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In a attempt to treat a supergravity as a tensor representation, the four-dimensional
N-extended quaternionic superspaces are constructed from the (diffeomorphyc) graded
extension of the ordinary Penrose-twistor formulation, performed in a previous work
of the authors [D. J . Cirilo-Lombardo and V. N. Pervushin, Int. J. Geom. Meth-
ods Mod. Phys., doi: http://dx.doi.org/10.1142/50219887816501139.], with N = p + k.
These quaternionic superspaces have 4 + k(N — k) even-quaternionic coordinates and
4N odd-quaternionic coordinates, where each coordinate is a quaternion composed by
four C-fields (bosons and fermions respectively). The fields content as the dimensional-
ity (even and odd sectors) of these superspaces are given and exemplified by selected
physical cases. In this case, the number of fields of the supergravity is determined
by the number of components of the tensor representation of the four-dimensional
N-extended quaternionic superspaces. The role of tensorial central charges for any N
even USp(N) = Sp(N,Hg) NU(N,He) is elucidated from this theoretical context.
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1. Introduction

In theoretical physics from long ago, there are an increment of the use of mod-
ern mathematical methods to treat several problems of diverse degrees of com-
plexity [9]. From the hydrodynamics and the mechanics of the continuous media,
passing for the quantum mechanics (QM), quantum field theory (QFT) and rel-
ativistic astrophysics, the correct description of the physical phenomena is based
in the application of the geometry and group theory. Between these methods, the
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introduction of spinors constrained by conformal symmetries in order to map the
spacetime, have a particular importance in classical and quantum field theories.
For example, in classical mechanics, string theories and supersymmetrical exten-
sions of the spacetime, this construction (map) has been successfully introduced for
the description of different scenarios. Here, we introduce such “spinorial mapping”
(supertwistors) to describe the diverse superspaces. According with Penrose’s sug-
gestion, the spacetime continuum can be considered as a derivative construction
with respect to an underlying spinor structure. For instance, the spinor structure
contains the pre-images of the fundamental properties of the classical spacetime:
dimension, signature, connections, etc. These superspaces will be the basis of non-
linear realized unified theories containing the SM+GR that, with the help of a
super biquaternionic extension of the coordinates, the correct number of fields will
be reached.

2. Twistor Theory and Quaternionic Extension

As suggested by Penrose long ago [3], from the beginning in the twistor theory
the starting point a complex space CM ~ Cg4(T) by mean conformal spinors
ta = (wé‘7 o) with o = 1,2 and a = 1,2, 3,4 as describing the prior geometry with
the complex Minkowski space coordinates usually denoted

LB — 503%# (1)

related with the twistors coordinates t,, C T' by the incidence equation

[e3

w® = izdﬂﬂg (2)

that is in fact, a particular case of geometrical (in general harmonic) mapping.
Notice that (1) is directly a biquaternion, namely

zaf’:5(08‘52'04—0?52'1+020‘ﬂz2+0?ﬁz3), HeC (3)
that have eight real dimensions and can be extended even more to 16 real dimen-
sional if each coordinate is quaternionic itself, namely

¢ = 50670 + 07°q +037¢" +057¢"), ¢ el (4)

Now we can promote to = (w®, Ta) to fermionic quaternion, then a quaternionic
twistor is a quaternion with conformal spinors as coefficients. From (2), a point
in a CM space (in this case an element of H;(C)) defines a plane in T or a line
in CP(3). Consequently, the mapping (1) is a one-dimensional quaternionic one
(minimal map in H).
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2.1. Quaternionic conformal spinors
A four component spinor over a field K can be realized following the scheme.
Remark 1.

Majorana K = R¢(z) (5)

éﬁmm+@w» (6)

Quaternionic K = HVU (z) =

Dirac K = C¢(z) =

L (@) +76(@) (i=1,2,3) (7)

L
V2

Case 5 is an ordinary Majorana fermion realized over reals, Case 6 is the com-

2

Sl

Bi-Quaternionic K = HeW(z) = —= (¢o(z) + fhi(x)) (i =1,2,3).  (8)

plex realized Dirac one, Case 7 is the quaternionic Dirac field (ordinary fermionic-
quaternion) and Case 8 is a biquaternionic realized spinor where each coefficient is
a Dirac field. Case 8 is what we are interested in.

2.2. Quaternionic extension
In the quaternionic-twistor theory our starting point a quaternionic space HM ~
H, 4(T) implemented as CM x CM by mean quaternionic spinors t, = (w®,7q)

(with o = 1,2 and @ = 1,2,3,4 and wd,wa € H) as describing the prior geometry
with the quaternionic Minkowski space coordinates denoted

¢ = %02‘5 q" 9)
related with the twistors coordinates t, C T by the quaternionic incidence equation
w® = iqdﬁmg (10)

we have now 16 real dimensions being each coordinate quaternionic
qdﬁ:%(ag‘ﬂq0+a?ﬂql+agﬁq2+U§Yﬂq3), g e H (11)

being w®, T € H biquaternionic fermions of the form given by Case 8 (see [15] for
the simplest case with reality condition), namely ¥(z) = %(wo(x) +ii(x)) (i =
1,2,3), as we have pointed out before. As in the ordinary twistor case, we can
introduce a pair of nonparallel quaternionic twistors to determine the corresponding
“point” (really a R-subspace) ¢ € HM by solving the matrix equation
Q= —iI!
B a B

i(w?ﬂz —wiTy)

— P =~ : (12)

Y Mol

where the matrices are Q = (¢®%), Q2 = (W, w$), I = (Ta1, Ta2).
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As is easily seen, the HM coordinates are invariant under the transformations
in T as follows
O'=XQ, II=XII (13)

with X C GL(2,H). Notice the important fact that the introduction of biquater-
nions (e.g. an almost complex structure) imply an underlying symplectic one.

3. Supergroups and Quaternionic Superframes

Some points to consider about complex graded vector spaces and quaternionic ones:

(i) For quaternions, the minimal dimension for its representation is 2 (e.g. SU(2) x
Rl ) .

(ii) The corresponding complex graded vector space is consequently
lent to H™™ due (i) with n quaternions with 4n complex commuting coefficients
(bosons) and 4m complex anticommuting coefficients (fermions).

C2m2m equiva-

3.1. Fundamental representations

As was commented somewhere for the simplest complex case [8] (see also [13]
for introduction to quaternionic structures in QFT), it is possible to introduce
(in the biquaternionic case) the following two fundamental representations of
SU(2,2; N||Hc):

(a) Quaternionic supertwistors: [10]
N N .
TV = (4. ta 6 6n) C T = HEY
(C¥2Nbiquaternionic extension of the Ferber construction). (14)

(b) Quaternionic fermionic supertwistors:

(N (N ;

TJE‘ ) — (m...ma,ur...un) C Tﬂglc) = HgA

(C?N#®hiquaternionic extension of the

Litov—Pervushin construction). (15)

For these two biquaternionic representations the following U(2,2; N|Hc) scalar
products can be introduced:

(@), 7'y Z TN GABPIN (en)
(TW) Ty = ?;N)GABTI(;N)/ (even)
<1~1(N)7T(N)'> _ <T(N)71~1(N)'> _ ?AN)GABTéN)/

= TEL‘N)GAB T (odd : linear in fermionic coordinates),

where Gg\g is the U(2,2; N||Hc¢) supermetric, schematically Gg\g = (g 1'10N> g is

symplectic and each entry is a quaternionic one (e.g a 2 x 2 block). Consequently,
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the supergroup U(2,2; N||H¢) is defined as the set of graded 2(4 + N) x 2(4 + N)
matrices U ((4+N)x (4+N) biquaternionic matrices in the lowest H-representation)
satisfying the relation

" N N
UpaG U = G,
Let us to observe, in resume, the following points:

e (A) The graded quaternionic matrices U:

(i) Are described by four bigquaternionic supertwistors and N biquaternionic
fermionic supertwistors.
(ii) Are represented with 2(4 + N) x 2(4 + N) matrices U ((4 + N) x (4 + N)
biquaternionic matrices in the lowest H-representation).
e (B) And the four biquaternionic supertwistors and N biquaternionic fermionic
supertwistors satisfy:
(i) 16 = 4 x 4 relations defining an arbitrary four frame in the biquaternionic
supertwistor space HéN;
(i) N x N biquaternionic relations defining an arbitrary N-frame in the
biquaternionic fermionic supertwistor space H(ICV ;N;
(iii) 4N biquaternionic relations defining graded structure (orthogonality in some
cases) of the biquaternionic superframes in Hé;N and H(JCV 4, Schematically
these structures are:

N

4 x4 4 x N(HEY)
N x4@®HYY N x N@EYN))

e (C) And the most important is that the biquaternionic fields ¢,&,n,u (indexes

avoided) into the structures TIE\N) and TIE\N) contain four spinors each one as
coefficients: e.g.

to = eotd + e;itl (16)
un = equiy +ejuly, (i=1,2,3) (17)

etc. In consequence, the supergroup SU(2,2; N |Hg) describes all the super-
frames-(modulo a global phase factor) in 73" = TV & TV = HAY o HY
rames-(modulo a global phase factor) in 7y~ = Ty~ @ Ty 7 = He™ & He

(Penrose notation), being the corresponding parametric equations describing the

respective coset written in ’Zii(liv).

4. Penrose Equations and Super-Quaternionic
Extension: The General Case

The quaternionic superspace coordinates are (N = p + k)
He(N, N — k) = (qu, A/, 0.2,6°7), (18)

s 178
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where in the general case, k(N — k) bosonic quaternionic coordinates describe the
internal symmetry coset o1 Nl];{c()]\él(%c_) D) and shall be called regular or Fueter-
analytic coordinates. The above quaternionic superspace coordinate can be deter-
mined in terms of two supertwistor and k fermionic supertwistors. This can be
achieved introducing the following graded matrices:

(i) The (2+ N — k) x (2 + k) quaternionic matrix describing the quaternionic

superspace coordinates
af adr
q
Q= (19)
07 Ar

S

also the graded (2 + N — k) x (2 + k) quaternionic matrix

Q= (% Pr (20)
Ssy  Usr

and the (2 + k) x (2 4+ k) quaternionic matrix

Tay Oar’
= , (21)
fr’y (e
where v = 1,2 is twistor index and r = 1,...,k,s = 1,...,N = k(N —k =pin

the Litov—Pervushin notation). Consequently, the superextension of the ordinary
twistor equations becomes to

(wdw pé"w) _ (qdﬁm +0°78,  q*Pog + 95’%#)_ (22)
Ssy  Usr osﬁﬂ-ﬁ’)’ + )‘srgr"‘/ 9550-57" + /\STUT‘T'

Consequently, the reconstruction via twistors of the superspace namely

Q= —iQI! (23)
using
A8 By
nt= e (24)
c8 prr
where
A'Yﬁ — _(7]'71)7””70',,‘//,,‘/ [’Urlﬁ — fq{/(ﬂ'il)ﬂynﬁ/aﬁf;:]il,
BT = —(571)#/7/%//,/ [a”/ — 7rm(§*1)wmvrmrl]*l,
’ ’ "’ ’ (25)
o 6 _ [Ur B _ ff;/(ﬂ.—l)w el U»YT;/]_l,
D' = [0 — (67 )
carry explicitly to the following expressions in general form:
qdﬁ _ (_wé:/(ﬂfl)'yl,yayrl i pdrl)[vr/ﬁ o é-f”y/ (71_71)7//7/07,/:]717 (26)
67 = (= (€7 Ty + p)o™ =7 (€7 0 ) (27)
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0 = (—coy (7™ Vo +ug )07 P = €5 () T o ], (28)

" ’

AT = (6 (€ Moy + ) o™ =T (67 0 ) (20)

5. The N = 4, K = 2 Superspace

This is the corresponding to the case p = ¢ = 2(N = p+ ¢) in the Litov—Pervushin
notation [6]. Equations (23) and (24) describe for N = 4, k = 2 the supercoset

2,2;4 | H
SU(Q; 2 HC>XSU<, | «:)
k N—k=p
qil qi2 911 912
21 22 21 p22
o=|T o« O 7 (31)

or 6 A A
03 03 A A

T11 Ti12 011 012
21 T22 021 022
i1 &2 v V2
521 522 V21 V22
1 1 1 1
wy Wy P11 P2

2 2 2
Q=¥ w2 p1 P

) (33)
11 S12 U1l U2
G12 G222 U122  U22
where v = 1,2 is twistor index r =1,...,k,s=1,...,N —k (N —k =p).
Explicitly
¢ = (—w () o2+ W) 2o+ )
X (077 = € oy + ) 2o (34)
67 = (=W (€ var +wB(E7Y) P01 + %)
X [0 =7 (€N o+ (T v (35)
95ﬁ = (_gsl (71'71)210'27“/ + §s2(7r71)120'1r’ + Usr’)
X 07 = €4 (n oy + € (n ) 20, ), (36)
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)\sr = (_<51(§71)2102r/ + §s2(§71)12vlr’ + usr’)
x [0 —m (€N v e v T (37)

Evidently, the above solutions are invariant under the arbitrary R € GL(2;2|Hc)
supertransformations (e.g.: superrotations) namely

1"

O —QR, II' IR (38)

with  and IT for N = 4, k = 2. We easily see that two biquaternionic supertwistors
and two biquaternionic fermionic supertwistors are described by 64 bosonic complex
coordinates (given by eighth bosonic biquaternions) and by 64 fermionic complex
coordinates (given by eighth fermionic biquaternions): one half of these coordinates
describes the N = 4, k = 2 biquaternionic superspace and the second half, however,
describes the GL(2;2|Hg) degrees of freedom. Schematically, from the matrix @,
each block describes faithfully the following supercoordinates

qil 12
, -] = 2 x4 x4 =32 bosonic fields, (39)
2l g2
ALA .
— 2 x 4 x 4 = 32 bosonic fields, (40)
Ay A3
01 62
1 Vi L
— 2 x 4 x 4 = 32 fermionic fields, (41)
0 03
611 912
' | — 2 x4 x4 =32 fermionic fields. (42)
021 922

It is important to remark here that if the supermanifold described (spanned)
by two biquaternionic supertwistors : T1(4) T2(4) and two biquaternionic fermionic

T1(4) Tv2(4) supertwistors is totally null or supergeodesic with respect to the norm of
SU(2,2;4,4||Hc), namely

(), 1) = o) = (Y, 1) = (1, 1Y) =0 (43)
(4 4) (4
(@, Ty = (1P, Ty = (Y TV
=1, 7Yy = (0, Ty = (1Y, T{Y) = 0 (44)

notice that this fact does not implies, in principle, a reality condition. However,
these conditions enforce a Majorana condition over the antidiagonal fermionic sec-
tors into the matrix Q.

Notice that the constraints (43) four bosonic complex variables can be elimi-
nated, and the constraints (44) two complex bosonic variables and four fermionic
ones can be eliminated. This counting evisently agrees with the restriction of
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biquaternionic superspace degrees of freedom of by the graded pseudohermiticity
condition given by construction.

6. The N = 8,k = 4 Superspace

This is the corresponding to the case p = ¢ =2 (N = p+¢q) in the Litov—Pervushin
notation. Equations (23) and (24) describe for N = 8, k = 4 the supercoset

2.2; H
SU<2;<4/H‘C> ><SU< L C)
k N—k=p
qil qiz 611 912 913 614
qél qéz 921 922 923 924
Q= o1 07 Al AT AT A 7 (46)

0 05 X A A A
O 65 A AN N
0 07 A MM X

M1 T2 011 012 013 014
721 T22 021 022 023 024
11 12 w11 U2 U1z V14
o1 S22 w21 V22 V23 V24

£31 &32 U311 V32 V33 V34

a1 &4z V41 Va2 V43 Vay

21 S22 U21 U2 U223 U24

G31 632 U311 U32 U33 U34

G41  S42  Ugl  U42  U43  U4q

where v = 1,2 is twistor index r = 1,...,k,s = 1,...,.N — k (N — k = p). This
case is very important to have the 64* dimensional sector to reproduce SU(3).

Evidently, the above solutions are invariant under the arbitrary R €
GL(2;2|Hc) supertransformations (e.g.: superrotations) namely

QO —QRr, W —T1R (49)
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with © and II given by (47, 48) with N = 8, k = 4. We easily see that two biquater-
nionic supertwistors and two biquaternionic fermionic supertwistors are described
by 64 bosonic complex coordinates (given by eighth bosonic biquaternions) and
by 64 fermionic complex coordinates (given by eighth fermionic biquaternions):
one half of these coordinates describes the N = 8,k = 4 biquaternionic super-
space and the second half, however, describes the GL(2;2 |Hg) degrees of freedom.
Schematically, from the matrix (46), each block describes faithfully the following

supercoordinates:
qil qiz
, - | — 2 x4 x4 =32 bosonic sector, (50)
2 g2

ALAT AT N
A A A A
A AR A A
MMM X

— 2 x 4 x 16 = 128 bosonic sector(internal “soul”),

(51)
611 612 913 914
. . , | = 2 x4 x 8 =64 fermionic sector, (52)
021 022 923 924
o1 6%
0y 03
— 2 X 4 x 8 = 64 fermionic sector. (53)
03 03
01 01

7. Discussion

As is well known, the knowledgement of the Casimir operators of any group is
important: they are needed for the classification of the irreducible representations
of the (extended supersymmetry) algebra. From the supersymmetic viewpoint,
they also can be used to find covariant equations of motion for superfields [7].
If there are not central charges, the maximal possible internal symmetry group
is U(N): in this case, a complete set of Casimirs operators are well know: P2,
the square of the superspin vector and the corresponding super-Casimir extensions
for U(N).

In the general cases, was claimed that the central charges are needed being the
maximal possible internal group for any N even USp(N) = Sp(N,He)NU (N, He),
however as we have shown, that if N = p+ k with p, k £ 0 these central charges are
nothing more that the genereators associated to the tensorial representation (not
chiral or antichiral) given by the A" parameters into the superspace matrix Q.
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8. Superfields and Coherent States

We know that the equation relating the By and B; parts of the superspace in the
case of supertwistors can be in terms of quaternions into the form

(i) The fundamental representation can be decomposed, in principle, as in the
case of [6] as

U=t-h,

where h is an element of the maximal compact subgroup S(U(2m) x U(2n)) and ¢

of the corresponding coset space S([}gg(;)’i;g’g;f_) 7y - Explicitly (see [5])

S (E T -

el (O VYo (1@ (57)
—eP 0/ Vi—Q@f\@' 1)

where the parametrization is given by
_ A

tanh /o }

——v

\/ vv B

because the quaternionic supervariable transforms nonlinearly under SU(2,2;

k,N —k)

and

Qp = (58)

aQ +
;oo B,7,0 € H 59
Q- T5h s He (59)
the superdisplacement operator is precisely
D = "' QT " In(1-QQN 20— In(1-QQ"N /2T . —6Qn (60)

where 1 and ¢ are the quaternionic oscillator-like supertwistors of [6] (e.g.; super
quaternionic analog of the standard a and af operators), namely

A c i ra az
2m+2p
—_—— b,
A CIK 1L TV , (62)
Yl
where we have defined
1 .
f = (A + 71" , 63
at = (o +7%) (63)
b = ——= (Ao — ) (64)
m \/5 (0% /'l’ N
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9. Concluding Remarks

In this paper, we construct the four-dimensional N-extended quaternionic super-
spaces from the supersymmetric extension of the ordinary Penrose-twistor formu-
lation, with N =p+k-(p=N — k).

These quaternionic superspaces have 4 + k(N — k) bosonic quaternionic coor-
dinates and 4N fermionic quaternionic coordinates, where each coordinate is a
quaternion composed by four fields (bosons and fermions respectively).

The superspace coordinates are determined in terms of two quaternionic super-
twistors corresponding to the fundamental Ferber’s representation and k& quater-
nionic fermionic supertwistors corresponding to the Litov—Pervushin representation
as we show in a previous section.

The biquaternionic construction for N = 8, it is the more convenient to represent
the SM with N = 2k, being also possible the nonlinear realization of the symme-
tries. This fact is achieved due the (super) symplectic (almost complex) structure of
this construction conveniently extended to an even-orthogonal group O(2N). The
reason is fundamented by Ambrose-Singer theorem and extended Rothstein theo-
rem (R-C-L theorem see [11] and therein) that clearly relates the graded structure
of the tangent space and the field content of the realized physical theory e.g: GUT
containing the standard model.

Having into account the developments made here, in the next work [12], we will
perform the nonlinear realization for the N = 8 case to obtain GR+SM: [1, 2, 4].
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