(𝜔). We thus
need a modulation sequence with the minimal possible number of
pulses. As we require 𝑓0(𝑡) to be an even function, we choose a Carr–
8

Purcell–Meiboom–Gill (CPMG) sequence [69,70] with two pulses for its i
modulation. The RF 𝜋-pulses are thus applied at 𝑡 = 1∕4 𝑡𝑑 and 𝑡 = 3∕4 𝑡𝑑
respectively (Fig. 5).

In Appendix B, we show that the relation of Eq. (21) is fulfilled as-
suming the sequence conditions derived in this section for an arbitrary
diffusion regime.

In summary, to enhance the cross-term effects, the background gra-
dient modulation 𝑓0(𝑡) has to be an even function with respect to 𝑡𝑑∕2
with a minimal number of pulses. The applied gradient modulation has
to be an MGSE sequence with a smooth modulation function such that
|𝑓𝐺(𝑡)| ≤ 1, with a single refocusing echo matching the zero crossing
time with a 𝜋-pulse that modulate 𝑓0(𝑡). The modulation function 𝑓𝐺(𝑡)
has to be an odd function with respect to its middle time, i.e. the zero
crossing time, and should vanish also at every 𝜋-pulse that modulate
𝑓0(𝑡).

4.3. Paradigmatic example: Gaussian derivative modulation

To follow the above sequence design, we propose here a paradig-
matic MGSE sequence with applied gradient modulations derived from
a Gaussian function derivative. We call it the Gaussian derivative gra-
dient spin-echo (GDGSE) modulation that allow us to obtain analytical
calculations. The GDGSE sequence consists on a modulation function
𝑓𝐺(𝑡) determined by the first derivative of a Gaussian function centered
at 𝑡𝑑∕2 with a standard deviation given by a fraction 𝛼 𝑡𝑑 of the total
diffusion time 𝑡𝑑 (see Fig. 5b)

𝑓𝐺(𝑡) =

√

𝑒
𝛼𝑡𝑑

(𝑡 − 𝑡𝑑∕2)𝑒
− (𝑡−𝑡𝑑 ∕2)

2

2𝛼2 𝑡2𝑑 . (27)

Here, 𝛼 ≪ 1 is a coefficient that controls the Gaussian modulation
width.

The modulation function is normalized such that it satisfies
max[𝑓𝐺(𝑡)] = 1, so as the maximum gradient strength 𝐺 is achieved.

hile the GDGSE allows us to obtain analytical expressions for the
ephasing, its modulation is not finite along the time domain. As the
pplied gradient modulation decays exponentially for times 𝑡 ≫ 𝛼𝑡𝑑 , we

set the parameter 𝛼 ≪ 1 to make negligible its modulation amplitude at
every RF 𝜋-pulse and outside the considered diffusion time interval 𝑡𝑑 .
We thus consider negligible the modulation amplitude at the RF pulses
𝑓𝐺(1∕4 𝑡𝑑 ) = 𝑓𝐺(3∕4 𝑡𝑑 )≈ 0 and outside the diffusion probing time. For
example, by setting 𝛼 = 1∕15, the modulation amplitude at the RF
pulses and outside the probing time is ≲ 10−3. This requirement for
𝛼 also provides a large frequency for the applied gradient modulation
as required in Section 4.2 and, at the same time, reduces the effective
interaction time of the applied gradient of Eq. (23).

The asymmetric sequence is obtained by shifting the modulation
unction 𝑓𝐺(𝑡) by 𝑡𝑑∕4 to the left, as seen in Fig. 5a. To ensure a sig-
ificant integral overlap between the applied and background gradient
ilters ℜ

[

𝐹0(𝜔, 𝑡𝑑 )𝐹 ∗
𝐺(𝜔, 𝑡𝑑 )

]

, the coefficient 𝛼 must not be too small. We
ound that 1∕30 ≲ 𝛼 ≲ 1∕10 works well enough. To find a proper 𝛼,
e need to compare the GDGSE filter maximum |𝐹𝐺(1∕(𝛼𝑡𝑑 ), 𝑡𝑑 )|

2 [see
q. (D.3) in Appendix D] with the GDGSE filter value at the modulation
requency of the background gradient 2𝜋∕𝑡𝑑 . For 𝛼 = 1∕15, for example,
𝐹𝐺(2𝜋∕𝑡𝑑 , 𝑡𝑑 )|

2∕|𝐹𝐺(1∕(𝛼𝑡𝑑 ), 𝑡𝑑 )|
2 = 0.4.

.4. Overlap matrix weightings for diffusion asymptotic limits

Here we consider two physically relevant asymptotic regimes to
valuate the overlap matrix weighting on the IGDT-expansion terms,
he free diffusion (𝑡𝑑∕𝜏𝑐 ≪ 1) and the restricted diffusion (𝑡𝑑∕𝜏𝑐 ≫ 1)
imits. The general expressions for the overlap integrals of Eqs. (8)–
10), can be found in Appendix D. As expected at the free diffusion
egime, the behavior of the three overlap functions is cubic as a
unction of the diffusion time. If the condition 𝑡𝑑∕𝜏𝑐 ≪ 1 is fulfilled

n all spatial directions, the diffusion can be assumed isotropic. The
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overlap matrix weighting are thus proportional to the identity as all
principal directions are equivalent. The integral overlaps becomes

𝛽𝐺𝐺
𝑓𝑟𝑒𝑒(𝑡𝑑 ) = 2𝑒

√

𝜋𝛾2𝐷0𝛼
3𝑡3𝑑 (28)

and

𝛽00𝑓𝑟𝑒𝑒(𝑡𝑑 ) =
𝛾2𝐷0
24

𝑡3𝑑 . (29)

As we consider 𝛼 ≪ 1 to make 𝑓𝐺(𝑡+𝑡𝑑∕4) ≈ 0 at the edge of the interval
[0, 𝑡𝑑∕2], the free diffusion limit of the cross overlap function gives the
cross overlap

𝛽0𝐺𝑓𝑟𝑒𝑒(𝑡𝑑 ) =
√

𝜋𝑒
2

(

1∕𝛼 − 4
√

2
𝜋

)

𝛾2𝐷0𝛼
3𝑡3𝑑 . (30)

Instead, at the restricted diffusion limit, all the overlap matrices are
proportional to the diffusion time besides a constant matrix, i.e. they
are lineal as a function of the diffusion time

𝜷𝐺𝐺
𝑟𝑒𝑠𝑡(𝑡𝑑 ) = 𝑒

√

𝜋𝛾2𝐷0𝝉2𝑐𝛼𝑡𝑑 , (31)

00
𝑟𝑒𝑠𝑡(𝑡𝑑 ) = 2𝛾2𝐷0𝝉2𝑐 (𝑡𝑑 − 5𝝉𝑐 ). (32)

gain, as 𝛼 ≪ 1, the restricted diffusion limit of the cross overlap matrix
an be approximated as
0𝐺
𝑟𝑒𝑠𝑡(𝑡𝑑 ) = 4

√

𝑒𝛾2𝐷0𝝉2𝑐𝛼𝑡𝑑 . (33)

The advantage of using the smooth gradient modulations to obtain
he positive-definite condition for the matrix |𝜷0𝐺(𝑡𝑑 )| − 𝜷𝐺𝐺(𝑡𝑑 ) com-
ared with sharp ones that switch the gradient sign between {−1,+1},
an be seen in these asymptotic behaviors. The ratios between the over-
ap matrices for 𝛼 ≪ 1 are 𝜷0𝐺

𝑓𝑟𝑒𝑒(𝑡𝑑 )∕𝜷
𝐺𝐺
𝑓𝑟𝑒𝑒(𝑡𝑑 ) =

√

𝑒
2

(

1∕𝛼 − 4
√

2
𝜋

)

∕(2𝑒)

≈ 2.5 in the free diffusion limit and 𝜷0𝐺
𝑟𝑒𝑠𝑡(𝑡𝑑 )∕𝜷

𝐺𝐺
𝑟𝑒𝑠𝑡(𝑡𝑑 ) = 4

√

𝑒∕(𝑒
√

𝜋) ≈
.4 in the restricted one. On the other hand, a sharp modulation that
nly switches the gradient sign between {−1,+1}, can attain, at the
ost, the same effective interaction times for the spin interaction
ith the applied gradient and with the cross-interference between the
pplied and background gradients. Then, it is not possible to minimize
he interaction effects with the applied gradient without also reducing
he cross-interaction effects in the same ratio, and thus no enhancement
f the cross IGDT terms is obtained.

. The IGDT-expansion in typical brain tissue conditions

In this section we evaluate the IGDT-expansion assuming typical
alues of the free diffusion coefficient and correlation times seen in
rain tissues. The diffusion coefficient typically belongs to the range
tarting from 0.8 μm2∕ms to 2.2 μm2∕ms for human brain [91–93] and
μm2∕ms for free water at 37 ◦C [94]. Brain tissue microstructure
izes range for example for the axon radius, typically between the
nterval 0.3 μm−3μm in human brain [95–97]. Assuming cylindrical
eometries with a restriction radius within this range, the expected
iffusion correlation time 𝜏𝑐 ranges from 10−2 ms to 10ms, based on
he Fick-Einstein relation 𝑙2𝑐 = 𝐷0𝜏𝑐 .

The internal magnetic field variations are of the order 10−6𝐵0
61,63,64]. Intra and extra-axonal internal gradients in white matter
ave shown to be mono-disperse with a distribution centered at zero
ith a width that is maximized in the direction perpendicular to

he axon-bundle direction [49,61,63,64]. This was also demonstrated
ith capillary tube phantoms mimicking the axon morphology giving
internal gradient distribution-width of the order of 1mT∕m on a
T magnet [61]. Numerical calculations of internal gradients in axon
undles using the AxonPacking open-source software [98] and a Finite
erturber Method (FPM) [61,99], predict internal gradient distribution-
idths on the range of 20–200 mT/m in a 9.4 T magnet [65]. As

nternal gradients scale with the tissue compartmentalization character-
stic length 𝑙 , internal gradient variations can be estimated by 𝛥𝐺 ≈
9

𝑐 0
10−6𝐵0∕𝑙𝑐 . Then, 𝛥𝐺0 ≈ 1000mT∕m can be expected in brain tissues,
consistently with observations in numerical simulations [65]. However,
the highest internal gradient strengths are typically concentrated in
small spatial regions, so that the molecular movement averages them,
reducing their values effectively, thus making the standard deviation of
internal gradient distribution smaller.

To evaluate the main features of the IGDT-expansion, we focus on
a 1-dimensional analysis associated with the diffusion process in one
of the principal axis of the correlation time tensor 𝝉𝑐 . The analysis
is equivalent for the three principal axes, in which the only relevant
aspect is how it scales with the corresponding 𝜏𝑐 . The signal evaluation
would correspond to the one expected to be obtained in a single voxel
in a MRI. According to Eq. (16), the IGDT-expansion then reduces to

ln𝑀(𝑡𝑑 ) = − 1
2
𝐺2𝛽𝐺𝐺(𝑡𝑑 ) − 𝐺𝛽0𝐺(𝑡𝑑 ) ⟨𝐺0⟩ −

1
2
𝛽00(𝑡𝑑 )

⟨

𝐺2
0
⟩

+ 1
2
𝐺2𝛽20𝐺(𝑡𝑑 )

⟨

𝛥𝐺2
0
⟩

+ 𝐺𝛽0𝐺(𝑡𝑑 )𝛽00(𝑡𝑑 ) ⟨𝐺0⟩
⟨

𝛥𝐺2
0
⟩

+ 1
2
𝛽200(𝑡𝑑 ) ⟨𝐺0⟩

2 ⟨𝛥𝐺2
0
⟩

+ 
[⟨

𝛥𝐺3
0
⟩]

. (34)

To model the diffusion process, we consider an OU process in one
patial dimension and the gradient ensemble description of Section 2.2.
he IGDT-expansion better approximates the real signal if the applied
radient is stronger than the standard deviation of internal gradient
istribution 𝐺 ≫ 𝛥𝐺0. Here we assume a Gaussian distribution for

the internal gradients with mean ⟨𝐺0⟩ = 0.1𝐺 and standard deviation
𝐺0 = 0.15𝐺. Based on the reported values of internal magnetic field

variations in brain tissue [64], we consider for our simulations two
cases for the relation between the applied and internal gradients 𝐺 =
600mT∕m, ⟨𝐺0⟩ = 60mT∕m and 𝐺 = 400mT∕m, and ⟨𝐺0⟩ = 40mT∕m.

he internal gradient distribution widths are thus, 𝛥𝐺0 = 90mT∕m and
𝐺0 = 60mT∕m respectively.

Based on Eq. (4), we first calculate the magnetization average of the
pin-bearing particles diffusing in presence of a given internal gradient
trength 𝐺0. The thermal diffusion follows the OU Gaussian process as
escribed in Section 3.2 for the spin’s random phase. Then, the resulting
agnetization average only depends on the second cumulant of the spin
hase

(𝑡𝑑 , 𝐺0) = 𝑒−
1
2 ⟨⟨𝜙(𝑡𝑑 ,𝐺0)2⟩⟩, (35)

with
⟨⟨

𝜙(𝑡𝑑 , 𝐺0)2
⟩⟩

= 𝐺2𝛽𝐺𝐺(𝑡𝑑 ) + 2𝐺0𝐺𝛽0𝐺(𝑡𝑑 ) +𝐺2
0𝛽00(𝑡𝑑 ). Notice that

his second cumulant is equal to the one in Eq. (6) for a given 𝐺0
alue, i.e. without yet considering the internal gradient distribution.
he overlap functions 𝛽𝐺𝐺(𝑡𝑑 ), 𝛽00(𝑡𝑑 ) and 𝛽0𝐺(𝑡𝑑 ) are given by the eigen-
alues corresponding to the considered principal axis of the attenuation
atrices of Eqs. (8)–(10). Then, we calculate the total magnetization
ecay by averaging Eq. (35) over the internal gradient distribution.

The magnetization signal for the asymmetric sequence described in
ig. 5a includes the cross-term in the gradient average

Asym(𝑡𝑑 ) =𝑒
− 1

2𝐺
2𝛽𝐺𝐺 (𝑡𝑑 )

⟨

𝑒−𝐺0𝐺𝛽0𝐺 (𝑡𝑑 )𝑒−
1
2𝐺

2
0𝛽00(𝑡𝑑 )

⟩

. (36)

Instead, the cross overlap integral 𝛽0𝐺(𝑡𝑑 ) vanishes for the symmetric
sequence described in Fig. 5b, and thus the magnetization signal is

𝑀Sym(𝑡𝑑 ) = 𝑒−
1
2𝐺

2𝛽𝐺𝐺 (𝑡𝑑 )
⟨

𝑒−
1
2𝐺

2
0𝛽00(𝑡𝑑 )

⟩

. (37)

Typical relaxation times 𝑇2 of white and gray matter in brain tissue
are on the order of ∼50−130ms [100–102]. We thus evaluate the effects
of the different groups of terms in the IGDT-expansion before this
time scale to predict the reliability of measure them. Fig. 6 shows
two relevant experimental situations, the restricted (Fig. 6a,b) and
the free diffusion (Fig. 6c,d) regimes. To analyze the free diffusion
regimen, we evaluate the magnetization at diffusion times shorter and
comparable with the correlation time (up to 10𝜏𝑐). Instead, to study the
restricted diffusion regimen, the MR signal is calculated up to longer
times 40𝜏𝑐 . For illustration, we assumed the free diffusion coefficient

2
𝐷0 = 2.2 μm ∕ms in Fig. 6. The free diffusion coefficient in brain tissue
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Fig. 6. Contribution of different terms of the IGDT-expansion. The solid black lines correspond to the magnetization signal produced by the asymmetric sequence, while the gray
ones corresponds to the signal produced by the symmetric sequence. These signals are calculated numerically by averaging the magnetization signal with a Gaussian distribution for
the background gradient 𝐺0 with a standard deviation 𝛥𝐺0 = 0.15|𝐺|, and mean value ⟨𝐺0⟩ = 0.1|𝐺| in panels (a, c) and with opposite sign in panels (b, d). The red dotted line
corresponds to the pure applied gradient contribution (𝜒app = 𝜒𝐺2 ), the blue dashed line includes also the pure background gradient contribution (𝜒bck = 𝜒02 +𝜒02𝛥2 ). The yellow dashed
lines includes the cross-terms contributions 𝜒odd−cross = 𝜒0𝐺 + 𝜒0𝐺𝛥2 and 𝜒even−cross = 𝜒𝐺2𝛥2 . We consider the free diffusion coefficient 𝐷0 = 2.2 μm2∕ms, a correlation time 𝜏𝑐 = 2ms in
anels (a, b) and 𝜏𝑐 = 5ms in panels (c, d) corresponding to restriction lengths of 2 μm and 3.3 μm, and a gyromagnetic factor of 𝛾 = 267mT−1 m s−1. In panel (a) and (b) the
pplied gradient is 𝐺 = 600mT∕m and in panels (c) and (d) 𝐺 = 400mT∕m. (For interpretation of the references to color in this figure legend, the reader is referred to the web
ersion of this article.)
Fig. 7. Contribution of different terms of the IGDT-expansion to the magnetization signal produced by the asymmetric sequence (solid black lines). The green dot-dashed lines
include the pure applied (𝜒app = 𝜒𝐺2 ), pure background (𝜒bck = 𝜒02 + 𝜒02𝛥2 ) and odd cross-terms contribution (𝜒odd−cross = 𝜒0𝐺 + 𝜒0𝐺𝛥2 ). The yellow dashed lines includes also the even
cross-term contribution 𝜒even−cross = 𝜒𝐺2𝛥2 . The purple dashed line consider all the terms in the yellow curve subtracting the odd-cross term 𝜒0𝐺𝛥2 = 𝐺𝛽0𝐺(𝑡𝑑 )𝛽00(𝑡𝑑 ) ⟨𝐺0⟩

⟨

𝛥𝐺2
0

⟩

. As
n Fig. 6, we consider the free diffusion coefficient 𝐷0 = 2.2 μm2∕ms, a correlation time 𝜏𝑐 = 2ms in panels (a, b) and 𝜏𝑐 = 5ms in panels (c, d), and a gyromagnetic factor
= 267mT−1ms−1. In panel (a) and (b) the applied gradient is 𝐺 = 600mT∕m and in panels (c) and (d) 𝐺 = 400mT∕m. (For interpretation of the references to color in this figure

egend, the reader is referred to the web version of this article.)
c
e
g

d
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s still unknown, as typically only the ADC is measured. If the free
iffusion coefficient is lower than the assumed one, the magnetization
ecay becomes slower and thus more diffusion time is required for
robing the IGDT effects. For example, if the free diffusion coefficient
educes to 𝐷0 ≈ 0.7 μm2∕ms, the behavior of the curves of Fig. 6 would
ecay to 10% of the initial magnetization at 100 ms instead of 40 ms
n the cases of panels a and b; and at 20 ms instead of 12 ms in the
10
ases of panels c and d. Diffusion times that allow probing the IGDT
ffects are thus still accessible for the typical 𝑇2 values of white and
ray matter in brain even in this scenario.

We consider applied gradient modulations with opposite gradient
irections to show the behavior of the odd and even cross-terms in the
umulant expansion. In both regimes, the magnetization of the symmet-
ic sequence is well described by the pure applied 𝜒 = − 1𝐺 𝛽𝐺𝐺(𝑡 )𝐺
app 2 𝑖 𝑖𝑗 𝑑 𝑗
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and pure background gradient terms 𝜒bck = 𝜒02 +𝜒02𝛥2 +𝜒0𝛥3 of the IGDT-
xpansion of Eq. (34) (see Table 1). Notice that the pure background
radient terms increase the magnetization decay with respect to the
ecay produced by only considering a pure applied gradient term. This is
consequence of the fact that the background gradient term is negative

s its dominant term 𝜒02 = − 1
2 𝛽00(𝑡𝑑 )

⟨

𝐺2
0
⟩

is larger than the next term
𝜒02𝛥2 = 1

2 𝛽
2
00(𝑡𝑑 ) ⟨𝐺0⟩

2 ⟨𝛥𝐺2
0
⟩

with opposite sign. As we discussed in
Section 3.3, the lower order terms in the cumulant expansion with
lower power law exponents of overlap matrices are dominant at short
times 𝑡𝑑 < 𝑡𝐺𝑡𝑜𝑡

, where 𝑡𝐺𝑡𝑜𝑡
is given by Eqs. (19) and (20), depending on

the diffusion regime. At longer times 𝑡𝑑 > 𝑡𝐺𝑡𝑜𝑡
, the higher order terms

ecome relevant and they might reduce the overall decay. By reducing
he effective interaction time of the applied gradient with respect to the
ne of the background gradient, as done in the sequence of Fig. 5, also
akes the pure background gradient terms more significant with respect

o the pure applied terms.
Then, by including the cross-terms 𝜒𝑜𝑑𝑑−𝑐𝑟𝑜𝑠𝑠 + 𝜒𝑒𝑣𝑒𝑛−𝑐𝑟𝑜𝑠𝑠 = 𝜒0𝐺 +

𝜒0𝐺𝛥2 + 𝜒𝐺2𝛥2 of the expansion (34) (see Table 1), we reproduce the
magnetization decay generated by the asymmetric sequence (Fig. 6b,d).
In Fig. 6b,d there is a better convergence than in Fig. 6a,c, where the
convergence is poor for 𝑡𝑑 > 25𝜏𝑐 and 𝑡𝑑 > 7𝜏𝑐 , respectively. The
ifferent performance of the cumulant expansion is due to the relative
irection between the applied and average background gradient that
hange the sign of the odd cross-terms.

We now analyze this effect on the signal decay. The first two odd
ross-terms 𝜒0𝐺 = −𝐺𝛽0𝐺(𝑡𝑑 ) ⟨𝐺0⟩ and 𝜒0𝐺𝛥2 = 𝐺𝛽0𝐺(𝑡𝑑 )𝛽00(𝑡𝑑 ) ⟨𝐺0⟩

𝛥𝐺2
0
⟩

that we consider here, have opposite signs. Then, the behavior
f their overall decay contribution at short times is the opposite of the
ne at longer times. The even cross-term 𝜒𝐺2𝛥2 = 1

2𝐺
2𝛽20𝐺(𝑡𝑑 )

⟨

𝛥𝐺2
0
⟩

is
always positive and it thus always reduce the magnetization decay.
As it contains a quadratic order on the attenuation overlap function,
𝛽20𝐺(𝑡𝑑 ) becomes relevant at long times 𝑡𝑑 > 𝑡𝐺𝑡𝑜𝑡

(see Eqs. (19) and (20)).
This is seen at times longer than ∼15𝜏𝑐 in Fig. 7b, and at times longer
than ∼6𝜏 in Fig. 7d, when the green dash-dotted curve starts to deviate
from the exact decay (black line), and the dashed yellow line continues
reproducing the expected behavior.

In Fig. 6a and c, the applied gradient has the same sign as the
background gradient ⟨𝐺0⟩. The pure background gradient term 𝜒02 and
the odd cross-term 𝜒0𝐺 thus contribute by increasing the magnetization
decay at short times, as both terms are negative. At longer times
the behavior changes, as the odd cross-term 𝜒0𝐺𝛥2 and the even cross-
term 𝜒𝐺2𝛥2 now tend to reduce the magnetization decay because they
are positive. In these cases, the dashed yellow line diverges from the
expected signal behavior at times longer than 25𝜏𝑐 in Fig. 7a and at
imes longer than 7𝜏𝑐 in Fig. 7c. At these times, the terms 𝜒0𝐺𝛥2 and
𝐺2𝛥2 become more relevant. This shows the slow convergence of the
GDT-expansion when the applied gradient is in the same direction
f the mean background gradient. In this case, we obtain a better
pproximation by including only the even cross-term 𝜒𝐺2𝛥2 such as

ln𝑀(𝑡𝑑 ) = 𝜒app + 𝜒bck + 𝜒0𝐺 + 𝜒𝐺2𝛥2 ,

and excluding the odd cross-term 𝜒0𝐺𝛥2 or vice versa

n𝑀(𝑡𝑑 ) = 𝜒app + 𝜒bck + 𝜒0𝐺 + 𝜒0𝐺𝛥2 .

Fig. 7a and c show that these expansion’s approximations (purple
dashed line and green dot-dashed respectively) reproduce better the
predicted curve (black line).

In Fig. 6b and d, the applied gradient has the opposite sign of the
average background gradient ⟨𝐺0⟩. In this case, the signal decay is
reduced at short times since the leading odd cross-term 𝜒0𝐺 reduces the
magnetization decay. At long times 𝑡𝑑 > 𝑡𝐺𝑡𝑜𝑡

(see Eqs. (19) and (20)),
the even cross-term 𝜒𝐺2𝛥2 and the odd cross-term 𝜒0𝐺𝛥2 have opposite
behavior allowing a better convergence (Fig. 7b and d). As a result,
the contrast ratio 𝑀Asym(𝑡𝑑 )∕𝑀Sym(𝑡𝑑 ) between the magnetization of
the asymmetric and symmetric sequences is maximized when applied and
11
Fig. 8. Approximated even and odd cross-term attenuations when the applied gradient
has the same direction as the background gradient. The gray and black solid lines gives
the approximated even and the odd cross-terms following Eqs. (38) and (39) respectively,
calculated from the mathematical operations between the magnetization signal of the
symmetric and asymmetric sequences with the two applied gradient directions. These
magnetization signals are calculated numerically by averaging the magnetization signal
with a Gaussian distribution for the background gradient 𝐺0 with a standard deviation
𝛥𝐺0 = 0.15|𝐺|, and mean value ⟨𝐺0⟩ = 0.1|𝐺|. The yellow and purple dashed lines
show the corresponding even cross-term 1∕2𝜒even−cross = 1∕2𝜒𝐺2𝛥2 and the odd cross-
term 𝜒0𝐺 + 1∕2𝜒0𝐺𝛥2 = 𝜒odd−cross − 1∕2𝜒0𝐺𝛥2 of the left-hand-side of Eqs. (38) and (39)
respectively, derived from the expansion of Eq. (34). As in Fig. 6, we consider the free
diffusion coefficient 𝐷0 = 2.2 μm2∕ms, a correlation time 𝜏𝑐 = 2ms in panel (a) and
𝜏𝑐 = 5ms in panel (b), and a gyromagnetic factor 𝛾 = 267mT−1ms−1. In panel (a) the
pplied gradient is 𝐺 = 600mT∕m and in panel (b) 𝐺 = 400mT∕m. (For interpretation

of the references to color in this figure legend, the reader is referred to the web version
of this article.)

mean background gradient are in the opposite direction compared with
the case when they are in the same direction. According to the results
shown in Fig. 6 we estimate a requirement for a signal-to-noise ratio
within the range 10–20 at least, to measure the contribution of the four
groups of terms defined in Table 1.

As shown in Fig. 7a and c, when the applied gradient has the same
direction as the average background gradient, the green and purple
curves are good approximation and indistinguishable between them.
The green curve excludes the even cross-term 𝜒𝐺2𝛥2 and the purple one,
the odd cross-term 𝜒0𝐺𝛥2 from the expansion. As it is arbitrary which
of these terms are excluded, we propose under this observation to
approximate the even cross-term from the expression

1∕2𝜒even−cross≈1∕2 ln𝑀Asym,+𝑮 + 1∕2 ln𝑀Asym,−𝑮 − ln𝑀Sym, (38)

rather than from Eq. (18) by excluding the term 𝜒even−cross from
ln𝑀Asym,+𝑮. To determine the odd cross-term, then use the approxima-
tion

𝜒0𝐺 + 1∕2𝜒0𝐺𝛥2 = 𝜒odd−cross − 1∕2𝜒0𝐺𝛥2

≈1∕2 ln𝑀Asym,+𝑮 − 1∕2 ln𝑀Asym,−𝑮 , (39)

rather than Eq. (17) by excluding the term 𝜒0𝐺𝛥2 from ln𝑀Asym,+𝑮.
Fig. 8 shows the validity of these assumptions.

6. Validity of the internal gradient ensemble model

The internal gradient distribution that we estimate with the pro-
posed method is an effective gradient distribution resulting from the
motional averaging of the spin-bearing particles [17]. The internal
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Fig. 9. Comparison of the predicted signal derived from the internal gradient ensemble model and the cumulant expansion framework with the exact signal of spin diffusing in a
nhomogeneous magnetic field. Simulation of the magnetization decay of spin diffusion in an inhomogeneous magnetic field shown in the left inset of each panel in black solid
ine. The insets also show the relation between the background internal gradient wavelength and the diffusion length of the spin-bearing particles determined by the Gaussian
istribution of the spin positions at the maximum diffusion times plotted in the main panels [𝑡𝑑 = 3.5 ms (a,c) and 50 ms (b,d) considering 𝜏𝑐 = 10ms]. The insets on the right
f each panel compare the real internal gradient distribution (black solid curve) with the effective one seen by the spins due to the motional averaging (blue histogram). Their
orresponding standard deviations are shown with dashed vertical lines. The black dashed line in the main panels corresponds to the simulated magnetization for the considered
pin-echo sequence of an ensemble of 5 × 103 spin-bearing particles driven by an OU process in presence of the sinusoidal background magnetic field gradient of wavelength 𝜆

and maximum internal gradient strength 𝑔. The blue dashed line corresponds to the magnetization averaged with the effective internal gradient distribution in the right insets
using the internal gradient ensemble model. The red dotted line shows the signal decay only due to the spin interaction with the applied gradient. The yellow solid line is the
signal decay derived from the IGDT-expansion of Eq. (34), evaluated with the moments of the effective gradient distribution of the right insets. The free diffusion coefficient is
𝐷0 = 2μm2∕ms and the diffusion correlation time 𝜏𝑐 = 10ms (associated with a restriction length 𝑙𝑐 =

√

𝐷0𝜏𝑐 = 4.47 μm). Four conditions are shown: (a) free diffusion regime with
𝜆 = 30𝑙𝑐 , 𝑔 = 1000mT∕m and an applied gradient 𝐺 = 3000mT∕m; (b) restricted diffusion regime with 𝜆 = 50𝑙𝑐 , 𝑔 = 30mT∕m and 𝐺 = 100mT∕m; (c) free diffusion regime with
𝜆 = 3𝑙𝑐 , 𝑔 = 1200mT∕m and 𝐺 = 3000mT∕m and (d) restricted diffusion regime with 𝜆 = 3𝑙𝑐 , 𝑔 = 100mT∕m and 𝐺 = 100mT∕m. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
𝐺
o

gradient ensemble model implicitly simplifies the signal attenuation ef-
fects due to the spin movement in a space-dependent gradient field
to the one induced by the spin movement in an effective constant
internal gradient. Here, we evaluate the reliability of this assumption
through the simulations of the magnetization decay of spin-bearing
particles diffusing in a sinusoidal gradient field that models typical field
inhomogenities in porous systems [25,65,103].

For this evaluation, we perform simulations in one spacial di-
mension by setting an applied gradient 𝐺 and an inhomogeneous
background magnetic field with a 𝑧-component

𝛥𝐵0(𝑥) = 𝑔 𝜆
2𝜋

cos
( 2𝜋

𝜆
𝑥
)

, (40)

where 𝑔 is the maximum internal gradient strength and 𝜆 is the wave-
length of the inhomogeneous internal field fluctuation. We consider
four scenarios in Fig. 9, free and restricted diffusion regimes, where the
internal magnetic field inhomogeneity wavelength 𝜆 is larger than and
comparable to the diffusion restriction length 𝑙𝑐 . We do not consider
the case when the wavelength 𝜆 is shorter than the diffusion restriction
length 𝑙𝑐 , as the signal decay depends only on a averaged internal
gradient value and the IGDT effect diminishes.

To focus on assessing the effects of internal gradient distributions
and avoid misleading effects induced by the restriction complexity of
the diffusion in a disordered medium, we simulate the diffusion process
as an OU Gaussian process with a restriction length 𝑙𝑐 =

√

𝐷0𝜏𝑐 .
For the simulations, we evaluated 5000 stochastic realizations of the
12

r

OU process with a mean spin-bearing particle position 𝑥0 using a
free diffusion coefficient 𝐷0 = 2 μm2∕ms and a diffusion correlation
time 𝜏𝑐 = 10ms. The mean particle position 𝑥0 gives the barycenter
of the confining cavity in a biological tissue or porous media. The
initial particle position 𝑥(0) is set equal to 𝑥0 and it is randomly
distributed within the spatial interval (−𝜆, 𝜆). We then calculate the spin
magnetization signal of the diffusing spins in presence of the considered
internal magnetic field inhomogeneity, together with a constant applied
gradient with 𝜋-pulse at the diffusion time 𝑡𝑑∕2 to provide a spin-echo
modulation sequence.

The simulations are shown in Fig. 9 with black dashed curves.
The blue dashed lines are the magnetization signal predicted by the
internal gradient ensemble model. It is calculated using Eq. (36) and
determined by the effective gradient distribution resulting from the
motional averaging of the gradient explored by the spin from the
beginning of the sequence up to the total diffusion time

𝐺𝑖
0 =

1
𝑡𝑑 ∫

𝑡𝑑

0
𝑑𝑡 𝑑

𝑑𝑥
𝛥𝐵0

(

𝑥𝑖 (𝑡)
)

. (41)

Here, the magnetic field shift 𝛥𝐵0 (𝑥) is given by Eq. (40), 𝐺𝑖
0 is the

effective internal gradient averaged by the 𝑖th spin-bearing particle
along the 𝑥𝑖(𝑡) position trajectory. With the effective internal gradients

𝑖
0, we then generate a histogram as shown in blue in the insets
f Fig. 9 compared with the real gradient distribution in black. The
ed dotted curves correspond to the magnetization decay only due to
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the interaction with the applied gradient and the yellow solid lines
correspond to the predicted signal derived from the IGDT-expansion
of Eq. (34). In the four considered cases the expected signals derived
from the cumulant expansion and internal gradient ensemble model are
n good agreement with the simulated, exact one. Thus, this result
hows that the effects in the magnetization decay of spin-bearing
articles, diffusing in internal gradients that depend on its position,
an be reduced to an effective internal gradient distribution based on
n ensemble of gradients. Moreover, the magnetization signal decay is
hown to be characterized only by the moments of the effective internal
radient distribution.

The presented simulations thus show the relevance and good signal
rediction of the developed model to describe the complex diffusion
rocess in presence of magnetic field inhomogenities induced by mag-
etic susceptibility heterogeneity in porous systems. Yet, we envisage
ome limitations. While the strength of the model is to reduce the
omplexity of the internal magnetic field heterogeneity to an internal
radient ensemble model characterized by the main moments of the
istribution, it can only determine those moments and not the full inter-
al gradient distribution. Then, different microstructure features might
enerate different distributions of internal gradients with similar first
istribution moments. In those cases, the method cannot distinguish
ne distribution from the another. Moreover, the method is unable to
rovide information about multimodal gradient distributions, since that
nformation is not encoded in the distribution moments. Further inves-
igations should be made to identify which microstructures features can
e identified with this method.

An important consideration evidenced by these results is that the
olecular diffusion process can narrow the effective gradient distribu-

ion seen by the spins around its mean value as shown in Fig. 9d. Then,
epending on the real gradient distribution variance, if the diffusion
ean squared displacement is on the order of 𝜆, the effective gradient

ariance may be much smaller than the real one or even the IGDT
ffects may vanish. While the predicted signal might be in agreement
ith the exact signal, as in Fig. 9d, some quantitative information about

he real gradient field heterogeneities might be lost. However, while
his still has to be strictly demonstrated, this limitation is probably

physical limitation due to the motional averaging induced by the
iffusion process, and not due to our assumed model.

Another limitation is imposed by the time domain where the cumu-
ant expansion is valid, defined by its convergence radius 𝑡𝑐𝑜𝑛𝑣 [73,104].
he cumulant expansion of Eq. (5) is valid for times shorter than its
onvergence radius, defined by 𝑡𝑐𝑜𝑛𝑣 = |𝑧| with 𝑧 being the complex
olution of 𝑀(𝑧) = 0 and 𝑀(𝑧) the analytic continuation of Eq. (4) in
he complex domain. Then, if the standard deviation of the internal
radient distribution is too high (for example > 500 mT∕m in our
imulations) the IGDT-expansion would be only valid at short times
ithin the free diffusion regimen as shown in Fig. 9a and c.

. Conclusions

Diffusion processes in disordered systems are of great interest in
everal areas as physics, biology and medicine, however they are
ery complex to characterize. In this article, we exploit the diffusion
f spin-bearing particles to probe magnetic field inhomogenities that
ontain information about the media microstructure heterogeneities.
e consider internal gradients induced by magnetic susceptibility het-

rogeneity that depend on the morphological information of the media.
he spin-bearing particles diffuse within them and probe the effective
radients explored along their movement. We introduced a model that
implifies the naturally complex problem to an ensemble of spatially
onstant internal gradients that defines a distribution that can be
haracterized by its first moments. We demonstrate that this gradient
nsemble approximation is useful as the gradients explored by the
pin-bearing particles remains close to the real distribution in general,
s in expected realistic conditions. We demonstrate that the diffusion
13
rocess in an inhomogeneous field produces a motional average of
he gradients seen by the spins, thus narrowing the effective internal
radient distribution. We also show that the spin magnetization decay
s well characterized by only the moments of the effective internal
radient distribution.

This internal gradient ensemble model allows a spin phase’s cumulant
xpansion decomposition for the magnetization signal decay. Based on
his cumulant expansion framework, we derive an IGDT-expansion that
rovides the moments of the internal gradient distributions. The IGDT
ontain information about the anisotropies of the internal gradient dis-
ributions that intrinsically depend on the susceptibility heterogeneity
f the media and its orientation with respect to the static magnetic
ield. Each IGDT term provides different information about the internal
radient distribution.

The IGDT effects may be weak in some scenarios, thus exploiting
he presented framework, we propose modulated gradient spin echo
equences to enhance those effects. The enhancement strategy is based
n smooth applied gradient modulations and a suitable timing interplay
etween the time modulating symmetries of the applied and internal
radients. We identify four groups of terms of the IGDT-expansion
hat can be measured independently by a suitable design of the pulse
equence using multiple applied gradient directions in a similar vein as
TI is estimated. We demonstrate the feasibility of the implementation
f this framework to measure IGDT terms from the magnetization signal
ecay in free and restricted diffusion regimes using typical brain tissue
onditions.

We also evaluate the validity of the model to represent the real
istribution convoluted with the molecular diffusion process, and show
he regimes where the model can be suitably used. We also discussed
ome limitations of the model. We observed that the effective internal
radient distribution reproduces well the real one when the diffusion
s either free or the characteristic length of the internal gradients
patial variations is small compared with the diffusion length of the
pin-bearing particles. However, in the restricted diffusion regime, the
nternal local gradients might be averaged by the molecular motion,
hus losing information about their distribution. We thus expect the
roposed IGDT method to be useful to monitor extra-axonal diffusion,
ince characteristic length might be wider than in the intra-axonal
egions, thus allowing to extend the free diffusion time to probe smooth
nternal gradient variations [65].

As brain physiology is regulated by molecules and structures as the
yelin sheath of axons with significant magnetic susceptibility in com-
arison with the surrounding medium, the degree of axon myelination
ignificantly affects the internal gradient distributions [22,23,65,101].
hus internal gradient distributions show correlations with the amount
f myelin in tissues as potential biomarkers for many degenerative
iseases. Our results thus contribute to estimate IGDT in this situa-
ions that may be especially useful for unveiling structures and fiber
rientation based on these susceptibility induced changes [49,63–65].
he IGDT are complementary to DTI as they may estimate anisotropies
hen diffusion is free or isotropic.
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Appendix A. Analysis of the effective gradient assumptions

In this Appendix, we evaluate the approximation of Eq. (1) with
Eq. (3) in the main text for the considered internal gradient ensemble
model (Section 2.2). We here focus only on the internal field gradient
contribution in Eqs. (3) and (1) in one dimension. Thus, the cornerstone
approximation is

𝜙(𝑡) = ∫

𝑡

0
𝑑𝑡′𝑓 (𝑡′)𝛥𝐵0

[

𝒙(𝑡′)
]

≈ ∫

𝑡

0
𝑑𝑡′𝑓 (𝑡′)𝐺0𝑥(𝑡′), (A.1)

where we assume that the spin phase accumulation is induced by an
effective and spatially constant internal field gradient 𝐺0 that is probed
by the spin during the diffusion time 𝑡𝑑 [17].

We assess the effects on the MR signal of the next order correction to
the approximation of Eq. (A.1). Without loss of generality, we assume
that ⟨𝑥(𝑡)⟩ = 0 and ⟨𝐺0(𝑥)⟩ = 0. Then, the second cumulant of the
accumulated spin-phase is
⟨⟨

𝜙2(𝑡)
⟩⟩

= ∫

𝑡

0
𝑑𝑡1 ∫

𝑡

0
𝑑𝑡2𝑓 (𝑡1)𝑓 (𝑡2) ⟨𝐺0(𝑥1)𝐺0(𝑥2)𝑥1𝑥2⟩𝐺0 ,𝑥 , (A.2)

where we consider the internal gradient depends on the spatial posi-
tion. Here we define 𝑥𝑖 ≡ 𝑥(𝑡𝑖) and 𝑓 (𝑡) is a MGSE modulation such
that ∫ 𝑡

0 𝑑𝑡′𝑓 (𝑡′) = 0 as described in the main text. Eq. (A.2) includes the
average over the disorder of the internal gradient 𝐺0(𝑥) and the one
induced by the thermal fluctuation of the spin position 𝑥(𝑡).

We assume that the thermal stochastic process is independent of the
disorder of 𝐺0(𝑥). Then, we can first apply the average over the 𝐺0(𝑥)
realizations. This assumption is an approximation, as the structures
within the medium that hinder the free diffusion, also serve as sources
of internal gradients. However, particle diffusion is locally affected
by the structures in its surroundings, while internal gradients at a
given spatial position are generated by many more and more distant
structures. Then, there is plausibly a weak correlation between gra-
dient and particle position, making it possible to factorize their joint
probability density function. Based on this considerations, we consider
an exponential correlation for the disorder as a function of the spatial
distance between two spin positions, i.e.

⟨𝐺0(𝑥1)𝐺0(𝑥2)⟩𝐺0
=
⟨

𝐺2
0
⟩

𝑒−
|𝑥1−𝑥2 |

𝜆 . (A.3)

The internal gradient ensemble model assumption of considering that the
iffusing particles feel an effective constant gradient is exact in the limit
f 𝜆 → ∞. Then, the first order correction to the correlation function
A.3) is

𝐺0(𝑥1)𝐺0(𝑥2)⟩𝐺0
≈
⟨

𝐺2
0
⟩

(

1 −
|𝑥1 − 𝑥2|

𝜆

)

.

Considering that 𝑥(𝑡) fluctuates by an Ornstein–Uhlenbeck (OU) pro-
cess, the self-correlation function is ⟨𝑥1𝑥2⟩ = 𝑙2𝑐 𝑒

− 𝛥𝑡
𝜏𝑐 with 𝛥𝑡 = |𝑡1 − 𝑡2|

nd 𝑙2𝑐 = 𝐷0𝜏𝑐 the correlation length of the diffusion process. The
orrelator in Eq. (A.2) becomes

⟨𝐺 (𝑥 )𝐺 (𝑥 )𝑥 𝑥 ⟩
14

0 1 0 2 1 2 𝐺0 ,𝑥 b
≈
⟨

𝐺2
0
⟩

(

𝑙2𝑐 𝑒
− 𝛥𝑡

𝜏𝑐 −
⟨|𝑥1 − 𝑥2|𝑥1𝑥2⟩

𝜆

)

,

where the first term in the right hand side is the self-correlation
function of the spin position and the second one is the first order
correction by the internal gradient disorder correlation. The average
⟨|𝑥1 − 𝑥2|𝑥1𝑥2⟩ over the OU paths results

|𝑥1 − 𝑥2|𝑥1𝑥2⟩ =
𝑙3𝑐
√

1 − 𝑒−𝛥𝑡∕𝜏𝑐
(

3𝑒−𝛥𝑡∕𝜏𝑐 − 1
)

√

𝜋
,

and at long 𝛥𝑡 times with respect to the correlation time 𝜏𝑐 gives a
constant

⟨|𝑥1 − 𝑥2|𝑥1𝑥2⟩
𝛥𝑡≫𝜏𝑐
⟶ −

𝑙3𝑐
√

𝜋
= const.

On the other hand, at short 𝛥𝑡 times

⟨|𝑥1 − 𝑥2|𝑥1𝑥2⟩
𝛥𝑡≪𝜏𝑐
⟶

2𝑙3𝑐
√

𝜋

√

𝛥𝑡∕𝜏𝑐 .

Yet we can calculate numerically the correlator ⟨𝐺0(𝑥1)𝐺0(𝑥2)𝑥1𝑥2⟩𝐺0 ,𝑥
sing the exponential model of Eq. (A.3) and observe the same behavior
t long and short times, i.e. a constant value at long times 𝛥𝑡 ≫ 𝜏𝑐 and
2
𝑐 (1−

𝛥𝑡
𝜏𝑐
)− 2𝑙3𝑐

𝜆
√

𝜋

√

𝛥𝑡∕𝜏𝑐 at short times 𝛥𝑡 ≪ 𝜏𝑐 . Integrating Eq. (A.2), then
we find that at short times the internal gradient disorder contribution
∝ 𝑙3𝑐

𝜆

(

𝑡
𝜏𝑐

)5∕2
is a small correction to the contribution of the thermal

fluctuation of position that varies as 𝑙2𝑐
(

𝑡
𝜏𝑐

)3
. At long times, as the

disorder correction becomes constant and MGSE gives ∫ 𝑡
0 𝑑𝑡′𝑓 (𝑡′) = 0,

its contribution is null and the magnetization decay is just driven by
the thermal fluctuation of position. Then, this demonstrate that for 𝜆
much larger than the diffusion length, the approximation of Eq. (A.1)
is valid.

In this work, we also shown that the approximation of Eq. (A.1)
holds even if the diffusion length is comparable or larger than 𝜆 (see
Fig. 9 in the main text). We here analyze the extreme limit of 𝜆 → 0 in
the long time limit. Eq. (A.3) can be then approximated with a Dirac
delta function as

⟨𝐺0(𝑥1)𝐺0(𝑥2)⟩𝐺0
≈ 2𝜆

⟨

𝐺2
0
⟩

𝛿(𝑥1 − 𝑥2).

hen the average over the OU paths gives

⟨𝐺0(𝑥1)𝐺0(𝑥2)𝑥1𝑥2⟩𝐺0 ,𝑥 ≈
𝜆𝑙𝑐

⟨

𝐺2
0
⟩

√

2𝜋

cosh
(

𝛥𝑡
2𝜏𝑐

)

√

𝑒𝛥𝑡∕𝜏𝑐 − 1
.

The long time limit of this correlator gives

⟨𝐺0(𝑥1)𝐺0(𝑥2)𝑥1𝑥2⟩𝐺0 ,𝑥
𝛥𝑡≫𝜏𝑐
⟶

𝜆𝑙𝑐
⟨

𝐺2
0
⟩

2
√

2𝜋

(

1 + 𝑒−𝛥𝑡∕𝜏𝑐
)

. (A.4)

The right hand side of Eq. (A.4) has two terms, the first one is a constant
and thus does not contribute to the integral of Eq. (A.2) as ∫ 𝑡

0 𝑑𝑡′𝑓 (𝑡′) =
0. Only the second term contributes to the integral, and it is propor-
tional to the thermal fluctuation correlation of the spin position ⟨𝑥1𝑥2⟩,

i.e.
𝜆
⟨

𝐺2
0

⟩

2𝑙𝑐
√

2𝜋
⟨𝑥1𝑥2⟩. This term thus drives the magnetization decay at

ong times in accordance with our approximation (A.1) except for the
roportionality constant 𝜆

2𝑙𝑐
√

2𝜋
. This shows that the variance of the ef-

fective internal gradient reduces with reducing 𝜆. This is consistent with
the assumption of the effective internal gradient distribution resulting
from the motional average of the spin-bearing particles. The variance
of the distribution reduces as the particles explore their environment
in accordance with the discussion in Section 6.

This analysis and the validity of the approximation (A.1) are con-
sistent with the Effective Medium Theory (EMT) [54]. The effects on
the MR signal due to the disorder of the internal gradient 𝐺0(𝑥) could

e interpreted in terms of an effective medium that gives an effective
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internal gradient as a function of time 𝐺0(𝑡). In Ref. [54], the apparent
diffusion coefficient is given by a correction to the free diffusion
coefficient 𝐷0, determined by considering a Brownian diffusion process
and disorder in the Larmor frequency of the spins. This is equivalent
to the disordered internal field 𝐺0(𝑥) considered in this work. In our
model assumptions, the diffusion coefficient is always accompanied by
the variance of the internal gradient

⟨

𝐺2
0
⟩

in a given spin position. The
correction derived in [54] can be thus interpreted either on 𝐷0 or on
⟨

𝐺2
0
⟩

. The authors in Ref. [54] obtain an universal correction for 𝐷0
that diverges as a power law at long times 𝐷app − 𝐷0 ∼ −𝑡2−𝑑∕2, that
depends on the space dimension 𝑑 and 𝐷app is the apparent diffusion
coefficient. This results is consistent with our assumption of an effec-
tive internal gradient resulting from the motional average of the spin
position. Based on this considerations, we expect that

⟨

𝐺2
0(𝑡)

⟩

decreases
with time as the spin-bearing particles explore more and more gradient
strengths along their trajectory. A more rigorously demonstration of our
assumptions based on this approach, would need the EMT corrections
for

⟨

𝐺2
0
⟩

in the context of an OU diffusion process. In this work, we
made Monte Carlo simulations assuming a reasonable ansatz for the
effective internal gradient based on Eq. (41) to show the validity of the
approximation.

Appendix B. General demonstration of the proposed sequence de-
sign conditions defines |𝜷𝟎𝑮(𝒕𝒅)|− 𝜷𝑮𝑮(𝒕𝒅) positive-definite

We show in Section 4.2 of the main text, a necessary relation
between the overlap matrices 𝜷𝐺𝐺 and 𝜷0𝐺 that have to be fulfilled for
enhancing the cross term contributions in Eq. (16). Thus the relation we
derive is a necessary condition, since there are other factors that control
the intensity of these terms such as the angle between the applied
and mean background gradient or even the applied gradient strength.
Considering the first two terms 1

2𝐺𝑖𝛽𝐺𝐺
𝑖𝑗 (𝑡)𝐺𝑗 and 𝐺𝑖𝛽0𝐺𝑖𝑗 (𝑡) ⟨𝑮0⟩𝑗 in

Eq. (16), we require
|

|

|

𝒏 ⋅ 𝜷0𝐺 ⋅ 𝒏||
|

> 𝒏 ⋅ 𝜷𝐺𝐺 ⋅ 𝒏 (B.1)

for the matrix elements in an arbitrary 𝑛 direction, to enhance the
weight of the second term compared to the first one. We thus focus
on the maximization of the cross terms overlap matrices 𝜷0𝐺. In the
principal axes of the matrices 𝜷𝐺𝐺 and 𝜷0𝐺, the matrix element can be
written as

|

|

|

𝑛 ⋅ 𝜷0𝐺 ⋅ 𝑛||
|

=
|

|

|

|

|

|

∑

𝑗

(

𝑛̃𝑗
)2 𝛽0𝐺𝑗

|

|

|

|

|

|

≤
∑

𝑗

(

𝑛̃𝑗
)2 |

|

|

𝛽0𝐺𝑗
|

|

|

,

where 𝑛̃𝑗 are the components of the unit vector 𝒏 in the overlap matrices
eigenbasis. Thus requiring the condition 𝑛 ⋅ ||

|

𝜷0𝐺|
|

|

⋅ 𝑛 > 𝑛 ⋅ 𝜷𝐺𝐺 ⋅ 𝑛 is
equivalent to request |𝜷0𝐺(𝑡𝑑 )| − 𝜷𝐺𝐺(𝑡𝑑 ) to be positive-definite.

In Section 4.2, we derived general conditions that the gradient
control sequences have to fulfill in order to satisfy (21). That is: (i) the
background gradient modulation 𝑓0(𝑡) has to be an even function with
respect to 𝑡𝑑∕2 with a minimal number of pulses; (ii) the applied gradi-
ent modulation has to be an MGSE sequence with a smooth modulation
function (|𝑓𝐺(𝑡)| ≤ 1), with a single refocusing echo matching the zero
crossing time with a 𝜋-pulse that modulate 𝑓0(𝑡) and (iii) the modulation
function 𝑓𝐺(𝑡) has to be an odd function with respect to its middle time,
i.e. the zero crossing time, and should vanish also at every 𝜋-pulse that
modulate 𝑓0(𝑡). These conditions ensure that the effective interaction
times defined in Eqs. (23) and (24) satisfy 𝑇0𝐺 > 𝑇𝐺. Moreover, if 𝜔0
is the frequency at the highest pick of the cross modulation filter and
𝜔𝐺 the frequency at the maximum applied gradient filter, the above
conditions also ensure 𝜔𝐺 > 𝜔0.

The filters in the overlap integrals in Eqs. (8) and (10) have a
bandwidth around the frequencies 𝜔𝐺 and 𝜔0, respectively. If the filter
bandwidths are small compared with the spectral density width, we can
factor out from the integral the noise spectral density at the filter fre-
quency, since it is approximately constant within the filter bandwidth.
15

m

Then, Eqs. (8) and (10) can be approximated by 𝜷𝐺𝐺(𝑡𝑑 ) ≈ 𝛾2𝑺(𝜔𝐺)𝑇𝐺
and 𝜷0𝐺(𝑡𝑑 ) ≈ 𝛾2𝑺(𝜔0)𝑇0𝐺, respectively. If not, we can roughly hold
this approximation, since we can take the constant 𝑺(𝜔∗) out from
the integral, with 𝜔∗ belonging to the filter bandwidth and 𝜔∗ ≈ 𝜔𝐺
and 𝜔∗ ≈ 𝜔0 respectively. Here, the diffusion time 𝑡𝑑 dependence is
encoded in the effective interactions times and gradient modulation
frequencies. Generally, the eigenvalues 𝑆(𝜔) of the spectral density
are monotonically decreasing functions of 𝜔 with a maximum at zero
frequency. Then, since 𝜔𝐺 > 𝜔0 and 𝑇0𝐺 > 𝑇𝐺, |𝜷0𝐺(𝑡𝑑 )| − 𝜷𝐺𝐺(𝑡𝑑 ) is
ositive-definite.

ppendix C. Enhancing the cross-filter overlap with the diffusion
pectral density

In Section 4.2, we derive the conditions that gradient modulation
equences have to fulfill to guarantee the matrix |𝜷0𝐺(𝑡𝑑 )| − 𝜷𝐺𝐺(𝑡𝑑 ) to

be positive-definite. This condition is ensured by making the effective
interaction times of gradients with the diffusing spin-bearing particles
defined in Eqs. ((23), (24)) to satisfy 𝑇0𝐺 > 𝑇𝐺. This condition is
achieved by making 𝑓0(𝑡)𝑓𝐺(𝑡) = |𝑓𝐺(𝑡)|.

We thus aim to maximize the eigenvalues of the matrix |𝜷0𝐺(𝑡𝑑 )| −
𝜷𝐺𝐺(𝑡𝑑 ). For that, we maximize the lowest frequency peak of the cross-
filter ℜ

[

𝐹0(𝜔, 𝑡𝑑 )𝐹 ∗
𝐺(𝜔, 𝑡𝑑 )

]

. In principle, the condition 𝑓0(𝑡)𝑓𝐺(𝑡) =
|𝑓𝐺(𝑡)| and the maximization of the low frequency peak of the cross-
filter are independents, and might not be satisfied simultaneously. Here
we demonstrate that, in fact, both condition could be satisfied at the
same time.

First we evaluate the condition for the time-shift of the applied
gradient modulation for the asymmetric sequence that maximize the
cross-term overlap contribution. This time-shift maximizes the cross-
filter at the background gradient modulation frequency in order to
optimize the overlap with the displacement spectral density 𝑺(𝜔). The
ross-filter can be written as
[

𝐹0(𝜔)𝐹 ∗
𝐺(𝜔)

]

= 𝐹0(𝜔)𝐹𝐺(𝜔) cos
[

𝜔𝛥𝑡 − 𝜋∕2
]

(C.1)

ssuming an arbitrary time-shift 𝛥𝑡, where 𝐹0(𝜔) and 𝐹𝐺(𝜔) are real
unctions corresponding to the Fourier transform of the gradient mod-
lations centered at 𝑡 = 0. The phase shift in 𝜋∕2 comes from the fact
hat we consider the applied gradient modulation as an odd function.
ere we omit the diffusion time 𝑡𝑑 dependence of the Fourier transform

n order to simplify the notation. Let be 𝜔0 the principal harmonic
requency of the background gradient modulation 𝑓0(𝑡). For the two
ulse CPMG sequence, the main harmonic is 𝜔0 ≈ 2𝜋∕𝑡𝑑 . To optimize
he cross-filter of Eq. (C.1), we require that

0𝛥𝑡 − 𝜋∕2 = 𝑛𝜋

ith |𝑛| = 0, 1, 2.... Then, the optimal time-shift is

𝑡 = 𝜋
𝜔0

(𝑛 + 1∕2). (C.2)

There are two solution with 𝑛 such that 𝛥𝑡 < 𝑡𝑑∕2 which give 𝛥𝑡 = ±𝑡𝑑∕4.
These time shifts synchronize exactly the zero crossing time of 𝑓𝐺(𝑡)
with the times when the RF 𝜋-pulse are applied in the two pulse CPMG
sequence.

This optimization is useful as long as |𝐹0(𝜔0)| > |𝐹𝐺(𝜔0)| > 0. The
irst relation is always true by construction and the second one impose

restriction on how high can be the frequency with which can be
odulated the applied gradient. Thus we show how both requirements

o enhance the background gradient effect, the effective interaction
imes relation 𝑇0𝐺 > 𝑇𝐺 and the low frequency filtering of the cross

odulation, can be optimized simultaneously.
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𝛽

𝛽0𝐺(𝑡𝑑 ) =𝛾2𝐷0

√

𝜋𝑒
2
𝜏𝑐𝛼

2𝑡2𝑑𝑒
𝛼2 𝑡2𝑑
2𝜏2𝑐

[

4erfc
(

𝛼𝑡𝑑
√

2𝜏𝑐

)

− 2𝑒
𝑡𝑑
2𝜏𝑐 erfc

(

𝛼𝑡𝑑∕𝜏𝑐 + 1∕(2𝛼)
√

2

)

− 2𝑒−
𝑇
2𝜏 erfc

(

𝛼𝑡𝑑∕𝜏𝑐 − 1∕(2𝛼)
√

2

)

− 𝑒
𝑡𝑑
4𝜏𝑐 erfc

(

𝛼𝑇 ∕𝜏𝑐 + 1∕(4𝛼)
√

2

)

− 𝑒−
𝑡𝑑
4𝜏𝑐 erfc

(

𝛼𝑡𝑑∕𝜏𝑐 − 1∕(4𝛼)
√

2

)

+ 𝑒
3𝑡𝑑
4𝜏𝑐 erfc

(

𝛼𝑡𝑑∕𝜏𝑐 + 3∕(4𝛼)
√

2

)

+𝑒−
3𝑡𝑑
4𝜏𝑐 erfc

(

𝛼𝑡𝑑∕𝜏𝑐 − 3∕(4𝛼)
√

2

)]

. (D.7)

Box II.
Appendix D. General filters and overlap functions

In this section we provide the exact expression for the filters of
the GDGSE modulation, a two-pulses CPMG sequence modulation, and
the cross filter R

[

𝐹0(𝜔, 𝑡𝑑 )𝐹 ∗
𝐺(𝜔, 𝑡𝑑 )

]

that appear in Eqs. (8)–(10) in
the main text. We consider the gradients modulations independent of
the applied gradient direction. We also provide the exact analytic ex-
pressions for the corresponding overlap functions for one dimensional
diffusion. The filter function for the two pulse CPMG sequence of the
background gradient modulation is

|𝐹0(𝜔, 𝑡𝑑 )|
2 = 256

𝜔2
cos2

(

𝑡𝑑𝜔
8

)

sin6
(

𝑡𝑑𝜔
8

)

. (D.1)

The Fourier transform of the GDGSE modulation is

𝐹𝐺(𝜔, 𝑡𝑑 ) = 𝑖
√

2𝜋𝑒𝛼2𝑡2𝑑𝜔𝑒
𝑖 𝑇2 𝜔𝑒−

𝛼2 𝑡2𝑑
2 𝜔2

(D.2)

nd thus its filter function is

𝐹𝐺(𝜔, 𝑡𝑑 )|
2 = 2𝜋𝑒𝛼4𝑡4𝑑𝜔

2𝑒−𝛼
2𝑡2𝑑𝜔

2
. (D.3)

he cross-filter is
[

𝐹0(𝜔, 𝑡𝑑 )𝐹 ∗
𝐺(𝜔, 𝑡𝑑 )

]

= 32
√

2𝜋𝑒𝛼2𝑡2𝑑𝑒
−

𝛼2 𝑡2𝑑
2 𝜔2

× cos2
(

𝑡𝑑𝜔
8

)

sin4
(

𝑡𝑑𝜔
8

)

. (D.4)

With these filters and considering the diffusion spectral density

𝑆(𝜔) = 2𝐷0
(

𝜏−2𝑐 + 𝜔2)−1 ,

we determine the overlap functions using Eqs. (8)–(10) in the main text

𝛽𝐺𝐺(𝑡𝑑 ) = 2𝛾2𝐷0
√

𝜋𝑒𝛼3𝑡3𝑑
⎡

⎢

⎢

⎣

1 −

√

𝜋𝛼𝑡𝑑
𝜏𝑐

𝑒
𝛼2 𝑡2𝑑
𝜏2𝑐 erfc

(

𝛼𝑡𝑑
𝜏𝑐

)

⎤

⎥

⎥

⎦

, (D.5)

00(𝑡𝑑 ) = 2𝛾2𝐷0𝜏
3
𝑐

(

𝑡𝑑
𝜏𝑐

− 5 + 𝑒−
𝑡𝑑
𝜏𝑐 − 4𝑒−

3𝑡𝑑
4𝜏𝑐 + 4𝑒−

𝑡𝑑
2𝜏𝑐 + 4𝑒−

𝑡𝑑
4𝜏𝑐

)

, (D.6)

and (see Eq. (D.7) given in Box II). Here, erfc(𝑥) denote the complemen-
tary error function. The generalization to a three-dimensional diffusion
is made by considering the correlation time 𝜏𝑐 as a rank 3 tensor, whose
eigenvalues are the correlation times in its principal directions, as is
shown in Fig. 3 of the main text.
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