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1. Introduction

Let H be a separable Hilbert space. A sequence (Vy)ken in H is called a Bessel sequence if there exists a positive con-
stant B for which

— 2
> 1€ v |” < BIEIR,
k=1
for all £ € H. A Bessel sequence (Yy)ken is called a frame if there exists a constant A > 0 such that

Al <t v

k=1
for every & € H. In the sequel, By will denote the optimal bound of the Bessel sequence ¥ = (Y )ken. We will use fre-

quently the fact that ||| < Bl‘/ 2 for every k € N. Bessel sequences and, in particular, frames have been extensively studied
during the last decades due to their multiple applications in different areas, e.g., signal and image processing, filter bank
theory, and so on. The reader will find many relevant results and facts on frame theory in the books by I. Daubechies [8] and
by O. Christensen [7]. For the relationship between Bessel sequences and bounded linear operators the reader is referred
to [1].

Associated to any Bessel sequence ¥ = (Y )ken are the analysis operator defined by

Cy H—>P, Cy®) = (& ) ey
and the synthesis operator defined by

oo
Dy :P—>H, Dy((Cken)= chk.
k=1
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These are everywhere-defined bounded linear operators, each adjoint to each other. Moreover, [|Cy || = ||Dy |l < B:/z.

Given two Bessel sequences, (¢y)ken and (Yp)ren in Hq and H, respectively, and a fixed sequence, m = (my)ken € [*°,
the following operator can be defined:

Mino@o : Hi = Hay Mg €) = Y mi(€, ¢ V.
keN

This operator, in which the analysis coefficients are rescaled by the fixed weight before resynthesis, is called the Bessel
multiplier for (¢x)ken and (Yi)ken. It was introduced in [2] and its properties when m € cg,I! and 12 were also studied
there. In the present paper we extend these results for m € I[P with 1 < p < co. Bessel multipliers and, in particular, frame
multipliers have useful applications. For example, in [3], frame multipliers are used to solve approximation problems.

Furthermore, we introduce the concept of Bessel fusion multiplier. This notion results in a generalization of the Bessel
multiplier when Bessel fusion sequences are considered instead of Bessel sequences. Several applications of Bessel fusion
sequences (see [4] and [11]) and multipliers have been studied, which suggest that these notions may be successfully
applied. Bessel fusion sequences and, in particular, fusion frames have been intensely studied during the last years. Even
though many properties of Bessel sequences still hold for Bessel fusion sequences, Bessel fusion theory is much more
delicate. The reader is referred to [5,6,12] and the references therein for a theoretical treatment on this topic.

In the present paper we study the behavior of the Bessel fusion multiplier when m € cp or m € IP. In order to get similar
results to Bessel multiplier, extras hypotheses regarding the dimension of the subspaces involved are required. Finally, we
prove that the Bessel fusion multiplier depends continuously, in a certain sense, on the weight and on the Bessel fusion
sequences involved if some extra hypotheses are included.

2. Bessel multiplier

During these notes, H and H; with i € N shall denote separable Hilbert spaces and L(H;,H;) denotes the space of
bounded linear operators from ; to ;. Let cg be the space of all sequences in C which tend to zero. For 1 < p < oo let I
be the space of all sequences (V;)ien such that Zzoil ||P is finite, and [°° be the space of all sequences ()ien such that,
for some M > 0, it holds |;| < M for every i € N. In what follows, given 1 < p < co we will denote its conjugate by ¢, i.e.,
% + % =1. Given ¢ € Hy and n € Hz, ¢ ®; n denotes the inner tensor product, i.e., ¢ ®; n is the operator from H; to H;

defined by (¢ ®; 7)(§) = (§, n)¢.
Let us introduce the definition of Bessel multiplier.

Definition 2.1. Let (¢y)keny and (Yp)reny be Bessel sequences in Hq and Hy respectively and m € [°°. The operator
M@ : H1 — Ha, called the Bessel multiplier for the Bessel sequences (¢r)ken and (Y)ien, is defined by

Mm@ (6) = ka (&, PV = ka(kﬁk ®i i (§)).

keN keN

The sequence m is called the symbol of My, (4,)- Observe that Mmcy,) ) = Dy MmCy wWhere My, : 2 — 12 is defined

by M ((Ck)ken) = (Ckmi)ken. It is clear that as m € 1%, then M, € L(I%). Moreover, | My || = Mmoo and so Mm@l <
1/2 ,1/2 _
By "By " Imlloo. Furthermore, M:"(l//k)(d’k) = M) (v -

In [2], the behavior of the Bessel multiplier is studied when m € cp,I! and [%. In this section we extend these results
for m € IP with 1 < p < co. Before that let us recall the concept of Schatten p-class and some results that we will require
throughout the paper.

Definition 2.2. T € L(H;, ;) is said to be in the Schatten p-class if (An)nen € [P where (Ap)nen is the sequence of posi-
tive eigenvalues of |T| = (T*T)!/? arranged in decreasing order and repeated according to multiplicity. Given 1 < p < oo,
&, (Hi, Hj) denotes the Schatten p-class.

The next identity will be useful in the sequel:
An=inf{||T — B||: B€L(H;, H;) and dim(B(H)) <n—1}.
In the next proposition we collect some useful properties of &, (H;, H;). For their proofs and more details on this topic
the reader is referred to [10].

Proposition 2.3. Let 1 < p < oo. Hence,

(1) 6, (Hi, H;) is a Banach space with the norm ||T || = [|(An)nenlp-
(2) If T € 6p(H,H1) and V € L(H1, Hy) then VT € &, (H, H>). Analogously, if S € L(H», H) then TS € &, (H2, H1). Further-
more, |ITS|lp < ITlplSland [VTIlp <ITIpIVI.
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(3) T € 6y(H1, Hy) if and only if the sequence ((Tey, fn))nen € IP for every orthonormal sequences (ep)nen in H1 and (fn)nen
inHy.

An easy computations shows that ||¢ ®; nll, = ¢ [llInll for p > 1.
In the next proposition we include the proof of the case m € ¢y for completeness.

Proposition 2.4. Let m € [°°, (¢y)rken and (Y )ren be Bessel sequences in Hy and Hy, respectively. Then:

(1) If m € co then M (y,)(4,) IS compact.
2,172
(2) If m € 1P then My, (@) € Sp(H1, H2). Furthermore, [|Mmy,) ¢ llp < By 1/ B, / lmllp.

Proof. Note that since Mpy,)(g) = Dy MmCg, if we prove that if m € cg (respectively m € IP) then M, is compact (re-
spectively M, belongs to the p-Schatten class), then the assertion follows.

Now, consider m € cg and let my = (m1, my, ..., mp,0,...) €1°°. Then, for every c € [2 we have || Mmn(c) — My © <
Im—mp|loollcll frend 0. So, there exists a sequence, (M, )nen, of operators of finite rank such that [|M;; — My, |l g 0,
i.e.,, My, is compact.

On the other hand, let m € I” and (ey)ren be the canonical basis of 12. Then My (c) = Y ken Mk{c, exek. Now, let
0 :N— N be the permutation such that 0 < |my 41)| < IMg )| for k € N. Hence,

Mun(©) =) mplc.e)er =Y Mg (C. o t)eaty = Y _ SN (Mo 1)) Mo (k) (€. €5 (1y) SIEN (Mo 1)) (1)

keN keN keN
=Y Mg l(c. eot)U o).
keN

where U is an unitary operator in L(12). So, as (Imo @y Dken € 1P, we get that My, € (‘5p(12). Furthermore, [ Mpllp = Imllp
1/2 ,1/2
and then Mm@ llp < By *By/*Imllp. O

In the next proposition we study the continuity of My, (¢)-

Proposition 2.5. Let (¢y)ken and (Yi)ren be Bessel sequences in Hy and Ha, respectively.

(1) Ifm(”) ———> m in [P then ||Mm(n)(‘//k)(¢k) Mm(Wk)(¢k) ||p —> 0.

2) Ifme 1P and (¢ Nken — (@ken in 19 then |M = Mm@ o llp —— 0and ||Mm(¢k)(¢,£">) = Mm@gowollp =2 0

m<w,£“)>(¢k)
Proof. (1) Let m™ ——m in IP. Hence, by the proof of Proposition 2.4, M,w_p, € Gp(?) and | Mym _pllp = [m™ —m||,
for every n € N. Therefore

1/2,1/2
”M (n>(¢k)(¢k)—Mm(v/k)(m)”p—“M(m(n) m)(\/fk)(q)k)”P_”D‘ﬂM [ mc¢“p B B ||M n) m”p
= (By By)'?[m™ —m], —o0.

n%OO

(2) If melP then M Mm@ € Sp(H1, H2). Therefore,

m) (@)’

IM mi. (W — i) @i x

Mz

n™ @0 ~ Mmoo llp =

=~
Il
_

p

<D Imil (" = ) @i o],

k=1

=3 imel | (0 = v [ el

k=1

00 1/p 1/q
B;ﬂ(DmkV’) (ZH v = ) ||">

k=1

8

8

=B Imllp | (") = W0l =2 0

where the last inequality holds by Holder inequality.
The other limit can be proved analogously. O
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Corollary 2.6. Let m™ — minlP, (1//k")) (qﬁ,ﬁ")) be Bessel sequences and B, B, such that Bym < By and Byw < Ba. Then, if
(tp,gn) Yken and (qbk ))keN converge to (Vi)ken and (dp)ken in 19, respectively, then

IM ~ Mmo@ollp ;=2 0-

m® (™). (@)
Proof. Joining items (1) and (2) of the above proposition we get:

“Mm(m(w,im)(lb,” = Mm@ llp < IM,, ® )™y T Mm(w,i”))(zf),im) p+ ||Mm(¢,l§n))<¢’5n)) - Mm(l//k)(¢E) llp
M) ~ Mmanoo lp

< B1-B) 2 [m™ —m| -+ B, Imllp| (&) - @0,
+B, 2 Imilp [ (v”) - o, =2 0. ©

3. Bessel fusion multiplier

We start this section by stating the definition of a Bessel fusion sequence. In what follows, I denotes a set which is finite
or countable and Pyy denotes the orthogonal projection onto a closed subspace W.

Definition 3.1. Let {W;}ic; be a family of closed subspaces of H and (wj)ic; be a family of weights, i.e., w; > 0 for every
i € I. The family {(W;, wi)}ics is a Bessel fusion sequence if there exists a constant B > 0 such that

> @l IPwEl” < BIEIP,
iel
for every & € H.
If in addition there exists a constant A > 0 such that

AlEI? <Y o IPwEl%
iel

for every & € H, then {W;, wi)}ie; is called a fusion frame.

It is clear that a Bessel sequence (respectively frame) is a special case of Bessel fusion sequence (respectively fusion
frame). Indeed, if (Vy)ren is a Bessel sequence (respectively frame) then {(span{vy}, [[V¥k|)}ken is a Bessel fusion sequence
(respectively fusion frame). This Bessel fusion sequence will be called the Bessel fusion sequence related to (Yy)keN-

The notions of synthesis and analysis operator also can be defined for Bessel fusion sequences. For this, a new Hilbert
space must be considered. Given {(W;, wi)}ic; a Bessel fusion sequence on H, define the Hilbert space

(Z@Wl) {EDier: & €Wy and (|I&]),, € (D)}

iel

with the inner product ((§icr, (T)ier) = Y icr (&> Mi)- S0, 1GDierI” = Yiey l15ill.
Therefore, the analysis operator Cyy : H — (3_;c; @ Wi)p is defined by

Cw (&) = (wiPw;&)iel
and the synthesis operator Dyy : (3_;c; @ W) — H is defined by

DW (gl)zel Zwlfz

iel

Many properties of Bessel fusion sequences can be studied using these operators, as well as for Bessel sequences (see [5]).
However, several known results of Bessel theory are not valid in the Bessel fusion setting. For example, not every surjective
operator is the synthesis operator of a fusion frame. For this, and for more details on the relationship between operators
and fusion frames the reader is referred to [12].

Given two Bessel fusion sequences, W = (W;, wj)ic; and V = (V}, vj)ics, and a fixed m € I°°(I) we are interested on the
operator Sy : ' H — H defined by

Smyw (&) =Y mivi; Py, Py €.
iel
We shall call Spyyy the Bessel fusion multiplier of the Bessel fusion sequences W = (Wi, wj)ie; and V = (V;, Ui)ie]-
Observe that if W and V are the Bessel fusion sequences related to the Bessel sequences (¢y)ken and (¥ )ken, respectively,

then Sy = Mm@ Where my =my ||§//wkk|| m IR
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In order to express Sy;1yy as composition of Cy and Dyy, a new operator which relates (3";.; @ Wi)p and 3., B Vi)p
is needed. Namely, let

P (S Pw)

iel

- (Z@w) defined by P((&)ier) = (Pv;&icr-

2 iel 12

P is a well defined linear bounded operator. In fact, Py,& € Vi for every i € I and [[(Py,&)icill> = Yic; IPv&ill2 <
Y icr I&ilI? = 1(€Dier|*. Therefore, it is easy to check that

Smyw = DySmPCyy,
where Sy @ Qi B Ve = i@ Vi is defined by Sm((§)ier) = (Mi&i)ier. Smyw is bounded. In fact, as m € I°°,

for every (£i)ier € (X @ Vi) we have that [|Su((Eicn)|1? = |(Mi&icill® = Y icy Imi&il|* < ImlI3, 11 EDier|1®. S0, Sp is
bounded and [|Sp|l < [Mlleo. Thus, since Spyyw = DySmPCyy, then Spmyyy is bounded. It is easy to check that S% ., =

Smwy.
In the next proposition we study the behavior of the Bessel fusion multiplier when the symbol belongs to cg or [P with
p=>1.

Proposition 3.2. Let W = W, wj)ien and V = (V;, Uj)ien be Bessel fusion sequences. Hence,

(1) If m € co and dim V; is finite for every i € N, then Sy, is compact and, in particular, Sy, is compact.
(2) Ifm el? and (dim V))jen €1 then Sy € 6, ((O iy ®Vi)p2) and, in particular, Smyw € &, (H).
Proof. (1) Let m € ¢y and consider my = (my,...,my, 0,0, ...). Therefore,

|Smy (EDien) — Sm(EDien) | = [[Smy—m (Eien) | < lImy = mlloo|| Eien || - 0.

Observe that, since dim ) is finite for every i € N, then Sy, is a finite rank operator for every N. Thus, Sy is compact. In
particular, as Sy = DySmPCyy, Sy is compact.
(2) Let E; = (e} )kek; be an orthonormal basis of V. Define

Fix=(0,..., ek ,...,0,...)e<2@vf>.
—

‘ 2
L ieN
position i

So, F = ((Fi k)kek;)ieN is an orthonormal basis of (3 ;. ®Vi)2. Now, let (I:'j)jeN be the rearrangement of F given by:

(a) if 1< j <Ky then Fj=Fy,
(b) if j > K; then ﬁj = Fpy1x where n=max{meN: j—(Ki+---+Kpn)>0}and k=j— (K1 +---+ Kyp).

Hence, for every f = (fj)jen € (3 jey ®@Vi)p it holds:
Sn(f)=_> mi(f Fi)Fix=Y_mj(f. F)Fj,

ieN keK; jeN
where () jen = (M1,..., M1, My, ..., My, ..., Mj,...,mj,...).
—_—— —,————
Kq K2 K;

Now, 3~ oy ImjIP = 3 e KilmilP < (dim V)ienllo Imllh < 00. Thus, Sy € &p((X ey ®Vi)p). In particular, Smywy =
DySmPCyw € Gp(H). O

As the next examples show, the hypotheses in the above proposition regarding the dimension of V; are crucial.

Example 3.3. Consider H =12 and (e)ren be an orthonormal basis of 2.
1

1. Define Wy = span{eai1}ken and wp =1 and for i > 1 define W; = span{ex}ren—(i}, @i = ok It is clear that W is

infinite dimensional for every i € N. Let us see that WV;, w;)ien is a Bessel fusion sequence. By simple calculation, we get
that, for i > 1, it holds ? || Py, (6)|I> = % Y Rey, ki l€, ear)|* for every & € H. Hence, for every & € M it holds

waupwi@)uz=Zl<s,e2k+1>\2+( 3 2,<)|($,€2)\2+( 3 2k)<s,ezn>|2+--~
k=0 =

ieNp k=1, k#n

ad 1 1
=Y |t&. easn)|* + (1 - §)|(E,€2)|2 + (1 - 2—,1>|<s,e2n>|2 oo 31
k=0
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Therefore,
3 2] P © < g2 for every € e H
ilITWi S yEeH.
ieNp
Now, let us see that S,yyyy is not compact where w = (wj)iey = (%) € co. For this, note that Sy (egest) =

ZieNo w? Pyy,epr+1 = ezk41 and so, the sequence (Sq)ny (€r+1))ken does not possess a convergent subsequence.

2. Let W; =spanfeq, ey, ..., ey}, wi= i > 1. It is clear that there does not exist A > 0 such that dimW); < A

1
(V)i
for every i € N. Let us show that W = (W;, wi)ien is a Bessel fusion sequence. It is straightforward that a),.z||PW1. ®)? =

i Zf':l I(€.,ej)|? for every & € H. Hence,

Y@ [Pw®] = (Z 4W)(lcs,enlz + [ e2)|’) + (Z m)(l(&%)lz + [ ea)|) 4.
i=1 j=1 j=2

Now, as 372, 4}? <2, then Y2, w?||Pw;, (§)[1* < 2||&|? for every & € H.
Observe that Z;’; wj = Z;’i] ﬁ <00, i.e., w = (w;)jen €1'. However, let us see that S,y ¢ S1(H). For this, it suf-

ficies to show that ((Spvw(en), en))nen ¢ I1. Now, by simple calculation, we get that Z,f‘; (Soww(en), en) = Z,‘;‘;] anzn%l

where o1 =2 and «, =2"! for n > 1, then Y2 1 {Swoww(en), en) diverges.

Corollary 3.4. Let W = W, wj)ien and V = (V;, Vj)ien be Bessel fusion sequences such that (dimV;)icy € [°°. Hence, if
m(k> k—>—oo) min [P then ”Sm(k)vw — vawllp ISC) 0.

Proof. Let m® = m in IP. By Proposition 3.2, we have that M uw_n, € Sp(Xic; D Vip) and [|Mpw_plp <
— 00

|m® —m|, for every k € N. Therefore,

ISmovw = Smowll, = [Samw —mywll, = [PV Smo_mPCW |, < IDVI[m® —m] ICw | =0 O

Proposition 3.5. Let W = Wi, wj)ien, Wi = W, wf)ieN, and V = (V;, vj)ien be Bessel fusion sequences such that (dim W;)ien
and (vj)ien € I°°. Hence, if m € IP and (wf.‘)l-eN — (wj)ien in 19 then

k— o0
ISmywi, = Smywllp =2 0 and IS,y — Smwv llp == O
Proof.
I Smywi, = Smuw ||p = Zmivi(wf — wi) Py, Pyy,
ieN p
< imjvil|of — @il IIPwllp
ieN
= Z |miui\|a)§‘ - a),'\ dimW;
ieN
< CZ:Imin:-< - o
ieN
1/p 1/q
< C<Z|mf|") (leﬁ‘ —wi}q>
ieN ieN
= Climllp | (@) — @dien |y ;= O

where C = [|(dim W;)ienlloo | (Ui)ien lloo-
Analogously, it can be proved that ||Sm,y — Smwvlly = 0. O

3.1 Thecasem=(1,1,...)

In [9] the next operator which relates two Bessel fusion sequences W = (W, w;)ie; and V = (V;, vj)ies is studied:

Syw :H — H defined by Syw (&) = Zviwipyipwif.

iel
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Clearly, in our context, Sy is the Bessel fusion multiplier of the Bessel fusion sequences (W, wi)ie; and V = (V;, Vi)ies
where m= (1, 1,...) € I°°. Since m does not belong to [P neither to ¢, we study under which conditions Sy is compact
or it belongs to &, (H).

Proposition 3.6. Let YW = W, wi)ien and V = (V;, Vj)ien be Bessel fusion sequences. Then:

(1) If (V)ien € Co, (@i)ien € 1! and dim V) is finite for every i € N then Sy is compact.
(2) If (WDien € 1P, (wi)ien €19 and (dim V;)ien € I*° then Syyy € G, (H).

Proof. We can assume without loss of generahty that vy < vy for every k e N.
(1) Define S, : H — H by SN, (§) = XI; viw; Py, Pyy€. Then,

[Syw &) = SPy©)] = <IN DD vioi < glovi Y @i < llEungallolh.

i=N+1 i=N+1

oo
> viwiPy, Pyyé
i=N+1

Therefore, ||Syyy — Sgwll < untillolh g 0. So, as S\’ﬂw are finite rank operators, we get that Sy is compact.
(2) Observe that

r(Syw) = [1ISywll < villwlh.

Let Ny =dim Vi and S}, = Uiw1 Py, Pyy,. Then, dim Sy}, (H) < Ny and [|Syw — Spiiy Il < v2lloo]l1. Hence,
AN +1(Syw) < L2lwll1.

Moreover,
ANy (Syw) < AN —1(Syw) <--- <M (Syw) < urllollh.

Now, let SN‘+N2 = v1w1 Py, Py, + 1202 Py, Pyy,. So, d1m8N1+N2(H) < N1+Nz and ||Syy — SNIHVZII < vs|w|1. Hence,
ANj+N,+1(Svw) < usllwlh

and

AN7+N2 (SYW) < AN +N;—1(Svw) <+ < AN +1 (Syw) < v2]|lo]lr.
Therefore,

[o¢] o0
Yl Syw) < D Nifllollf < llollf [ (Niien| o V1l < oo.
So, Syw € G,(H). O
3.2. Final comments

The results presented in this paper can also be extended to symmetrically-normed ideals generated by symmetric norm-
ing functions. See [10] for a complete treatment on this topic. Following the notation used in [10], given a symmetric
norming function @ (&) let cg be the natural domain of @, and G4 (H1, Hz) be the symmetrically-normed ideal of all com-

pact operators T € L(Hq, H2) such that (1;(T))ien € cp With the norm ||T|¢ = @((Ai(T))ien). Then, the previous results
can be rephrased as follows:

Let (dr)rkeny and (Yy)ren be Bessel sequences in 71 and H, respectively.

(1) If m € cp then Mmoo € So (H1, H2).
(2) If @(m® —m) — 0 then My, ~ Mmoo llo == 0.

|- 00
(3) If me ce and cb*«qs,i”)keN ~ (@Wken) — O, then

M — Moo lle = .0 and IM

m) (@) n@ow® ~ Mm@owolle > 0.

Let W= W;, wi)ien, Wik = Wi, a)!‘)ieN, and V = (V}, vj)ien be Bessel fusion sequences.

(1) f me cep and (dimV))ien €1 then Spywy € 6o (H).
(2) If (dimV))jen €1 and ®(m® —m) =20 then ||S,opw — Smuwlle =0
— 00 —00
(3) Let (dimW))ien and (vj)ien € [°°. Hence, if m € cp and <1>((w’.‘)i€N — (wi)ieN) e 0 then

ISmywi = Smywlle —— 0 and IS,y — Smwvlle =0
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