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In S.E. Trione and S. Molina, The n-dimensional Hankel transform and complex powers of Bessel operator,
to appear in Integral Transforms and Spec. Funct. we study a version of the n-dimensional Hankel transform
hy forp = (1, ..., ) € R" and p; > —1/2 for all i. In this paper, we extend the n-dimensional Hankel
transform to arbitrary values of v € R”. Moreover, we obtain some results for the inverse of this extension.
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1. Introduction

In [3], we study the n-dimensional Hankel transformation on the spaces #,,, defined by

)0 = [ o) [T I o) - M)
R i=1
where J,,, is the Bessel function of the first kind and of order y;, given by
o~ (D2
D@ =Y g
= KT (i +k+ 1)

w=Wy,...,un) ER", u>—-1/2,(u; > —1/2fori =1,...,n). In [4], Zemanian extended
the one-dimensional Hankel transform to order u for negative real values of i by

hu k(@) = (=D s BNyt - Nyst Nu 2)
where k is a positive integer; its inverse is extended by

hl(@) = (=DNIN L - Nl it
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Moreover, the transformation (2) verifies the same property of the classic Hankel transformation
as by = h, ), (see [1]).

In this note, we extend the n-dimensional Hankel transform to arbitrary values of u € R”.
Moreover, we obtain that /,, ; = h;lk for the n-dimensional case.

2. Notation and preliminares

We use Nj to denote the set N U {0}. For (x|, x3, ..., x,) € R" weput ||x|| = ()cl2 + -+ a2
andx < ymeansx; <y;,i =1,...,n.Ifk e Nj,k = (ky, ..., k), weput [k]| =k + -+ k,.

If x, meR", x =(x1,...,x,) and m = (my, ..., m,), we set x™ = x"' - x"_If k € Ni,
we use DF and T} to denote the operators

. Ikl

= ki k =
0x)'0xy" - - 0xy

and
1 0
T, = X, T
Bx,-
fori =1,...,n.T; verifies that T;T; = T;T; and T} T]?" = Tj?" T;" for any positive integers n, m.

For k € N2 we shall write T* = To T ... T},

The n-dimensional Hankel transform (1) was studied over the spaces #,, and ', in [2,3], and
we repeat the relevant material. Let R, = (0, 00) x (0, 00) x - -+ x (0, 00) and y an n-tuple of
real numbers u = (w1, 1o, ..., 4y). We define the space H,, as follows:

H, = {q) e C*(R}) : sup

n
xeR%

mek{xﬂth(p(x)” <00, Vm, k € Nfl)} ,

where —pu — 1/2 = (—p1 — 1/2, —pup — 1/2, ..., —puy — 1/2).

‘H,, endowed with the topology generated by the family of seminorms { y,fl" i hm.keny, defined by
Vi (@) = SUp, g | X" T*{x=*=12¢(x)} | is a Frechét space. Thus, the dual space H’,, is also
complete.

THEOREM 2.1 The Hankel transform defined by (1) is an automorphism onto H,, for u > —1/2.

For > —1/2, we extend the de Hankel transform to the space #', as the adjoint of 4, as
follows:

(h, fod) = (fihud),  (f €M), (¢ €Hy). 3)
Then, &), is an automorphism onto ', and /), = (h;L)’1 because h, = (h,)~".
LemmA 2.1 Ifr € Z" and p € R”", the function given by h(¢) = x" ¢ is an isomorphism from

H, onto H,.yr. Moreover, the operator given by h'(f) = x" f for f € H j4r, where x" f € H',,
is defined by

(<" f.)=(f.x"®), (P €My

is an isomorphism from H' ., onto H',,.
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Letu e R*, u = (1, ..., up). We define the operators N, ;, M,, ; and NW

. d _
i = x;wrl/z . { i— 1/2¢(x)}

Msp =2 Lt P ),

Bxi
w2 [T
-1 i —pni—1/2
N, i¢p=x!' f TR G(ey, Lt L, X)) dE.
oo
LemMa 2.2 Fori=1,...,n, N, ;: H, — H,y. are continuous linear mappings. Also, N, ;

is an isomorphism from H,, onto H, 1.,.
LEmMA 2.3 M, ; : Hyute, — H, are linear continuous operators.

LEMMA 2.4 Letpu > —1/2, ¢ € H, andlete, ..., e, be the canonical basis of R" and h,, given
by (1). Then

(a) h;},+e;(_xi¢) = Nu,ihu(d))’

(b) hu-&—e,' (N/L,iqb) = —ylhu(¢),

© hu(_x,'z(ﬁ) = M/L,iN/L,ih/L(¢)7

(d) hu(Mu,iNu,i¢) = _y?hu(‘p)-
If ¢ € Hyve,, then

(©) hu(xi) = My ihyte, (P),

63) h,lL(M[L,i¢) = yih,u,-‘rei (¢)

Remark 2.1  The last lemma is valid for /), given by (3) and f € H',,.

For 1 € R" and m € N, we consider the following operators:

N = Nusom—1yeri Nuvon-2eni " Nytei Nywsi- 4)
We put
N)d=6, ¢eMty, (5)
and
NI = (Nud) " WNper )™ Nikm—2060) ™ Nt m-nyeni) (6)

Remark 2.2 By Lemma 2.2, N/ ;¢ € H i yme; for ¢ € H,,. Moreover, N|'; is an isomorphism
onto H,,me; -

Foru e R",m € N3, and m = (my, ..., m,), we define
N;T = N/T—?—mlel-k----kmnf]enfl,ﬂ o N/J.+m1€| 2 NWH )
and
(NIT) 1 (lel) 1(N,1Tj-m161,2)71” (Nl':l-l‘:-mlel-&- e, |n) 17 ¢))

where N, is defined by (4) and (5), and (N )~! is defined by (6).

Remark 2.3 By Remark 2.2 we obtain that for ¢ € H, and m € N, N;;'qs € H,.+m. Moreover,
N} is an isomorphism onto ;.
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3. The Hankel transformation of arbitrary order
Let u € R" and k € Nj such that u + k > —1/2. We define the following transformations on H,,:

hui(@) = (=DM y ™ h  (Ni@), (¢ € H,) ©9)

and
ho(@) = (DN hy (F ). (¢ € Hp, (10)

where h,, 1 is defined by (1).
Under the conditions stated above we have the following lemma.

LeEMMA 3.1 (1) hy i (@) defined by (9) is an automorphism in H,,, for all p € R”,
(2) Its inverse h;lk (@) is defined by (10),
(3) If u = —1/2 then h,, defined by (1) coincides with h,, .

Proof (1) The statement follows immediately from Remark 2.3, Lemma 2.1 and Theorem 2.1.
(2) The statement follows immediately from (9) and (10).
(@) Letpu > —1/2, ¢ € H,and k € N, k = (ky, ..., k,). Then

Pk (Ns@) = (=30 -+ (—=yn) "Ry (). (11)
In fact, from (b) of Lemma 2.4 and by induction on / € N we obtain that
yutie (N 1) = (=) hyu (). (12)
Next, applying (12), we obtain

k(N {9}

_ kn 53 ki
= hlf-+k1€1+-~~+kn€n (N;L+k1e1+---+k,,,1e,,,1.n e Nu+k1el,2 N;L,l{qb})

J— ku knfl kz kl
= ()" Ptkier ket (N e ik, ey an1 " Nidiger 2 N (0

kn Jn— kn—2 k k
= (_yl‘l) (_ynfl) lh,u+k1€1+~~~+k,,_2€,,_2 (NIL+/<1€1+---+k”73€n,3,n—2 e N/L2+k181 2 NMI, 1 {¢})

By repeated application of this step, we obtain (11). If © > —1/2, by (9) and (11), we conclude
that

hui(@) = (=D y ™ hy  (NE) = (=DM y™ =y - (=3 hu(9) = hu(¢). W
LEMMA 3.2 Let ¢ € H, and m € N, then
N/Tqﬁ — x““‘m+(l/2)Tm{x_”_(l/z)qﬁ(x)}. (13)
Proof See [3]. |
COROLLARY 3.1 Let m, k € Nij. Then

N N = Nk (14)
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Proof Let¢ € H,;then

N/TJrkN;]iqs — xu+k+m+l/2Tm {X_M_k_l/leliqs(X)}

— HerkmE1 /2 {x—u—k—l/Zx/t-Hc-H/ZTk{x—u—l/2¢(x)}}
= NHe. "

LEMMA 3.3 Letk,m € Ny suchthat u +k > —1/2and p +m > —1/2. Then hy, j = hy, ,, and

-1 _ -1
by =hy

Proof Assuming that m > k, we have, from Lemma 3.1 and i 4+ k > —1/2, that

yreom—k = Mgk
Let ¢ € H,; then
(@) = (=D x ™" hyy (N} p)
= (=D T DI O Ry (NN )

n+k
= (=D"x Rk (NED) = Iy

From the last equality, we immediately deduce that h;lk =h! fory+k>—1/2and pu +m >

w,m

—1/2. |
Now, we can define ., and h;l onH, foru < —1/2as

hu(@) = hus (@), (¢ € Hy) (15)
and
h' (@) =h (@), (@ €My, (16)

where k € Njj such that u + k > —1/2. We know that z,, = h;' foru e R*, u > —1/2.
We will prove that this equality is valid for u < —1/2.

LEMMA 3.4 Let¢p € H,, n € R, and k € Nj; then we have

@) Nygri{x“¢p} =x*Nyip for 1 <i <n.
(b) N;”+k,i{xk¢} = kaL”Jd) for 1 <i<n and m € N,.
(c) NlT+k{xk¢} = kade’ forall m e Nj.

Proof See [3]. | |

LEMMA 3.5 Let¢p € H,, k € Nj, and k = (ky, ..., k,) such that p +k > —1/2. Then

(a) N/L,i hu,k(¢) = hu+e,,k(_xi¢)~
() Ny i hyuie(@) = (=D g, i) ().
(©) N (@) = (=DM Ry x*(9).
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Proof (a) By Lemma 3.4(c) and lemma 2.4(a), we obtain
Pge i (=xi9) = (=DM x " hypo i (NY,, (—xi))
= (=D"x g (—xiN9) = (DM N hua (NS 9).
By Lemma 3.4(a), we have for ® € H,; that
Nyix* o)y =x N, .

Putting ® = h,,,(N}¢) we obtain from (17) and (18) that

(D" Nyii he (Nsd) = (“DMIN G x ™ hy i (NS @) = Nywi (@)

Next, (a) follows by (17) and (19).
(b) By applying (a) k; — 1 times, we obtain
Nﬁi,ihu,k(fﬁ) = Nutti—veri Nuttki—2ei = Nyveri Ny (@)
= Nyt tki—vyeri Nutti—2eri = Npteri Bpte; k(—XiP)
= Nusti—neni Nusrti—2eni =+ Nuvaeni Busae i (—1D7x;9)
o= (D By (% 9)-

(c) From (7) and applying (b) n times, we obtain

k _ Ak ko ki
Nﬂ h/’“’k((p) - NM+k1€1+---+kn—1€n—1," e Nﬂ+k1€1,2 NI/-J h“’k )

a7k ko k ki
- M:’klel‘k"""kn—len—lan T NlH-klel,z(_l) lh/""'klel-k (‘xl ¢)

k,

A7)

(18)

19)

_ n k3 k k ki ko
= YVptkie++ky_ep_yn " N +kiei+koer,3 (=D (=D 2hu+k1e1+k2e2,k (xl X ¢)

== (=)W, (xF0).

THEOREM 3.1 Let u € R”, and k, m € Nj such that w +k > —1/2. Then h,, ; = h;lk

Proof In view of (c) of Lemma 3.5, we have

Nihi (@) = (=) hy i (x0):
then
hui(@) = (DN gk (x'p) = b (@)
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