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1. Introduction

There is a wide variety of nonparametric smoothing techniques which are constructed by means of different sorts of
local weighting. This is the case for kernel regression methods where the regression estimate is constructed, at each point
of interest x, by averaging the data falling into a neighbourhood of x. It is well-known that the key parameter for insuring
the good behaviour of the estimate (both from an asymptotic point of view and for finite sample applications) is the size of
the neighbouring window, namely the radius h of the ball defining it. On one side, there is the wish for letting this window
width depend on x (that is, h = hy), in order to construct location-adaptive smoothers. On the other hand, the choice of
hy in practice is not straightforward. One of the most popular ways of overcoming these difficulties is to consider a kNN
neighbourhood. It consists in fixing some integer k and in defining h, as a value such that the ball of centre x and radius hy
contains exactly k data elements. In this way, the resulting estimate is location-adaptive and it depends on a single discrete
parameter (that is, the integer k) instead of depending on an infinite number of continuous parameters (those are, the radius
h = h,, for all x). As a partial drawback, the mathematical treatment of kNN estimates is much more difficult because the
method is based on a random neighbourhood. In situations where data are real valued the literature is rather large and kNN
regressors are known to combine good theoretical asymptotic properties and a nice finite sample behaviour (see Collomb
(1980) or Devroye (1982), for early references, and Chapter 6 in Gyoérfi et al. (2002), for a general discussion). Extensions to
multivariate data have also been widely studied (see for instance Bhattacharya and Mack (1990), for an early reference, and
Biau and Devroye (2010), most recent advances).

On the other hand, modern sciences are now able to collect continuous data (such as curves and images) and statisticians
are in front of new challenges. This field, known as functional data analysis (FDA), has been popularized in the last two
decades, mainly through the books by Ramsay and Silverman (2002, 2005), which are devoted to methodological and applied
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issues respectively. While this early literature was mainly based on linear ideas, the link between nonparametric modelling
and FDA started recently to be studied with the book by Ferraty and Vieu (2006). Nonparametric functional data analysis
(NPFDA) is now taking more and more importance in the literature, and specially in the context of regression analysis
with functional covariates (see for instance Ferraty and Romain (2010)). Because the local features of a random variable
change more from one area of the space to another one when the dimension increases, kNN methods are natural appealing
candidates for nonparametric regression in infinite dimensional settings. Until now the literature in question has been quite
underdeveloped since it is restricted to pointwise consistency results (see Burba et al. (2009) and Lian (2011)).

The main aim of our paper is to state a general consistency result on kNN regression estimates with functional variables
(see Theorem 2 in Section 3). The asymptotics are stated in terms of almost complete convergence' which is known to imply
both almost sure convergence and convergence in probability (see for instance Bosq and Lecoutre (1987)). The main feature
of our result is uniformity, and it is discussed in Section 5 how this is of utmost importance for many further developments in
FDA. The second feature is to provide the rates of convergence which show the effects of the topological structure endowing
the functional space. It is finally worth noting that, even if our main purpose is functional regression, the paper is written
in a general form allowing other types of functional estimation problems (see Remark 1). Also, as a second interesting by-
product, we state a technical lemma showing how uniform results for local weighted sequences on fixed neighbourhood
can be adapted to similar results with random neighbourhoods. The interest of such a result is well beyond the scope of this
paper (see Section 4.1).

2. The kNN functional regressor

2.1. General notations

Let {(X;, Yi)}i=1....n be nrandom independent and identically distributed (i.i.d.) realizations of (X, Y) and valued in # x RR.
(F,d) is a semi-metric space; ¥ is not necessarily of finite dimension and we do not suppose the existence of some
dominating measure for the probability distribution of X. For x € %, let B(), ¢) be the ball of centre xy and radius ¢ for
the topology associated with d: B(x, ¢) = {x' € F/d(x’', x) < ¢}.

Our purpose is to prove uniform results on a subset S of £ whose topological structure appears through the notion of
entropy. Recall that the Kolmogorov’s e-entropy of some set S is defined by ¥s(e) = log(N,(S)), where N, (S) is the minimal
number of open balls in # of radius & which is necessary to cover S.

2.2. The model and the estimate

We wish to estimate a generalized regression function, defined from some known real-valued Borel link L, as

my(x) = E[L(Y)|X = x], VxeF. (2.1)

Remark 1. It is worth noting that this model includes the standard regression problems (when L is the function L(t) = t),
but also many other ones. For instance when choosing, for fixed y, the function L(t) = 1(_ () one gets as operator m; the
conditional distribution operator F,(x) = P(Y < y|X = x). Similarly, the choice L(t) = 1, (t) leads to the conditional
survival function.

The kNN kernel estimator is defined, for any functional element y, by looking for the k nearest neighbours of x among the
functional sample {X;, i = 1, ..., n}, and then by a weighted averaging of the corresponding L(Y;). This leads to

K (Hax GO~ 'd(x, X0) L(Y)

o

1

S K (Hu(x)~d(x, X))
i=1

M (x) = - , Vxe¥F, (2.2)

where K is a kernel with support in [0, oo) and Hp, () is defined as follows:

n
Hnie(x) = min {h € R* = ) " 1pm(X) =k . (2.3)
i=1

Note that Hy () is a positive random variable which depends on (Xy, . .., Xp).

T Recall that a sequence (T,)qen+ Of random variables is said to converge almost completely to some variable T, if and only if Ve > 0, Zzil P(|T,—T| >
g) < oo. This is denoted by T, — T, a.co. (or equivalently by T, — T = 0,.¢,.(1)). We say the sequence (T)nen+ is Tp — T = 0,.c0.(Uy), if the sequence
u;’ |T, — T| converges almost completely to zero.
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In fact this kNN estimate can be seen as an extension to random and locally adaptive neighbourhood of the traditional
kernel approach defined as

M:

K (RGO ~'d(x, X)) L(Y:)
1

YK (h(G)~'d(x, X))
i=1

ML) = , VX €eF, (2.4)

where h(x) = h,(x) are positive real numbers decreasing to zero as n goes to infinity. The principal interest of the kNN
method appears in the implementation. The fact that the smoothing parameter k takes its values in a discrete set makes
things more simple from the practical point of view. Burba et al. (2009) showed by means of examples that the kNN
method takes into account the local structure of the data and gives better predictions when the data are heterogeneously
concentrated.

3. Rates of uniform consistency

3.1. The hypotheses

We denote by C and C’ some generic strictly positive real constants, changing from line to line. Assume the following
hypotheses.

(H1) (H1a) Ve > 0, ¢, (¢) := P(X € B(x, €)) > 0, with ¢, (-) continuous on a neighbourhood of 0 and ¢, (0) = 0.
(H1b) There exist a nonnegative function ¢(.) and a positive function f(.) such that for some b >
0, 5P, cs, |9, (6)/d(e) —f(0)| = 0(e"), ase — 0.

(H2) my is a bounded Lipschitz operator of order b on S, that is, there exists b > 0 such that Vx, x2 € Sg, Imy(x1) —
m(x2)| < Cd°(x1, x2)-

(H3) VI > 2, E(L(Y)|YX = x) < 8/(x) < C with §;(-) continuous on S.

(H4) The kernel function K has to be
(H4a) a nonnegative, bounded, non increasing function with support [0, 1] and Lipschitz on [0, 1),
(H4b) if K(1) = 0, it must also be such that —oo < C < K'(t) < C' < 0.

(H5) The function ¢ is such that
(H5a) ¢(0) = 0and lim,_.q ¢(e) =0,
(H5b) 9C > 0,319 > 0,Y0 < 1 < 19, ¢'(n) < C,
(H5c) ¢ is regularly varying at O with nonnegative index, that is, there exists a function ¢y(u) = u®, with @ > 0, such
that for allu € [0, 1],

pue)

li = ggl}) Ce(u) = &o(u).

im :
e—0 ¢(8)
(H6) Kolmogorov’s e-entropy of Sy satisfies

> logn
Zexp 1 —=o)s, | — < oo forsomew > 1.
n=1

n

Remark 2. In the case of K(1) = 0, under assumptions (H1), (H4), (H5a) and (H5b) it is easily seen that 3C > 0, 3ny > 0,
VO < <o, [y pwdu > Cng(n).

3.2. Main result

We start by reminding the uniform asymptotic properties of m; defined in (2.4). Theorem 1 was proved by Ferraty et al.
(2010) in the special case when h(x) = hforall x € S, but their proof can be followed line by line under (3.1). This general
condition (3.1) will be a crucial preliminary tool for us.

Theorem 1. Suppose that assumptions (H1)-(H6) hold, and that the bandwidths h(x) satisfy, for n large enough,
0<Ch< insf h(x) < sup h(x) < Gh < o0, (3.1)
XESF

XESF

where h = hy, is a sequence (independent of x ) such that h — 0 and (logn)?/n¢(h) < s, (logn/n) < n¢(h)/logn, for n
large enough. Then we have

sup 710 — 01 = 0 + 04 [ LD
XESF a.co. > T
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We can now state our main result, whose proof will be presented in Section 4.

Theorem 2. Under assumptions (H1)-(H6), suppose that k = k, is a sequence of positive real numbers such that k/n — 0 and
(logn)?/k < Vs, (logn/n) < k/logn, for n large enough, then we have

~ _ k b w5¢ logn
sup |mkNN(X) - mL(X)l = Oa,co, ¢ ! (E) + M

XESF k

3.3. Comments on the results

On the hypotheses. First of all note that condition (H4) includes two types of kernels which are traditionally used in practice:
box and continuous kernels. Conditions (H2) and (H3) are very common in the nonparametric literature (and also in the
multivariate one) and they are used here to prove Theorem 1 (see Ferraty et al. (2010) for details).

Assumption (H1b) is known as the “concentration property” in infinite dimensional spaces. For many examples, the small
ball probability ¢, (¢) can be approximated, around zero, as a product of two independent functions f (x) and ¢(¢) (see for
instance Mayer-Wolf and Zeitouni (1993) for the diffusion process, Bogachev (1999) for a Gaussian measure and Li and Shao
(2001) for a general Gaussian process). The most frequent result available in the literature is of the form ¢, (¢) ~ f(x)¢(e)
where ¢(¢) = &” exp(—C/eP) with y > 0 and p > 0. It corresponds to the Ornstein-Uhlenbeck and general diffusion
processes (for such processes, p = 2 and y = 0) and the fractal processes (for such processes, y > 0 and p = 0). This class
of processes also satisfy condition (H5). Note that these notions are strongly linked with the measure of proximity d which
is considered, and all the examples discussed just before are concerned with d being standard norms (like Hélder norm or
supremum norm for instance).

Assumption (H6) acts on Kolmogorov’s e-entropy of Sy. There are special cases of functional spaces & and subsets Sz
where s, (log(n)/n) > log(n). Some examples are the closed ball in a Sobolev space, the unit ball of the Cameron-Martin
space and a compact subset in a Hilbert space with a projection semi-metric (see Kolmogorov and Tikhomirov (1959), van
der Vaart and van Zanten (2007 )and Ferraty et al. (2010), respectively, for further details). In all these cases it is easy to see
that (H6) is verified as soon as 8 > 2.

On the rates of convergence. First of all it is worth noting that, by taking k of order n¢(h), the kNN estimate reaches the same
rate of convergence as the kernel estimate does (see Theorem 1). More importantly, to attest the quality of these rates, it
suffices to look at the case # = RY to see that they are exactly matching the rate (logn/ n)?@*+9 which is optimal for
g-dimensional functions (see Stone (1982)). Note also that, for the exponential-type processes described before the rate of
convergence may look quite slow for unfamiliar people (of order (log n) ™ for some « > 0) but this is true only when using
as “d” a standard norm; other kinds of d can be used to improve strongly these rates, as discussed in Ferraty and Vieu (2006,
Lemma 13.6).

4. Proofs
4.1. A general lemma

This section presents a result that will allow us to derive asymptotic results for kNN estimators directly from similar
results on kernel regression. Because this lemma is of possible interest for many other purposes (see discussion in Section 5),
,,,,, » be nrandom pairs valued in (£2 xR, +4 X
B(R)) where (£2, ) is a general measurable space. Let S, be a fixed subset of £2 and we note that G : R x (Sp x £2) — RT
a function such that, Vy € S, G(-, (x, -)) is measurable and Vt, t' € R:

(Lo) :t <t = G(t,z2) <G(t',z2) Vze Sy x 2.

Let (D,(x))nen be a sequence of random real variables (r.r.v.) and ¢ : S, — R be a nonrandom function such that
Sup, s, [€(x)| < 00. Also, for all x inSe and n € N\{0} we define

Z BlG (t7 (X? Al))

=1
3Gt (X, A))

i=1

Cn,x (t) =

Lemma 3. Let (u,)en be a decreasing positive sequence such that lim,_, ., u, = 0. If, for all increasing sequence 8, € (0, 1)
with B, — 1 = O(uy), there exist two sequences of .r.v. (D, (Bn, x))nen and (D} (Bn, x))nen Such that

(Ly) Vn € N,Vx € Se, Dy (Bn, x) < D} (Bn, X),
(L2) Tipy (8 x)<Dn GO <DY (Br.). Vxesg) — 1> &-CO.
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L1 6(Dx (Bro0) ()
L3) su ! - =0 Up),
( 3) pXESQ ZL]C(D;(ﬁmX)x(XyAi)) ,Bn a.co.( n)

(Lg) SUPy s, |Cn,x(Dn_(ﬂnv %)) — ()| = Oaco.(Un),
(Ls) SUPyesq |Cn,x(D:_(/3ny X)) — ¢l = Oa.co. (Un).
Then

SUSP cn,x (Dn (%)) — ¢(X)| = Oa.co.(tn). (4.1)
X3

Proof. For technical reasons, we assume in this proof that the random variables B; are nonnegative. The result for any real-

valued B; can be deduced by taking B; = Bf — B where Bf“ = max(B;, 0) and B;; = — min(B;, 0). Let
Z BIG (D;(,Bn’ X)9 (X9 Al))
oy (B = = :
Z G (DI‘T(.BH’ X)’ (X’ Al))
i=1
Z BIG (Dn+(ﬁn9 X)9 (X9 Al))
B =5
>~ G (D (B, 1) (x,A))

I\
_-

For all sequence 8, € (0, 1) with 8, — 1 = O(u,), (L3) and (L4) give
sup |c, , (Bn) —cOOl = sup ¢, , (Br) — Brc OOl + IcOOIBr — 1

XESQ XESR
= Oa.co.(Un) (4.2)
while (L3) and (Ls) give similarly
sup |Cn+,x (Bn) — ()| = Oaco.(Un)- (4.3)
XE€S@

For all ¢ > 0, we note T, (&) = {sup,cs,, |Cn,, (Dn(x)) — c(x)| < eu,} and for all sequence B, € (0, 1) with 8, — 1 = O(uy,)

Sn (&, Bn) = : sup [¢, , (Bn) — (| = Sun} ;

XESQ

S:(s, Bn) = {Sup |C (,Bn) —c()l = gun} s

x€Se
Sn(Bn) = {Cn_,x(ﬁn) <ty (Dn(x)) < C;:X(ﬂn)a Vx € Sal.
Then for all 8,, € (0, 1) with 8, — 1 = O(uy),
Ve >0, S, (e, Bn) NS (e, Br) NSu(Bn) C Taule). (4.4)

Let Go(Bn) = {Dy (Bn, x) < Dn(x) < D (Bn, x), ¥x € Sg}, then (Ly) implies that G,(8,) C Sp(B,) and, from (4.4), we
have

Ve >0, Ta(e)" C Sy (Bn) UST (B UGa(Bn)°

and hence,

(sup | (Da()) — ()| > sun) <P <sup I, (Bue) — cCO| > sun)

X€S

+P (SUP ’CIX(,Bn,a) - C(X)’ > gun>
XESQR

+P (1{D;(fsn,msnnsDI(ﬂn,xx\/xesn} = 0) :
This completes the proof since (L), (4.2) and (4.3) imply that for some g > 0

ZP (sup |ch(D (x)) — C(X)| > 80un) <o00. O (4.5)

n=1 X€5¢
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Remark 3. We wish to present two results, similar to Lemma 3, and that could be interesting for further purposes.

(i) Under the same conditions, the result stated in Lemma 3 holds by changing all the almost complete convergence into
convergence in probability.
(ii) Under the same conditions, the result stated in Lemma 3 holds by changing all the O, ¢, into 0, ..

The proof of (i) is the same as the one of Lemma 3, changing (4.5) into the fact that the sequence involved in (4.5) tends to
zero. The proof of (ii) is similar.

4.2. Proof of Theorem 2

The main idea of the proof is to use Lemma 3, with S = S, A; = Xi, Bi = Y;, G(t, (x,A)) = Kt 'd(x, A)), Da(x) =
Huk(x), Cny(Hok(x)) = v () and c(x) = my(x). We begin by recalling that the estimate

1
~ nEK (h'd(x, X1))

i (x, h) D K (h'd(x. X)), V¥xe€F, (4.6)
i=1

satisfies under the conditions of Theorem 1 (see Ferraty et al. (2010))

~ s, (222
sup [mi(x, h) — 1] = Oy 0. M

4.7
xesSy n¢(h) “7)

Let B8, € (0, 1) be an increasing sequence such that 8, — 1 = O(u,), with
u, = ¢~ (k/m)” + /¥s, (logn/n) /k.

We choose D;, (By, x) and D (By, x) such that ¢, (D, (Bn, x)) = (/Bnk)/n, and @, (D (Bn, x)) = k/(n/Bn). Let us use
the notation

h=(x) =Dy (Bus X)»  h"(x) =Dy (Bu, x) and h=¢ ' (k/n).

(a) Checking (L4) and (Ls). Note that the local bandwidth h™ () satisfies together with the fixed bandwidth h the conditions
of Theorem 1. So (using the definition of u, for the last equality),

b
sup [ca (O (Bus X)) — €GO = O (¢>‘1 (’E‘) + w)

XESF k
= O,.c0.(Un).

Then, (L4) is checked. Applying the same reasoning to the case h™ () we obtain
sup |CH,X(D11+(/3H7 X)) — c(x)| = Oaco (Un),

XESF

and (Ls) is also checked.
(b) Checking (Ly). Let x1, X2, - . -, XN.(s) b€ an e-net, with ¢ = logn/n. For all n > 0 we can write

p (|1{D;<ﬂn,x>sDn<x)sD,T<ﬂn,x>,vXesf~} - 1‘ > ”)

=P (Xiééft(D"(X) — Dy (B, x)) < 0> +P <SUP (Da(x) — Dy (Bn» X)) > 0)

XESF

<P ( 4min (Hn,k(Xj) - D;—T(ﬂny Xj)) < 28) + P ( max (Hn,k(Xj) - D:(,an Xj)) > _28>
1<j<Ne(S#) 1<j<N¢(S#)

n n
<N:(S¢) max P (Z T (4200 (XD = k) +N:(S¢) max P (Z Tt (200 (Xi) < k) :
i=1 i=1

1<j<N:(S#) 1<j<Ne(S#)

Then, using standard Chernoff inequalities (see, e.g., Lemma 4.3 of Burba et al. (2009)) in the right hand side of the above
inequality we obtain

—k
—log[CRp(h™ +2¢) exp(1—Pn)
P(‘1{DrT(ﬂn)SDn(X)SDnJr(ﬂn).Vxesf} - 1) > n) < N.(S#) (e e[ CRoh™+20) exp(1=p ])

—k
+Ne(Sy) (eﬁ%(l—cww*—ze))z) :
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Since Vs, (¢) = log(N.(S#)) and s, (l"%)/k — 0 one has for some nyg

(1-w).s,. (ogn/n)
P (|1{D;(ﬂosnnsnn*(ﬂn),vﬁsf} - 1‘ > ”) e R L )

Finally, using (H6), (L,) is checked.

(c) Checking (Ls). In order to prove (L3) we denote f*(x, h(x)) = EK (h‘l(x)d(x, X1)) for all x € Sy and we define
(omitting the argument )

F*(x. Dy (Br. X)) my (x. hy (X)) f* (x. b G0)
1= - v h=—m—= -1, 3= bPn—1
f*(x. Dy (Bn, X)) my (x, hi (X)) £ (x. hw GO)
We have the following decomposition:
n
2K ((Dy (Ba x))~'d(x. X))
= — Ba| < IF1l 1Fal + IF1] IFs).
> K ((DF (Bax))~'d(x. X))
i=1
Because of (H4a), one has directly that
sup |F1| < C. (4.8)
XESF
Moreover, one can write (using (4.7) for the last equality):
sup | (x, hy (X)) — 11 + sup |my (x, b (x)) — 1
sup |Fy| < =7 s
xesy inf |my (x, hi (X)) |
XESF
Vs (logn/n)
= Oyco, ( 5”}—{ . (4.9)

On the other hand, following the proof of Lemma 1 in Ezzahrioui and Ould-Said (2008) and using (H1b) it is easily seen
that for some t > 0

FXOhG0) = d(hOO)TF (O + 0(Ph(X))Dh(X)"),  Vx € Sg,
= 19, (h(x)) + 0(@(Wh"), Vx € Sg. (4.10)

Because Py (D; (Bns X))/(px (Dn+(.3n’ X)) = B, one gets

b
sup |F3| = 0(¢(h)h?) = 0 ((Jﬂ?w ('g)) ) : (4.11)

XESF

So, (L3) is checked because 8, — 1 and because (4.8), (4.9) and (4.11) imply that

K (D5 (Ba, x))™'d(x, X))

-

Il
_

sup

1EE IS K ((DF (Bas x))7d(x, Xi))
i=1

— Bn| = O1.c0.(Up).

=

Note that (Lg) is obviously satisfied because of (H4a), and that (L) is also trivially satisfied by construction of D, (8,, x) and
D;f (Bn, x)- So, one can apply Lemma 3, and (4.1) is exactly the result of Theorem 2. O

5. Potential extensions
An important direct consequence of our result is the following corollary.

Corollary 4. Under the conditions of Theorem 2, and if Z is a ¥ -valued random variable such that P(Z € S¢) = 1, then we

have
~ K\ P —
[Miwn (Z) — m(Z)] = Oa.co, <¢ ! <_> + w) ]



1870 N.L. Kudraszow, P. Vieu / Statistics and Probability Letters 83 (2013) 1863-1870

In a wide range of situations, one has to develop two-stage estimation procedures. Each time that the first step of the
procedure involves a functional regression estimate, one needs to use at the second stage some result like Corollary 4
(Z being for instance one of the previous variables X; of the sample) in order to calibrate the first procedure. An example
of this situation are models with both linear and nonparametric components. For those, (at least to our knowledge) the
literature on kNN techniques is still empty, while the traditional kernel approach has been widely successful (see Aneiros
Perez and Vieu (2006), Shin (2009) and Zhang and Wang (2012) for functional partial linear modelling, Ait-Sidi et al. (2008)
for single functional index modelling or Ferraty et al. (2012) for functional projection pursuit regression). Corollary 4 could
also be useful for data-driven smoothing parameter selection: once again this has been explored for traditional kernels (see
Benheni et al. (2007)) but remains an open question for kNN estimates.

Since for the theoretical study of nonparametric estimates based on kernels, random ratios must be dealt with (for a
deeper discussion of random ratios see Doukhan and Lang (2009)), Lemma 3 could be useful when one has to deal with
random bandwidths and the desired result with fix bandwidth is known. This lemma is a generalization of a result obtained
in Collomb (1980) that would allow us to obtain the rates of convergence in functional settings.

So, our conjecture is that this paper will not only be a contribution to kNN regression, but also a useful tool for developing
other applications in functional data analysis.
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