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ABSTRACT: Consistently complying with end-point specifications, mainly end-use product properties, is a key issue to the
competitiveness of batch processes. To maximize in some way the probability of observing successful runs, a series of
experiments is specifically designed to pinpoint the smallest operating region that guarantees that end-point conditions can meet
their desired targets. On the basis of data-driven modeling of the underlying binomial probability of success, the proposed
methodology seeks to trade off improving parameter precision with experimenting in a reduced region where there is a high
probability of satisfying end-point specifications. Two case studies are used to demonstrate the efficacy of the probability-based
optimal design of experiments to find optimal policies for runs involving stochastic binary outcomes. Run-to-run improvement of
the success rate for the operating policy in the acetoacetylation of pyrrole with diketene is first discussed. Results obtained for
emulsion polymerization of styrene are also presented to illustrate how end-use properties, such as the tensile strength and melt
index, can be maintained in their desired target regions by the proper choice of the operating policy.

1. INTRODUCTION

Most real-world optimization problems for batch processes are
related to consistently complying with end-point specifications
so as to minimize the variability in the product quality and
process performance. For example, in many practical
applications including foods, cosmetics, pharmaceuticals, etc.,
lipids are emulsified in an aqueous phase such that their end-
use properties (rheological behavior, stability, color, etc.)
completely define the values for an end user of the resulting
products.’ Emulsion polymerization processes are also
representative examples of the importance of guaranteeing
reproducibility and tight control of end-use properties such as
the tensile strength and melt index by the proper choice of the
operating policy.” With the advent of novel nanomaterials, the
issue of controlling end-use properties fast became the main
problem to be addressed in process development for
reproducible manufacturing at the industrial scale.” For
example, in tuning of the magnetic properties of iron oxide
nanoparticles for biomedical applications, the quantitative effect
of the size, shape, composition, and shell—core structure on the
saturation magnetization, coercivity, blocking temperature, and
relaxation time unambiguously defines a narrow range of
operating conditions with high probability of success for
repetitively obtaining the desired product.* Other novel
processes where guaranteeing end-use properties is of para-
mount importance for the development of industrially scalable
methods are the production of defect-free few-layer graphene
by shear exfoliation in liquids’ and the exfoliation and
dispersion of layered materials by acoustic cavitation.” These
are just representative examples of innovative processes for
which the development of detailed first-principles models
relating end-use properties to operating conditions is too costly
in terms of time and/or money.

Proper settings of key process variables are critical for
consistently complying with end-point specifications, including

v ACS Publications  © Xxxx American Chemical Society

end-use product properties.” ” Searching for the optimal
operating policy to guarantee that specifications for the process
and/or product at the end of a run will be met with high
probability is a stochastic optimization problem under
uncertainty. A process is deemed as stochastic when runs
carried out in the same operating conditions may yield different
outcomes because of the effect of factors or inputs that cannot
be controlled or manipulated. Ideally, a performance model for
end-point conditions would be first established, and then the
best settings can be searched offline via an optimization
method. However, the performance in a run is only observed
through a stochastic binary outcome—success or failure of the
experiment—which is dependent on both the values for
controlled inputs that define the process operating conditions
and a number of uncontrolled (and possibly unknown) factors.
As a result, the performance model is necessarily of a
probabilistic nature and correlates the underlying binomial
probability of success of an experiment with the alternative
settings for controllable input factors.

The model-based design of dynamic experiments for optimal
operation of batch processes has recently been addressed using
active learning and Bayesian inference.'°~'> A decision-oriented
design of experiments'” takes into account how data obtained,
and subsequently the model developed based on them, will be
used in optimization and decision-making. To this aim, the
focus of experimental design is not uncertainty reduction in
parameter estimates or model discrimination but instead
optimal decisions and process optimization. Accordingly, the
information content of data obtained is of paramount
importance because of the increasing need to reduce resources
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required for achieving the specific objective or goal that the
model builder is aiming at. Thus, simultaneous model
identification and optimization'*"" highlight a distinctive
objective for the optimal design of dynamic experiments.
However, modeling the probability of success over a region of
interest (ROI) using first principles is a difficult undertaking for
most batch processes and almost impossible for innovative
products.” The main limitation for a first-principles model is
that the impact of uncontrolled and unknown effects on the
probability of success is difficult to account for using imperfect
models and scarce data. If the model fails to represent these
effects, its predictions may not be reliable enough for
guaranteeing the desired end-point specifications. Therefore,
an empirical, data-driven model that only relies on designed
experiments and observations (success/failure) is the alter-
native of choice. The experimental design approach aims to get
the maximum information from a given experimental effort. In
most cases, a response surface model is built that summarizes
and interpolates the process performance and provides a
valuable guideline for improving operating conditions.

Fiordalis and Georgakis'® have proposed a data-driven
experimental design of dynamic experiments as a means of
developing a response surface model that can be used to
optimize complex batch processes for which it is difficult to
develop a knowledge-driven model. Unfortunately, in their
approach the probability of complying with end-point
specifications is not explicitly modeled. To achieve this goal,
it is necessary to develop a design of experiments that includes
a compound criterion accounting for the dual purpose of
obtaining efficient estimation parameters and simultaneuously
maximizing the probability of a particular event. McGree et al."’
have proposed different approaches for combining parameter
estimation with opposing design criteria for nonlinear models.
More specifically, McGree and Eccleston'® have developed a
probability-based optimal design that achieves such a trade-off
by simultaneously optimizing a design with respect to the D-
optimality criterion and, at the same time, maximizing a
function of the probability of observing a desired outcome.

The search for a reduced region of operating conditions
having a high probability of success can be formally stated as
follows: given an input (parameter) space y C R and an
unknown function m:y — [0,1], which represents the
underlying binomial probability of success of an experiment,
a short sequence of experiments should be generated such that
an operating policy x* having a high probability of success is
found after a small number of runs. It is worth noting that, after
each experiment, the only feedback received is a success or
failure in complying with end-point specifications. To minimize
costs, it is of main concern to also conduct most of the
experiments in a reduced region of operating conditions where
there is a higher probability of observing successes.

The optimization procedure should integrate an experimen-
tal design metric with a data-driven model of 7(x) to iteratively
select the operating conditions for the next experiment to run.
This gives rise to the need of a convenient trade-off between
improving parametric precision in a response surface model for
7(x) and finding a reduced region of more successful operating
policies. The ultimate goal of the optimization procedure is to
recommend, after a rather small number of experiments, an
operating policy x, that minimizes the (typically unknown)
error, or simple regret, max,, 7(x) — 7(x,), which is equivalent
to max, ¢, 7(x,). To this aim, the sequence of runs should be

generated so as to exploit what is already known to maximize
the probability of success and, simultaneously, to explore the
input space for efficient parameter estimation in modeling 7(x).
Bias in data gathering should focus on improving the precision
of parameters in 7(x) and assessing their effect on the binary
response. A compound criterion for experimental design that
addresses this issue is needed.

2. PROBABILITY-BASED OPTIMAL DESIGN

Data-driven modeling of the probability of success #(x)
typically resorts to generalized linear models (GLMs).'®'” In
regression modeling, GLMs extend the linear modeling
framework to response variables that are not normally
distributed and are constrained to a restricted range, so they
are most commonly used to model binary or count data in
classification problems. These models generalize linear
regression by allowing the linear model to be related to the
response variable via a link function.””*" Then, GLMs use a
response function ¢ to convert a linear model with a range of
(—o0, o) to an output that lies within [0, 1] (ie., a valid
probability). Therefore, given a generalized regression model
17(x,0), the predicted success probability 7(x;) at «; is o[5(x,0)].
The choice of @ for the latent linear regression model is
typically accomplished via maximizing the likelihood of the data
given the model. Thus, a GLM is used to describe the
probability of success 7 of the experiment with regard to the
operating conditions x; using a given structure 7 with
parameters 6.

For a given experimental design & consisting of the vectors of
covariants x; € X, #(x,0), for which the corresponding
observations (responses) #(x,6)) have been obtained, GLMs
are defined by three components: a distribution of the
response, a linear predictor, and a link function g(e), which
relates the mean of the response to the linear predictor. If the
binary response variable has a Bernoulli distribution with
success probability z(x;) = o(y;) = g7'(y;), a convenient link
function is the logistic function:'

glx) = log(ﬁ) )

To highlight the advantage of using eq 1, let us assume without
any loss of generality that, for a given «;, the binary response y;
follows the Bernoulli distribution.

The linear predictor used in this work has the following
form:

n(0, &) = X0 = a + bx, + cx, + dxx, + ex;” + fx,”
2)
The likelihood for y; = 0 and 1 is L(6yy;) = (z.)"(1 — )" 7,
which, if the logistic link function is used, gives rise to

log(ﬁ) = x0, where 7, is the expectation of y, namely, the

probability of success for x;. Then, upon reordering, it can be

stated that z(0, &) = %.

The aim of an optimum experimental design is to find a
design &£* that maximizes a particular optimality criterion of
interest. In this work, the goal is to generate a short sequence of
runs whose outcomes for different operating policies help in the
achievement of the dual goal of providing information about
the model parameters @ and increasingly maximizing the
probability of success 7. To this aim, McGree and Eccleston®
have proposed a compound criterion for experimental design
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that balances two opposing criteria: D-optimality, which
provides efficient estimates of the model parameters, and P-
optimality, which maximizes the probability of observing a
success.

D-optimality. A design £ is said to be D-optimal if it
maximizes IM(0,£)| or, equivalently, it minimizes IM™"(6,€)I.
The Fisher information matrix is the inverse of the variance—
covariance matrix of the maximum likelihood estimators of 6,
and it indicates how well model parameters can be estimated by
responses obtained through a design £ D-optimal designs
therefore, in general, provide efficient estimates of the model
parameters because they minimize the volume of ellipsoidal
confidence regions around an estimate. For Bernoulli data with
a logistic link function, the expected Fisher information matrix
can be expressed as'®

M(0, &) = XWX 3)

where the matrix W is diag[x,(1-7)),..,7,(1-7,)]. The D-
efficiency of any design & is defined with respect to the D-
optimal design &n* as follows:

_ ( M(6, &)l )”q

T\ M0, &%) )

where g is the number of parameters in the response surface
model 7z(6x).

P-optimality. This criterion maximizes the function of the
probability of getting a specific outcome. In this work, the
maximin criterion is specifically employed such taht the
minimum probability of success is maximized, that is

®®) = min[z(0, &)] (s)

where 7(0,x) is the probability of success of the design & and
®® s the objective function to be maximized, which
represents the minimum value of the probability of success
for experimental points in a given design &. Hence, the goal of
P-optimality is to maximize the probability of success for the
entry in the design £ with the lowest probability of success. The
P-efficiency of a given design & with respect to the P-optimal
design &p* is defined as

min[7(6, £)]
min[7(6, &*)] (6)
Compound Criterion. The aim is to make a compromise
between the two criteria described above, as the product of D-

and P-efficiencies of an experimental design &, weighted by a
mixing constant 0 < a < 1. That is'®

P = [D(&)] [Rg(£)] (7)

A mathematical program for the optimal design of experiments
using the compound criterion can be stated as follows:

eff =

(DP)
max ® 9 (s2)
where
log(®") = (a/q) logM(0, £)!
+ (1 — a) log(min[7(8, £)]), fori=1, .., n
(8b)

exp(X0)

0,8 = —2 2
(6, ¢) 1 + exp(X0) (8c)

with bounds

LB, <«x,<UB, w=1, ., dim(x) (8d)

In this problem, the optimization variables are the
experimental points (i.e, given values of the controlled
variables) that comprise the design ¢ (the model parameters
0 are fixed while this optimization problem is solved).

3. OPTIMIZATION WITH STOCHASTIC BINARY
OUTCOMES

On the basis of data-driven modeling of the underlying
binomial probability of success and probability-based optimal
design of experiments, a run-to-run optimization methodology
is proposed to pinpoint a reduced region of operating
conditions where there is a high probability of satisfying end-
point specifications. When operating conditions are increasingly
biased so as to increase the parametric precision for the
response surface 7(0,x) toward the region where the probability
of obtaining a desired outcome is high, a sequence of
experiments is defined. The run-to-run optimization algorithm
uses two nested loops, as shown in Figure 1.

v Define ROI,
k=0
121+1 Define &,

'
Estimate 7, for &,
;TO
'
Parameter estimation
0,
'
Optimal experimental
design

k=lk+1 x

'
Estimate probability
of success for x ,,

des

EXTERNAL LOOP

Update ¢, INTERNAL LOOP

Parameter
estimation

NO

NO |-y
\

Figure 1. Run-to-run optimization using a probability-based optimal
experimental design.

DOI: 10.1021/acs.iecr.5b01295
Ind. Eng. Chem. Res. XXXX, XXX, XXX—XXX


http://dx.doi.org/10.1021/acs.iecr.5b01295

Industrial & Engineering Chemistry Research

To begin with, the first step of the proposed approach
consists of establishing the ROI for the process, that is, to
establish the lower bounds LB and upper bounds UB for all
input variables in the vector x. These bounds are defined by
taking into account available data and prior knowledge about
the process under study. Once these initial limits are defined,
the algorithm starts with an external loop (I = 0) with a choice
of points from a central composite design (CCD)** to decide
where to experiment first in the ROI Each design consists of a
factorial design (the corners of a cube) together with center and
star points that allow the estimation of second-order effects in
the response surface of the success probability 7(6,x). For a full
quadratic model with »n input factors, CCDs have enough
experimental points to estimate the (n + 2)(n + 1)/2
coeflicients. For the sake of economy, only a fraction of points
in the initial CCD are used for the each iteration of the external
loop. At this stage, experimental points are chosen as follows:
the center and star points are always chosen, whereas factorial
points are randomly chosen up to a number necessary for
parameter estimation. Because CCDs are orthogonal and
rotatable, starting from a fractional CCD is a good way to
minimize the prediction variance while comprehensively
exploring the whole ROL Later on in a case study, this choice
for the initial experimental design is shown to be the most
suitable option to start the external loop iterations of the run-
to-run optimization methodology in Figure 1.

For any external loop iteration I, at each iteration of the
internal loop (see Figure 1), an additional point corresponding
to the current estimated optimum of the response surface
model for the probability of success 7(0,x) is added to &_;. For
the corresponding experimental design, &, includes all data
points from the first iteration (k = 0) up to the current
iteration, and it is represented by

X,k 9)

where x;, is the ith experimental point added in the kth internal
iteration.

For any point in &, (for all experimental points in the initial
design—external loop—and experimental points designed at
every iteration of the internal loop), the probability of success is
estimated using a number of replicas. That is, to calculate the
probability of success in an experimental point, a number of
experiments are needed (corresponding to the number r of
specified replicas) for the same operating conditions. Then, the
products obtained in each run are analyzed to determine
whether the desired end-point specifications are satisfied.
Accordingly, the probability of success in the experimental
point is expressed as the percentage of runs where the batch
meets its end-point specifications. As a result, the following
vector for the success probabilities in the kth internal iteration
is available:

ﬂl,k(xl,k)

”2,k(x2,k)
. =

”n,k(xi,k) (10)

Using vectors &, and m;, the response surface of the probability
of success is modeled as a GLM with the logistic function as the
link function. The corresponding vector of model parameters
for the kth internal iteration is denoted by 6. Accordingly, the
model for the probability of success over the ROI for the Ith
iteration of the external loop is

= exp[n(gk, x)] x € ROI
1+ exp[n(6y, x)]’ (11)

Using the model in eq 11 with 6;_, from the previous iteration,
in the kth internal iteration, a new experimental point x4, is
added by solving the mathematical program in eq 8 using the
compound objective previously described in eq 7, where the
current design is defined by & = [£_), xg,)- As soon as the
probability of success at x4, is estimated by doing a number of
experimental replicas, vectors & and ;. are updated and a new
vector of model parameters 6, is obtained. Later on, the
predicted optimum x;* that maximizes the success probability
is obtained and compared with the one from the previous
iteration to check convergence of the internal loop using the
following stopping criterion:

*k *k
Xk Xe—1 <e

max S &y

xk*

(12)

When the internal stopping condition is satisfied, the optimum
for the current iteration of the external loop is calculated as x;*
= %%, and the stopping condition for the external loop is
checked using the criterion

% _ *
X X1
max

*

X (13)
For obtaining the maximum of the response surface model of
the probability of success 7(6;,x), the following mathematical
program is solved in the kth internal iteration

max 7(6,, x)

LB, <x,<UB, w=1, ., dim(x) (14)

where LB!, and UB!, are the lower and upper bounds of the wth
explanatory variable in the Ith iteration of the external loop.

Whenever the external stopping criterion in eq 12 is not
fulfilled, the run-to-run strategy begins a new iteration of the
external loop, but now the ROJ, is reduced to a fraction (say a
quarter) of the one in the previous iteration centered at the
optimum x;_,* but always included in the initial ROL If the
optimum is on one boundary of the initial ROI or near it, the
new ROJ, is conveniently defined so as to be within the initial
ROI and with a center that is the closest to x;_;*. In this work,
the bounds LB/, and UB!, in each iteration of the external loop
are defined as follows:

For I = 1, define LB, and UB/, based on the literature or
previous experience in the process.

For I > 2, define the current ROJ, as a quarter of ROI,_; with
the center at x;_;*.

Every time a new external iteration begins with a reduced
RO], the first internal iteration begins with fractional CCD
based on the ROI,. Additional iterations in the internal loop
increasingly add new experimental points using probability-
based optimal design (see eq 8). When both loops converge,
the last optimal point obtained is considered to be the optimal
operating point of the process to work with a high probability
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of complying with end-point specifications, e.g., end-use
properties of the obtained product.

An alternative to deciding when to stop iterating in any of the
loops is to set a maximum number of iterations. On the one
hand, defining a maximum number of iterations in the external
loop prevents the search for an optimal point within a ROJ, that
is too small, bearing in mind the intrinsic process variability. On
the other hand, defining a maximum number of iterations for
the internal loop prevents too much experimentation in
operating conditions that are very close to each other so that
they bring almost the same information about the process
optimum and do not improve significantly the parametric
precision for the response surface model of the probability of
success.

4. CASE STUDIES

4.1. Acetoacetylation of Pyrrole with Diketene. The
first representative case study to be considered is the
acetoacetylation of pyrrole with diketene, for which Ruppen
et al.”’ have proposed the following set of reactions:

kA
P + D - PAA
kpy
D + D —- DHA
kO
D — oligimers
kg
PAA+D —F

where P, D, PAA, and DHA stands for pyrrole, diketene, 2-
acetoacetylpyrrole, and dehydroacetic acid, whereas F is a
byproduct. The corresponding rate laws for the set of reactions
above are

foan = kaCpCp
"DHA = kDCD2
o = koCp

rp = kgCppaCp

The nominal values of the kinetic parameters given
elsewhere™ are as follows: k,° = 0.53 L/(mol-min), kp° =
0.128 L/(mol'min), k,° = 0.028 min™, and kz° = 0.001 L/
(mol'min). The process is conducted in a semibatch isothermal
reactor, where a solution of diketene was added at a constant
feed flow for a specified feed time. A first-principles model for
the acetoacetylation process™ is given in the Supporting
Information.

To test the proposed optimization approach, a probabilistic
model of the semibatch reactor to be used as an in silico proxy
for carrying out experimentation is now described. Following
Ruppen et al,,”> who stated that the value of ky could be set to
0.001 min~" (because this was the largest value encountered in
all experiments and was thus established as an upper bound),
the probabilistic effect on end-point conditions was incorpo-
rated by superimposing a random variability term over their
nominal values in the other three kinetic parameters of the
simulation model as follows:

ky =k + Sp
ATTA T ) % 100
SP
ky = kp® + —————
DT ) % 100
SP
ko= ko® £ ——
2 X 100 (15)

where SP is the percentage of variability considered for the
values of the kinetic constants. Note that, in eq 15, the interval
over which each parameter is defined has been centered in its
corresponding nominal value. It is worth highlighting that the
model is only used to generate experimental data, and it is not
available to the user of the proposed methodology. The values
of the kinetic constants and their variability are unknown as
well.

For run-to-run optimization of the probability of success, the
input variables are the feed flow rate to the reactor (in liters per
minute) and the feeding time period for the diketene (in
minutes). To this aim, a dynamic optimization problem must
be solved, where the policy is a time-varying feeding profile that
consists of two parameters. To comply with the specifications at
the end of the run, it is necessary to find the optimal setting of
these parameters. Figure 2 graphically shows the considered

A

T

Flow rate [L/min]

t t

Time [min]

Figure 2. Feeding profile for diketene defined by two parameters. The
final time is assumed to be fixed.

profile with the parameters used for maximizing the probability
of success. To begin with, the feeding profile is parametrized in
this way in order to analyze the results obtained in an easier and
graphical way. Later on, an analysis of the same case study is
made but considering a more flexible profile defined by four
parameters to be optimized. The response variables are the
concentrations of different species (in moles per liter) in the
reactor at the end of each run. To comply with end-point
specifications, these concentrations of reagents and products
should be maintained within certain desired values. More
specifically, for productivity and safety, the concentrations at
the final time of each run should be verified:

Cpan(ty) vr(t) = 0.46 mol
Cpua(ty) £ 0.15 mol/L
CD(tf) < 0.025 mol/L

To implement the run-to-run optimization methodology, it is
necessary to define first the following set of hyperparameters:
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lower and upper operating bounds of each input variable (LB
and UB), number of designed experimental points in each
internal loop iteration (ep), number of replicates to perform in
each experimental point (r), maximum number of internal
loops (il), maximum number of external loops (el), and internal
and external stop criteria (¢, and &,,). The values chosen for
hyperparameters for this case study are shown in Table 1.

Table 1. Hyperparameter Values for the Acetoacetylation of
Pyrrole with Diketene

parameter value
LB [150, 0.9 x 1073]
UB [235, 1.5 X 107%]
ep 1
r 10
il 6
el 4
€ 0.5 x 1072
€ 1x1073

ex

A maximum number of six iterations for the internal loop
help to prevent too many points being put in a too small a ROI,
which would imply getting little information at the expense of
costly experimentation. Also, a maximum of four iterations for
the external loop are used to avoid narrowing of the ROI
unnecessarily bearing the intrinsic variability of the process.

The values of SP used to simulate the intrinsic process
variability were 5%, 10%, and 20%. Figure 3 depicts the contour
levels of the response surface models obtained for the chosen
values of SP and within the boundaries of the same initial ROI.
As can be seen, there exists a zone with a high probability of
obtaining the desired end-point specifications whose size
depends on the chosen level of variability. This is the target
reduced ROI that the proposed run-to-run methodology will
hopefully find using the outcomes of experimental runs only.

To assess its performance in the acetoacetylation process, the
proposed methodology was implemented, and the results
obtained until convergence of the external loop are given using
SP = 10% and a = 0.2S. Figure 4 depicts the successive
reduction of the ROI as external iterations are carried out and
the experimental points are tried by the methodology. As can
be seen in this particular trial, there exists a successive reduction
of the initial ROI toward a small set of operating conditions
with a high probability of success. The results of this specific
trial are presented in Table 2, which provides for each external
loop bounds for the reduced ROI obtained, the optimal
operating policy, and the number of experimental points
required to complete the external loop. After the last iteration
of the external loop, a very small ROI with high probability of
success is obtained. The optimal operating policy corresponds
to a feed time of 205.26 min and a feed rate of 1.1 X 102 mol/
s. This optimal policy has a probability of success of 100.00%
and requires a total of 35 experimental points to be found.

To assess the sensitivity of the proposed run-to-run
approach, the present case study is solved using a = 0.25 and
considering the three alternative values of SP previously
mentioned. The influence of the mixing constant a in the
optimization strategy of Figure 1 was analyzed a priori in order
to choose the optimal value for this parameter; a summary of
the results obtained is given in the Supporting Information,
where it is demonstrated that o = 0.25 is the best value for this
parameter.

Feed Rate (I/min)

0'?50 180 200

n)

190
Feed Time (mi

(@

Feed Rate (I/min)
5

o ?50 180 190 200
Feed Time (min)

(b)

Feed Rate (I/min)
5 P

0'?50 180 190 200
Feed Time (min)

C]

Figure 3. Probability of success over the initial ROI for the
acetoacetylation of pyrrole with diketene using the feeding profile in
Figure 2 with SP = (a) 5%, (b) 10%, and (c) 20%.

Choosing the same hyperparameters and starting from the
same initial ROI, the sequential experimental design method-
ology in Figure 1 has been implemented until convergence in
100 independent trials for each value of SP previously
considered. Because the in silico simulation model used is of
a stochastic nature, the outcome in each operating condition
may vary, and therefore the proposed methodology may lead to
different solutions in each trial. It is worth remembering that by
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Feed Rate (I/min)
s

%50 190 200
Feed Time (min)

Figure 4. Complete trial (until convergence of both loops) of the run-
to-run optimization methodology in Figure 1 for the acetoacetylation
of pyrrole with diketene (SP = 10%; a = 0.25) using the feeding profile
in Figure 2.

a trial we refer to a full implementation of the algorithm until
convergence. Then, in each one of these independent trials, a
different optimum operating policy is found. The results
obtained are shown in Table 3, where the percentages of all
trials of the methodology (based in the 100 independent
implementations) that find an operating policy that complies
with the end-point specifications, for different levels of success,
are given. This analysis has been performed for three different
values of SP: 5%, 10%, and 20%.

Table 3 includes analysis of 100 independent trials of the
methodology with an exceedingly high process variability (SP =
20%); although unlikely in the process industry, this
significantly high level of intrinsic variability is only used here
to demonstrate the outstanding capability of the proposed
approach. The resulting reduced ROI defines an optimum
operating policy that guarantees a probability of success of 95%
for 39% of the trials made. Despite the exceedingly high
intrinsic variability, the obtained optimal policy has a
probability of success above 80% in most of the runs (97%).
Moreover, only 3% of all trials fall into a region with a
probability of success of less than 80%, whereas all trials made
achieved a region where the probability of success is higher
than 60%. It is worth noting that, within the initial ROI (see
Figure 3c), only a small part of it (near 9.75%) has a probability
of success of over 80%. Despite this, the methodology in Figure
1 was able to find a reduced region of operating conditions with
a high probability of success in most of the trials.

The sensitivity of the results obtained for different initial
experimental designs & is now analyzed. Bearing in mind that
the operating policy has two input variables, a minimum of six
experimental points are required to begin any external loop

Table 3. Percentage of Trials That Found an Operating
Policy That Complies with the End-Point Specifications for
Different Levels of Success and Different Values of SP Using
the Feeding Profile in Figure 2 and a = 0.25

percentage of runs that reach the
desired reduced ROT (%)

minimum probability of success required SP = SP =
(%) SP = 5% 10% 20%
95 100 100 39
90 100 100 75
85 100 100 87
80 100 100 97
70 100 100 99
60 100 100 100

iteration. The initial designs analyzed were a fractional CCD
(see Figure Sa), a factorial design plus one point in the center
and one point in the middle of one of the boundaries, and
finally six randomly chosen points scattered within the
boundaries of the ROIL These three alternative designs are
shown graphically in Figure S. Figure 6 depicts the evolution of
the methodology depending on the initial design chosen. To
favor doing a fair, yet simple comparison, results obtained are
only shown for each &, until completion of the first external
loop, namely, until the first reduction of the initial ROI is done.
Different graphs in Figure 6 highlight the initial ROI, the initial
design points, points that are added by the optimization
methodology, and the resulting ROI reduction after con-
vergence of the external loop. Successive response surfaces that
are found with the addition of new optimally designed points
added within the internal loop are provided in the Supporting
Information. From Figure 6, it seems that the best alternative is
to start each iteration of the external loop with a CCD, which
ensures an appropriate reduction of the initial ROI with fewer
experimental points.

To highlight the issue of the optimal design of a dynamic
experiment, let us consider a more elaborate feeding profile
having four variables to be optimized. As is shown in Figure 7,
the input variables now are the initial feed flow rate to reactor
(F,), the switching time (t,), the value of the feed flow rate after
the switching time (F,), and the overall feeding time period for
diketene (f.). Once again, the final reaction time (t;) is fixed,
and the response variables are the concentrations of the
different species at the end of each run, whereas the end-point
specifications are the same for this case study.

For each value of the parameter SP considered, 100
independent trials were performed and an optimum operating
policy was found in each one of these trials. In Table 4, the
results obtained for different levels of the process intrinsic
variability simulated are shown.

As can be seen, when the intrinsic process variability is rather
low (SP = 5%) or even significant (SP = 10%), the proposed

Table 2. Summary of the Results of the Trial Depicted in Figure 4 (SP = 10% and & = 0.25) Using the Feeding Profile in Figure

2
external lower bound feed upper bound feed lower bound feed upper bound feed  optimal feed optimal feed probability  total experimental
loop time (min) time (min) rate (mol/s) rate (mol/s) time (min) rate (mol/s) of success points required
1 150.00 235.00 0.9 x 1073 1.5 x 1073 187.48 12 x 1073 0.9300 8
2 166.23 208.73 1.05 x 107 135 X 107 205.25 12 x 1073 0.9900 12
3 194.63 215.88 1.03 x 1073 1.18 x 1073 205.26 1.1 x 1073 0.9900 8
4 199.95 210.57 1.06 x 107 1.14 x 107 205.26 1.1 x 1073 1.0000
G DOI: 10.1021/acs.iecr.5b01295
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Figure 5. Initial designs used for internal loop iterations: (a) fractional
CCD; (b) factorial design plus one point in the center and one point
in the middle of one of the boundaries; (c) six randomly chosen points
scattered within the ROL

methodology can find a reduced region of operating conditions
having a high probability of success for most of the trials. More
specifically, all trials end up in a zone with a probability over
95% of meeting end-point specifications. As can be expected,
because the process variability is exceedingly high (SP = 20%),
it is a bit more difficult to find a reduced region with a
probability of success of ca. 100% for all trials. Despite this, the
proposed method still locates a reduced ROI such that the
optimal feeding profile is successful in a high percentage of
trials. As a result, it was demonstrated that the methodology in
Figure 1 can be used to optimize a time-varying profile. It is fair
to acknowledge, though, that, as the number of parameters
increases, the experimental effort required will also increase, as
is also the case with response surface methods. However, using

Feed Rate (I/min)

190
Feed Time (min)

(@)

Feed Rate (I/min)

90 200
Feed Time (min)

(b)

Feed Rate (I/min)

O'?SO 190 200
Feed Time (min)

©

Figure 6. Evolution of the ROI after the first iteration of the external
loop for different initial designs (white squares correspond to the
initial design points, whereas black circles are points added during
internal loop iterations): (a) fractional CCD with one point in one of
the boundaries; (b) factorial design adding one point in the center and
one point in the middle of one boundary; (c) six randomly chosen
points scattered within the ROL

the proposed approach, the magnitude of such an increase will
depend on the intrinsic process variability. For higher levels of
variability, more replicas for the same operating policy are
needed, hence higher costs.
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Figure 7. Feeding profile for diketene defined by four parameters. The
final time is assumed to be fixed.

Table 4. Percentage of Trials That Found an Operating
Policy That Complies with the End-Point Specifications for
Different Levels of Success and Different Values of SP Using
the Feeding Profile in Figure 7

percentage of runs that reach the
desired reduced ROT (%)

minimum probability of success required SP = SP = SP =
(%) 5% 10% 20%
95 100 100 87
90 100 100 90
85 100 100 91
80 100 100 91
70 100 100 9S
60 100 100 96

4.2. Emulsion Polymerization of Styrene. As a very
representative example of a process where complying with end-
use product properties is mandatory, emulsion polymerization
of styrene is now addressed. Mathematical models for this
process ‘have been discussed in Liotta et al. ** and Li and
Brooks™ as well as in more recent works.”*~** Similarly to the
first case study, a probabilistic simulation model of the process
is used to describe the effect of the intrinsic variability and
modeling errors in end-point specifications. A random
variability effect using SP = 10% in the process dynamics is
added to the initial amounts of each population of seeded
particles as follows:

sp
N, =20x 10" + ———
2 X 100
sp
N, =80 x 107 + ————
2 x 100
P
N, =20 x 10" P
T 2% 100 (16)

The kinetic model and conservation equation for the process
accounts for the following key variables: volume balance for the
reaction medium, volume balance of particles in each
population, molar balance of the monomer, balance of the
average number of radicals per particle for each population,
polymerization rate for each population, addition rate of the
chain-transfer agent (CTA), molar balance of the initiator, and
molar balance for the CTA. All constitutive equations and
balances that made up the dynamic model have been developed

in previous works, and only a summary of them is provided in
the Supporting Information. Again, this in silico model and the
variability of the particles’ size are assumed to be unknown to
the user of the proposed approach and are only used here to
generate data in order to test the proposed methodology.

In this case study, it is of special concern that the final
product obtained satisfies two end-use properties: melt flow
index (MI) and tensile strength (o). These properties may be
reliably estimated using correlations that are dependent on the
weight-average molecular weight (MW,,) and number-average
molecular weight (MW,), respectively:~

30

MI =
MW, ** x 107"% — 0.2 (17)

1
6= 7390 — 451 X 108(—)
MW,

(18)
where MW,, and MW, can be calculated by>*"*’
MW, = ZZ,POAI +Zz o/’t
211’0/11 Z, Oﬂ (19)
M\/Vn = ZZPOA’ Zl O//l
leoj’t Zl O,Lt (20)

where 4 is the jth moment of the live polymer chain for species
i and ] is the jth moment of the dead polymer chain for species
i. The balances of the moments for the live and dead polymers
are available in the Supporting Information.

To apply the run-to-run optimization methodology in Figure
1, the monomer and CTA feed rates to the polymerization
reactor, both of them in moles per seconds, were chosen as
input variables to guarantee end-use properties of the resulting
product stated as follows:

125 x 10* < MI [g/min] < 7.5 x 107*
6900 < o [psi] < 7200

The values of the hyperparameters used to implement the
proposed optimization methodology in this case study are given
in Table 5.

Table 5. Hyperparameter Values for Emulsion
Polymerization of Styrene

parameter value
LB [0.0184, 1 x 1074
UB [0.026, 8 x 1074
ep
r 10
il 6
el 4
& 0.5 x 1072
€ 1% 1073

ex

To evaluate the proposed run-to-run approach for finding a
reduced ROI having a high probability of success, the
polymerization of styrene is now addressed. This case study
constitutes a challenging problem for the proposed method-
ology in Figure 1. Figure 8 depicts the contour levels of the
response surface models for the probability of success obtained
for the initial ROI chosen.
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Figure 8. Probability of success over the initial ROI for emulsion polymerization of styrene with SP = 10%.
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Figure 9. Complete trial (until the convergence of both loops) of the run-to-run optimization methodology in Figure 1 for emulsion polymerization
of styrene (SP = 10% and a = 0.25).

Table 6. Summary of the Results of the Trial Depicted in Figure 9 (SP = 10% and a = 0.25)

total
lower bound upper bound optimal optimal CTA experimental
external ~ monomer feed monomer feed lower bound CTA upper bound CTA  monomer feed feed rate probability points
loop rate (mol/s) rate (mol/s) feed rate (mol/s) feed rate (mol/s) rate (mol/s) (mol/s) of success required
1 0.0184 0.0260 1x107* 8 x 107 0.0209 5x 107 0.5100 10
2 0.0190 0.0228 325 x 107 6.75 x 107* 0.0228 3x 107 0.8400 9
3 0.0219 0.0238 213 x 107 3.88 x 107 0.0238 4x107* 0.9300 9
4 0.0233 0.0243 3.56 x 107* 444 x 107* 0.0242 4x107* 0.9700 7
J DOI: 10.1021/acs.iecr.5b01295
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Figure 9 depicts, for a given trial, the systematic reduction of
the ROI as external loop iterations in the proposed method-
ology in Figure 1 are carried out. Table 6 provides a summary
of the results obtained, including upper/lower bounds for the
reduced ROI for external loop iterations. Accordingly, to
maximize the probability of success, the monomer feed rate
should lie in the interval of 0.0233—0.243 mol/s, whereas the
CTA feed rate must be between 3.56 X 107* and 4.44 x 107*
mol/s. The optimal operating policy corresponds to a
monomer feed rate of 0.0242 mol/s and a CTA feed rate of
4 x 107* mol/s. The probability of success for this optimal
policy is 97%, whereas the total number of experimental points
required to obtain this optimal policy was of 3.

On the basis of 100 independent trials of the run-to-run
optimization strategy, the probability of success of the resulting
optimal policy for different degrees of confidence is highlighted
in Table 7. The results obtained demonstrated that when the

Table 7. Percentage of Trials That Found an Operating
Policy That Complies with the End-Point Specifications for
Different Levels of Success (SP = 10% and a = 0.25)

minimum probability of

percentage of trials that reach a zone with a
success required (%)

given level of success (%)

95 15
90 47
8S 61
80 73
70 86
60 93

proposed methodology is used, the optimal policy found has a
probability of success of more than 90% in 47% of the trials.
Moreover, the obtained optimal has a probability of success
higher than 80% in 73% of the trials. Finally, only 7% of the
trials provide an optimal policy with a probability of success of
less than 60%.

With implementation of this second case study, it was
possible to demonstrate that by embedding data-driven
modeling of the probability of success in the proposed run-
to-run optimization approach it is feasible to find a reduced
ROI where end-use properties can be guaranteed with high
probability. The results obtained prove that, for complex
processes where there are no reliable models for policy
optimization, the proposed methodology is an appealing tool to
obtain the desired operating region by performing only a small
number of experiments.

5. CONCLUDING REMARKS

The usefulness of the probability-based design of experiments
for batch process optimization with end-point specifications has
been proposed as a way to define an optimal operating policy
with a high probability of obtaining the desired outcome. The
proposed methodology is data-driven, which makes it very
appealing for innovative processes for whom first-principles
knowledge or detailed models are not available. The method-
ology resorts to a compound criterion for optimal experimental
design in order to balance parametric precision with the
probability of success. As a result, the optimization strategy in
Figure 1 increasingly biases operating conditions toward a
reduced region of operation with higher success probabilities,
while the response surface model is improved. In the limit, as
the number of iterations for the external loop increases, the

proposed method will always converge toward a target region
of operating conditions within the initial ROI, where the
probability of success is the highest. Should there be more than
one reduced ROI having equally high success probabilities, the
method will find only one of them. In such a case, because of
the bias introduced through the initial approximation of the
success probability response surface, it cannot be guaranteed
that the reduced ROI will always account for the highest
probability of complying with end-point specifications, i.e., the
global optimum.

The proposed method has been tested in silico in two well-
known case studies to assess its performance. The acetoacety-
lation of pyrrole with diketene and emulsion polymerization of
styrene have been addressed with encouraging results. For both
cases, significant levels of intrinsic variability have been added
to simulate uncertainty regarding process behavior. It is worth
noting that the proposed methodology found an optimal policy
with a high probability of success in most cases. As can be
expected, because the intrinsic variability is too high, the result
obtained gracefully degrades by lowering the probability of
success of the optimal policy found.
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B NOMENCLATURE

Symbols

Cpy diketene concentration in the feed stream [mol/L]

C concentration of species i [mol/L]

D« D-efficiency of any design & with respect to &p*

el maximum number of external loop iterations

ep number of designed experimental points in each
internal loop

§0) feed rate [L/min]

il maximum number of internal loop iterationss

LB/UB  vectors of lower/upper bounds for a given ROI

LB, /UB,, low/upper bounds of the input variable w
Fisher information matrix
MI melt flow index [g/min]

MW, number-average molecular weight

MW, weight-average molecular weight

n number of points in an experimental design

N; total number of particles from population i in the
reactor

P P-efficiency of a given design & with respect to &p*

q number of parameters in the response surface model

DOI: 10.1021/acs.iecr.5b01295
Ind. Eng. Chem. Res. XXXX, XXX, XXX—XXX


http://pubs.acs.org
http://pubs.acs.org/doi/abs/10.1021/acs.iecr.5b01295
http://pubs.acs.org/doi/suppl/10.1021/acs.iecr.5b01295/suppl_file/ie5b01295_si_001.pdf
mailto:ecmarti@santafe-conicet.gov.ar
http://dx.doi.org/10.1021/acs.iecr.5b01295

Industrial & Engineering Chemistry Research

r number of replicates to perform in each exper-
imental point

ROI region of interest for optimization

Sp percentage of variability regarding nominal behavior
[%]

t time [s]

X matrix data of input variables

Xges designed experimental point

x* optimal policy from the kth internal loop iteration

x* optimal policy from the Ith external loop iteration

Greek Symbols

a mixing constant

(A vector of parameters of the response surface model

p) jth moment of the live polymer chain for the species i

7/ jth moment of the dead polymer chain for the species i

v,(t)  reactor volume [L]

Ein stopping criterion for the internal loop

Eex stopping criterion for the external loop

13 experimental design

&p*  D-optimal experimental design

&p*  P-optimal experimental design

n(x;) probability of success for a given operating condition
7(6x) response surface model for the probability of success
o tensile strength [psi]
ol compound design criterion
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