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Abstract

In this paper we extend some results obtained by Artamonov and
Sabitov for quantum polynomials to skew quantum polynomials and
quasi—commutative bijective skew PBW extensions. Moreover, we find
a counterexample to the conjecture proposed in [6].
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1 Introduction

This section is divided into three subsections, we recall the definition of
I"'—valuation, valuation and quantum polynomials. We review some funda-
mental properties of valuations and valuations of quantum polynomials (see
[4] and [6]).

1.1 Valuations

Let D be a division ring, D* the multiplicative group and I' is a totally
ordered group (with additive notation and not necessarily commutative).

Definition 1.1. A function v : D* — T is a I'—wvaluation of D* if:
i) v is surjective,
ii) v (ab) = v (a)+ v (b),
iii) v (a+b) > min{v (a),v (b)}.
Proposition 1.2. [14, 9] If v is a T'—wvaluation of D*, then:
1) Ifv(a) # v (b), then v (a + b) = min{v (a),v (b)}.
2) A, :={aeD;a=0 or v(a) >0} is a subring of D.
3) The group of units Uy, := {a € D*;v (a) = 0} is a subgroup of D*.

4) W, :={a€ D,a=0 or v(a)> 0} is a completely prime ideal of A,
and W, = A, —U,.

5) Ay is a local ring with unique mazimal ideal W,.

1.2 Valuations with values on I' U {cc}

Proposition 1.3. Let I' be a totally ordered group with additive notation
ordere. Then T'U {oo} is an ordered additive monoid such that

x4+ 00:=00=:00+x, foralll'U{oco},

and co > x for all x € T'.

Definition 1.4 ([8]). Let R be a ring. By a valuation on R with values in
a totally ordered group I', the value group, we shall understand a function v
on R with values in T'U {oo} subject to the conditions:

i) v(a) € TU{oo} and v assumes at least two values,

it) v(ab) =v (a) + v (b),



i11) v(a+b) > min{v(a),v(b)}.
Proposition 1.5. [8, 9] If v is a valuation of R, then:
1) kerv :={a € R;v(a) = 0o} is an ideal of R.
2) If v(a+b) > min{v(a),v(b)}, then v(a) = v(b).
3) Ay :={a € R; v(a) > 0} is a subring of R.
4) The group of units U, = {a € R*;v (a) = 0} is a subgroup of R*.
5) W, :=={a € R,v(a) >0} is an ideal of A,.

6) kerv is a completely prime ideal of R and R/ker v is an integral do-
main.

Proposition 1.6 ([8]). If v is a I'—valuation of D. Then T' is abelian, if
and only if v(a) = 0 for all a € [D*, D*].
1.3 Quantum polynomials

Let D be a division ring with a fixed set aq, as , ..., ay, n > 2, of au-
tomorphimsms. Also, we have ¢;; in D* for ¢, = 1,2,...,n fix elements,
satisfying the relations :
i = 95951 = 4ijr Qjri9rij = 1
ai(aj(d)) = gijo(ai(d))gji,
where q,;, = gijoj(qir) and d € D. We set q¢ = (g;;) € .#(n, D) and

a = (alonv 7an)'

Definition 1.7. The elements q;; of the matriz q are called system of
multiparameters.

Definition 1.8 (Quantum polynomial ring). Denote by

Oq:=Dgygan [:Ulil,xgﬂ, . ,xfl,xr+1, . ,:L'n] , (1.1)
the associative ring generated by D and by elements xiﬁl, a:écl, oy Y
Tyil, ..., Tn Subject to the defining relations
CCZ':E;l = m;lxi =1,1<:i<r, (1.2
zid =coi(d)z;, de D, i=1,2,...,n,
TiTj = (ijTjTq, ’i,j = 1, 2, ey n.



Definition 1.9. Let N be the subgroup in the multiplicative group D* of
the ring D generated by the derived subgroup [D*, D*] and by the set of
all elements of the form z 'o;(z) where z € R* and i = 1,...,n. A :=
Dyolz1,22,...,...,2,) is a general (generic) quantum polynomials ring if
the images of all multiparameters g;j, 1 <1 < j < n, are independent in the
multiplicative Abelian group D*/N.

The ring Oy is a left and right Noetherian domain, it satisfies Ore Condi-
tion and it has a division ring of fractions F' := Dg4(z1,...,z,). We consider
v: F* — T a I'-valuation with v(D*) = 0.

Theorem 1.10 ([6]). A valuation of a quantum division ring D, is Abelian
in the sense that the group I' is Abelian.

Definition 1.11 ([4], [6]). Let vy : D* — T'y and vy : D* — T'y be two
valuations. Set vy > vy if there exists an epimorphism of ordered groups
7:1'1 = D'y such that Ty = vo. It means that the diagram

141

D*4>F1
Is

1s commutative.

Definition 1.12 ([4], [6]). A wvaluation v has a maximal rank if T is an
isomorphism in the previous definition.

Theorem 1.13 ([4]). A valuation v : F* — T of a general quantum division
ring Oq4 is has maximal rank if only if I' = Z".

2 Completions of quantum polynomials

In this section v : F* — Z" is a maximal Z"—valuation.

Definition 2.1 ([6]). Let .7 be the set of all maps f : Z" — k and the zero
element such that supp f := {m € Z"™; f(m) # 0} is Artinian with respect to
the lexicographic order on Z".

Theorem 2.2. .% is a division ring containing F'.
Proof. See [3] Theorem 3.4 and 3.7. O

Expand the valuation v to f € % in the following way. If f € % then
v(f) the least element from supp f.

Definition 2.3 ([6]). The division ring % is called a completion of F with
respect to v.



Remark 2.4. If O := {f € #;v(f) > 0} and m := {f € F;v(f) > 0},
then O is a subring in .% and m is an ideal in O. Moreover, O/m = k.

Let R™ be a vector space of all rows (r1,...,7,), r; € R, of a length n
and R" is equipped with the lexicographic order.

Theorem 2.5 ([10]). Let <zn be a totally order in the additive group Z".
Then there exists order preserving group embedding Z" — R™.

Definition 2.6. [6] A totally order <gzn is essentially lexicographic if it
belongs to the orbit of the standard embedding of Z™ in to R™ under the
action of the group GL(n,Z). i.e., if a,b € Z", a <zn b if only if aA < DA
for some fixred A in GL(n,Z) and < the lexicographic order.

Conjecture 2.7 ([6]). A valuation v is associated to an essentially lexico-
graphic order on Z" if and only if N;~1m' = 0.

In the study of this conjecture we obtain the following results partial:

Proposition 2.8. If v: R — I' U {co} is a valuation of a ring R and T is
a Archimedean group with W, := {a € R,v (a) > 0}, inf{v(W,))} # 0 and
n’LZl WZ} = I, then V(I) = 0OQ.

Proof. Let A; := v(W?) and ); := inf{A;} be, then \; < X2 < ... < \;
and iA; < \;, indeed: (by induction over i) as inf{v(W,)} # 0 then
0 < A < vwv(a) for all @ € W,, hence A1 < 21 < v(ab) for all a,b € W,
therefore 2A; < Ao, suppose that A\;_1 < A; and iA\; < A;, then i\ <
(i + 1A <N+ A < v(a) +v(b) = v(ab) for all a € Wi and b € W, then,
Ai < Aj+1 and (’L + 1))\1 < Nit1-

Now, suppose there exists b € I such that v(b) = A < 00, so A\ < A and
as [' is Archimedean there exists an integer m such that mA; > A, therefore
A ¢ Ap, hence b ¢ W', contradicting that b € I. O

Corollary 2.9. Ifv: D — T'U{o0} is a valuation of a division ring D and
' is a Archimedean group with inf{v(W,)} # 0, then ();>, Wi =0.

Proof. 0 = v(1) = v(aa™1)

= v(a) +v(a™?) for all a € D*, then v(a) < oo
for all a € D*, therefore v(a) =

oo if only if @ = 0. O

Remark 2.10. In the Proposition 2.8 the condition inf{v(W,)} # 0 can be
replaced by inf{v(W;)} # 0 for any i > 0 in N.

Example 2.11. If we take lexicographic order on Z? the order does not
have intersection property: consider A := {(x,y) € Z?;(0,0) < (z,y)} and
nA:=>" Awithn >0, then nAd = {(z,y) € Z% (0,n) < (z,y)}. By in-
duction over n: If n = 2, then 24 = A\ {(0,1)}, indeed: as min{A} = (0,1)
then (0,2) < (z,y) with (x,y) € 24, thus 24 C A\ {(0,1)}. Now, if (z,y)



in 2A, then (z,y — 1) € A, because x > 0 or x =0 and y > 2.

Suppose that nA = (n — 1)A\ {(0,n — 1)}, as min{nA} = (0,n) then
(0,n+1) < (z,y) with (z,y) € (n+ 1)A, thus (n +1)A C nA\ {(0,n)}.
Now, if (z,y) in (n+1)A, then (z,y — 1) € nA, because z > 0 or z = 0 and
y >n+ 1. Consequently (n+ 1)A = {(z,y) € Z% (0,n+1) < (z,y)}.

Hence, as (1,0) € nA for every n > 1 since (0,n) < (1,0) , then (1,0) €
ﬂn>0nA.

It follows a counterexample to the conjecture, since a lexicographic order
is essentially lexicographic.

3 Skew PBW extensions

In this section we recall the definition and some basic properties of skew
PBW (Poincaré-Birkhoff-Witt) extensions, introduced in [11]. Some ring-
theoretic and homological properties of these class of noncommutative rings
have been studied in [12].

Definition 3.1. Let R and A be rings. We say that A is a skew PBW
extension of R (also called a 0 — PBW extension of R) if the following
conditions hold:

(i) R C A.

(ii) There ezists finitely many elements x1,...,z, € A such A is a left
R-free module with basis

Mon(A) := {z* =z} - -zl | u = (ug,...,u,) € N"}.

In this case it also says that A is a left polynomial ring over R with
respect to {x1,...,x,} and Mon(A) is the set of standard monomials
of A. Moreover, 29 --- 20 := 1 € Mon(A).

(iii) For every1 <i<n andr € R— {0} there exists ¢;, € R — {0} such
that
T — Ci T € R. (3.1)

(iv) For every 1 <i,j <mn there exists ¢; ; € R — {0} such that
TjTi — CijTix; € R+ Rx1 + -+ Rxy,. (3.2)

Under these conditions we will write A := o(R)(x1,...,Ty).



Proposition 3.2. Let A be a skew PBW extension of R. Then, for every
1 <9 < n, there exists an injective ring endomorphism o; : R — R and a
oi-derivation §; : R — R such that

xir = o;(r)x; + 6;(r),
for each r € R.

Proof. See [11], Proposition 3. O

The previous proposition gives the notation and the alternative name
given for the skew PBW extensions.

Definition 3.3. Let A be a skew PBW extension.
(a) A is quasi-commutative if the conditions (i1i) and (iv) in Definition

3.1 are replaced by

(iii") For every 1 <i <n andr € R — {0} there exists ¢;,, € R — {0}
such that
TiT = Cipi. (3.3)

(iv’) For every 1 <'i,j < n there exists ¢; j; € R — {0} such that
xjxi = ci,jxiwj. (3.4)
(b) A is bijective if o; is bijective for every 1 <i <n and ¢;; is invertible
forany 1 <i<j<n.

Definition 3.4. Let A be a skew PBW extension of R with endomorphisms
oi, 1 <i<n, as in Proposition 3.2.

(i) Foru = (uy,...,up) € N", g% :=0\" ol |u| :==uy + -+ +up. If
v=(v1,...,0y) € N" then u+v:= (u; +v1,..., Uy + Vp).

(ii) For X = 2" € Mon(A), exp(X) :=u and deg(X) := |ul.

(iii) If f = a1 X1 + -+ + e Xy, with X; € Mon(A) and ¢; € R — {0}, then
deg(f) := max{deg(X;)}_,.
Theorem 3.5. Let A be a left polynomial ring over R w.r.t. {x1,...,z,}.

A is a skew PBW extension of R if and only if the following conditions
hold:

(a) For every z* € Mon(A) and every 0 # r € R there exist unique
elements r, := o"(r) € R — {0} and p,, € A such that

z'r = 1y x" + pur, (3.5)

where py, = 0 or deg(pur) < |u| if pur # 0. Moreover, if v is left
invertible, then ry is left invertible.



(b) For every x",z¥ € Mon(A) there exist unique elements ¢, , € R and
DPuw € A such that
zlz¥ = CUWCL‘U—PU + Duvs (3.6)

where ¢,y 15 left invertible, py, = 0 or deg(puv) < |u+v| if puo # 0.
Proof. See [11], Theorem 7. O

Proposition 3.6. Let A be a skew PBW extension of a ring R. If R is a
domain, then A is a domain.

Proof. See [12]. O

The next theorem characterizes the quasi-commutative skew PBW ex-
tensions.

Theorem 3.7. Let A be a quasi-commutative skew PBW extension of a
ring R. Then,

(i) A is isomorphic to an iterated skew polynomial ring of endomorphism

type, 1.e.,
A R[Zl; 01] ce [Zn; 9n]

(ii) If A is bijective, then each endomorphism 0; is bijective, 1 <i < n.
Proof. See [12]. O
Corollary 3.8. Let A be a bijective and quasi-commutative skew PBW

extension of a ring R. If R is a left Ore domain, then A is a left Ore
domain.

Proof. By Theorem 3.7, A is isomorphic to an iterated skew polynomial ring
of automorphism type over a left Ore domain R. O

Theorem 3.9. Let A be an arbitrary skew PBW extension of R. Then, A
s a filtered ring with filtration given by

Fp = {R it m =0 (3.7)
{feA|deg(f) <m} if m>1

and the corresponding graded ring Gr(A) is a quasi-commutative skew PBW
extension of R. Moreover, if A is bijective, then Gr(A) is a quasi-commutative
bijective skew PBW extension of R.

Proof. See [12]. O
Theorem 3.10 (Hilbert Basis Theorem). Let A be a bijective skew PBW

extension of R. If R is a left (right) Noetherian ring then A is also a left
(right) Noetherian ring.

Proof. See [12]. O



3.1 Skew quantum polynomials

In this subsection we recall the definition and some basic properties of skew
quantum polynomials ring over R, introduced in [12].We mention some re-
sults generalized for valuations of skew quantum polynomials and bijective
and quasi-commutative skew PBW extension.

Definition 3.11. Let R be a ring with matriz of parameters q = [q;;] €
Mu,(R), n > 2, such that ¢;; = 1 = ¢;jqji = qjiqi; for each 1 <i,j < n and
suppose also that is given a system o1, ...,0n of automorphisms of R. The
skew quantum polynomials ring over R, denoted by

quo[:cicl, ol e, x), (3.8)

1s defined whit the following conditions:
Z) R C Rq,o@ida cee 'r7:“|:17x1”+17 cee ,xn]a

i1) qua[azlil, ol wey, L ] s a free left R—module with basis {x; x* =
it eatr o, €2, 1<i<randu; €N forr+1<i<n},

i1i) The x1,...,x, elements satisfy the defining relations
$i$i_1 =1= xi_lxi, 1<i<r, (3.9)
Tilj = q5iT;T; 1< i,j < n, (3.10)
xir =o0i(r)z;, re Ryl <i<n. (3.11)
When all automorphisms are trivial, we write R, [xlﬂ, = TR T
xy] and this ring is called the ring of quantum polynomials over R. If R = K
is a field, then Kq,g[q:fl, ool e, . @] is the algebra of skew quan-

tum polynomials. For trivial automorphisms we get the algebra of quantum
polynomials simply.

Ifr =n, Ryo[F', ..., 25" is called the n-multiparametric skew quantum
torus over R, when all automorphisms are trivial, is called the n—multipara-
metric quantum torus over R. If r = 0, Rqqs[x1,...,2y] is called the n-
multiparametric skew quantum space over R, when all automorphisms are
trivial is called n—multiparametric quantum space over R.

The algebra of quantum polynomials can be defined as a quasi-commutative
bijective skew PBW extension of the r-multiparameter quantum torus, or
also, as a localization of a quasi-commutative bijective skew PBW exten-
sion.



Theorem 3.12. Ry,[z1,...,2n] = R[21;01] - - - [2n; 0p], where

i) 01 = o1,
i) 0; : Rlz1:61]) -+ [2i—150;-1] = R[z1;61] - - - [2i-1;0i-1],
i) 0;(2) = qijzi, 1 < i <j <n,0;(r) =o04(r) forr € R.

In particular, Rolz1, ..., xn] = Rlz1] - [2n;0n).

Proof. See [12]. O
Theorem 3.13. Ryo[zi', ..., 2 2ry1... 2] is a ring of fractions of
B := Rg,[x1, ..., x,) with respect to the multiplicative subset

S={rz";r e R*, 2" € Mon{x1,...,z,}},

1.6,
Ryl a2, 2 STIB.
Proof. See [12]. O

Remark 3.14. Let Q7% (R) := Ry o[zt', ..., 2 2r41,...,2,] and R be a
left (right) Noetherian ring, then Qg (R) is left (right) Noetherian by The-
orem 3.10. Moreover, if R is a domain, then Qg5 (R) is also a domain by
Theorem 3.6. Thus, if R is a left (right) Noetherian domain, then Qg5 (R)
is a left (right) Ore domain.

Thus, Qg's(R) has a total division ring of fractions

Q(Qy5(R) = Q(A) == a(R)(x1, ..., ),

where o(R)(z1, ..., z,) denotes the rational fractions of A := o(R)(x1,...,Tp).

3.2 Some properties

Definition 3.15. Let N be the subgroup in the multiplicative group R* of
the ring R generated by the derived subgroup [R*, R*| and by the set of all
elements of the form 2z 1o;(z) where z € R* andi=1,...,n.

Remark 3.16. N is a normal subgroup in R*.

Definition 3.17. If the images of q;; with 1 < i < j < n are independent
in the multiplicative Abelian group R = R*/N then, Ry, [xlil, el xqﬂfl, Tri1,

..., Tp] 1S a generic skew quantum polynomials ring.

Remark 3.18. If n=2 in Rq’a[wfl, ooy w2y, of the previous
definition g = g12 is not a root of unity.

Proposition 3.19. For each a € R* and o endomorphism over R, o%(a) =
an with k € N andn € N.

10



o) = ala'o(a)) ((o(a)'02(a))... <(0k_1(a))_10k(a))
= an, withn € N. (3.12)

Proposition 3.20. Ifu,v € Z" x N*™" and A\, u € R*, then

(1) zjz" = (H?Zl q;lj) Ny - %4, for some ny, € N and for any 1 <i <n.

(2) (1) (@) = (Ticy 6" P - ", with nury € N

(3) (Az*) (pz?) = A\ (HKJ- q;fvz> n' - 2%t withn’ € N.
Proof. Applying the Proposition 3.19 and note that :vl-x;1 = quilx;lxi with
1<5<r. ]

Proposition 3.21. Let f := ", Ayz" bein Rq,g[xfl, N TR DU

and x; with 1 <73 <r.

(1) If Ay € R, then
xifxi_l = Z ai( M)A,z

uezZm
where X, 1= (H?:l q?{) n, € R*.

(2) If A\, € R*, then
:El'f{l,‘;l = Z X, xt,
uezZm

where N, € R*.

Proof. (1) Note that N C R* and

xifxi_l = Zai()\u)mia:“x*i

n

ws

= g oi(Au) qui] nyx",
uez” 7=1

where n, € N.

(2) By item (1), o;(\y) N, € R*.

11



Remark 3.22. If Q(Qy»(R)) exists and G denotes the multiplicative sub-
group in Q(Qgs(R))* generated by R* and z1,...,2,. Then R* <G and
G/R* is a free abelian group with the base z1R*, ..., =, R".

Proposition 3.23. Let R be a left Ore domain and o automorphisms over
R, then o can be extended to Q(R) and is also an automorphism.

Proof. By universal property we have the following commutative diagram:

|
|

P

QR)

/
/
c

R
o
R /
/
L
¥

Q(R)

where v, o are injective and o (%) = Z((Z; for a,b # 0 € R. Therefore, 1) o o

is injective and so is o.

If § € Q(R), then § = P(b)~L(a) = ¥(o(by)) (o (ag)) for ag,by #
0 € R, consequently,

Sl S

Theorem 3.24. Let R be a left Ore domain and S = R — {0}, then

Q(R)Tl,g[mla B xn]v

I

S_l(Rq7g[$1, )
where g = (%) € .4 (n,Q(R)).

Proof. By Theorem 3.12 Ry 51, ..., 2n] = R[21;01] - - - [2n; 6p], with each 6;
bijective. Thus, if S = R — {0} then

ST H(Ryolr1, - yzn)) = STH(R[z1361] - [20;00))
“H(R) [21:01] -+ [2n3 On]

S
~ g
Q (R) [z1;01] - - [2n; 0]

12



where

and

0;: Q(R)[21501] - [2i-150i-1] — Q(R)[21;01] - - [2i-1;0i-1]

with

Therefore,

I

Sil(quU[xh"'?xn]) Q(R)qa[xlv ‘7‘,1771}7
where q = (%£2) € .#(n,Q(R)). O
Proposition 3.25. Let R be a left Ore domain , there exists

¢: Roolei™, ... a7 = Q(R)galer™, ... ]

an injective ring homomorphism.

Proof. Let B := ng[azl,.. xn] and Bgg) = Q(R)gzlr1,...,2n] be,
by Theorem 3.13 Ry, [z, ..., o] = ST 1BR with S = {ra*;r € R*,
a € Mon{x1,...,2,}}, and Q(R)g zlat, ..., af!) = S Bo(r) with Sy =

{rz*;r € Q(R)*,z" € Mon{z1,...,x,}}.

Now, consider the following diagram of ring homomorphisms:

P1

R( Rq,a[mlw--a'fn] Sl_lBR
|
) w’l Pl
Y
20 _
Q(R) = Q(R)gzlz1, -, 74] : Sy Bo(ry

where v is the injection for the localization of R to the total ring fractions
Q(R), ¢’ the injection determined by the isomorphism of Theorem 3.24
where ¢/ (az") = {z%, and 91, ¥/ injections determined by the localizations
for B and Bg(g) respectively.

As ¢/(S1) € Sy, then ¢y (¢'(S1)) € ¥1(S1v) € (Sy,'Bg(ry) " therefore,

by universal property there exists . If f =" a,z" € Rq[x1,...,2,] and
rx¥ € S; then,

13



¢<r£v> = W(%ZZZCU)
= Y@/ (ra") o (¢ (3 )
= v (Ga) i (3 %)

Also, ¢ is injective by v¢' and 1)y, are injective.

Need the following result for the subsequent theorem:

Proposition 3.26. Let R be a ring and S C R a multiplicative subset. If
Q := SR exists, then any finite set {q1,...,q.} of elements of Q posses a
common denominator, i.e., there exists r1,...,r, € R and s € S such that
¢ ="11<i<n.

Proof. See [13], Lemma 2.1.8. O
Theorem 3.27. Let R be a left Ore domain, then Q(Qgs (R)) = Q(Q>=(Q(R)).

q,0

Proof. With the notation of the proof in the Proposition 3.25 consider the
following diagram of ring homomorphisms

ST Br —2~ Q(ST'B)

|
‘Pi o'
A

- Yy
S5 Bor)y —> Q(Sy' Bow)

where 109, 1o are injections determined by the localizations of S; 'Bp and
S;,lBQ(R) respectively and ¢ the injection of the Proposition 3.25.

By Remark 3.14, S;'Bg and S;lBQ(R) are domain, now, if %,2—; €

S 'Br with % # 0, then p; # 0 and there exist f; # 0 and fo €
Bpg such that fip; = fops. Then, %% = fle = f2—1‘72 = @% # 0,
therefore S| !Bgr is a Ore domain, similarly it has to Sl_,lBQ(R). Thus,

if So = S;'Bg — {0} and Sy = Sl_,lBQ(R) — {0} as p(S2) C Sy, then

14



Yo (p(S2)) C 1o (Sor) C (Q(S;lBQ(R)))*, hence, by universal property
there exists ¢’ injective ring homomorphism.

Note that if f,g € Br and az®, ba® € S, then
f

WE<ﬂ4f:Wf:f
i bx? azrt g ax* ¢

and

i

fo1f (g’)‘l f
g 41 1 1
where f',g € Br by Remark 3.14 with r = 0. Similarly is obtained for
Q(S7' Bo(R)).

H‘Q\‘»—l‘\g

Therefore,

I 40D
V(g9) 1

_ YY)
V'(g)

Now, if f,0 # g € S|, Bg(r), applying Theorem 3.26 must be
LYY A i i o LT I E R I
g > v I %;Uv 1 s s 1

1 a cd -1
U, U v U
<15> ZT@’ = (le >

where ' = Y (r'al)x" y ¢ = Y .(rc,)z?, then ¢ is surjective. Hence
QIQAR) = QQLI(Q(R)).
O
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3.3 Valuations of skew quantum polynomials.

Theorem 3.28. Let R be a left Ore domain and v : Q(Qqs (R))* =T is a
valuation with v(Q(R)*) = 0, then T' is Abelian.
Proof. Q(R) is a division ring and Q(Qgs(R)) = Q(Q%>=%(Q(R))), by Theo-

q,0

rem 1.10. T" is Abelian. O

Corollary 3.29. Let R be a left Ore domain, v : Q(Qgs(R))* — T a
valuation with v(Q(R)*) =0 and QZ’;(Q(R)) generic, then T is Abelian.

Theorem 3.30. Let R be a left Ore domain, a valuation v : Q(Qqs (R))* —
I' with v(Q(R)*) = 0 and Qg’g(Q(R)) generic. The valuation v has maximal
rank if only if I = Z".

Proof. By Theorem 3.27. Q(Qqo(R)) & Q(Q%Z(Q(H))) with Q(R) a di-
vision ring, by Theorem 1.13 the valuation v has maximal rank if only if
I'=z". O

3.4 Valuations of skew PBW extension.

Theorem 3.31. Let A = o(R) (x1,...,x,) be a bijective and quasi-commutative
skew PBW extension of a ring R. If R is a left Ore domain and v : Q(A)* —
I’ a valuation with v(Q(R)*) =0, then ' is Abelian

Proof. By Theorem 3.8 A is an Ore domain then, Q(A) exists and is a
division ring, by Remark 3.14. Q(4) = Q(Qy5(R)) (in particular r = 0)
and by Theorem 3.28 T' is abelian. O

Corollary 3.32. Let A be a bijective skew PBW extension of a ring R. If R
is a left Ore domain and v : Q(Gr(A))* — T a valuation with v(Q(R)*) = 0,
then I' is Abelian.

Proof. By Theorem 3.9 Gr(A) is bijective and quasi-commutative. O
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