MINIMIZATION OF CONVEX FUNCTIONALS OVER FRAME
OPERATORS

PEDRO MASSEY AND MARIANO RUIZ

ABSTRACT. We present results about minimization of convex functionals de-
fined over a finite set of vectors in a finite dimensional Hilbert space, that
extend several known results for the Benedetto-Fickus frame potential. Our
approach depends on majorization techniques. We also consider some pertur-
bation problems, where a positive perturbation of the frame operator of a set
of vectors is realized as the frame operator of a set of vectors which is close to
the original one.

1. INTRODUCTION

Let H be a Hilbert space. A set of vectors F = {¢; }icr in H is a frame if there
exist a pair of constants a,b > 0 such that, for every x € H,

(1) ool < 3w, é) 2 < b >
iel

The optimal constants a,b in (1) are called the frame bounds. We say that the
frame is tight if @ = b. In general, if the inequality on the right hand side of (1)
holds for = € H we say that F is a Bessel sequence. Given a Bessel sequence F
we consider its synthesis operator T7 : Io(I) — H defined as T7 (e;) = ¢;, where
{ei}ier is the canonical orthonormal basis of l2(I). We also consider its frame
operator given by S¥ = T% (T%)* and its Grammian, defined by G¥ = (T)*T7.

Frames where introduced by Duffin and Schaeffer [8] in their work on nonhar-
monic Fourier series. These were later rediscovered by Daubechies, Grossmann
and Meyer in the fundamental paper [7]. In recent years the study of frames has
increased considerably due to the wide range of applications in which frames play
an important role. In this note we shall focus on finite frames i.e. H = F¢ where
F = C or R and [ is a finite set. Note that in this setting, a frame is just a set of
generators for H.

In [4] Benedetto and Fickus introduced the notions frame force (FF) and frame
potential (FP) for a finite frame. More explicitly they defined, for F = {¢;}"; CH
a finite sequence of vectors

m

(2) FP(F) = Y [(¢i,0) = tr((57)?)

1,7=1

It is shown in [4] that the finite unit norm tight frames are the minimizers of the
frame potential among all unit norm frames with a fixed number of vectors. If we
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now impose restrictions on the lengths of the vectors, the structure of minimizers
changes since tight frames with a prescribed set of norms may not exist. The
complete characterization of global and local minimizers for the frame potential
was done in [6].

The equality FP(F) = tr((S%)?) suggests that, more generally, we can con-
sider functionals of the form P;(F) = tr(f(S7)), where f is a non-negative, non-
decreasing and convex function defined on [0,00). In this context, the problem
of describing the geometrical structure of minimizers of these convex functionals
arises; surprisingly, this structure does not depend on f. In order to state the
following results we introduce the sets A(c) = {{¢;}7, C C4, S0 [¢:ll? = ¢}
and B(a) = {{#;}", C C¢, ||¢:]|*> = a; for every i}, where a = (a;)™, is a non-
increasing finite sequence of positive real numbers.

Theorem (A). Let f : R>g — Ry be a conver function and Py the functional
associated to f. Let ¢ > 0 and a = (a;)!, be a non-decreasing finite sequence of
positive real numbers. Then,
a) If F € A(c) is a tight frame then it is a global minimizer of Py in A(c). If
we assume further that f is strictly convex then every global minimizer in
Alc) is tight.
b) If F € B(a) is of the form

(3) {Vaieitizy U{oili
where {e;}&_, is an o.n.b. for C?, r is the d-irregularity of a (see definition
2.2 below) and {¢;}i~, 1 is a tight frame for span {ei}g:wrl then, it is a
global minimizer of Py. If we assume further that f is strictly convex then
every global minimizer in B(a) is as in (3) for some o.n.b. {e;}d_;.

It is also interesting to study the structure of the local minimizers of P; in
the previous sets A(c) and B(a). A natural metric in this context is the vector-
vector distance d(F,G) = maxi<;<m ||¢; — ¥i| for sequences F = {¢;}72,, G =
{1:}™,. But this characterization problem turns out to be quite difficult for the
local minimizers of Py in B(a). Hence, we alternatively consider the description of
the structure of local minimizers of Py in R(a) = {S7, F € B(a)} endowed with the
norm topology. Notice that this last point of view is weaker. Indeed, ||S¥ — 59| <
2/m max(|T7 ||, |T]|)) d(F,G), where T¥ and S* denote the synthesis and frame
operator of F (see the beginning of section 3), while there are pairs of different
sequences that share the frame operator.

Theorem (B). Let f : R0 — R be a non decreasing strictly convex function and
Py the functional associated to f. Let ¢ > 0 and a = (a;)}2; be a non-decreasing
finite sequence of positive real numbers. Then,
a) Every local minimizer of Py in A(c) with respect to d(-,-) is a tight frame
and hence, a global minimizer.
b) Ewvery local minimizer of Py in R(a) with respect to the operator norm is of
the form (3) for some o.n.b. {e;}¢, of C* and hence, a global minimizer.

The previous results show that the structure of the local minimizers of Py (when
Py is considered as a function of the frame operators) does not depend on the
strictly convex function chosen. Unfortunately, we get only partial results related
with the local minimizers of Py in B(a) with respect to the vector-vector distance,
for a general convex function f.
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Our approach depends on solving some perturbation problems concerning the
frame operator for a generic case of frame.

More explicitly, if F is a frame in B(a) which can not be partitioned in two
mutually orthogonal sets of vectors (i.e. its Grammian is not block-diagonal) and
S; is a sequence in M4(C)* which converges to S7, then for every ¢ > 0 there
exists 4o such that, for i > 4o there is a frame G € B(a) such that S9 = S; and
d(F,G) <e. Our approach to this problem depends on differential geometric tools
that we describe in an appendix at the end of the paper. In the particular case of
the Benedetto-Fickus frame potential, we recover a theorem by Casazza et al. [6]
describing its local minimizers.

The paper is organized as follows: Section 2 contains preliminary facts together
with some new results about majorization of vectors in R? that we shall need in the
sequel; Propositions 2.1 and 2.3 give a characterization of minimal points of certain
sets of vectors with respect to majorization. Section 3 is devoted to the basic facts
about frames in C? together with some previous results from [3] about some design
problems for frames. In Section 4, some properties of the convex functions Py
defined on frame operators are given. In this section we consider the sets of frame
operators R(c) and 7 (a), consisting of frame operators of elements in A(c) and
B(a) respectively. Theorems 4.6 and 4.7 deal with the characterization of global
and local minimizers for every P; (for a non decreasing strictly convex function
f:Rs0 — Rxp) on R(c) and 7 (a). At the end of this section, some examples and
applications are given. Finally, in Section 5 we focus on the structure of minimizers
of the functions P; when they are defined on frames instead of frame operators.
This leads to some geometrical problems which are developed in the Appendix.

Acknowledgments. We would like to thank Demetrio Stojanoff and Jorge An-
tezana for several useful comments related with the content of this note that helped
us improve its exposition.

2. PRELIMINARES

In this section we present some basic aspects of majorization theory together
with some new results that we shall need in what follows. For a more detailed
treatment of majorization see [10]. Given b = (by,...,bs) € R%, denote by bl € R?
the vector obtained by rearranging the coordinates of b in non increasing order. If
b, ¢ € R? then we say that b is majorized by c, and write b < ¢, if

k k d d
dbr<d el k=1,....d—1 and Y bl => cl.
i=1 i=1 i=1 i=1

Majorization is a preorder relation in R? that occurs naturally in matrix analysis
and plays an important role in convex optimization problems.

Proposition 2.1. Let ¢ > 0 and consider the set

d
(4) K(c)={be Rxo)*: > b =c}
i=1
Then the vector v .= (§,...,45) satisfies b = v for every b € K(c). Moreover, if

b € K(c) is such that bt # v, then for every 0 < e sufficiently small, there exists
b. € K(c) such that b' # bl, b = b, and ||b! —b}| <e.



4 PEDRO MASSEY AND MARIANO RUIZ

Proof. The first part is a well known fact about majorization, and it is easy to
check. For the proof of the moreover part, suppose that b 6 K(c) is such that

b # v, then there exists a index j, 1 < j < d such that bl > bt i1 were we denote
by b! the entries of bt.

Let 0 < € such that bﬁ -5 = bﬁ_ﬂ + /5 and denote by b. the vector
b. = bl — \/Se; + /5 €41 were {e;}_; is the canonical basis in R?. Clearly
b. € K(c), b = b., and by construction of b, ||b} — bl||? = ¢. O

Following [6] we consider the d-irregularity of a sequence as follows

Definition 2.2. Let a = (a;)!"; be a non increasing sequence of positive numbers
and d € N with d < m. The d-irregularity of a, denoted r4(a) € N, is defined as

rd(a):max{lgjgd—l (d—j)a; > Zal}7
i=j+1
if the set on the right is non empty, and r4(a) = 0 otherwise.
Notice that in particular, with the notations of Definition 2.2, we have:

(1) (d—j)a; < Zﬁjﬂ a;, for r4(a) < j < d whenever r4(a) > 0,

(2) (d—j)a; >33 1, ai, for every 1 < j <ry(a).
Proposition 2.3. Let 0 < d < m and let a = (a;)[2, be a non increasing sequence
of positive numbers with d-irreqularity r = rq(a). Consider the set

m

P(a) = {b € (Rx()* Z:bl>z:az for 1<k<d and Zb—Zab}

d—r times
Let v = (ay,...,a,, m ), where ¢ = (d —r)~! Z?LTH a;. Then v belongs to
P(a) and, for every b € P(a), b = v. Moreover, if b € P(a) and b' # v, then for
every 0 < ¢ sufficiently small, there exists b, in P(a) such that bl # b', b = b,
and ||bt —bl|| <e.
Proof. By the comments after Definition 2.2, v = v!. First, we show that v € P(a).
Note that Z§:1 a; = Sk vj for 1 < j <r. On the other hand,

7=1
m
arp1(d—7) —app1 = app1(d—(r+1 Z a; = arp1 < ( Z a;.
j=r+2 j=r+1

Therefore ¢ > ay+1 > a; for every r +1 < j < m. Then, for every r+1 <k < d

we have i i
Z vj = Z a; + Z cj > Z aj.
j=1 j=1

Jj=r+1
Since Z;l:l vj = Y0 ay it follows that v € P(a). Let b = (b)), € P(a) and,
without loss of generality, assume that b = b!. Then, it is clear that Zle v; <

Z?Zl b; for every 1 <k <r. Let =3 "_;b; — >, a;j > 0. Therefore

r r d m d m
(5) ij—zaj Y b= Y a; = > (i+d-r)Ta) = Y g

j=r+1 j=r+1 J=r+1 j=r+1
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which implies, by Proposition 2.1, that (¢)%, ; < ((d —r) '+ b))%, € R
Then, for every r+1 < k < d we have

k k
Zb]- = Zb - Z —r) o+ Z r)ta)
j=1 j=r+1 j=r+1
k k
> Zb —a+ ZC—ZGJ Zc:Zvj.
j=r+1 j=r+1 j=1

On the other hand

m d

dobi=D 0= v
j=1 j=1 j=1

so we see that v < b. For the second part, let b € P(a), b! # v. Again we assume

that b = bl.

Claim: There exists j, 1 < j < d—1such that b; > b1 and Zg:l b; > 25:1 a;.

It is clear that for some 1 < k < d — 1, b > bgy1. Otherwise, b; = by for all
i which would imply that b = v (the d-irregularity of a would be 0). Denote by
by, > by, > ... > by, all the entries of b which satisfy b, > by, 1.

Suppose that, for every t,, Zz 1 b= Zzll a;. Then, since by hypothesis kb; =
Zle b; > Zle a; for all k < t1, we have that a; = by = b; for all 7 < ¢;. By the
same reasoning, a; = by, 41 = b; for all t; +1 < ¢ < ty. Finally, we get that a; = b;
for all 1 < i < t, moreover, by = (d — t,,) " Z;itm—i-l a; for t,, +1 < k. The
definition of the irregularity of a implies that ¢,, < r (otherwise, the decreasing
order of b would be violated), but if ¢, < r — 1, then by the comments following
Def. 2.2,

at,,+1 > (d— (tm +1)) Z ai,

=t +2

which in turn implies that a;,, 41 > (d — ) "' 308, L a; = by, 41, which con-
tradicts b € P(a). The only possible case is ¢,, = r, but in this case, b = v, a
contradiction.

Now, given 1 < j < d—1 such that b; > b; 41 and 25:1 b; > 25:1 a;, let € such
that b; —e/v2 > bj1 +¢/vV2and Y7_ b, —e/v2 > >"7_, a;. Now, denote by b,
the vector b —¢/v/2e; +¢/v/2e;;1. Then is easy to see that b, satisfy the desired

properties.
(]

Remark 2.4. Note that the proof of the previous claim shows that the only vector
b in P(a) such that: bl = (ay,as,...,ax,¢,...,c)is v.

Finally, we consider the following extension of majorization to self-adjoint opera-
tors due to Ando [2] which will be useful for the study of convex functions on frame
operators: given self-adjoint matrices B, C' € M (C) we say that B is majorized
by C, and write B < C' if and only if A\(B) < A(C), where A\(A4) € R¢ denotes the
d-tuple of eigenvalues of a selfadjoint matrix A € M (C) counted with multiplicity
and arranged in decreasing order.
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3. PRELIMINARIES ON FRAMES

Let H=TF4, (F=C or R), and let F = {¢;}™, be a set of vectors in H, we say
that F is a frame if there exist a,b > 0 such that for every vector x in ‘H

(6) allzl> <Yz, ¢i) [* < bl]|?
i=1

the optimal bounds a and b are the upper and lower frame bounds for F.
We can define the following bounded linear operator
T F™ = H, T (e;)=¢i, 1<i<m
The positive semidefinite operators
GT = (T7)*T7 and S7 :=T7(T%)*

are called Grammian and the frame operator respectively, of the sequence F =
{¢:i}™,. Throughout this note we shall consider the matrices of those operators
with respect to the canonical bases of F”* and F?¢, maintaining the notation . Thus,
S7 € M4(F)* and G € M,,,(F)*.

In particular, it can be seen that the upper and lower frame bound for F are the
greatest and smallest positive eigenvalues of ¥, denoted by A\; and \g respectively.

Proposition 3.1 ([3]). Let F = {¢:}2, C H and let G and S be the Grammian
and frame operators of F. Then, there exists a Hilbert space Hy with dimension
m — d and an isometric isomorphism U : F™ — H @& Hy such that

S 0\H
0 0)Ho
Therefore, (||¢:[|>)™, < (6(S7),0.) where 0., € R™~4.

(7) UGU* = (

As a consequence of Proposition 3.1 we see that, if ¢(G) € F™ (resp o(S) € C?)
denote the eigenvalues of G counted with multiplicity then o(G) = (¢(S), 0~) where
0. €Fm—,

Theorem 3.2 ([3, 12]). Let S € My(F)" and let a = (a;)7, be a sequence of
positive numbers. Then, there exists a sequence {¢;}, C H with frame operator
S and such that ||¢;|| = a; for every 1 <i < m if and only if

k k m
Za?SZA(S)i, for 1<i<d-1, and Za?:tr(S).
i=1 i=1

i=1
4. CONVEX FUNCTIONS DEFINED ON FRAME OPERATORS.

In this section we define a family functions Py on the set of frame operators of
sequences F in C?, starting from a convex function f : R>o — Ryo. As a particular
case, we recover the frame potential, introduced by Benedetto and Fickus, in [4]
with a specific convex function f.

When we restrict our attention to special sets of sequences, namely, those se-
quences with a prescribed set of norms, we are able to compute the minimum value
taken by P on the corresponding set of frame operators and to characterize the
spectrum of minimizers of Py, for every f non decreasing and convex function which

satisfies f(0) = 0.
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Definition 4.1. Let f : Ryg — Rx be a non decreasing convex function. Then,
the frame potential associated to f, denoted Py, is the functional defined on the set
of frame operators of sequences in C* given by

(8) Py(S7) = tr(£(57))

for every F = {¢;}, C C%. In detail, if we denote by A = (\;)L, the eigenvalues
of ST counted with multiplicity, then P;(S%) = Z?:l F().

Remark 4.2. Using the relation between G¥ and S7 shown in Proposition 3.1,
we have

tr(f(G7)) = Py(S7) + (m — d)£(0)
In particular, if f(0) = 0, P¢(S”) can be computed using the Grammian matrix.
Example 4.3 (Benedetto-Fickus’s potential). Let f : R>g — Rx¢ be the strictly
convex function f(z) = 2. Then, the frame potential associated to f is

m

(9) Pr(87) = tr((57)%) = e((GT)*) = D (e, )1

i, =1
that is, the frame potential as defined by Benedetto and Fickus in [4]

In what follows, given F = {¢;}7, € C? and a € C we denote by aF =
{a¢;},. On the other hand, given F; = {¢;}M, Fo = {¢}*2 C C? then

i=1s
F1 U Fy denotes the list of My + My vectors obtained by juxtaposition of F; and
Fo. Note that, if G = a7 U Fy then

SQ _ \a|2 S]-‘l + S}‘Q.
Theorem 4.4. Let f : Ryg — R be a non decreasing convex function and F =
{oi}ily, Fo = {0}z c C
(1) If S71 < S*2 then
Pp(S71) < Pr(572).

(2) Assume further that f is a strictly convex function, S™* < S72 and P;(S7)
= P;(S72). Then, there exists a unitary operator U € My(C) such that

Ushrur = 57z,
(3) Ift € 0,1] and G = tY/2F, U (1 — t)Y/2F;y then
Pp(89) < tPp(S71) + (1 = 1) Pr(572).
(4) If G = F1 UF, then
P;(89) > Pr(S7) + Pr(572).

Proof. The first two items are well known (see [5, 10]). The last two inequalities
above are also well known (see [1, Theorem 1-24]) for these functionals. O

Remark 4.5. For g = —f, P,(S) = tr(g(S)) for S € My(C)* are called “entropy-
like” functionals in [1]. Notice that the minimization of the functions Pj corre-
sponds to the maximization of the entropy-like functional F;.
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Let ¢ > 0 and a = {a;}"; be a sequence of positive elements arranged in
decreasing order. In what follows we shall consider the following sets:

Ale) ={F = {o:}i2y C C% Y lIgill* = tr(ST) = ¢},
i=1

B(a) = {F = {¢:}7, € C% ||64]|*> = a; for every i}.
Observe that, by Theorem 3.2, the sets of frame operators for sequences in A(c)
and B(a) can be well characterized:

(10) T(c)={S7, Fe Alc)} = {S € M4(C)", X(S) € K(c)}.

(11) R(a) = {S7, F € B(a)} = {S € Mu(C)", A\(S) € P(a)}.

Theorem 4.6. Let f : Ryg — Ry be a non decreasing convex function and Py
the functional associated to f and let ¢ > 0. Then, if F € Alc) is a tight frame,
then

Py(ST) < Pp(SY9) VSY9 €T (c).

Moreover, if in addition f is strictly convex and S* is a local minimum of Py
considering the operator norm in T (c), then S¥ = o1 so F is a tight frame.

Proof. The proof follows immediately from Proposition 2.1. Indeed, S € T (c) is
a global minimum for Py if and only if A\(S¥) = v, i.e. $¥ = $1I, which means
that F is a tight frame in A(c). On the other side, if A = A\(S¥) # v, then by
Prop. 2.1 for every € > 0 sufficiently small, there exist A. € K(c) such that A, < A,
A £ AL and ||A — || < e. Thus, if S¥ = U*diag(A\)U with U unitary, it is clear
that S. = U* diag(A.)U € 7 (c) satisfies ||S7 — S.|| < e and Py(S:) < P¢(S7), by
Thm. 4.4.

(]

Theorem 4.7. Let f : R>g — Rxq be a non decreasing convex function and Py the
functional associated to f. Let a = (a;), be a non increasing sequence of strictly
positive numbers with d < m. Suppose that F € B(a) is of the form

(12) {Vaieitiog U{oihiZ,
where {e;}4_, is an o.n. basis for C¢, r is the d-irregularity of a and {0}, p1 is
a tight frame for span{e;}L, ., with frame constant c = (d —r)~" Z a;.
i>r+1
Then, S” is a global minimum for Py in R(a). Moreover, if fis strictly convex

and S is a local minimum for Py in R(a) (considering the operator norm), then
F is as in (12).

Proof. Let F € B(a) be of the form given in (12). Therefore, the (ordered) spectrum
of the frame operator S¥ is v = (ay,...,a,,c,...,c) where ¢ = (d—r)~! D sy @i
is an eigenvalue with multiplicity d —r. Then, by the Proposition 2.3 and Theorem
4.4, we can conclude that F is a global minimum in B(a).

Now, let G = {¢);}7, € B(a) be such that A\(S9) = v. Then the (optimal) upper
frame bound of G is a; and we have

a1+ " 1y, ) ® < an el = [[eal*

j>1
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Therefore, ¢ is orthogonal to 1; for j # 1. By restriction to span{y;}7,, we
deduce that (¢ , 1;) = 0 for ¢ # 2 in the same way. Therefore we can conclude
that (¢; ,1;) = 0 for every 1 <4 <r, j # 4, in particular we define the orthonormal
set e; = ai_l/Qi/zi for 1 < i <r. We then complete it to an o.n.b. {e;}L;.

Finally, since the frame operator restricted in the orthogonal complement of the
space spanned by {e;}7_; is a multiple of the identity, the rest of the frame is a
tight frame in its span. Then, G can be described as in (12).

Let S € R(a) be such that A\(S7) is not v € P(a). Therefore, by the last
statement of Prop. 2.3 and arguing as in Thm. 4.6, given € > 0, we can find a
positive definite operator S. € R(a) such that ||S. — S7|| < &, A(S:) # A(ST) and
S. < S7. Then P;(S.) < P¢(F) for every strictly convex function f, by Theorem
4.4. In particular, by the previous paragraph, every local minimum for Py in R(a)
is a global minimum, so it is a frame operator of a frame given by (12).

O

Theorem (A) in the Introduction is now a consequence of the identities (10),
(11) and Theorems 4.6, 4.7.

Corollary 4.8. Let F = {¢;}72, € A(c) and let f : R>¢o — Ry be a non decreasing
convex function. We have the following inequalities:

(13) (@~ 1)- f(0)+ f(c) 2 Py(S7) 2 d- [(3),
And, for F € B(a) we have

(14) (d=1)-fO) + FQ_ai) = Pr(ST) =Y flai) + (d—r) - f(h)

i=1 i=1
with h = (d — )~ 3.5, .1 ai. Moreover, if in addition f is strictly convex and
the lower bound is attained in (13) (respectively in (14)) then F is a tight frame
(respectively is as in (12) for some o.n.b. {e;}&, for C?).

4.1. Some applications of the previous results. Let us begin with the follow-
ing example in order to illustrate the content of our previous results.

Example 4.9 (continuation of example 4.3). Let f(x) = 22 and note that, by
equation (9), if F = {¢;}1*, € A(c) then

m
Pr(87) = > (e 651
ij=1
Note that f is a strictly convex function and that f(\-z) = A? - f(z) for every
A > 0, so we can take g(\) = A%, Then, equation (14) becomes
m 2
(15) 12w2d.i:1
(iq leel?)? @ d
which is the generalized Welch inequality of [13]. Moreover, by Theorem 4.8 we
deduce that the lower bound (resp the upper bound) in equation (15) is attained if
and only if F is a tight frame with frame bound § (vesp if and only if span(F) has
dimension 1).

Of course, the function f(x) = x? is probably the most simple function that can
be used to produce a reasonable frame potential. In the following examples we shall
investigate other choices of convex functions.
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Example 4.10 (n-th frame potential). Let n > 2 and consider f,(z) = a™ for
x > 0. Then, f is an increasing strictly convex function and produce the n-th
frame potential given by

Py (S7) = tr((S7)")
where S7 is the frame operator of the sequence F = {¢; }scm C C%. Since f(0) =0
then we have

(16) Po({oit) =u((GH)M = > [ i)
i1y in=1 j=1

where we follow the convention 4,11 = i;. Note that P, is the usual frame potential.
Indeed, formula (16) is a consequence of the identity

(17) (GT ) er,ex) = Z H Gijs Pijn) =

In this case, using equation (16), equation (14) becomes

ZZ in=1 H?:1<¢z‘j7¢ij+1> S 1

,,,,,

(18) e N T B C

while equation (17) implies

(i )"
> ’L
(19) 1I§r}€afxm , z;_l ]1_[1 ¢217¢1J+1 = m-d
Z1 Z}
As before, the lower bound in formula (18) is attained if and only if F is a tight
frame with frame bound 5. Analogously, the bound in equation (19) is attained if

and only if F is a tight frame.

Example 4.11 (von Neumann Entropy). If we consider the concave function
f(z) = —zIn(z), then Py restricted to density matrices is the well known von
Neumann entropy in quantum information theory. Roughly speaking, it measures
the lack of information about the state of a system. Theorems 4.6 and 4.7 show, as
a particular case, the structure of maximizers of the entropy without restrictions in
the first case and with the restriction: {S a density matrix with (A(S),0m—q) > a}
for a fixed positive sequence a with ;" a; = 1.

4.2. Convex functions over CGU frames. In this section we use the previ-
ous techniques to characterize the global minimizers of Py when restricted to the
compound geometrically uniform frames, with a prescribed list of norms.

Definition 4.12. Let G be a finite abelian group of unitaries in My(C), and ¢ €
Ce. If the set G- = {Up : U € G} is a frame the we say that G - ¢ is a
geometrically uniform frame (GU). When G acts on a larger set of functions,
O ={p;eCl:1<i<m} and G- ® is a frame, we say that it is a compound
geometrically uniform frame (CGU).

From now on, in order to simplify the computations, we assume also that G is
cyclic. Let suppose then that we have G = {U® : 0 < i < n — 1}, where U is a
unitary such that U” = I. Thus, we shall consider frame sequences of the form
F=G-o={U¢;:0<i<n-1, 1<j<m}
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We are interested in minimizing Py when we restrict P; to the set of frame
operators of CGU frames:

G-B(a)={G-F : FeB(a)},
where G is a fixed cyclic group of unitaries, a is fixed. Clearly G - B(a) C B(b),

where b = {b;}™ is the sequence a repeated n times. Then, by Corollary 4.8, if
F e G- B(a),

(20) P(ST) =D fbi)+ (d—r)- f(h),
1=1

where h = (d —7)7' 32", b; and r is the d-irregularity of b. The previous

inequality can be stated in terms of a if we characterize the d-irregularity of b.
Proposition 4.13. Let a = (a;){"; be a non increasing sequence of positive num-
bers and let b = (b;)™ be a sequence given by:

bj=a; for j=(@{—-1)n+s, 1<s<n,1<i<m.

Then, if ro is the d-irreqularity of b, ro = nr, where
ood -
r = max{j: (E —j)a; > Z ag}.
k=j+1
Proof. The result is clear if rg = 0. If rg # 0, then it holds that n divides ry. Indeed,
by definition of rg, b, # by,+1 which can only occur if rg = nr, r € {1,...m}.
Finally,

. ‘ — .o d %
ro = max{nj : (d —nj)b,; > Z by} = n max{j : (E —-Jj)a; > Z ag}.
k=nj+1 k=j+1

]

Theorem 4.14. Let G, a and B(a) as before. Suppose that n|d and that there
exists an orthonormal family {e;}X., with N = ¢ such that the set {U*e; 1 < k <
n, 1 < j < N} is an orthonormal basis of C?. Let F in B(a) be of the form

(21) F'={Vaibi}i-, UD

where € = {b;}I_; is an orthonormal set such that G - £ is orthonormal, r is the
N-irregularity of a and G- D is a tight frame for span (G - E)J‘ with frame constant
h=(N-—r)"'S", . ak. Denote F =G -F' €G- B(a).

Then ST is a global minimum for Py in the set of frame operators of G - B(a).
Conwversely, if in addition f is strictly conver, and S* is a global minimum for Py,
then F is of the form G-V, with V as in (21).

Proof. By Thm. 4.7 and Prop. 4.13 it is clear that if such sequence exists, then
S7 is a global minimum in R(b) (using the previous notation), so it is a global
minimum when we restrict Py to the frame operators of G - B(a). Moreover, if f is
strictly convex, every global minimum must be of this form, by Thm. 4.7.

Then, in order to prove the statement we need to show that such sequence exists.
Indeed let F’ be the sequence given by

{Vaiei}i_1 U {@‘H’ir“
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where {e;}Y, is the orthonormal set existing by the hypotheses, r is the N-
irregularity of a and {¢;};", ; is a tight frame for spzm{ek}kN:rJr17 with frame
constant h = (N —r)~' 37\ | ag. Such frame exists by Theorem 4.7.

Clearly, for every 1 < k < n, the set {U¢;}7", . is a tight frame (with
the same constant h = (N —r)"'>°0" . ax) for span{U¥e;}N ., therefore,

= G- {¢o}iZ, 1 is a tight frame of span (G- &) with frame constant ¢ =
(N —7r)~ 1300, 1 ak, where & = {e;}i_,
(I

Remark 4.15. If in addition we assume that the initial vectors F lie on the %—
dimensional subspace K generated by {e;}¥; (4 = N) of C? we can conclude that
the global minimizers are of the form given in (21), where r is the %—irregularity
of a and D forms a tight frame on K N (span{b;}’_,)*. Indeed, in this case the
Grammian matrix of G - F is block-diagonal.

A special case of this situation is given on convolutional frames studied in [9].
In particular, previous Theorem can be seen as a partial generalization to [9, Thm.

6].
Corollary 4.16. Under the hypotheses of Theorem 4.14, for F € B(a) we have

(22) (d=1)-f(0)+ f(n-)_a;) > Pp(S°7) >n{2fal (dr).f(h)}
i=1 i=1

with h = (d —r)~! ZQTH a;. Moreover, if in addition [ is strictly convex and the

lower bound is attained in (22) then F is as in (21).

5. FROM FRAME OPERATORS TO FRAMES.

In the previous section we have considered the function Py associated to a convex
function f as a function of the frame operators; we have described the structure of
local minimizers of P; when restricted to the sets 7 (c¢) and R(a) with respect to
the norm topology.

We are now interested in considering Py defined on frames

Pr(F) = Pr(S7) = t2(f(87))

for F = {¢;}, C C¢, and studying the structure of global and local minimizers
of these functions when restricted to the sets A(c) and B(a), with respect to the
vector-vector distance

(23) d(F,G) = X | — il

for sequences F = {¢; }"1, G = {¢;}™,. Tt is worth noting that the norm distance
between frame operators can not bound the vector-vector distance; indeed if o is
a permutation of order m and G = {f,;}iX, then S7 = 89 while d(F,G) # 0
possibly. This implies that the results in the previous section can not be used to
obtain a complete characterization of the local minimizers in this new setting.

Our approach to this new point of view involves the study of the existence local
cross sections of the map F + S7 when it is restricted to A(c) and B(a) respectively
(note that the restriction on the norms which defines B(a) is a condition on the
main diagonal of G7).
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To begin with, Theorem 4.6 implies that if a sequence F = {¢;}7, € A(c)
does not have the structure of a local (global) minimizer of Py on 7 (c), for a
strictly convex function f, then for every € > 0 there exists a S € 7(c) such that
S = S%| < e and Pr(S) < P¢(S”). In order to show that F is not a local
minimum of Py on A(c) with respect to the vector-vector distance the following
problem arises: given such S, is there any sequence G = {1;}1; € A(c) such that
S¢ = S and d(F,G) < 6(¢), with lim._qd(e) = 0?7 A positive answer to this
question is given in the following

Proposition 5.1. Let F = {¢;}72, € A(c) and let S € T(c) be such that ||S —
ST|| < e. Then there exist G = {1}, € A(c) such that d(F,G) < €'/? and
89 =5.

Proof. Consider T% = (S7)Y/2W the polar decomposition of T7. Then, since
IS —S7|| <e, |SY2 — (ST)Y?| < /2 by [5, Thm. X.1.1]).

Now let G = {t;}7,, where ¢; = S/2We; for 1 <i < m. Then T9 = S1/2W/,
S9 =T9(T9)* = S and for 1 <i <m

i = ull < 179 = T7| < [[SY2 = (87)1 /2| < €'/,
O

The previous result combined with Theorem 4.6 provide a complete characteriza-
tion of the local (global) minimizers of Py on A(c) with respect to the vector-vector
distance, for a strictly convex f.

Theorem 5.2. Let f : R>g — Ry be a non decreasing convex function. If F €
A(c) is a tight frame then it is a global minimizer of Py on A(c). Moreover, if f is
a strictly convex function then every local minimum of Py on A(c) with respect to
the vector-vector distance is a tight frame.

Proof. The first part of the statement follows from Theorem 4.6 and (10). By the
proof of 4.6, if F € A(c) is not tight, then for every € > 0, there exists S; € 7 (c)
such that ||S7 — S:|| < €? and P;(S.) < P;(S7). Finally, by Proposition 5.1, there
exist G = {¢;}7, € A(c) such that S9 = S. and ||¢; — ;|| < e. O

As before, in order to obtain a characterization of local minimizers of Py on B(a)
with respect to the vector-vector distance using Theorem 4.7 we are led to consider
the following perturbation problem: given a sequence F = {¢;}7, € B(a) and
S € R(a) with ||S¥ — S|| < ¢, is there a sequence G = {;}*, € B(a) with S9 = S
and d(F,G) < 6(e) with lim._,0d(¢) = 0. The constrain G € B(a) seems to be
hard to deal with. For example, notice that we have no control on the norms of the
vectors in G constructed in Proposition 5.1. On the other hand, it is convenient to
work with the Grammian since the restriction G € B(a) is equivalent to d(GY) = a,
where d(X) € C™ denotes the main diagonal of the m x m complex matrix X.

We have only obtained partial results which are presented in the following Propo-
sition. The proof depends strongly on geometrical aspects and it is developed in
the appendix.

Proposition 5.3. Let F = {¢; i C C? be a frame, let S = ST be its frame
operator and assume that F can not be partitioned in two sets of mutually orthogonal
vectors. Let {S;}; € M4(C)* be a sequence converging to S. Then, for everyn > 0
there exists iy € N such that for each i > iy there exists a frame G(i) = G = {¢;}1,

such that:
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(1) |91l = llgsll for 1 <j <m.
(2) |v; — @5l < for1 < j<m.
(3) 89 =5,.

Theorem 5.4. Let f : R>g — Ry be a non decreasing convex function. If F €
B(a) has the structure as in (12) then it is a global minimizer of Py on B(a).

If in addition f is a strictly convex function, then every global minimum of Py
on B(a) is as in (12). Moreover, for such f then every F = {¢;}", € B(a) such
that it can not be partitioned in two mutually orthogonal sets of vectors is a local
minimum if and only if is a global minimum.

Proof. The first part of the statement follows from Theorem 4.7 and (11).
Assume now that F is not a global minimum; by the proof of Thm. 4.7, there is
a sequence of operators {S,,} such that S, converges to S and such that P¢(S,) <
Pf (SF),VH.
Let € > 0, then, by Thm. 6.4, for a sufficient large ny € N, there exist a
frame G = {¥;}, € B(a) such that ||¢; — ;|| < ¢ and SY = S,,. In particular,
Pf(g)<Pf(.7:). O

Theorem (B) in the Introduction follows immediately from Theorems 5.2 and
54.

It is clear that Py(F) = Pp(F1) + Pg(F2) if F = F1 U F, with the vectors in
F> being orthogonal to those in F; (we shall denote this by F; L F3). This simple
observation and the previous result, allows a reduction of the set of possible local
minimizers for Py:

Corollary 5.5. Let F € B(a) such that F = F1 U Fo with Fy = {¢i}¢]\i11 1L F =
{¢;}i]\i21, and suppose that Fi can not be partitioned into two mutually orthogonal
sequences and it is not a global minimizer for Py restricted to the set

Blar) = {{;}j2 : ¢5 € span F, [l = g5l 1< < M}
Then, F is not a local minimizer for Py.

Note that the general structure of local minimums of arbitrary function Py can
not be inferred from Theorem 5.4 and Corollary 5.5. Still, these results allow to a
reduction of the general situation to a particular case (see Problem (%) below). In
order to exemplify the ideas involved, we recover [6, Theorem 10] about the struc-
ture of general minimizers in the particular caso of the Benedetto-Fickus potential.

Theorem 5.6. Any local minimizer F = {¢;}1", of the Benedetto-Fickus potential
in B(a) with respect to the distance d(-,-) is a global minimizer of this potential and
hence has the structure given in (12)

Proof. Suppose that we have a frame F € B(a) which is not a global minimum
for the Benedetto - Fickus potential FP. We must show that then it is not a local
minimum.

Let F = F1 U...UFj its minimal decomposition in pairwise orthogonal subsets
(minimal in the sense that no F; can be partitioned in two mutually orthogonal
subsets). By Corollary 5.5, if there exist 1 < ¢ < k such that F; is not a global
minimum for FP (restricted to B(a;)), then F is not a local minimizer.

So we can suppose that every F; is a global minimum on B(a;). Then by Theorem
4.7, F; is tight on its span (possibly with a single vector), with frame constant ¢;,
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for 1 < i < k. We claim that in this case, there is a pair 7, j such that the frame
Fi UF; is not a global minimum for FP on span F; U F> with the restriction given
by the vector norms in F;, ¢ = 1, 2.

Indeed, if there exists a pair F; and F}, each with two or more vectors, and with
constants ¢; # ¢;, then F; U F; is not a global minimum for FP (in the adequate
restriction), since by the structure given in Thm. 4.7, if a global minimum is a
union of two mutually orthogonal tight subframes (on their spans), then one of
them must be a single vector. On the other side, if every F;, consisting of more
than one vector has the same frame constant c, then there must be a j such that F;
has only a single vector, with ¢; # ¢ (since F can not be a tight frame). Moreover,
by Remark 2.4 and Thm. 4.7, ¢; < ¢ which implies that F; U F; is not a global
minimum, again by Thm. 4.7.

So, let F;, F; be such pair of subsets. Notice that if ¢; > ¢;, then the vectors
in F; must be linear dependent, since it always have more than one vector (recall
that the partition on orthogonal subsets of F is minimal). Then, from the proof
of Claim 3 in the proof of [6, Thm. 10] we deduce that given £ > 0 there exist a
set F(e) such that d(F; UF;, F(e)) < € and FP(F(e)) <FP(F). Hence, F is not a
local minimizer of FP on B(a). O

By inspection of the previous proof, we see that the complete characterization
of local minimum for every Py on B(a) depends on the following problem:

Problem(x): let F = F;UF, € B(a) such that 7 L F» and F; is a tight frame
on its span. Suppose that F is not a global minimum for Py. Given ¢ > 0. Is there
a frame G € B(a) such that [|1); — ¢;|| < &,Vi and Pf(G) < Py(F)?

6. APPENDIX: A GEOMETRICAL APPROACH TO THE FRAME PERTURBATION
PROBLEM

We now consider some well known facts from differential geometry that we shall
need in the sequel. In what follows we consider the unitary group U(m) together
with its natural differential geometric (Lie) structure. Given U € U(m) we shall
identify its tangent space

ToU(m) = {X € Mp(C): U*X €i- My (C)**}

with the fixed space T;U(m) = i - M,,(C)** of m x m anti-hermitian matrices,
via the isometric isomorphism X +— U*X. Given G € M,,(C)T we consider
the smooth map Ug : U(m) — Uy, (G) given by ¥¢(U) = U*GU. Under the
previous identification of the tangent spaces of U(m), the differential of ¥ at a
point U € U(m) in the direction given by X € i - M,,(C)%® is given by

(24) (D¥e)u(X) = [X,UGUJ.

As it is well known, the differential (DV¥¢)y is an epimorphism at every U € U(m)
and hence (24) gives us a description of the tangent space of the manifold U, (G)
at a point U*GU.

Let A(G) = {z e R™ : Y} I" x; = tr(G)} and consider ®¢ : U(m) — A(G)
given by ®¢(U) = d(U*GU), where d(A) € R™ is the main diagonal of the matrix
A € M,,(C). Notice that A(G) is a sub-manifold of R™ with tangent space at
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z € A(G)
TAG)={yeR™: > y; =0},

i=1
Using (24), we get (identifying again the tangent spaces of U(m) as before) that
the differential of ®¢ at a point U € U(m) in the direction of X € ¢ - M,,(C)** is

(25) (Dea)u(X) = d([X, U"GU]).

We shall be concerned with the existence of local cross sections of the map @4
around the identity I € U(m). Since the map ®¢ is smooth, the existence of
local cross sections of @ is equivalent to the surjectivity of its differential (D®¢)
around the identity.

Let us fix some notation first: we shall denote by I,,, the (ordered) set (1,2,...,m).
Let {e; }ier,, be the canonical orthonormal basis in C™, for I C I,,, we let Py denote
the (diagonal) projection onto the span{e; : i € I'}. Finally, by Bs(x) we mean a
ball centered on x with radius §, in the metric given by the context.

The following result is part of Step 1 in [11].

Lemma 6.1. Let G € M,,(C)* with d(G) = a and consider ®¢ as before. Then,
the differential (D®g); : i - My, (C)** — ToA(G) is surjective, and hence Dg is
open in A(QG), if for I C 1, such that PiG = GPy then I =1, or I = 0.

Proof. Assume that (D®¢); is not surjective. Then, there exists 0 # x € T,A(G)
which is orthogonal to the image of (D®g);. Let D be the diagonal matrix with
main diagonal x € R™. Using (25) we get

(26) 0= (d([X,QG)]), z) = tr([X,G]D) = tr(X|G, D)), VX €i- M, (C)*~.

Since [G, D] is also anti-hermitian we get that [G,D] = 0 and hence G and D
commute. If we let I = {i : z; > 0} we see, since P; is a polynomial in D, that
|G, Pr] = 0. Notice that I # 0 and I # I,, since > .-, z; = 0. O

Lemma 6.2. Let us assume that the map ® := Pg, defined as before for G €
M (C)F, has a local cross section around the identity. Let {G;}; € Mu(C)T be
a sequence converging to G and for i € N let ®; := ®g, be defined as before. Then
there exist § > 0 and ig € N such that for i > ig then

Bs(I)NnU(m) =S+ K;
where S and IC; are submanifolds with I = (Is,Ix,) and
Dils : S = i(S), Pls: S — B(S)
are diffeomorphisms.

Proof. First note that without loss of generality we can assume, as we shall, that
tr(G;) = tr(G) for i € N. Also note that the maps ®; converges uniformly to ®
since

(27) O,(U) — ®(U) = d[U*(G; — G)U).

On the other hand, there is uniform convergence at the level of the differentials
of these transformations. Indeed, under the previous identification of the tangent
spaces of U(m) we can apply (25) and get

(28) |(D®)u(X) = (D2)u(X)] = (X, U*(G = G)U)| < 2vVm | X[ |G = Gi.
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where X € i - M,,,(C)*® is arbitrary.

We now consider I' : W — Bs, (I) NU(m) a diffeomorphic local chart, where
W C RP is an open set with I'(0) = I. Let ®oI' : W — A(G) and notice
that (D(® oT))o : R? — T,A(G) is surjective. By continuity, we can assume
that (D(® o)), is surjective for all z € W. Hence, the orthogonal projection
Q. to (ker(D(® oT)),)" is continuous on W. Indeed in this case we have that
Q. = D:(D,D:)" D, since D, := (D(®ol)), is surjective on W. By continuity of
the projections @), we can assume without loss of generality that [|Qo(1—-Q,)|| < 1/4
forall z € W.

By taking 0 < < 4; and using the uniform convergence of the differentials
(28), we can assure that there exists a ¢; € N such that for all ¢ > iy then (D(®; o
I')), is surjective for all x € W. If @, ; denotes the orthogonal projection onto
(ker(D(®; o T')),;)* then, using the previous description of Q, ; we see that for
every € > 0 there exists i(e) such that ||Q, i — Qx| < € for i > i(e) and for every
x € W. Let i = i(1/4) € N, then if ig = max{iy, 12}, for every x € W and every
i > ig we have

[Qo(1 = Qz, )|l < |Qo(Qe — Qu,4)ll + |Qo(1 — Q)| < 1/2

and hence
(29) (ker(D(® o T))g)* Nker(D(®; oT)), = {0}.

We now define S := I'(ker(D(®oT))g)t NW) and K := ['(ker(D(®oT))oNW). An
straightforward argument using (29) now shows that (D®|s), is injective and using
a dimension argument we conclude that (D®|s), is also surjective for all z € S;

similarly with ®; for i > ¢g. The lemma follows from these last facts.
]

Lemma 6.3. Using the notations and assumptions of the previous lemma, let U :
A(= AY CRY) — S be alocal chart of S with ¥(0) = Is and let V(r) := ¥(B,.(0)) C

S, where B.(0) C A. Then, for any such r > 0 there exists € > 0 such that for
i > ig then

(30) B:(d(G;)) € @i(V ().
Proof. Fix r as above and let V = V(r). Note that for i > iy then ®;(Is) = d(G;)

is an interior point of ®;(V) and similarly ®(Is) = d(G) is an interior point of
®(V). We show that there exists € > 0 such that for all i > iy then

oy yednf (G —al = min ld(Gi) — <]l > €

where 0®,(V) stands for boundary of the image ®,;(V) in A(G). Observe that the
lemma is a consequence of the condition given in (31).

Indeed, assume that (31) is not true. Then, there exists a (sub)-sequence (®;,)
such that

1
| T |
(32) el ) 100G =l = 1 ()~ <

for some z, = ®;, (Uy) with U, € 9V C S since @;, (0V) = 99, (V) C A. But
then for every k € N and Uy, € OV then

1A(G) —2(Uk)| < [ld(G) = d(Gip)ll + 1d(Giy,) = Py (k)| + [[ @4, (Ur) — S(Ui)|
14(G) = d(Gi)l| + 1d(Gi) = zicll + 1|23, (Uk) = 2(U)[| - O
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by (32) and the convergences d(G;,) — d(G) and ®;, (Ux) — ®(Ux). But this
implies that d(G) is not an interior point of ®(V') since in this case

L 196G 21 = 4@~ 0 =0

which contradicts the claims at the beginning of this proof. O

Theorem 6.4. Let F = {¢; j=1 € C? be a list of vectors, let G = GF be its
Grammian operator and assume that ® := ®¢ has a local cross section around the
identity.

Let {S;}; € My(C)* be a sequence converging to S = S*. Then, for everyn > 0
there exists iy € N such that for each i > iy there exists a frame G(i) = G = {¢;}1,

such that:

(1) {5l = |5l for 1 < j < m.
(2) [[¥5 = 95l <m for 1 <j <m.
Proof. Let T = T7 : C™ — C? be the frame operator of the list F with polar
decomposition T = |T*|W = SY2W for a co-isometry W : C™ — C?. Define
G; = W*S;W and notice that, by our hypothesis, |G; — G|| = 0.
Using the notation introduced in the previous lemmas, let ¥ : A (= AY C RY) —
S be a local chart and » > 0 be small enough so that B,(0) C A and for U €
V(r) = ¥(B,(0)) then
n
(33 o [ —
! ” 2572+ 02
For this choice of » > 0 let € > 0 be as in (30) for ¢ > ig € N. Let i3 € N be such
that, for i > iy then [|S/2 — S}/?|| < n/2 and ||G; — G| < —=

NG
If we now define iy = max(ig,i2) then for ¢ > i; we further have
(34) [[o(I) — @;(D)|| = [|A(G — Gy)|| < Vm||G =Gyl <e = d(G) € &(V(r)).
We fix ¢ > 47 and construct G = G(i) with the desired properties. By Lemma
6.2 and (34) there exists U € V(r) C S such that ®;(U) = d(G).
Define T := Sz-l/2 WU, and G = {¢;}7, = {T(ej)};-”:l where {e;}"; denotes
the canonical basis of C™. Since by construction GY = U*G;U and SY9 = S, then
items (1) and (3) hold true. Item (2) follows from the inequality

1T — T = |SY?*W - 8°Wu| < |82 — 82|+ |IS/2| 1T - Ul < .

|

Proof of Proposition 5.3. This is an immediate consequence of Lemma 6.1 and

Theorem 6.4. O
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