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Abstract

For k > 1 and n > 2k, the well known Kneser graph KG(n, k) has all k-element subsets of an n-element set as vertices; two
such subsets are adjacent if they are disjoint. Schrijver constructed a vertex-critical subgraph SG(n, k) of KG(n, k) with the same
chromatic number. In this paper, we compute the diameter of the graph SG(2k + r, k) with » > 1. We obtain that the diameter of
SG(2k + r,kyisequalto2if r > 2k —2;3if k-2 <r <2k -3; kif r = 1; and for 2 < r < k — 3, we obtain that the diameter of
SG(2k + r, k) is at most equal to k — r + 1.
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1. Introduction

Let G be a connected graph. Given two vertices a, b € G, dist(a, b), the distance between a and b, is defined as the
length of the shortest path in G joining a to b. The diameter of G, that we denote by D(G), is defined as the maximum
distance between any pair of vertices in G.

Let [n] denote the set {1,...,n}. For positive integers n > 2k, the Kneser graph KG(n, k) has as vertices the k-
subsets of [n] and two vertices are connected by an edge if they have empty intersection. In a famous paper, Lovasz
[5] showed that its chromatic number y(KG(n, k)) is equal to n — 2k + 2. After this result, Schrijver [7] proved that the
chromatic number remains the same when we consider the subgraph KG(n, k), of KG(n, k) obtained by restricting
the vertex set to the k-subsets that are 2-stable, that is, that do not contain two consecutive elements of [n] (where 1 and
n are considered also to be consecutive). Schrijver [7] also proved that the 2-stable Kneser graphs are vertex critical
(or y-critical), i.e. the chromatic number of any proper subgraph of KG(n, k),—gap is strictly less than n — 2k + 2; for
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this reason, the 2-stable Kneser graphs are also known as the Schrijver graphs. From now on we will use throughout
this paper the notation SG(n, k) to refer to the graph KG(n, k)>—ap-

After these general advances, a lot of work has been done concerning properties of Kneser graphs and stable Kneser
graphs (see [1, 2, 3,4, 6, 8,9, 10, 11] and references therein). Concerning Kneser graphs, its diameter was computed
in [11]. Moreover, it is known that the distance between two vertices in Kneser graphs KG(n, k) only depends on the
cardinality of their intersection [11]. However, in the case of Schrijver graphs SG(n, k) this does not work in the same
way. For example, note that in SG(10,4) the vertices {1, 3,5, 7} and {1, 3, 6, 8} are at distance 3, while {1, 3,6, 8} and
{1,4,6,9} are at distance 2. In this paper, we are interested in computing the diameter of Schrijver graphs. As far as
we know this parameter has not been studied for such graphs. The main result of this paper is the following theorem:

Theorem 1.1. Let n, k, r be positive integers such that n = 2k+r. Then, the diameter of the Schrijver graph SG(2k+r, k)
verifies

=2 sifr>2k—-2
-3 Jifk-2<r<2-3
DSGRk+r Y i1 ira < r<k-3
=k vifr=1

The proof of Theorem 1.1 will follow from Observation 1 and Theorems 2.2, 2.12 and 2.15 given in the next
section.

2. Main results

A subset S C [n] is s-stable if any two of its elements are at least “at distance s apart” on the n-cycle, that is, if
s < |i— jl <n—sfordistincti, j € S. For s,k > 2 and n > ks, the s-stable Kneser graph KG(n, k);_gq.p is the subgraph
of KG(n, k) obtained by restricting the vertex set of KG(n, k) to the s-stable k-subsets of [n].

In [10] it was shown (see Proposition 4.3 in [10]) that KG(ks + 1, k)s_gp 1 isomorphic to the complement graph
of the (k — 1)th power of a cycle Cy.1. Therefore, SG(2k + 1, k) is isomorphic to a cycle graph Cyi4; and so, we have
the following straightforward observation.

Observation 1. D(SG(2k + 1,k)) = k.

From now on, we assume that n > 2k+2. We denote [n], to the family of 2-stable subsets of [n] and [n]’é to the family
of 2-stable k-subset of [n], i.e. [n]’é = V (SG(n, k)). We will always assume w.l.0.g. that any vertex v = {v{,va, ..., v}
in SG(n, k) is such that v; < vy < ... < v;. Arithmetic operations will be supposed modulo 7 (being 0 = n).

2.1. Distances between vertices

LetA ={aj,as,...,ar}and B = {by, b, ..., b} be two vertices in SG(n, k) such that [ANB| = 1. W.l.o.g. we assume
that ANB = {1}and a; < b,. Note that by > 4. Let X = {2,b,,b3,...,bi}and Y = X+1={3,b,+1,b3+1,...,b .+ 1}.
It is not hard to see that the set of vertices {A, X, Y, B} induce a P4 or a paw.

Assume now that [AN Bl =k—1. W.lLo.g. leta; = b; fori € [k — 1] and a; < by. Then B + 1 is adjacent to A and B.
So, we have:

Observation 2. Let A,B € [n]’; If|A N B| = k— 1 then dist(A, B) = 2 and if |A N B| = 1 then dist(A, B) € {2, 3}.
LetA,B € [n]’é. In order to compute the distance between vertices A and B, we consider the subsets of vertices in

the cycle C, with vertex set [n] induced by the elements in A U B.

Let X = AU B C [n]. We denote X to the family of connected components of the graph induced by X in the n-
cycle C,. In the same way, X is the family of connected components of the graph induced by [n] \ X in C,. Let
P ={C e€ X: |Cliseven} and 7 = {C € X : |C|is odd}. From these definitions, we have the following simple
observations and Lemma 2.1.

Observation 3. Let A, B € [n]§ with AN B # 0. Let X = AU B. Then,
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11X = ‘X'
2. 1f|X1 > k then, dist(A, B) = 2.
3. If|C| £ 2 for every C € X then, dist(A, B) = 2.

Lemma 2.1. Let A, B € [n]} with ANB # 0 and X = AU B. Then, dist(A, B) = 2 if and only if $|T|+ 1 3, |V(C)| > k.

CeX

Notice that if 2k +2 < n < 4k -3 (le. if 2 < r < 2k—3 and n = 2k + r) then k > 3 and D(SG(n,k)) > 3
since vertices A = {1,4,6,...,2k} and B = {1,5,7,...,2k + 1} are at distance 3 in SG(n, k). In fact, observe that
[n]\ (AU B) ={2,3} U {2k + 2, ...,n} and then there is no 2-stable k-subset in [n] \ (A U B), i.e. there is no vertex of
SG(n, k), adjacent to A and B. Finally, notice that the vertices A, {3,5,7...,2k+ 1}, {2,4,6,...,2k} and B induce a P,
in SG(n, k).

On the other hand, if n > 4k — 2, then Lemma 2.1 is enough to assure that D(SG(n, k)) = 2.

Theorem 2.2. Let n, k and r be positive integers, with k > 2 and n = 2k + r. D(SG(n, k)) = 2 if and only if r > 2k — 2.

Proof. By the preceding discussion, it only remains to show that if » > k — 2, then D(SG(n, k)) = 2. Let A,B € [n]’é
such that AU B # 0. If » > 2k — 2 then n > 4k — 2 and thus, |[n] \ X| > 2k + 2k — 2 — 2k — 1) = 2k — 1. Hence,

%II | + % >, [V(C)| = k. Therefore, by Lemma 2.1 the result holds. O
CeX

Let A, B € [n]%, withA # Band AN B # 0, and let X = A U B. In what follows, we will study the structure of X
and X in order to construct a path between vertices A and B of length as short as possible.

Notice that a connected component C in X is either a single element in A N B, or it alternates between vertices of
A and B. Furthermore, if A # B and A N B # 0, then there is at least one component in X made from a single element
in A N B, and at least one component not containing elements in A N B. Let consider the following example:

Example 2.3. Let A,B € [201Z, where A = {2,8,10, 12,15, 18,20} and B = {1, 6, 8, 10, 12, 14, 17}. Thus, we have that
ANB=1{8,10,12}; X = AU B = {1,2,6,8,10,12,14,15,17,18,20}; A\ B = {2, 15,18,20}; B\ A = {1,6, 14,17},
X =1{{20,1,2},{6}, {8}, {10}, {12}, {14, 15}, {17, 18}}, and X = {{3,4,5}, {7}, {9}, {11}, {13}, {16}, {19}}.

Now, we want to construct two sets A*, B* € [n], such that A* C A, |A*| > k, B\ A C A*, and such that B* C B,
|B*| = k, A\ B C B*. Once sets A* and B* constructed, we want to find two subsets A” C A* and B’ C B* such that
ANA"=BNB =0and|A’| =|B’| = k. Furthermore, we want A’ N B” = () or, if this cannot be achieved, we want the
intersection to be as small as possible.

Looking at Example 2.3, we start with {1,6, 14,17} ¢ A* and {2, 15, 18,20} c B*. Notice that 5,7,13 and 16
cannot be in A*, as we want it to be in [n],. This happens because 6, 12 and 17 are end-vertices in component of X.
Similarly 3, 16, and 19 cannot be in B*. With that in mind, we can have 3 € A* and 4 € B*, but then 5 cannot be in
either; 7 and 13 can only be in B*; 16 cannot be in either; 19 can be in A*. Thus far we have {1,3,6, 14,17,19} Cc A",
and {2,4,7,13,15,18,20} c B*. As the elements in A N B are in neither A* nor B*, we have no restrictions for 9
and 11. This means that we can have them in A* or in B* (even in both, if it was necessary for both of them to
have at least k elements). As right now B* already has k = 7 elements, we can have 9 and 11 in A*. Now we have
{1,3,6,9,11,14,17,19} c A*, and {2,4,7,13,15,18,20} c B*. As both A* and B* are in [n], and each of them has
at least 7 elements, we stop adding elements to them. Finally, we can obtain A’ by eliminating any element from A*,
say A’ ={1,3,6,9, 14,17, 19}, and we can have B’ = B*. Because of how we build them, the vertices A,A’, B’, and B
induce a P4 in SG(20, 7), which means that dist(A, B) < 3.

Construction of sets A* and B* and an upper bound for dist(A, B)

In order to construct sets A* and B* corresponding to Example 2.3, we care particularly about the length of the
connected components in X and their relation with the end-vertices of components of X. In particular, being able to
use all the elements in a connected component C € X depends on the parity of |C| and on the end-vertices of C. From
now on, by Theorem 2.2, we assume that n = 2k + r with 2 < r < 2k — 3, that is, 2k + 2 < n < 4k — 3 and we assume
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that dist(A, B) > 3.

We say that £ € [n]isanendif { € Xand [{{ - 1,£+ 1} N X| > 1. This is, € is an endpoint if it is in X and at least
one of its neighbors in the cycle is in X. Furthermore, we say that £ is an A-end if { € A\ B, a B-end if £ € B\ A and
an H-end if £ € A N B. Finally, let e(A), e(B) and e(H) be the sets of A-ends, B-ends and H-ends respectively. Notice
that e(H) = AN B, as every vertex in A N B must be an end. Let & = |e(H)|. Finally, notice that if A # Band AN B # 0
then e(H) # 0 and e(A) U e(B) # 0 (actually, neither e(A) nor e(B) are empty). In Example 2.3, e(A) = {2, 15, 18, 20},
e(B) = {6,14,17}, and e(H) = {8, 10, 12}. Notice that |e(A)| = 4 and |e(B)| = 3, which means that, in general, e(A)
and e(B) are not necessarily equal. To obtain the necessary relation between e(A) and e(B), it is helpful to study the
structure of the components in X.

We say that a connected component C € X is an A-component if |C N e(A)] > 1 and |C N e(B)| = 0. Notice that
this can happen in two different ways, either |C| > 3 and |[e(A) N C| = 2 or |C| = 1 and e(A) N C = C. Similarly, we
say that a connected component C € X is a B-component if [C N e(B)| > 1 and |C N e(A)| = 0. If C is neither an A-
component nor a B-component, we say that C is an H-component. Notice that if C is an H-component, then |C| = 1 if
and only if C ¢ A N B. In this case, we say that C is an H'-component, otherwise, we say that C is an H”'-component.
In Example 2.3, {1,2,20} is an A-component, {6} is a B-component, and {8}, {10}, {12}, {14, 15}, and {17, 18} are
H-components, where {8}, {10} and {12} are H’-components, and {14, 15} and {17, 18} are H”-components. By n(A),
n(B), n(H), n(H") and n(H"") we denote the number of A-components, B-components H-components, H’-components
and H”-components respectively. Notice that in Example 2.3, n(A) = n(B), which is actually true in general as it is
shown in Lemma 2.4.

Lemma 2.4. The number of A-components equals the number of B-components.

Next, we obtain a formula relating e(A) and e(B). Notice that |e(A)| is equal to twice the number of A-components
of size at least 3, plus the number of A-components of size 1, plus the number of H”-components. We partition e(A)
into €¢’(A) and e’ (A), where e’ (A) are the elements in e(A) that are in connected components with exactly one element,
and ¢’(A) are the rest. In the same way, partition e(B) into ¢’(B) and ¢”(B).

Lemma 2.5. If A, B € [n]} then, |¢/(A)] + 2le” (A)] = ¢/ (B)] + 2le” (B)].

Next we turn our focus on the connected components in X. Now, we call block to each element of X. Consider the
following classifications of a block [i, j]:

Type I:if {i — 1, j + 1} C e(H).

Type Il(A):ifi — 1 € e(H) and j+ 1 € e(A).

Type II(B):if i — 1 € e(H) and j + 1 € e(B).

Type IlI(A):ifi— 1 € e(A) and j+ 1 € e(H).

Type III(B):ifi— 1 € e(B) and j + 1 € e(H).

Type IV(A): if {i — 1, j + 1} C e(A).

Type IV(B): if {i — 1, j + 1} C e(B).

Type IV(H): if [i, j] is not of the types above, i.e.if i — 1 € e(A) and j + 1 € e(B) or vice versa.

Note that every block is of exactly one type of the types above. Let 7 = {I, II(A), II(B), I1I(A), I11(B), IV(A),
1V(B), IV(H)}. We define n(T) as the amount of blocks of type T, for T € 7. In Example 2.3, {9} and {11} are blocks
of type I, there are no blocks of type 11(A), {13} is a block of type /I(B), there are no blocks of type I11(A), {7} is a
block of type I11(B), {19} is a block of type 1V(A), there are no blocks of type IV(B), and {3, 4,5} and {16} are blocks
of type IV(H).

Notice that if [7, j] is a block, then i — 1 and j + 1 are ends in some components of X. In such a case, we say that
i—1and j+ 1 are connected to [i, j].

There is an important difference between type IV and the rest of the types. If we are trying to form the sets A* and
B* as was done for the Example 2.3, and [i, j] is a block of type T € {I,1I1(A), I1I(B), I11(A), I11(B)}, then we can use
every element in [i, j] because we have restrictions in at most one of {i, j} for the sets A* and B*. If [/, j] is a block of
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type IV(A) (or IV(B)) of even length, then all but one of the elements of [i, j] can be used, because neither i + 1 nor
j— 1 canbe in B* (A" resp.). If [i, j] is a block of type IV(H) of odd length, then all but one of the elements of [i, j]
can be used, as i + 1 and j — 1 cannot both be in A* nor both be in B*. To reflect the fact that for a block [7, j] of type
T € {IV(A),IV(B),IV(H)} we can only assure the use of |[7, j]| — 1 elements, we define

Ili, /Il if [i, j]is a block of type T € {I, II(A), 1I(B), I1I(A), I11(B)};
m([i, j1) =
Ili, j1| — 1 if [, j] is a block of type T € {IV(A), IV(B), IV(H)}.

Lemma2.6. Y m([ijlI)>n—-3k+2h+2.
li.jleX
Lemma 2.7. n(I11(A)) + n(I11(A)) + 2 n(IV(A)) = n(II(B)) + n({11(B)) + 2 n(IV(B)).

We are ready now to construct the sets A* and B*. We want these sets to satisfy:

(C1) A*,B* € [n]»;

(C2) A\BC B*",B\ACA~,

(C3) AnNA*=0,BNB* =0,

(C4) if [i, j] is a block of type I, I1(A), [I(B), I1I(A) or I1I(B), then [i, j] € A* U B*;

(C5) if [i, j] is a block is of type IV(A), IV(B), IV(H), every element of [i, j] except at most one belongs to A* U B*.

Let us note the links between the last two items and the definition of m([i, j]). For each block [i, j] at least m([i, j])
elements belong to A* U B*.
We define Z(i, j) the set of vertices in [i, j] at odd distance of i — 1 in the n-cycle in clockwise direction and Y(i, j)
the set of vertices in [i, j] at even distance of i — 1 in the n-cycle in clockwise direction. Besides, let Z’(i, j) be the set
of vertices in [i, j] at odd distance of j + 1 in the n-cycle in counterclockwise direction and Y’(i, j) the set of vertices
in [i, j] at even distance of j + 1 in the n-cycle in counterclockwise direction. For instance, if [4, 10] is a block, then
Z([4,10]) = {4,6,8,10} = Z’'([4,10]) and Y([4, 10]) = {5,7,9} = Y’([4, 10]). On the other hand, if [4, 9] is a block,
then Z([4,9]) = {4,6,8} = Y'([4,9]), Y([4,9]) = {5,7,9} = Z'([4,9)).
Note that Z(i, j) and Z’(i, j) are not empty. Besides, these sets are 2-stable, i.e. they belong to [n],. Let us assign
elements from the blocks to the sets A* and B* by the following rules.
R1 If [i, j] is of type I with at least two elements, include Z(i, j) in A* and Y (i, j) in B*.
R2 If [i, j] is of type II(A), include Z'(i, j) in A* and Y’(i, j) in B*.
R3 If [i, j] is of type II(B), include Z’(i, j) in B* and Y’(i, j) in A*.
R4 Tf [i, j] is of type III(A), include Z(i, j) in A* and Y (i, j) in B*.
RS If [i, j] is of type III(B), include Z(i, j) in B* and Y (i, j) in A™.

R6 If [i, j] is of type IV(A), include Z(i, j) in A* and Y (i, j) \ {j} in B=.

R7 If [i, j] is of type IV(B), include Z(i, j) in B* and Y(i, j) \ {j} in A*.

R8 If [i, j] is of type IV(H), withi—1 € A\ Band j+ 1 € B\ A include Z(i, j) \ {j} in A* and Y(i, j) in B*. If

i—leB\Aand j+1€A\ Binclude Z(i, j) \ {j} in B* and Y(i, j) in A*.

Notice that in rules R1-R8 the elements in blocks of the form [i,i] of type I are not assigned. These ele-
ments play a key role that we will mention further. Hence, we define the set I’ as the set of such elements, i.e.
I’ = {i|[i, 1] is a block of type I}.

Consider the sets A* and B* constructed following the rules above, and also including to A* the elements in B \ A
and assigning to B* the elements in A \ B. It is not hard to see that A* and B* satisfy:

A*, B* € [n]y;

ANA*=A*NB*=BNB =0,

|A*NB|=|B*NA|l=k—h;

for every block of type T € {II(A), I11(A),IV(A)}, |A*NT| > 1;

for every block of type T € {II(B),I11(B),IV(B)}, |B*NT| > 1; and
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o for every block [i, j] of type I with at least two elements, |[A* N I| > 1 and |B* N 1| > 1.

From sets A* et B* we can construct two vertices A’ C A* and B’ C B* in [n]’g as follows.

Lemma 2.8. Letr A,B € [n]’; with |A N B| = h. Then, there exist A’,B’ € [n]’; such that |A’ " B'| < h—1 and
ANA"=BNnB =0.

Proof. In order to obtain vertices A” ¢ A* and B’ C B* such that |A’| = |[B’| = k,ANA" = BNB = 0, and
|A” N B’| < h—1, we will use the elements of I’.

First, notice that for every element i € A N B the block of the form [i + 1, j] is a block of type T € {I,1I(A), II(B)},
thus & = n(I) + n(I1(A)) + n({1(B)). Similarly, for every element j € A N B the block of the form [i, j — 1] is a block of
type T € {I,I11(A), I1I(B)}, thus h = n(I) + n(I11(A)) + n(I11(B)). Then

2h = 2n(I) + n(II(A)) + n(II(B)) + n(IT1(A)) + n(I1I(B)).

It follows that n(11(A)) + n(111(A)) + n(I1I(B)) + n(I1I1(B)) is even, so let s € N such that 2s = n(11(A)) + n(I11(A)) +
n(11(B)) + n(I11(B)). Then, 2h = 2n(l) + 2s, which means n(/) = h — 5. Furthermore, assume w.l.o.g. that n(/1(A)) +
n(I11(A)) = s+t > n(II(B)) + n(I11(B)) = s — t, for some ¢t € N. By Lemma 2.7,

2n(I1V(B)) = n(11(A)) + n(I11(A)) — n(II(B)) —n(III(B)) = s+t — (s — t) = 2t.

Thus, IV(B) > t. Hence, n(I1(A)) + n(I11(A)) + n(IV(A)) > s and n(I11(B)) + n(I11(B)) + n(IV(B)) > s. Therefore, from
Rules R2 — R7, we have A* has at least s elements from blocks of types I1(A), I1I(A) and IV(A), and B* has at least s
elements from blocks of types 11(B), I11(B) and IV(B).

Let r be the amount of blocks [i, j] of type I with at least two elements. Then from previous remarks and rule R1,
both A* and B* have at least r elements from these blocks. Furthermore, |[I'| = h — s —r.

Counting again the size of A*, we have

e A" has k — h elements from B;
e A* has at least s elements from blocks of types I1(A), I11(A) and IV (A);
e A" has at least r elements from blocks of types I with at least two elements.

Thus, |[A*| > k—h + s+ r = k- (h — s — r). This means that if we assign every element in I’ to A*, then |[A*| > k.
Similarly, if we assign every element in I’ to B*, then |B*| > k. This also yields |[A* N B*| < h—s —r.

Notice that there must exist at least one block of type T for some T € {II(A), II(B),I1I(A), I1I(B)}, as otherwise
only blocks of type I would exists, which implies A = B. Hence s > 1, and 1 — s —r < h— 1. Therefore, taking A’ C A*
and B’ C B*, with |A’| = |B’| =k, wehavethat ANA’ = BNB =0and |[A’NB|<|A*NB*|<h—s—r <h-1which
proves the result. O

The following result derives directly from the proof of Lemma 2.8.
Corollary 2.9. Ifthere are no blocks [i,i] of type I, then dist(A, B) < 3.
Lemma 2.10. Let A, B € [n]’; with |A N B| = h. Then, dist(A,B) < 1 + 2h.

Proof. By applying Lemma 2.8 h times, we obtain two vertices A®, B® e [n]5, with A n B® = 0. Hence,
dist(A,B) < 1 + 2h. 0

Corollary 2.11. Let A,B,Y € [n]s with |ANY| = W, |Y N\ B| = h”, and let h* = I + I with h* > 2. Then,
dist(A, B) <2 + 2h*.

Proof. The result follows by applying Lemma 2.10 to bound dist(A, Y) and dist(Y, B). O

Lemmas 2.6 and 2.10 and Corollaries 2.9 and 2.11 will be used to compute the diameter of SG(n, k) when 2k +2 <
n < 4k + 3 in the next subsections.
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2.2. Case3k—-2<n<4k-3

Letn = 2k +rwithk > 2and k — 2 < r < 2k — 3. Let us consider the construction of sets A* and B* given in
Section 2.1. Let remark that in the proof of Lemma 2.8, we may not need to assign every element in /” to both A* and
B*. Note that following the rules R2-R8, from each block [i, j] of type I1, I1] or IV, we have included at least m([i, j])
elements in A* U B* such that A* N B* = () and A", B* € [n],. If we do not assign the & — s — r elements in I’, by
Lemma 2.6, we have assigned at least n — 3k + 2h + 2 — (h — s — r) elements from blocks to A* U B*, k — h elements
from A and k — h elements from B. This means that before assigning the 4 — s — r elements in I’, we have assigned
n—k+2—(h—s—r)elements to A* U B*. Hence, if n — k + 2 is large enough, we may be able to assign the elements
in such blocks maintaining A* N B* = 0.

Assume n > 3k — 2. Then, before assigning the elements in /', we have assigned atleastn —k+2 - (h—s—r) >
2k —h+ s+ rto A" U B*, at least k — h + s + r elements to A*, and at least kK — h + s + r elements to B*. Let
0 < a < h— s — r and assume that we have assigned k — i + s + r + a elements to A*. This means that we assigned
atleast2k —h+s+r—(k—h+s+r+a) =k—aelements to B*. If h — s — r —a > 0, assign that many elements
from I’ to A* and the remaining a elements to B*, otherwise, if # — s — r — a = 0, assign every element in [’ to
B*. Then |A*| > k, |B*| = k,and A* N B* = (. Let A” ¢ A* and B’ C B", such that |A’| = |B’| = k. Then we have
ANA" =A"NB =B N B =0, which means that dist(A, B) < 3. As by hypothesis, n < 4k — 2 then, by Theorem 2.2,
we deduce that dist(A, B) > 3.

Theorem 2.12. Letn =2k +rwithk >2and k —2 < r < 2k — 3. Then, D(SG(n, k)) = 3.
Notice that in Rules R1 — R8 we have not assigned elements in blocks of type /V(H) of the form [i, i].

Observation 4. Let k > 2 and 3k — 2 < n < 4k — 3. If two vertices A, B are at distance 3, there exist two vertices
A’, B’ constructed following the rules R1-R8 such that {A,A’, B’, B} induce a P4 in SG(n, k). Besides, if [i, i] is a block
oftype IV(H), i ¢ A’ UB'.

2.3. Case2k+2<n<3k-3

In this section, we show that D(SG(2k + r,k)) < k—r + 1 when 2 < r < k — 3, or equivalently,
D(SGBk — 2 —m,k)) < 3+mfor 1 < m < k — 4. To do this, given two vertices A,B € [n]X, we use two
different operations that yield sets A and B in [n + 1]’5. We apply the operations successively until we obtain two
vertices AP, B? € [n + p]’; with dist(AP, B?) < 3 in SG(n + p, k). If dist(AP, B”?) = 2 in SG(n + p, k), we obtain a
vertex Y € [n]g such that dist(A, Y) + dist(B,Y) < m + 3. If dist(A?, BP?) = 3 in SG(n + p, k), we obtain two vertices
A’, B’ € [n]5 using Rules R1-R8 such that AN A" = BN B’ = 0, and dist(A’,B') < 1 + m.

Now we can begin describing the operations that yield sets in [n + 1]’5. The first operation will work by adding an
element in a component C € X, with |C| > 3; the second operation will work by adding an element to a block [z, ] of
type I. Because we are going to be talking about distances in Schrijver graphs with different values of n, we denote
dist,(A, B) the distance between A and B in SG(n, k).

LetA,B € [n]’é such that dist,(A, B) > 3 and X = A U B. From item (iii) in Observation 3, there exist C € X such
that [C| > 3. Consider C = a; b a;y1 ... (first case) or C = b; a; bj,1 ... (second case). To obtain sets in [n + 1]’5
we will add an extra element between the second and third elements in C, i.e. between b; and a;, in the first case,
and between a; and b, in the second case. Hence, we assign to A and B (in any case) the following sets in [n + 1],
A* ={ay,...,a;,ai + 1,...,ax + 1} and B* = {by,...,b;,bjs1 + 1,...,b; + 1}. Notice that |A*| = |B*| = k, as we
did not increase the amount of elements. Furthermore, the sets are 2-stable, because A and B are 2-stable (a; and
a; + 1 cannot be consecutive, because that would imply that a; = 1 and a;y + 1 = n + 1, and a; = n). Therefore,
A*,B* € [n+1]5.

By adding this new element, we formed a new block. Observe that if C = a; b; ajy1 ..., then a;y ¢ AT U BY, and if
C=bja;bj.,thenbj,; ¢ A*UB". Thus, in the first case, [a;41,a;+1]is a block of type IV(H) in X with X = ATUB*.
Analogously, in the second case, [b,1, bj+1] is a block of type IV(H) in X.
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Concerning the inverse operation of operation +, for Y € [n + 11%, we define a set Y~ = Ol € [n]* by
deleting the element that we added. In other words, considering u = a;; if we are in the first case and u = b, if we
are in the second case, we have thaty, =y, if y, <wandy; =y, — 1ify, > u.

The following remark is straightforward from the previous definitions.
Observation 5. I[f YNA*NB  =0then Y " NANB=0.

Notice that Y~ is not 2-stable if and only if u — l,u+1 € Yorifu—2,u € Y. Butif X = A* U B*, then {u —2,u — 1}
is a connected component of X, and u + 1 is the first element (in clockwise direction) in a connected component in X.

Observation 6. LetY € [n + 1]’5 and suppose that for every element v € Y N (A* U B"), v is not the first element of a
connected component C € X. Then {u —2,u+1}NY =0and Y~ € [n]g.

Observation 6 is stated in such a convoluted way to make easier the proof of the main theorem in this section,
which uses successive applications of the operation +, together with a second operation which is defined later in this
section.

As Observation 6 assures that {u — 2,u + 1} N'Y = 0, we can study the relation between Y~ N A and Y N A*, and
similarly with B, to obtain the following.

Observation 7. LetY € [n+ 1]’5 such that u—?2 and u+ 1 do not belong to Y. If Y™ is defined as above, then Y~ € [n]’é
and Y N A +|YNBY =Y " NA|+|Y " NnBlifu¢g Y, or[YNA'|+|YNB|+1 =Y NA|+|Y " NBlifuey.
Furthermore, if no element v € Y N (A* U BY) is the first element in a connected component C of A* U B*, then no
element v € Y~ N (A U B) is the first element in a connected component C of AU B.

Notice thatif u —2,u € A,and Y NA* =Q@thenu—2,u+1¢ Yand Y  NA = 0. On the other hand, if u — 1 € A,
YNA*=0andu ¢ Y,thenu—1,u ¢ Y and Y~ N A = (. This yields the following.

Observation8. LetY € [n+ 115. If YNA* =0andu ¢ Y, then Y~ € [n]s and AN Y~ = 0.

Finally, let Yy, Y, € [n+ 1]’5 and consider Y NY; . If {u—1,u} ¢ Y1UY,, theny € YiNY,ifandonlyify~ € Y NY;
(where y~ is as in the definition of Y~). Hence, we have the following

Observation 9. Let Y1, Y> € [n+ 115, Ifu ¢ Y, U Yy, then |Y;7 N Y;| =Y N Yal.

We are ready to introduce the second operation. Notice that if dist,(A, B) > 4, Corollary 2.9 implies that there
exists a block [t, 7] of type I. The operation will work by adding an extra element at position ¢ + 1, thus increasing the
size of the block. To be more precise, we define an operation on A and B, denoted T, by assigning the following two

sets AT = {aI,...,a,I} and B' = {bI,...,bZ} in [n + 114 as follows:

t_ a ifa; <t-1, 4 b= b; ifb; <t-1;
G TN+ 1lifaze+1. M YT \pelifth >4 1

Note that, if X = AT U BT (X C [n + 1]), then [r,7 + 1] is a block of type I in X.
We define now the inverse operation of operation T. Given Y € [n + 1]’;, we define a set Y! = {yf ey yi} € [n]* as
follows:

Lo ify, <t
r yr—1lify, >¢t+1.

As with the operation +, we care about when Y 1 is 2-stable, and about the relation between the intersections of ¥
with AT and B, and the intersection of Y with A and B. Notice that if Y N[ATUB'] = 0, Y! € [n]’;. Moreover, we
have the following result.
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Lemma 2.13. Let A,B € [n]’; such that there exists a block [t,t] of type I in X with X = A U B. Consider A" and B’
defined as above. Let Y € [n + 1]’5 such that Y N AT N B! = 0 and Y' defined as above. Then Y € [n]¥, Y'NANB =10
and Y N AN +|Y N B =Y nA|+ Y N Bl

Proof. Consider [t,t + 1] the block of type I defined as above. Since Y € [n + 1]’5, |Y N {t,t+ 1}| < 1. In addition, from
the fact that YN AT N BT =0, r— 1 and 7 + 2 do not belong to Y. Thus # — 1 and 7 + 1 do not belong to Y. Therefore,
Y! belongs to [n]f, ' NANB=0and |Y NAT|+|Y N BT =Y N A+ Y N B O

In particular, the following result follows immediately from Lemma 2.13 if ¥ N (AT U BT) = 0.
Corollary 2.14. Let [t,t] be a block of type I in X with X = AU B. If dist,.; (AT, B") = 2 then dist,(A, B) = 2.

Let Y1, Y, € [n+ 114 and consider Y} N Y}. If {#,1+ 1} ¢ Y, UY,, theny € ¥; N Y, if and only if y! € Y} N Y} (where
y! is as in the definition of Y4). If {,t + 1} C Y, U Y5, then t € Yll N Yzi. Hence we have the following.

Observation 10. If Y,,Ys € [n+ 11, then [Y} N Y} < ¥y N Yol + 1.

Starting from A = A and B® = B and by applying repeatedly the operations + and T, we are able to construct two
vertices A?, B € [n + p]%, with p < m, such that dist,,,(A?, BP) < 3. Then, by applying repeatedly the operations —
and |, we obtain the following result.

Theorem 2.15. Letn =3k —2 —mwith 1 <m <k —4. Then, D(SG(n, k)) < m + 3.
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