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Abstract

We analyze the relationship between n-dimensional conformal metrics and a
certain class of partial differential equations (PDEs) that are in duality with
the eikonal equation. In particular, we extend the null-surface formulation of
general relativity (GR) to higher dimensions and give explicit expressions for
the components of the metric and the generalized Wiinschmann-like metricity
conditions. We also compute the equation that the conformal factor must satisfy
in order the metric to be a solution of the Einstein equations.

PACS numbers: 02.40.—k, 04.20.Cv, 04.50.—h

(Some figures may appear in colour only in the online journal)

1. Introduction

About 30 years ago, Kozameh and Newman presented an unorthodox point of view of general
relativity (GR) called null-surface formulation (NSF) [1] where the dynamics shifted from a
metric tensor on a four-dimensional manifold to null surfaces and partial differential equations
(PDEs) in two dimensions. In this version of GR, the conformal spacetime, i.e. a four-
dimensional manifold equipped with a conformal structure, arises as the solution space of a
particular pair of PDEs in a two-dimensional space representing the sphere of null directions.
For the existence of this conformal structure, the pair of PDEs must satisfy the so-called
metricity conditions, or Wiinschmann conditions whose geometric meaning was unknown
until recently [10, 18].

In order to carry out this approach, these authors started with a four-dimensional
Lorentzian manifold, already containing a metric g,, and a complete integral to the eikonal
equation

¢ (), ZVZ = 0. (1)
The complete integral, expressed as,
u=27Zx"s,s") )
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contains the spacetime coordinates, x*, and two parameters or constants of integration (s, s*).
By defining the four functions

0" = (u, w, ®*,R) = (Z,0,Z, 34 Z, dy,2), 3)
from equation (2) and its derivatives, and by eliminating x“, via the algebraic inversion
X =Xs, 5%, 60, )

they found that u = Z(x“, s, s*) satisfies in addition to equation (1) the pair of second-order
PDEs in (s, s*), of the form

assz = S(Zs aSZ’ as*Zv aSJ*Zs S, S*)’ (5)

8S*S*Z = S* (Z, ast as*Za ass*Za S, S*)' (6)

The x4, in the solution of equations (5) and (6), appear now as constants of integration.
Therefore, the roles of x* and (s, s*) are exchanged, and it is said that this system of
PDEs and the eikonal equation are in duality. Furthermore, in this system of PDEs, the
metric is not present anymore. In fact, as was shown by Frittelli, Kozameh and Newman,
a conformal metric can be reconstructed from a pair of PDEs of the form (5)-(6) if (S, $*)
satisfy an integrability condition, a weak inequality and a certain set of differential conditions
m[S, $*] = 0, m*[S, S*] = 0 (the metricity or generalized Wiinschmann conditions), i.e. the
conformal structure is codified in Z or alternatively in the functions S and S*.

The solutions to the pair determine a conformal four-dimensional Lorentzian metric and, in
fact, all conformal Lorentzian metrics can be obtained from equivalence classes of equations
of the form (5)-(6). When certain specific conditions [9], in addition to the Wiinschmann
condition, are imposed on the (S, $*), the metrics, determined by the solutions, are in the
conformal Einstein vacuum class.

The purpose of this work is to show that a similar program to the NSF of GR can be
developed in dimensions higher than 3 and 4 [1-5]. Analogous results were presented in [21]
for the Hamilton—Jacobi formulation of GR from Montiel-Pina, Newman and Silva-Ortigoza
[22]. In particular, we show that from a special system of PDEs, (conformal) Lorentzian
metrics can always be constructed , which are in duality with the eikonal equation.

In order to achieve this objective, we will use the same techniques as were developed by
Frittelli, Kozameh and Newman [1-3] in order to obtain NSF in its four-dimensional version.

We will present the essential results, and we will see how the imposition of the Einstein
equations to the system determines a unique n-dimensional metric.

2. The duality between the eikonal equation and a system of second-order PDEs

Let M be an n-dimensional manifold with local coordinates x* = (x%, ..., x"1) and let
us assume that we are given an (n — 2)-parameter set of functions u = Z(x%, s, s*, y™), with
m=1,...,(n—4).

The parameters s, s* and ™ can take values on an open neighborhood of a manifold A/
of dimension (n — 2). It will also be assumed that for fixed values of the parameters s, s* and
y™, the level surfaces

u = constant = Z(x%, s, s*, y™) @)
locally foliate the manifold M and that Z(x%, s, s*, ™) satisfies the eikonal equation

g NVGZ(, 5,55, y"IVZ (s, 5%, y") =0, ®)
for some Lorentzian metric g, (x%).
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Therefore, for each fixed value of {s, s*, ™}, the level surfaces Z(x%, s, s*, y") = constant
are null surfaces of (M, gu).

We want to find now a system of PDEs in duality with the eikonal equation, i.e. a system
that admits the same solutions, but where the role of integration constants and parameters is
exchanged.

From the assumed existence of Z(x%, s, s*, ™), we define n parameterized scalars 64,
with (A = 0, 4+, —, m, R), in the following way:

0 =u=2 ©)
6" =wt =087, (10)
0" =w" = .7, (11)
0" = w" = 9,7, (12)
0F = R = 8,2, (13)

where the derivatives with respect to the parameters s, s* and y™ are denoted by d;, d;~ and
dyn = 0. In a similar way, differentiation with respect to the local coordinates x* will be
denoted as V, or ‘comma a,’, and for an arbitrary function F (04, s, s*, y™), Fys will be the
partial derivative of F with respect to 64.

We will assume that Z(x?, s, s*, y™) is such that equations (9)—(13) can be solved for the
x“s for all values of {s, s*, y™} in an open neighborhood O € N; that is, we require

det 6% , # 0, (14)
and therefore
=X, wt, w™, w", R, s, 5% y™). (15)

It can be shown that in the case of flat Lorentzian spacetimes, there exist families of
null surfaces where equation (14) is satisfied (see appendix A for a discussion). Therefore,
it follows the existence on arbitrary spacetimes of (local) families of null surfaces where
equation (14) is also satisfied.

Assuming this, let us note that for each fixed value of s, s* and y™, equations (9)—(13) can
be thought as a coordinate transformation between the x*s and the 64s.

Defining the following n(n — 3)/2 scalars:

S, 5, 55, y™) = 05Z(x%, s, 5%, ™), (16)
S (x5, 55, p™) = Bpe Z(x, s, 5%, ™), (17)
D, (x%, 5,55, y™) = OgmZ(x*, 5, 5%, y™), (18)
O (x4, 5, 5%, ™) = dgemZ(x", 5, 55, p™), (19)
Yo (X%, 5, 8%, y™) = OmZ (%, s, 5%, y™), (20)

and taking into account equation(15), we obtain a system of PDEs dual to the eikonal equation
given by

BS.YZ = S(I/l, w+a w75 wm7 R7 S, S*’ Vm), (21)
OpeseZ = S*(u, wT, w™, w", R, s, 5, y™), (22)
OnZ = Pp(u, w, w™, w", R, s, 55, y™), (23)

3
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ApmZ = O (u, wt, w™, w", R, 5,5, y"), (24)
8lmZ = Tlm(us w+, w_v wm, R’ S, S*’ Vm)v (25)
where
Su, wr, w™, w" R, s, s y"™) =S u, w", w,w" R,s, s y"), s 55 ™), (26)
and so on.

It means that the (n — 2)-parametric family of level surfaces (equation (7)) can be
obtained as solutions of the n(n — 3)/2 system of second-order PDEs (21)—(25). In this
case, (S, §*, ®,,, &}, Ty,) satisfy the following integrability conditions:

DS = D@y, (27)
D;S* = Dy @7, (28)
D ®,, = D), & = Dy Yoty (29)
Dy®* = D, @} = DTy, (30)
DY = D Yo, (3D
D,T* = D, T, (32)
Dy O = DyQm, (33)
D, T = D,Q,,, (34)
D, T* = DOy, (35)

where

Definition 1: The total s, s* and y" derivatives of a function F = F (04, s, s*, y") are defined

by
DF = 8,F + Fw" + F:S + Fy-R+ FgT + Fyn®,,, (36)
DyF = 3¢F + F,w™ + F)-S* + Fye R+ FRT* + Fyn @7, 37
DmFEamF+Fuwm+Fw+q}m+Fw*q):1+FRQm+kaTkma (38)

respectively, with

[S¢ + Suw™ + 8y-S* + Sy+ R + Sy @),

T 1 SkSk
+ Sp(ST + Stwt + 85,5+ 85 R+ S5, D), (39)
1
T = ———[ST+ SSwt + S5 .S+ S5 R+ S5, Dy
1 — SgSi
+ 85 (Sg + Syw™ + Sy S* + Syt R + Sy )], (40)
Qm = cDm,s* + q)m,uwi + qu,w*S* + (Dm,w+R + q)m,RT* + cIDm,w/‘ (DZ (41)
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Note that
T = DR = DS, (42)
T* = DyR = D,S*, (43)
QOn =D,R = Dy ®,, = D;®%. (44)

It is easy to show that if the functions (S, §*, ®,,, ®} , Y;,) satisfy the integrability conditions,
the solution space of equations (21)—(25) is n dimensional, as we show next.

The system of PDEs (21)—(25) is equivalent to the Pfaffian system generated by the n
one-forms g* = (8%, B+, B~, B™, B").

B° =du—wds —w ds* —w"dy™, (45)
BT =dw™ — Sds — Rds* — ®,,dy", (46)
B~ =dw” —Rds — S*ds* — @} dy™, 47
B" = dw™ — ®,,ds — O ds* — Y, dy, (48)
BR =dR — T ds — T*ds* — Qy dy*. (49)

A direct computation shows that
dp’ =ds A BT + ds* A B + dy* A B, (50)

dpt =[S, ds + @4, dy ] A B 4 [Sy+ ds + D dy T A BT
+[Sy- ds + Py - dyFT A BT + [Sye ds + @, e dy™] A B
+ [Sgds + rrdy’ + ds*] A B"
+[DiS — D@ 1ds A dy* — D@, dy* A dy™, (51)

4B~ =[S, ds* + @, dy 1 A B0+ [S],- ds™ + - dy 1 A B~
+ IS5 ds* + e dy T A BT +[Sheds™ + @), o dy™] A B*
+[ds + Spds* + f xdy*1 A B

+[DyS* — D ®}1ds* A dy* — D, @ dy* A dy™, (52)

dB™ = [@puds + @, ds* + Yok dy* T A B
+ [ @yt ds + Dy e ds™ + Ty Ay TA BT
[P ds + D}, - ds™ + T dy T A BT

+ [ @0 ds + D, s ds™ + Yy dy* T A B/
+ [Py g ds + ©F pds™ + Vg dy* ] A BF
+[D;®F — Dy i1 ds™ A dy’

+[D;®y — DyYyilds A dy' — DiYpedy’ A dy, (53)

dBR = [T, ds + T} ds* + Qp dy*1 A B + [T+ ds + T ds™ + Qp e dy 1 A BT
+ [Ty~ ds + T ds™ + Qp- dy 1A B~
+ [T, ds + T}, ds* + Q. dy /] A 1
+[Trds + Ty ds* + Qxr dy*1 A BF
+[Dy-T — D,T*]ds A ds* + [D;T* — Dy-Q;]ds* A dy’
+[DiT — DyQilds A dy' — DiQdy’ A dy¥, (54)
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where in order to perform these computations, we have used the fact that for an arbitrary
function
A=Aw,wh,w, R, s, s y™),

dA = AuB + A BT+ Aw- B~ + Aupn B + AgBR + DA ds + Dy A ds* + D, A dy™.
(55)

Therefore, using integrability conditions, d8* = 0 (modulo B*). From this result and
the Frobenius theorem, we conclude that the solution space of equations (21)—(25) is n
dimensional.

In this way, we have obtained a system of differential equations in duality with the
eikonal equation, with the metric disappeared from these equations. The natural question is
as follows: Could one start with this system of PDEs, and then find the eikonal equation,
with a metric g“” (x*)? As in three and four dimensions, we will show that when the functions
(S, S*, @, O}, Y1) satisfy the integrability conditions, and a set of differential conditions
(the metricity or generalized Wiinschmann conditions), the procedure can be reversed. The
solutions of the system determine a conformal n-dimensional metric.

In fact, there exist several geometrical ways to study these equations. One could, for
example, study the equivalence problem associated with these equations, asking for a class
of PDEs that can be obtained from the original one from the so-called point or contact
transformations [14, 17-20], or by direct construction of a conformal connection with
vanishing torsion tensor. However, there exists a more straightforward method to reconstruct
the metric from Z (or (S, S*, ®,,, @}, Y1), and it is the method that was developed by
Frittelli, Kozameh and Newman in order to obtain the so-called null surface formulation of
GR. Due to the simplicity of this technique, we extend its use to higher dimensions.

3. n-dimensional conformal metrics

The basic idea now is to solve equation (8) for the components of the metric in terms
of Z(x%s,s*,y™). To do so, we will consider a number of parameter derivatives of
condition (8), and then by manipulation of these derivatives obtain both the n-dimensional
metric and the conditions that the n(n — 3)/2 PDEs defining the surfaces must satisfy. From
the n scalars, #”, we have their associated gradient basis 64, given by

0%, = V.01 ={Z,,DZ4, Dg-Z 4, DyZ g, Dy Z o) (56)
and its dual vector basis 6 ¢, so that
04908 , =848, 0,994, = 8,°. (57)
As was shown in the original works on NSF, it is easier to search for the components
of the n-dimensional metric in the gradient basis rather than in the original coordinate basis.

Furthermore, it is preferable to use the contravariant components rather than the covariant
components of the metric; that is, we want to determine

g0 s 55 y") = g0 (et 5. (58)
The metric components and the Wiinschmann-like conditions are obtained by repeatedly
operating with Dy, Dy and D,, on equation (8), that is, by definition, on

g =¢%2,2,=0. (59)
Applying Dy to equation (59) yields D;g" = 2¢*9,Z,,Z,,= 0, i.e.
g0=o. (60)
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In the same way, we obtain from Dy- g% = 0 and D,,g%° = 0 that
gl=g"=0. (61)
Computing the second derivative Dy, (g"’/2) = 0, we obtain

Dy (8"/2) = g (x)DssZ,0 Z,p + "Dy Z,, DsZ,, = 0

= Sug® 4 gt =0, (62)

and therefore
g = —Spg™. (63)

Similarly applying the second derivatives Dy, Dyse, Dyps, Dps+ and D, to g*° yields

g =—Spe™, (64)
g =", (65)
g = —d, 8", (66)
g = -0 8", (67)
g = —Tumrg™, (68)

where in all these computations, we used the fact that for an arbitrary function F (04, s, s*, Y™,
one has F,, = Fju04 .
From the third derivatives

Dyss- (8/2) = g W) T* 5 + 87 (S g w*,p +287F = 0, (69)
Dyey (8%°/2) = g7 () Toattsp + 87 () S, e w™ o5 +28 = 0, (70)
we obtain a linear system for g™ and g% that can be solved if SgS} # 4; then we find
OR
g = - [2(Tr=Su+ — SurSg = Sun ) — ST =S — St Sp = Sty P )],
4 — SpSy ; ’
(71
and
&R
g k= —————[2(T =S, - — S5 +Sr — S5 Pr) — SR(TR—Sw+ — S-Sk — Sum P 2)1.
4 — SpSy ' .
(72)
By computing
Dmss* (g00/2) = gab(xa)Qm,auab +gab (xa)Rva wmvb +gab (xa)(b:@anrab +gab (xa)cbm,awivb = 07
(73)
we obtain
ng = —CD;:,,RgHe - ®m,Rg7R - gOR (Qm,R - cI)m,wJr - cDm,w’S;;
— Dy @ = D Sk~ Bl — B D). (74)

Finally, from
Dyt (8°/2) = g0 (XU, tt, +28 ) T* o w1 428 ()T w5
+ 28" + ¢ (x)S,, 5%, = 0, (75)
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with U = DT, we obtain the last metric component gf* (if SgSk # —2),

1
'R * mR k * *
=——15.S Ur — 2T+ — 2T,-Sz — 2Tyn @ » — 2T, S
gR 2+SRS;%{ w Rg’ +[ R + R m,R w+OR
- ZTJ; - 2T;m cDm,R + SZSR + S;Su - SZ+ (Sw+SR + Sw* + Swm cDm,R)
— 8% (Swr+Su-Sh + Sun @ ) =Sk (St P g + Su- Pl g + Suwr Vo )18
+ Ty + S5 Sk + SpSuwi )8 + Tk + Suw-Sk + SrS5 )87} (76)
The metric then is expressed as
0 0 0 0 1
0 —SR —1 _(Dm,R g+R
0 —1 —S% —o g R
=gt =?| . . R (77)
: : . [_Tnm,R] : :
0 —Pur -9,z ~Ypmr @™k
1 gtk gk . g"R kR

Therefore, we have found that all contravariant components of the metric can be expressed in
term of derivatives of the functions (S, S*, ®,,, ®, Y,,;) and a conformal factor gOR = Q2%

It is worthwhile to mention that by construction, the metric obtained in equation (77)
has Lorentzian signature. However, if one starts from a system of PDEs that satisfy the
Wiinschmann conditions that we will present in the next section, and wishes to restrict the
type of metrics to those with Lorentzian signature, one must impose extra conditions on
(S, 8%, @, @}, Yin). For example in four dimensions, such a condition reads 1 — SgSy > 0,
which follows from requiring that det(g”) < 0, but unfortunately, in higher dimensions, this
last condition is not sufficient. In these cases, for each particular set of PDEs, one must study
the eigenvalue problem associated with the metric, and count the number of positive and
negative signs [6, 7].

4. The generalized Wiinschmann or metricity conditions

If we compute the remaining third derivatives, we obtain relations that automatically satisfy
Z, but if we start with the point of view that we want to construct a conformal metric from the
system of PDEgs, then these relations are converted in Wiinschmann-like conditions that must
satisfy our system to assure the existence of the conformal metric in the solution space. These

conditions read (following by applying Dy, Dyes+s+, Dignns Ds>srms Dssims Dgmns Dsenm to g%°)
m = D[S -u]l +2[S - wt] =0, (78)
m* = Du[S* - u] +2[S*-w™] =0, (79)
Mmn = Di[ Vo - u] + [Ypgn - w"] + [Tp - w™] = 0, (80)
My, = D[S - ul +2[®,, - wt] =0, &1)
M = D[S - ul + 2[@% - w ] = 0, (82)
My = D[ Loy - ul + [y - w"] + [P, - w"] =0, (83)
= D[V - u] + [®F - w"] + [F - w"] =0, (84)

where we use the notation ' - G = g“bF ,a G,p, for the arbitrary functions F' and G.
Explicit expressions for these metricity conditions are found in appendix B.
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Remark 2: Due to the fact that m,, = m,, and my,, = Mg, there are in total
é(n2 — 4)(n — 3) independent conditions in n dimensions. If we continue applying higher
order derivatives to g% as it happens in the four-dimensional version of NSF, we do not obtain
new information. From these derivatives, we obtain only identities from the previous relations.

On the other hand, if we apply the derivatives Dy, Dy-, D,, to the component g% = Q2 of
the metric, i.e. to the conformal factor, we obtain the equations

D@ =L@+ Tp)Q, (85)
DyQ =g+ 1HQ, (86)
D, = (@™ + Qnr)S (87)

Again, if we start with the point of view that we want to construct a conformal metric
from a system of PDEs, these relations must be satisfied to assure the existence of conformal
metrics. Note that these equations do not determine completely the conformal factor, but they
are necessary for the conformal equivalence between the (n — 2)-parameter family of metrics.

In this way, we have proved that, in particular, all n-dimensional spacetime can be
considered as originated as the solution space of an n(n — 3)/2 PDE. Note that in four
dimensions, the system is relatively simpler than its nearby five-dimensional system, where
one must consider five PDEs.

In a similar way as in four dimensions, one could construct the Cartan normal conformal
connections associated with these PDEs, and from this reduce the system to one which is
compatible with Einstein spaces [8—11]. However, although in principle this generalization is
direct, in practice the algebraical manipulation of these equations appears as a tedious work,
even using algebraic manipulators as Maple or Mathematica.

5. The Einstein equations

If we want to fix completely the conformal metric, an extra condition must be imposed. As
we wish to extend NSF to higher dimensions, we will impose the Einstein equations to the
system.

As in four dimensions, the vacuum FEinstein equations can be obtained by requiring
R = 0. This equation determines the conformal factor, which is necessary to convert
the different conformal metrics into physical ones. We now adopt a global point of view
toward geometry on an n-dimensional manifold. Instead of a metric g’(x*) on M, as the
fundamental variable, we consider as the basic variables a family of surfaces on M given by
u = constant = Z(x%, s, s*, yi) or preferably its second derivatives with respect to (s, s, yi).
From this new point of view, these surfaces are basic and the metric is a derived concept. Now
we will find the conditions on u = Z(x%, s, s*, yi ) or more accurately on the second-order
system such that the n-dimensional metric be a solution to the Einstein equations.

We start with the Einstein equations in n dimensions, which are given by (see for
example [12, 13])

1
Rah = 877:G(n) (Tah - gahT>» (88)
n—2

with G, the gravitational constant in higher dimensions.
The Ricci tensor is given by

1 0 02

Ryp=———(T%/—g) — In/—g—T¢T%, 89
’ J—_zeaxf( a/=8) axagxe "V TET Ladtbe (89)
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with g = det(g,,) and

-1 i (08a | 08ar  08ap
re, = -—g“ - 90
ab = 58 ( o T oxa T oxd ©0)
the Christoffel symbols.
As happens in four dimensions, the Einstein equations are given by
R"Z..Z.p=87Gu (TZ,0Z,) . 91)

That is, to obtain the Einstein equation in this case, we need to compute RO =Rz 7.,
which is one of the components of RA% = R‘”’G;“Gf . From the form of the metric (77), we have
that ROO = Q4RRR.

Before the computation of the equation for the conformal factor 2, we will take the
following definitions.

(1) The contravariant components of the metric g*# will be written as ¢’ = Q?g*%; in a

similar way, we will write g g = Q2 gup.

(2) Latin indices A, B, ..., K, etc belong to the set {0, +, —, m, R}, while the indices
{4, —, m} will be denoted with Greek letters {«, 8, x}.

(3) The determinant of g*# and g4z will be decomposed as

det(g'8) = Q*q, 92)

1
det(gap) = Q72— = Q 2"A. (93)
q

(4) The derlvatlve 57 Will be denoted as .

Let us compute now RRR'

1
Rrr = T C( rv/—8) — D7 [In=g] — TgpT'rp- (94)
Note that the only not vanishing term of I'G, is Tk, = —228. Therefore, the first term of Rgg
reads
1 DZQ DQRDA ® SZ)2
- ——— +2(n+1 . 95
gaxC(RR“/) 5 o A T2+ D—g 95)

For the second term, we obtain
D2Q @) D A (DA)?

D*[In/—g] = - — . 96
[nv=gl = =g+ n =+ 55~ a ©0)
Finally, let us compute the remaining terms of Rgg, i.e.

TenThn = Tanlho + TapThy + Thplig- 97)

Due to the fact that I‘gD = I'f, = 0 and that the only not vanishing term of 'R is T'R., such
an expression is reduced to

F, TR = Te,Th + (TR (98)
Using the decomposition g'# = ngAB , g4 = 2 2gap, one finds
o SQ o oK
Tre = —?5;; - 59[9 l9pc- (99)
Therefore,
o (QQ)Z o ae
Pl = (1= 2) + —@[g Plgas + @[g 19107 1 . (100)

Q2

10
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Adding all these terms, we obtain

@29 DQ (DA "
Rrr = (n—2) o <T +Dlg ﬂ]ﬂaﬂ)
(DA)Z 73 B
- ZA + A2 + - Z)[ ]:D[g ]gﬁegaka (101)

but the second term is vanishing, since as is well known from the properties of determinants
(see for example [23]),

DA
—~ D[g*1gap = 0. (102)

Finally, from (101), we obtain the equation that determines 2, the Einstein equations, where in
order to compare with the four-dimensional case discussed in the literature, we have replaced
Aby 1/q,

87Gw o0ys , 1 [1(Dg)? D . ‘
0 = 20T 3+n_2[——q——+ gD gpe e | 2. (103)

2 ¢ 2
This equation in addition to the metricity conditions and the other three relations equations
(140)—(142) that 2 must satisfy constitute a system equivalent to the ten Einstein equations
for the metric ggp.

As a particular case, we cite the well-known case of NSF in four dimensions, where one
has a system of two PDEs, namely

dsZ =S, w*, w,R,s,5%), (104)

dpeZ = S*(u, wT, w, R, 5, 5%). (105)

The contravariant components of the metric are

0 0 o0 1
0 a -1 b
B _ o2.AB _ 2
== O o L] (106)
1 b b c
with a = —Sg y a* = —S%. (The expressions for b, b* and c¢ are not necessary to write the

Einstein equations.)

From this expression for the metric, we have that
1 1 (®9)? 19aDa*
—D[g™1D pr ak — Py ,
1Ol 1Dlg™ g5 i ) p
with g = 1 — SgSk.

In this way by replacing in equation (103), we obtain

3(@g)? 1D 1 D2[S]D2[S*

e L )
8 ¢ 449 4 q
and therefore, we recover the well-known equation for the conformal factor obtained first
(with an error of a factor —1) in [3] (see the correction given in [4], in equation (5)).

(107)

6. NSF of GR in five dimensions

As an explicit case, we will consider now the NSF of GR in five dimensions. The motivation
is twofold: on one hand, the Einstein equations in five dimensions can be used as an attempt
of a geometrical unification between the Maxwell electrodynamics (more precisely null

11
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electromagnetic fields) and gravitational fields in the manner of Kaluza—Klein. Although
it is not so clear if this program can be studied in terms of NSF, it would be very interesting to
be able to put both fields in terms of the function Z. On the other hand, this is the most simple
example of the formalism that one can study in dimensions higher than 4. We also present
some simple known metrics expressed in this formalism.

6.1. The equations

The null surfaces can be associated with general solutions from the following system of five
PDEs:

8SSZ = S(Z, aszv as*Za BVZ, ass*Zv S, S*v J/), (109)

Oy Z = S*(Z, 052, 09 Z, 0, Z, 050 Z, 5, 5*, V), (110)

8syZ = CD(Zv asZa as*Zv 8;/Z9 ass*zv s, S*9 y)v (111)

Oy Z = D*(Z, 8,Z, 052, 0,Z, ¥ss+ Z, 5, 5™, 1), (112)

0,yZ =Y(Z,0,Z,0+2,98,Z, 05+ Z, 5,5, 7). (113)
These functions must satisfy the Wiinschmann conditions (78)—(84),
m= (DYS)R - 3(Sw+SR + Sw* + Swl q>R - SRngR) = 09 (114)
m* = (DyS*)r — 3(S5-Sp + S5 + 8%,k — Skg*) =0, (115)
mi = (D1 Vg — 3(Vyr Pg + Lo Of + Tyt Y — Yrg'™) =0, (116)
my = (D1S)r — (Su P + Suw+ Pr + S Tr — Skg'™)

—2(Dy + Py Sg + D, Pr — Prg™) =0, (117)
m} = (D1S")g — (S} @r + Siy ©h + 5%, Tr — Spa'™)

—2(®%, + LS+ OF Dy — Prg ) =0, (118)
my = (DyV)g — (Ty+Sg + Ty + Tyt Or)

—2(Py+ P + Py P + Py Tr) + Yrg™ 4 20pg'* =0, (119)
mi; = Dg Mg — (Vo-Sk + Yyt + Tyt PR)

—2(®,- P + L Pp + DX Tr) + Yrg * +205g'F = 0. (120)
In these relations, g*®, g=® and g'¥ are some of the components of the conformal metric

1
gtf = _m[Z(TR — Su+ = Su-Sg — Sy Pg) — Sp(Tg = S, — 83 Sk — S5 Pr)],
R
(121)
1
g = ————[2(TF = S} — S Sk — S5 Pr) — Sp(Tk — Suw+ — Su-Sk — S @)1,
4 — SpSy v
(122)

g'f = —@hg™ — Prg R — (Q1r — Pur — Py-Sj — O, Py — PLLSg — DL — DF Dp).
(123)

12
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Remark 3: Note also that using the commutator relations (valid in » dimensions)

[0y, Ds] = Suyt 33 + S, 9w+ + gy 0 + Pry By + Ty0g,
[3y. D] = Su- 38 + Opydu + %00 + @ B, + T, 0p,

[aya Dm] = Sw’”,yau + q)m,yaufr + (D;;,yaw* + Tkm,yaw“ + Qm,yaRa

with y € {u, w™, w™, w™, R} and dy .y the Kronecker symbol, we have
(DgS)r = Ds(Sg) + SpSu+ + Su- + PrSy1 + TrSk,
(Dg-S")g = Dy (Sg) + SpSy- + Sy + @RSy + T Sk,
(D1S)r = D1 (Sg) + @rSy+ + @S- + YrSy1 + O1.rSk,
(D1S")g = Di(Sg) + PS5, + PrSy s + YrS,) + O1rSk,
(DsT)p = Dg(Yr) + SpYu+ + Ty + Oy + TRV,
(DgM)g = D (YR) + Sg Y- + Yyt + PRV + T Y,

(DiM)g = D1 (Yg) + PrY oy + P Yy + Tyt + Q1 g Yk

The other components of the conformal metric are

g()O — 904- — g()— — gOl — O,
gOR — _ng — 1’
gt =-S5, g =-S5
gt =0, g = -},
gl = -,
and
gtk = _;{s* Sgg'® + [Ug — 2T+ — 2T, S5 — 2T, d% — 2T, Sk
2+ SpSp v wIOR T Alwt TR T Sl

— 2T —2TF Dp + SiSk + SgSu — S (Suw+ Sk + Su- + Sy Pr)
— 8% (Su+ + S-S + Sy @g) — ST (Su+ Pr + Sup- @ + Syt Tr) g™
+ QT3 + St Sp + SpSut) g™ 4+ 2Tk + Su- S+ SeSh-)g ).

Finally the conformal factor must satisfy the relations
D@ =g + Tr)Q,
DyQ =1 "+ THe,
D12 = 5(8" + Onr)2,
and the Einstein equation (103)
81 G 1(3®q? D 1
920 = G0 g5 P OO0 D79 1) g nems;
3 612 42 q

T+ PEDDLDS, — DPRDDL) — SRDTRDSE — SED YD Sk

— YrDSgDS; + Sr(DDr)* + S;;(@cp;;)z]}sz,

with
g =20rD% — Sp®E — ShdE — Yr(1 — SgS%).

(124)
(125)
(126)

(127)
(128)
(129)
(130)
(131)
(132)
(133)

(134)
(135)
(136)
(137)
(138)

(139)

(140)
(141)
(142)

(143)

(144)
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6.2. A simple example

Let there be the following family of null surfaces of the five-dimensional Minkowski spacetime:

u=Zx",¢,¢,7) =x0, ¢, p), (145)

with x* = {t, x, y, z, v} the Minkowskian coordinates and [, the covariant components of the
null vector [ given by

¢t y)= (A4, ¢ +)siny,i(¢ —¢)siny,

V2(1+¢8) )
(¢ = Dsiny, (1+¢¢)cosy), (146)

with {¢, ¢, y} the coordinates on a three-dimensional sphere S, and ¢ the complex conjugate
of ¢.

We will make the following identification between parameters: s = ¢, s* = ¢ and ' = y.
Therefore, from these relations, we can construct the scalars 64,
2
u= % {r— lsilyg[(§+§)X+1(§ — Oy —(1 —mz]—cosyv} (147)
V2 siny
R -1 i 1y —2¢z], 148
(oo € e i@+ Dy —262) (148)
_ 2 siny 2 .0
== — Dx— + 1)y —2¢z], 149
o e i@+ Dy - 2] (149)
1——2{ Y 1@+ DHx+iE — )y — (1 = £zl +sin v} (150)
2 1+§§ Y 4
—f gc)S[@ +Ox+iC =9y — (1= ¢l (151)
Solving these equations for the x“s, we obtain
2
t=ﬁ[u+cotywl+( +§§) R], (152)
/i 2sin®y
¥= o= [(E = Dw™ + (&7 = D' + G+ T +EOR], (153)
siny
y= 2{ [C+Dw™ — @+ Dw" + (@ =)+ OR], (154)
2 - -
z=— f [2¢w™ 4+ 2¢wt + (1 = £°C)R], (155)
2siny
v = V2 [w' 4 cosy (1 +¢Z)*R]. (156)
2siny

Remember that these equations can be interpreted as a three-parameter family of
coordinate transformations between x* and {u, w*, w™, w', R}. In particular, for fixed values
of ¢, ¢ and y, we can write the Minkowskian metric in the new coordinates {u, w*, w™, w', R},

ax® ox’

— a _ A B
ds? = NapdX dx’ = 597 998 Napd0”do
2 1 2
=2du* + 2%@& +2coty dw'du — M whrdw™ —2(dw")?.
s~y Sln V4

(157)

14



Class. Quantum Grav. 29 (2012) 145004 E Gallo

On the other hand, from equations (16)—(20), and transformations (152)—(156), we see
that

§=— 2 _wt, (158)
1+2C§
P _w”, (159)
1+¢¢
® =coty wt, (160)
d* =coty w, (161)
T=———[(1+¢{)’R+2sinycosy w'l. (162)
2sin” y
In a similar way, we obtain
2 i} _
T=D:S=————[w"+¢(1+¢)R], (163)
‘ (14407
T=DS=——"—[w +¢(1+¢R], (164)
‘ (1+¢0)? e
Q) = D;® = coty R. (165)

Now instead of starting with the flat metric (157), we want to consider the system of PDEs
(109)—(113) and reconstruct from it the (conformal) metric.

It is an easy task to shown that, as it should be, the functions (S, $*, ®, ®*, T) satisfy the
Wiinshmann conditions (114)—(120).

Finally, from expressions (121)—(123) and (134)—(139) for the contravariant components
of the (conformal) metric in terms of (S, $*, ®, ®*, T), we obtain that the only non-vanishing
components are

=0 (166)
g =-, (167)
&= —;QZ (168)
(1+¢¢)?
g =coty @, (169)
1 =\2
g = —%92, (170)
sin” y
or in its covariant version
2sin’ y 2siny cosy
(14+¢2)? o (14+¢2)?
1 0 0 0 0
gap = Q77 0 0 0 -1 0 . 171)
0 0 -1 0 0
2siny cosy _ 25sin’ y
(14+¢¢)? 0 0 0 (14+¢¢)?
On the other hand, the conformal factor must satisfy equations (140)—(142),
T _
DQ="2Q=— ¢ a (172)
7%* 1+¢¢
D;iQ=-2Q=— £ _Q, (173)
2 14+1¢¢
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D,Q=1(g" + 01 r)Q =coty Q, (174)
and Einstein’s equation (143) (with 7% = 0)
D’Q =0. (175)
This system admits as a particular solution
Q, = (176)
1+¢¢

Therefore, it is a simple task to show that this choice makes the metric g4p the Minkowski
metric (equation (157)).
However, they admit other conformal flat solutions, as for example, the de Sitter solution

Q= Q, + Anapx‘x” 4
, 1+¢¢)?
_ siny_ oA [142 — (w4 2cotyw'u + #(HR— w*w)], (178)
1 +c2 sin” y

with A = constant.

Remark 4: In the four-dimensional case, the system is given by the pair of PDEs (104) and
(105), with the two functions S and S* as in equations (158) and (159). On the other hand, in
the literature [3], one can find that the conformal flat metrics can be obtained from the most
simple system of equations

9°Z =0, (179)

3’z =0, (180)

where 0 is the edth operator that acts on a function 7 of spin-weight s as 0n = 2P1’38{ (P'n),
and P = %(1 + ¢ ¢). There is not incompatibility between these two systems, in fact acting on
a function Z (s = 0), we have

O°Z = 49, (P*8,Z) = 4P*3;;Z + 8P, P9, Z, (181)
and therefore from 92Z = 0, we obtain
20
dccZ = —28,(InP)d Z = — A (182)
¢ ¢ ¢ 1+¢¢ ¢

which coincides with our S. It would be desirable to reformulate NSF in higher dimensions in
terms of covariant operators on the sphere "2,

7. Final comments

We have shown that the NSF can be extended to higher dimensions. In particular, all conformal
n-dimensional metric can be constructed from a particular class of n(n—3) /2 PDEs. In order to
assure the existence of the metric, this class must satisfy a set of metricity conditions. However,
this system of PDEs becomes more involved when the considered dimension increases, and
it is not so easy to write explicit conditions in order the metric to be Lorentzian. This in
an important caveat. Yet in this case it is notable that all the information contained in the
n(n 4+ 1)/2 metric components (local point of view) can be globally codified in only two
functions Z and 2 dependent on n — 2 parameters (global point of view).

On the other hand, it would be expected that the Wiinschmann conditions have a similar
geometrical meaning as in three and four dimensions. In the last two cases, one can show
that these conditions can be understood as the requirement of a vanishing torsion tensor of a

16



Class. Quantum Grav. 29 (2012) 145004 E Gallo

canonical connection defined on the solution space associated with the differential equations.
In fact, if there exists such a connection, then the Lie derivative of the metric can be put in
terms of the torsion components, and if the torsion vanishes, the Lie derivative of the metric
is proportional to the metric, i.e. they are all in the same conformal class. Although in higher
dimensions the equations are more complicated, the program should in principle be possible.
These results will be presented elsewhere.

Finally, as was mentioned before, it should be desirable to express this formalism in
terms of covariant operators, and from then find a geometrical meaning to the functions
(S, §*, @y, B Yum).

Acknowledgments

We acknowledge support from CONICET and SeCyT-UNC.

Appendix A

Here we would like to give some examples of families of null surfaces of n-dimensional
Lorentzian flat spacetimes, such that equation (14) is satisfied. Let us begin with the following
(n — 2)-parametric family of functions:

70 ) 251 255 28,2 rr—1

U=Z(X 51,5, ... 5—2) =Xo — X — Xy = X — ——— X,

1,82 ) =X - TN T T AR T2 T T
(A1)

withr? =s?+s3+4---+s> ,and {s1, 52, ..., 5,_2} € R""2. The parameters s; can be thought

as stereographic coordinates of the sphere §"~2. This family of functions satisfies the eikonal
equation

(Ze)? = (Ze)) =+ = (Zy, ) =0 (A2)
and geometrically they represent the null plane waves u = x*[,(sy, ..., S,—2) spanned by the
null vectors

i (1 251 28,0 r*—1 (A3)

T\ 2T+ 10+2) '
Now, if we define the scalars 84, from this Z (with any identification between the parameters
{s1,82,...,8,-2} and {s, s*, ..., ¥™}), we get that det 04,,=0,1i.e. they are not independent
scalars. However, by doing the following (complex) transformation:

§=¢ =81 418, (A4)

¥ =17 =5 —is, (A.5)

y" = Sm, (A.6)
we obtain that the new 64, satisfy

) n—2

det 64, , = — i, A7

© < 1+ r*2> ! (A7)

with 72 = 1 +¢¢ +y2 +--- + y2 ,. Therefore, equation (14) is satisfied (with the exception
of the pole r* — 00).
Let us consider now the family

Z=x0—81x1 — 85X — -+ — Sp2Xp2 — V1 —Px,y, (A.8)

17
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with 72 = 5% + sg + -4+ 5%_2 and s; € [—1, 1]. Note that this family can be obtained from
the previous one, equation (A.1), by the transformation

2S1
= A9

S =1 (A.9)
5, = 252 (A.10)
S = , .
T

~ 2sn—2

ey = ———. A.ll
Sn2 =7 e ( )

In this case, by doing the identification s = sy, s* = s, and y” = s,,, we obtain
A (—1)”SS*

det 6% , = —(1 Ay (A.12)

and therefore the scalars 64 are independent in the regions where s and s* are non-vanishing.

An alternative possibility was used in the example of five-dimensional Minkowski

spacetime (equation (145)). In that case, det 8% , 4; sin’ ey

Note that the examples given by equatlons (A.1) and (A.8) geometrically represent the
same family of null waves, but they give origin to distinct (although equivalent) PDEs.
They are related to each other by a fiber-preserving transformation. In fact, in three and
four dimensions, Frittelli, Kamran and Newman show the equivalence between PDEs with
vanishing Wiinschmann invariants under more general transformations than fiber preserving,
known as contact transformations [14-16].

Appendix B

The explicit expressions for the generalized Wiinschmann conditions (78)—(84) are

m = (DyS)g — 3(Su+Sk + Su- + Sun P r — Srg™*) =0, (B.1)
m* = (DyS*)g — 3(S-Sp + She + Shu @i p — Sk =0, (B.2)

Wmn = (D V)R — Tonn,w+ Pk — Yonkeowt Pk — Yinwt Pk
— Yo w- CDZ,R — Yokw- Cbzﬂ — Yin,w- CD;;’R
— Yo, w Yik,R = Voot Yin.g = Vit Yim g
+ Y kE + Lok 8™ + T rg™* =0, (B.3)

My = (DuS)g = (Sw- Ph g + S Pk + Swr Yumr — Srg™)
_z(q)m,w‘ + q)m,w+SR + d>m,w” (Dn,R - m,Rg+R) = 0, (B4)

m* m — (D S*)R - (Sw+cDmR +S* (D* R+S TnmR —S* mR)
—2(D}, e+ Py Sk A P P g — Pl g8 =0, (B.5)

m,w"

M = (DsV)mn.g — Comwt SR + Vonyw- + L, ut Pie,r)
(P Pug + Poww- Py g + Pyt Vit 1)
(Pt Prug + PPy, g + Pyt Vot 8)
Y r 8™+ @ g™ + @, g™ =0, (B.6)

18



Class. Quantum Grav. 29 (2012) 145004 E Gallo

nfkmn = (Dv* T)mn,R - (Tmm.w*S;; + Frmn,wJr + Tmn,w/‘ (DZ,R)

_(Q:z,w* :,R + cI):z,uﬁr CD’%R + q):;t,wk Tnk,R)
_(q>:w* (D;ZR + q>:w+ (Dm,R + (Dj;wk ka,R)
+ Yo rg "+ @ pg™ + @k g = 0. (B.7)
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