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Abstract We use the inflation-restriction sequence and a result of Etingof and Grafia on
the rack cohomology to give a explicit description of 2-cocycles of finite indecomposable
quandles with values in an abelian group. Several applications are given.

1 Introduction and main results

1.1. Quandles are non-associative algebraic structures introduced independently by Joyce [17]
and Matveev [20] in connection with knot theory. They produce powerful invariants similar
to those obtained by coloring [6,22]. Quandles turned out to be useful in different branches
of algebra, topology and geometry since they have connections to several different topics
such as permutation groups [16], quasigroups [24], symmetric spaces [25], Hopf algebras
[2], etc.

Quandles have a very interesting cohomology theory that first appeared in [4] and inde-
pendently in [12]. This theory is somewhat based on the rack cohomology introduced in Fenn
etal. [11]. As in the case of groups, 2nd quandle cohomology groups can be used to produce
new quandles by means of extensions.
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The explicit computation of quandle cohomology groups is an important problem relevant
to different areas of current research. The 2nd quandle cohomology group is particularly
important since it has many applications going from knot theory to Hopf algebras.

In Carter et al. [4], used quandle cohomology classes to produce powerful invariants
of classical links and their higher dimensional analogs. The invariants based on quandle 2-
cocycles improve the effectiveness of the quandle-coloring invariants since, for example, they
distinguish knots from their mirror images. These invariants require an explicit description
of 2-cocycles.

In the Hopf algebra context, quandles and their cohomology parametrize Yetter—Drinfeld
modules. In turn these modules are crucial ingredients in the classification problem of finite-
dimensional Hopf algebras with non-abelian coradical. Indeed, an important step of the lifting
method proposed by Andruskiewitsch and Schneider to solve this classification problem is
the explicit computation of the 2nd cohomology of finite quandles, see [1].

1.2. In this work we give an explicit description of the second cohomology group of a finite
indecomposable quandle. Our presentation is made by means of the characters of a certain
finite group. This reduces the problem of computing 2-cocycles of a quandle to an easy
manipulation involving cosets in a finite group. Our method is based on a result of Etingof
and Grafia [9] which relates the 2nd cohomology of a quandle and the first cohomology of
an infinite group.

1.3. We now review the basics of our construction. Let X be a finite quandle. Recall that the
enveloping group of X is the group

Gyxy=xeX:xy=(x>yx). (1.1)

Assume that X is indecomposable and fix xop € X. Under the identification (xp) >~ Z we
show in Lemma 2.3 that Gx >~ Nx x Z, where Ny is the commutator group [Gx, Gx] of
Gx. The group Gy acts transitively on X in a natural way, hence so does Ny, see Corollary
2.4. We denote by Ny the stabilizer of Nx on x: this is a finite group ¢f. Lemma 2.1.

Fix an abelian group A and let M = Fun(X, A) be the right G x-module of functions
X — Ajie. (f-x)(y) = f(x>y)forx,ye Xand f € M.

We prove that there is a commutative diagram with exact columns

~

H' (2, MYy ————= A

inf L

~

H%(X, A) H'(Gx, M) A x H'(Nx, M)
res T
H'(Ny, M)? === H'(Nx, M) — Hom(Np, A)
0 0
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where the isomorphism
HYX(X,A) ~H'(Gx. M), qr f, (12)

is [9, Corollary 5.4], see also (2.3); inf and res denote the inflation-restriction maps and ¢ and
7 denote the canonical inclusion and projection.

See Lemmas 3.1, 3.4 and Proposition 3.7 for a proof of the isomorphisms and the equality
in the rows of the diagram. The exactness of the first column is a well-known fact ¢f. Lemma
2.9. We show that it splits in Lemma 2.10.

By diagram chasing, we derive an isomorphism

H%(X, A) ~ A x Hom(Np, A).

From this isomorphism we obtain an explicit description of rack and quandle 2-cocycles with
values in any abelian group A, see Theorem 1.1.

We denote by f +— fo the map H 1(Gx, M) - Hom(Ny, A) deduced from the diagram
above.

Our first main result reads as follows, see Sect. 3 for a proof.

Theorem 1.1 Let X be a finite indecomposable quandle, xo € X and A an abelian group
with trivial G x-action. Then

H?(X, A) ~ A x Hom(No, A), ¢~ (gxy.x0» (fg)0)- (1.3)

In particular this shows that the non-constant 2-cocycles on X are controlled by a finite group.

1.4. Our second main result is a precise recipe to reconstruct a cocycle g € H>(X, A) from a

datum (a, g) € A x Hom(Np, A). That is, we give a converse to the map in (1.3) to build all

explicit 2-cocycles of a given quandle. To do this, we need to introduce some extra notation.
First, we fix a good coset decomposition

k

Nx = |_| i No,
i=0
into Np-cosets, i.e. the representatives oy, . . ., 0 are chosen so that:
(1) oo =1,
(2) foreachi € {0, ..., k} thereis j € {0, ..., k} such that xo > 0; = 0};
(3) foreachx € X thereis j € {0, ..., k} such that o > xo = x.

The existence of such a decomposition is given in Proposition 4.1, together with a recursive
method for constructing it.
We defineo : N — {0y, ...,0k}, 0(n) = o; if n € 0; Nyg. We set, cf. (3.4),

c(n) = cr(n)fln € Np.
Giveny € X and j € {0, ..., k} such that o > xo = y we write
Oy = gj.
Our second main result is the following, see sect. 4 for the proof.

Theorem 1.2 Let X be a finite indecomposable quandle, xo € X and A an abelian group
with trivial G x-action. Let Nx = Ufzo 0; No be a good decomposition of Nx into Ny-cosets.
Foreacha € A and g € Hom(Ny, A), the map q: X x X — A given by

Gry = a+ glc(xoyxy ) (1.4)

is a 2-cocycle of X with values in A.
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Combining Theorems 1.1, 1.2 and the isomorphism (1.2), namely

Gy = (00, g€ HX(X, A),

we immediately obtain the following corollary.

Corollary 1.3 Let X be a finite indecomposable quandle, xo € X and A an abelian group
with trivial G x-action. Let Ny = |_]f-(:0 0;i No be a good decomposition of Nx into No-cosets
and let g € H*(X, A). Then there exists a € A and g € Hom(Ny, A) such that (1.4) holds
forallx,y € X.

Corollary 1.3 has many applications and can be used for explicit calculations of rack
cohomology groups of quandles. In particular, if the commutator subgroup Ny acts regularly
on X, then Ny = 1 and hence we obtain the following corollary.

Corollary 1.4 Let X be a finite indecomposable quandle. If the action of Nx on X is regular,
then H*(X,C*) ~ C*.

1.5. The paper is organized as follows. Preliminaries on racks and quandles, cohomology
theory of groups, and cohomology theories of racks and quandles appear in Sect. 2. Our first
main result, Theorem 1.1, is proved in Sect. 3. Theorem 1.2 is proved in Sect. 4. Applications
of our theory are given in Sect. 5. These applications include the calculations of the 2nd rack
cohomology group of: (a) the quandle associated with the conjugacy class of transpositions,
see Theorem 5.5; (b) affine racks of size p and p2, where p is a prime number, see Proposi-
tions 5.8, 5.10, 5.11 and 5.12; and (c) another proof of Eisermann’s formula for computing
the 2nd quandle homology group of a quandle, see Theorem 5.6.

2 Preliminaries
2.1 Notation

For a set X we denote by Sy the group of permutations X — X. If X is finite of cardinal
|X| € N, then we identify S|x| = Sx. For any group G we denote by [G, G] its commutator
subgroup and Gy its abelianization, i.e. Gop = G/[G, G]. In addition, Z(G) is the center
of G and Gg(g) = {h € G : hg = gh} for g € G. We denote by Aut(G) the group of
automorphisms G — G;if y € Aut(G), then ord(y) is the order of y.

Let M be an abelian group equipped with a G-action. We denote by H" (G, M), n > 0,
the nth cohomology group of G with coefficients on M. We denote by Z" (G, M), resp.
B (G, M), the groups of cocycles, resp. cobordisms, of G with values on M. We refer the
reader to [3] for unexplained notation and terminology.

2.2 Racks

A rack is a non-empty set X together with a binary operation > : X x X — X such
that the maps ¢, = x> — : X — X,y — x>y, are bijective for each x € X, and
x> (yrz)=((r>y) > (x>z) forall x,y,z € X. A quandle is a rack that further satisfies
x>x = x for all x € X. A prototypical example of a rack is a group G with > given by
conjugation. A rack is indecomposable if the inner group Inn(X) = (¢, : x € X) < Sy acts
transitively on X.
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The enveloping group Gy cf. (1.1) also acts on X, and this action is readily seen to be
transitive when X is indecomposable. The group Gy is infinite. There is a finite analogue of
this group, which is constructed as follows: For each x, let ny = ord ¢,. Then the subgroup
Zx = (x"*,x € X) < Gy is normal and the quotient Fy = Gx/Zx is finite, see [14, §2].
We write Ny = [Gx, Gx] to denote the commutator subgroup of G x.

Lemma 2.1 [15,Lemma 1.10] Let X be an indecomposable quandle. Then Nx >~ [Fx, Fx].
In particular, N is finite.

The last claim of Lemma 2.1 also follows from the following result and a theorem of
Schur, see for example [23, Theorem 5.32].

Lemma 2.2 Let X be a finite indecomposable quandle. Then all conjugacy classes of Gx
are finite.

Proof Since Gy acts transitively on X and the center Z(G ) is the kernel of this action, it
follows that the index [Gx : Z(G )] is finite. This implies that all conjugacy classes of G x
are finite as

[Gx : Cox ()] = [Gx : Z(Gx)],

where Cg,, (g) denotes the centralizer of g in Gx. ]

We consider the unique surjective group homomorphism
d:Gx > Z 2.1

satisfying d(x) = 1 forall x € X. In particular, this homomorphism shows that G x is infinite
and induces a notion of degree on G x.

Lemma 2.3 Let X be an indecomposable finite quandle and xo € X. Then the following
hold:

(1) Gx =kerd x (xp).
(2) kerd = Ny if X is indecomposable.

Proof Since ker d is a normal subgroup of Gy, ker d(xp) is a subgroup of Gx. Itis clear that
ker dN{xp) = 1 comparing degrees. Finally G x = ker d{xo) since x = (xx 1)xo € ker d(xo)
forall x € X.

It is clear that Ny C kerd. Next we prove the equality when X is indecomposable. Let
£ : Gxy — Z be defined as £(g) = n, if g = xfl' ...xfn”, € € {£l1},i € {1,...,n},is
a a reduced expression of g in terms of the generators of Gy. We show that kerd € Ny
by induction on £(g), g € kerd. If £(g) = 2, then g = xiilel. So we may assume that

g = xix;l (if not, take inverses). Now, as X is indecomposable, there is 1 € Gx such

that /2 - x; = x;. Hence g = hxjh_lx;l € Nyx. Now, if £(g) > 2, then there is a reduced

expression of g (or g~!) in which g = glxixj_lgz, x;,xj € X and g1, g2 € Gx. Now, on
the one hand, 0 = d(g) = d(g1) + d(g2) and thus g1g2 € Nx as £(g1g2) < £(g). On the
other, g = (glx,-xj_lgl_l)(glgz) and therefore g € Ny. ]

Corollary 2.4 The restriction of the action of Gx on X to Ny is transitive.
Proof Letx,y € X andletg € Gy suchthat g-x = yandlet £ = d(g). Theng’ = y ‘g
Nx by Lemma23and g’ -x = y. O
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2.3 Rack cohomology

A cohomology theory for racks was introduced in [10] and independently in [12]. A coho-
mology theory for quandles was developed in [4]. These theories were further developed and
generalized for example in [2, 18].

We briefly recall these cohomology theories next. Let X be a rack and let M be a right
G x-module. Set C" = C"(X, M) = Fun(X", M), n > 0, the set of functions from X" to
M. Consider the differential d : C" — C"*!

n
df G X)) = DD (FOr X X )

i=1
—f X1, XD X B X ey X B X 1) -xi).

The rack cohomology H®(X, M) of X with coefficients in M is the cohomology of the
complex (C*, d) [9, Definition 2.3]. The groups of cocycles resp. cobordisms, are denoted
by Z"(X, M), resp. B"(G, M). When A is an abelian group and no reference to a G x-action
on A is specified, H*(X, A) stands for the cohomology of X with values in the trivial module
M = A.If g is a class in H*(X, A), we set gx,y :=q(x,y). Hence g € H?(X, A) if and
only if

qxvy,x>z9x,72 = qx,y>z9y,7» Vx,y,z€X (2.2)

and two classes ¢, ¢’ € H*(X, A) are equivalent if and only if there exists ¥ : X — A such
that gy, = gxyy (x> Yy forallx,y e X.

The rack homology H,(X, A) with values in an abelian group A is defined analogously, by
considering the free abelian group F, (X) on X", n > 0, and setting C,, (X, A) := F,(X)®A.
If X is a quandle, then the subgroup F,”(X) < F,(X) generated by n-tuples (x1, . . . x,) with
x; = x;41 for some i, defines a subcomplex C” = CP (X, A) of C,. The quandle homology
H.Q(X, A) of X is the homology of the quotient complex c? = (C,,/CnD),,Zo.

In this work we give a description of the group H2(X, A) of 2-cocycles on X with values
in an abelian group A, which allows us to compute cocycles explicitly. We recall next some
identifications between the (co)homology theories described above that will be useful for our
goal.

Lemma 2.5 [5, Proposition 3.4] H2(X, A) ~ Hom(H>(X, Z), A), via
H*(X, A) 3 g = (Ix, Y] = qx,,) € Hom(Ha2(X, Z), A).
The following is a particular case of [19, Theorem 7].
Lemma 2.6 Assume X is an indecomposable quandle. Then
Hy(X,Z) ~ HZ(X,Z) x Z.
Explicitly, if (x, y) € X2, then the isomorphism is induced by the map

(x, ) x0, ifx#y

(x’y)H[Oxl, ifx =y.

Etingof and Graiia found a deep relation between group cohomology and rack cohomology.
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Theorem 2.7 [9, Corollary 5.4] Let X be a finite indecomposable rack and A an abelian
group with a trivial G x-action. Then

H'(Gx,Fun(X, A)) ~ H*(X, A).
This equivalence is given as follows:
(1) If f € H'(G,Fun(X, A)) then a 2-cocycle ¢/ € H*(X, A) arises as
al,=f@®0), xyex

(2) Conversely, q € H2(X, A) determines fq € H'(G, Fun(X, A)) by extending q recur-
sively via

fq(xy)(Z) =(qxyoz Tt qyz X,y,2€X. (2.3)

Remark 2.8 Let G be a (non-abelian) group and fix Z2(X, G) C Fun(X?, G) as the subset
ofall g : X* — G satisfying (2.2). We say that ¢ is equivalent to ¢, and we write ¢ ~ ¢/,
in Z*(X, G) if and only if there is y € Fun(X, G) such that ¢, , = y (x> y)q. v (y) "' If
H*(X, G) := Z*(X, G)/~, then Theorem 2.7 holds, see [9, Remark 5.6].

2.4 Group cohomology

Let G be a group, N <« G a normal subgroup and M a right G-module. Recall c¢f. [3, 3.8]
that there is a right G/ N-action on H' (N, M), induced by

(f-9)m) = flgng™") g, g€GneN,feH (N,M. (2.4)
Indeed, let f € Z'(N, M).If g € N, then
(f-&)n) = f(gn) — f(&) = f(g) -n+ f(n)— f(g)
by the cocycle condition. Hence
(f -9 — fm) =7 n— f(g)
and thus f - g = f € H' (N, M). The inflation-restriction sequence is

0— HY(G/N, M) > H (G, M) > H'(N, M)/
— H*(G/N,M") - H*(G, M) (2.5)

where the inflation map «(h), h € H' (G/N, M"), is the composition
G G/NDE MY < m
and the restriction map r(g), g € H' (G, M), is the composition
N— G5 M.
In the case where G/N =~ Z one obtains the following result, see loc.cit.

Lemma 2.9 Assume that G/N =~ Z. Then

(1) H*(G/N, MN) =0.
(2) HY(G/N, MNYy = MY /(m - g —m), (class of) f +— (class of) f(1).
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In particular, the exact sequence (2.5) reduces to

inf res

0—> HY(G/N,M™) 5 HY (G, M) = HY(N, M)P/N 0. (2.6)

Lemma 2.10 Assume that N is finite and G/N =~ 7. Then (2.6) splits. A retraction for
inf : HY(G/N, MN) — HY(G, M) is given by

. _ |
i HYG, M) — HYG/N, MY),  j(f)@) = m% (f (nxg) - f(n)) .

Proof We need to check that j is well-defined, that is:

(1) If f € Z'(G, M), then j(f)(G/N) € MN.
() If f € Z'(G, M), then j(f) € Z'(G/N, M").
(3) If f € BY(G, M), then j(f) € B (G/N, M™).

Let f € Z'(G, M) and set ¢ := j(f). For (1), using the cocycle condition,
1
0@ 1= > (f (mx) -n = fom) )

|N| meN
1

- WmeN
1
IN| meN

By reordering the sum, ¢(£) - n = ¢(€) foralln € N, £ € Z. Hence (1) holds.
In (2), we get

(f (mxbn) = o0 = ronm) + r)

(f (mxénxazxg) - f(mn)) .

1 r
pl+r) = m%(f(”x£+ ) —f(n))
1 ) )
= WHEN (f (nxé) xg+ f(x0) — f(n))
1
= > (f (nxg) xp = fn) - xp+ f) - xp+ f(xp) —f(n))
= o o S ) 1 36) + £ () - 7o)
nenN

=@) -r+ o).

Thus (2) holds. If f € B'(G, M), then there exists ¢ € M such that f(g) = ¢ - g — .
Hence,

SO =3 (v onxf v v n+y)
|N|n€N

=7 2 (v —v)

and thus j(f)(¢) =y - £ — y for

1 N
Yy = — W~n€M.
|N|n€ZN
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This shows (3). Finally we prove that j oinf = id. For this, recall thatif ¢ € H'(G/N, MN)
and g € G, then inf(p)(g) = ¢(g), where g is the class of g in G/N =~ Z. Then

. RSy N 1 _
G oD@ O = 7 30 (inf (o) () ~ inf@r0) = 200 =90
for all £ € Z. This completes the proof. O

3 Proof of Theorem 1.1

Assume that X is a finite indecomposable rack. We write G = Gx, N = [Gx, Gx]. Let A be
an abelian group with trivial G-action and set M = Fun(X, A). Fixxp € Xand G ~ N x Z
as in Lemma 2.3. It follows from Lemma 2.10 that

0—> HY(G/N, M") L HYG, M) =S HY (N, )N S 0
splits. We first identify the first term of this sequence.
Lemma 3.1 H'(Z, MN) ~ A, via f — f(1)(xg).

Proof Recall from Lemma 2.9(2) that H'(Z, MY) ~ MV /F, where F is the submodule
generated by {¢ - xé’ —9:peZ,ge MV} Since X = N > {xo} by Corollary 2.4 and
n>xg=x € X forsomen € N,

p(x) = p(nr>xp) = (¢ - n)(xp)

for all ¢ € M. Hence, if ¢ € MY, then ¢(x) = ¢(xg), x € X. Consequently, F = {0} and
HYZ, MYy ~ MY . But MN ~ A asany ¢ € M" is determined by its value ¢(xo) € A.
Hence the lemma follows. O

As for the third term, we will show in Proposition 3.7 that
H'(N, M)* ~ Hom(Ny, A). (3.1)
To do so, we first need several lemmas.

Lemma 3.2 The map
Z'(N, M) — Hom(No, A), f+> fo, (3.2)

where fo(ng) = f(no)(xg) for ng € Ny, is well-defined and factors to a map HY (N, M) —>
Hom(Ny, A).

Proof We first prove that fj is indeed a group homomorphism:

fo(nong) = f(nong)(xo) = (f(no) - ng)(xo) + f(ng)(xo)
= f(no)(ng > xo) + f(ngy)(xo)
= f(no)(x0) + f(ng)(x0) = fo(no) + fo(ngy), no, ny € No.

We now show that the map factors to a map H'(N, M) — Hom(Ny, A). Let f €
B (N, M), thatis f(n) = ¢ - n — ¢ for some ¢ € M. Then

fo(no) = f(no)(x0) = (¢ - no)(x0) — ¢(xo)
= p(no > xp) — ¢(xo) = ¢(xo) — @(xo) = 0.

This completes the proof. O
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Lemma 3.3 The map H' (N, M) — Hom(No, A), f — fo, is an injective group homo-
morphism.

Proof 1tis clear that f +— fy is a group homomorphism.
Let f € H'(N, M) be such that fy = 0. That is, f (1) (xg) = O for every ng € No. We
claim that there is ¢ € M such that f(m) = (¢ - m) — ¢ and thus f = 0in H'(N, M). Set

@(x) := f(n)(xo) if x =nw xg.

1

Let us check that this is well-defined: if x = n > xg = n’ > xg, then n~'n’ € Ny. Since

(1) =0, one obtains that f(n~') = — f(n) - n~. Then
0= fon™'n"y = f(r~"n")(x0)
= _f(l’l)(i’liln/ > Xxg) + f(n/)(xo) = —f(n)(xo) + f(n/)(xo),

and thus ¢(x) does not depend on n € N such that x = n > xo. Finally for each m € N and
everyx =nwxg € X withn € N,

(p-m—p)(x) =@pm>x)— @) =@pm>nwxy) — e xp)
= f(mn)(xo) — f(n)(x0) = (f(m) -n)(xo) + f(n)(x0) — f(n)(xo0)
= fm)(n>xp) = f(m)(x),

and therefore f = 0. O
Recall the definition of the Z-action on H'(N, M) from (2.4).
Lemma 3.4 Assume X is a quandle. Then H! (N, M) = H! (N, M)Z.
Proof Let f € H'(N, M) andset g = f — f - xo. If np € Ny, then
go(no) = f(no)(xo0) — f(xonoxo_l)(xo >xp) = 0.

Thus gg = 0 and hence f = f - xo forall f € H'(N, M) by Lemma 3.3, since the group
homomorphism g +— go is injective. O

In order to show the surjectivity of the map f + fp from Lemma 3.3, we need to fix a
decomposition of N into Ng-cosets

k
N = I_IoiNo,
i=0

where 0; € N is a representative, g No = No. We define
o:N —{og,...,or}, on)=o0; ifneo;Ny. 3.3)
Forn € N we consider c(n) € Ny defined by

n=o(n)cn). 3.4)

Remark 3.5 For all n € N and ng € Ny it follows that c(nng) = c(n)ng. Indeed, nng =
o(n)c(n)ng = o(nng)c(nnp) and thus the claim holds since each m € N decomposes
uniquely as m = o (m)c(m).

Lemma 3.6 The map H' (N, M) — Hom(Ny, A), f +— fo, is surjective.
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Proof Let g: No — A be a group homomorphism; we shall construct an f € Z'(N, M)
such that fo = g. We claim that the map f : N - M, n — f(n), given by

f)(x) = gle(nm)) — g(c(m)) = glc(rm)c(m)™), (3.5

where m € N is such that x = m > xq, is well-defined. Indeed, if m’ € N also satisfies
x = m' > xg, then m™'m’ € Ny and thus o (m) Lo (m’) € Ny. That is o(m) = o (m’)
and thus o (nm) = o(nm’) for every n € N since (nm) 'nm € Ny. As g is a group
homomorphism,

g(c(nm)c(m)™") = g(c(nm’)e(m')™") = g(c(um)c(m) ™ c(m"yc(nm")™h).
Now, c(nm)c(m) ™ e(m’)e(nm’)~! is, by definition,
(o (nm) " 'nm)(m ™ o (m)) (o (M) " 'my(m' ~'n~ o (nm')) = 1.

Hence g(c(nm)c(m)~™") — g(c(nm’)e(m’)~") = g(1) = 0 and thus f does not depend on
the choice of m.

Now we show that f € Zl(N, M). Letx € X,n,n’ € N and m € N be such that
x = m > xo. On the one hand, we have

f(nn')(x) = g(c(nn'm)) — g(c(m)).
On the other,
(f(n)-n)(x) + f()(x) = fF)(n' > x) + f(n')(x)
= g(c(nn'm)) — g(c(n'm)) + g(c(n'm)) — g(c(m))
= f(nn)(x).

Finally we see that g = fy, that is fo(n) = g(n) for n € Ny. Now, if n € Np, then
c(n) = c(1-n) =c(l)n cf. Remark 3.5. Also, as as xg = 1 > xq,

fon) = f(n)(x0) = gle(n - De()™h) = gle(l - n)) — gle(1)
= g(c(Dn) — g(c(1)) = g(c(1)) + g(n) — g(c(1)) = gn)

and the lemma follows. m]
Now we proceed to show (3.1).

Proposition 3.7 The map Z'(N, M) — Hom(Ng, A) given by f = fo, where fo(ng) =
f(no)(xp) for ng € Ny, induces a group isomorphism

HY(N, M)~ — Hom(Ny, A).

Proof Lemma 3.4 implies that HY(N, M)? ~ H'(N, M) and Lemmas 3.3 and 3.6 yield
Hl(N, M) ~ Hom(Ny, A), as desired. O

This allows us to complete the proof of Theorem 1.1.

Proof of Theorem 1.1 Using the cocycle condition, we get

HOO = 0 3 (o0 xg+ £ () = £o)

neN

= 7 (xf) + |N|Z(f() X6 = 1)
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Hence, as X is a quandle, for each ¢ € Z,

J (B (x0) = f(x0)(x0)- (3.6)

Since H'(G/N, MV) ~ A by Lemma 3.1 and by Proposition 3.7 there exists an iso-
morphism ¢ : H'(N, M)Z ~ Hom(Np, A), we write the inflation-restriction sequence (2.6)
as

inf

0— A =% HY(G, M) =% Hom(No, A) — 0, (3.7)

where reso(f) = res(f)o for all f € H'(G, M) and infy is the composition A =~ MN ~
H! (G/N, MN). We set fo = reso(f) by abuse of notation, i.e.

fo(no) = f(no)(x0), no € No. (3.8)
A retraction for infy is given by the composition
ol Il Ny ~
Jo: H(G,M) > H (G/N,M") >~ A,

using Lemmas 2.10 and 3.1, that is

Jo(f) = j(H D (x0) = f(x0)(x0), (3.9)

cf (3.6). Hence H' (G, M) ~ A x Hom(Ny, A) via
[ = (f (x0)(x0), fo)- (3.10)
This completes the proof. o

4 Proof of Theorem 1.2

In this section we show the Reconstruction Theorem 1.2. We fix x¢g € X and write Ng < Ny
for the stabilizer of xp in Nx. By Lemma 2.1, Ny is a finite group.

The key for the proof of Theorem 1.2 lays in the existence of a particular class of decom-
positions

k
Nx = |_|U;N0
i=0

of Ny into Ny-cosets, which are good in our context.

Proposition 4.1 Let X be afinite indecomposable quandle. Then there exists a decomposition
Nx = Ui‘(:() 0; No of Nx into No-cosets such that the following hold:

(1) o9 = 1.
(2) Foreachi €{0,...,k}thereis j € {0, ..., k} such that xo > 0; = 0.
(3) Foreachx € X thereis j € {0, ..., k} such that oj > xo = x.

Proof Fix a decomposition into cosets Ny = |_|sz 0; Ng. Recall from (3.3) and (3.4) the
definition of the corresponding assignments

o:N—{og,...,0r} and c:N — Nj.
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Since op = 1, (1) holds. Condition (3) also holds trivially: If x € X, there isn € Ny is
such n > xo = x by Corollary 2.4. Now, there is j € {0, ..., k} such that n € o Np, that is
n = o;jng for some ng € Ng. Then x = nv>x9 = o > (ng > x9) = 0; > Xxg.

For Condition (2), set S = {01, ..., or}. We define

l‘j:lj(S) ;= min{r > 1 :x(’)|>0j:aj}

forall j € {1,...,k}. Observe that 1 < ¢;(S) < ord ¢y, cf. §2.2. Fori € {1,...,k} and
1 €{0,...,1;(S) — 1} we define 7;;, = x>0, and let

T={tj;:1<j<k 1=<t<t;(9}

Itis clear that S € T, as 0 = 7; o by definition, and that if § = 7', then we are done. Notice
that this is not a multi-set: we may have 7;; = t », for different (j, 1), (j’, t'). On the other
hand, if r # ¢, then Tjr # Tjv forevery j, sincet < ¢;(S). In other words, there are r < k,
=iy <ip<---<irands; <t 1 < j < r such that

T={t,,:1<j=<r 1=<t<sj}

and 7, ; # Tijt! if j#j ort #¢ . Wereordertheset Ssoi; = j,j=1,...,r.IfS #T,
then we proceed inductively: we order T by:

Tis <Tjgé&i<jori=jands <t.

Let t = min{z;, : 7;, ¢ S} and let £ be such that o (7) = 0y, i.e. 7;, = x(’) >0o; € ogN and
Tj, # o¢. Observe thatif T = 7;,, then £ # j. Set So = § and Ty = T. We make a new
choice of representatives replacing the original set Sy by

S1 =S\ {oeh U{t}={o1,...,00-1,T,0041,...,0k}.

Define #;(S1) and (77, <) accordingly. We claim that 7;(S1) < #;(So) for all j. Indeed,
equality holds if j # £ and it readily follows that

te(S1) = 1(So) — 1 < 1¢(So).

In particular, it follows that | S| = |S1| < |T1| < |To]. (This also follows as when constructing
T\ we are removing all the 7y ;.) If T = §j, then we are done. Otherwise, we repeat this
procedure until we end up with S, = T}, for some p > 1. Then S, becomes the set of
representatives we searched for. O

We say that a decomposition of Ny into Ny-cosets satisfying the conditions in Proposi-
tion 4.1 is good.
If Ny = |_|sz 0; Np is a good decomposition, then for each y € X we set

oy = 0j. 4.1
for j € {0, ..., k} such thato; > xp = y.
Lemmad4.2 If Ny = Uf:o 0i Ny is good, then

c(xo>n) =c(n).

Proof Indeed, xo > n = xoa(n)xo_lc(n), as c(n) € Ny and xga(n)xo_l = o0, for some
ie{0,... k}. o

Recall the definition of the group homomorphism d : Gx — Z from (2.1).
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Lemma 4.3 Foreachu € Gx and y € X,
—d@) —dw\ !
Ousy = UOyXy C (uayxo ) .
In particular ifn € N, then 0,y = 0 (nay).
Proof Since
Ousy > X0 = Uty =uv (oy>xp) = (uoy) > xp = (uayxo_d(”)) > X0

d(

and uoyx, W g N, it follows that 0,y = o(uoyx(;d(")). Then

—d(u) _ —d(u)
uoyXx = OyupyC (UOY X ,

and the first claim follows. If n € N, then d(n) = 0 and therefore it follows that 0, =
noyc (nay)_] =0 (nay) of (3.4). 0

We can now proceed to prove Theorem 1.2.

Proof of Theorem 1.2 We need to define an inverse to the map (3.10). Fix a € A, g €
Hom(Nyp, A) andset f : G — M as

FaG) = daya+g (¢ (uoyx; "))

for each u € G. We show that f € Z'(G, M) and f > (a, g) via (3.10).
On the one hand, as 0, = 09 = 1,

fxo)(xo) =a+g (c (xoxo_]» =a.
On the other, if ng € Ny, then d(ng) = 0 and thus
Jo(no) = f(no)(xo) = g(c(nog)) = g(no).
Now we check the cocycle condition. First,
FuuYy) =dwu'ya + g (c (uu/ayxo_d(u“/))) .
Second,
(f@ -u )+ f) () = fFa@)@ > y) + fu) ()
=du)a+g (c (uau/Dyxad(L‘))) +dwa+g (c (u’oyxad("/)))
= fuu')(y),
since A is abelian, d and g are a group homomorphisms and

-1
—_ —_ 4 —_ 4
c (uguzby Xo d(“)) c ( / o d(uu )) c ( / Vo d(u ))

by Lemma 4.3. Hence f € Z'(G, M). |
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5 Applications

Our method for computing the 2nd cohomology group of an indecomposable quandle X
involves the group Ny, see Sect. 1.3. In several important cases, this group can be obtained
applying the following lemma.

Lemma 5.1 Let X be a finite indecomposable quandle and xo € X. Assume that the canon-
ical map X — Gy is injective. Then

No = [Fx, Fx] N Cry (¥ (x0)),

where ¥ : X — Gx — Fy is the composition of the canonical maps and C gy, (W (x0)) is the
centralizer of ¥ (xg) in Fy.

Proof Since X — Gy 1is injective and X is indecomposable, X can be identified with the
conjugacy class of xg in Gx. By [15, Lemma 1.8], X can also be identified with the conjugacy
class of ¥ (xg) in Fy. From Lemma 2.1 one obtains that Ny = [Gx, Gx] >~ [Fx, Fx] and
thus the claim follows.

Remark 5.2 1f X is aconjugation quandle, then the canonical map X — Gy isinjective. Thus
Lemma 5.1 gives a nice description of Ny in the case of finite indecomposable conjugation
quandles.

Example 5.3 The claim of Lemma 5.1 does not hold for arbitrary quandles. Let X be the
quandle {x1, x2, x3, x4} with the structure given by

Ox = (X2X3X4), @x, = (X1X4X3), @Qr3 = (X1X2X4), @, = (X1X3X2).

This quandle is isomorphic to the conjugacy class of 3-cycles in A4. Let f: X x X — C*
be the map given by

1 ifx=xjory=xjorx =y,

—1  otherwise.

f(x,y)z[

Then f is a 2-cocycle of X with values in {—1, 1} =~ Z, see [2, Example 2.2]. Let Y =
X x {—1, 1} be the quandle given by

D), ) =Gy, jf(x,y), x,yeX, i,je{-11}L
Then the canonical map ¥ — Gy is not injective. Indeed,
(x2, D(x3, —=1) = (x1, D(x2, 1) = (x3, D(x1, D) = (x2, D(x3, 1)

implies that (x3, —1) = (x3, 1) in Gy.

Fix yo € Y. A straighforward calculation shows that Fy =~ SL(2,3) and [Fy, Fy] N
Cr, (Y (y0)) = Z». However, since [Fy, Fy] and Y both have eight elements, Ny is the
trivial group.

5.1 Transpositions in S,

Let X = (12)5 be the quandle of transpositions in the symmetric group S,. For n > 4 a
non-constant 2-cocycle x € H>(X, C*) was constructed in [21]. This cocycle is given by

o) [1 if o (i) < o (j), 5

-1 otherwise,

where T = (ij), 1 <i < j <n.
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Lemma 5.4 Let X = (12)5, n > 4, and fix xo = (12) € X.

(1) Fx >~ S,. Hence Nx ~ A,,.
(2) No >~ Zy x Ay_y. In particular, No/[No, No] =~ Z5.

Proof Recall that S, = (o1, ..., 0,—1) with relations

0i0i4+10; = 0i4+10i0i+1, | <i<n-—1,
oxoj =ojor, 1=<j k<n,|j—kl>1,

of=1 1<i=<n.
Set¢: X — S, the canonical inclusion let ¢ : (X) — S, the unique group homomorphism
with ¢ x = t. This is in fact an epimorphism. Observe that (p(xz) = L(x)2 = 1and

@(xy) = (()U(y) = ) 1) = t(x e Y)ix) = (x> y)x).

Thus, ¢ factors through ¢ : Fxy — S,. Now, set S be the free group on sy, ..., s,—1 and
let ' : § — Fyx be the group epihomomorphism given by s; — (i i + 1). Now v factors
through ¢ : S, — Fx and it is clear that ¢ and i are inverses to each other.

Let us prove the second claim. By the first part, we identify N with A,,. Consider A,,_> <
A, as those permutations fixing 1 and 2 and set t = (12)(34). Then tot~! € A,_, for all
o € Ay—p. Clearly (t) x A,_>» < Np.

Since A, is generated by {(34¢) | | <€ < n, £ # 3,4}, the group N is generated by the
subgroups A, _» and A4 =~ ((134), (234)). Notice that ((134), (234)) N Ny =~ (t). We have
[{t) x Ap—2| = (n —2)! and

(c(12)67 ! 10 € Ay} = (12)%.
Thus |No| = |N|/|(12)S"| = (n — 2)! and hence Ny = () x A, _».
Finally, since the commutator subgroup of some group A x B is the group generated by

[A, A]JU[A, B]U[B, B] and Ny = (t) x A,_7, it follows that [Ny, Ng] >~ A, _»> and hence
No/[No, Nol = Zy. o

Theorem 5.5 Letn > 4 and X = (12)5* be the conjugacy class of transpositions. Then
H2(X,C*) >~ C* x (x).

Proof Set xo = (12) € S,. Since No >~ Zp x A,_5 and No/[No, No] =~ Z, by Lemma 5.4,
it follows that Hom(Ny, C*) =~ Z;. Applying the isomorphism (1.3) of Theorem 1.1 to the
2-cocycle x givenin (5.1),

x = (=1, (o),

where (fy)o: No — C*, ng — [y (no)(xo), no € No. Now the claim follows since (fy)o
generates Hom (N, C*). Indeed, f, # 1 since

(f)o((12)(34) = f,((12)(34))(12) 2 5((12). G4 > (12)x((34). (12)
= x((12), (12)) x ((34), (12)) = — 1.

This completes the proof. O
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5.2 Eisermann formula

We give a new proof of a formula of Eisermann as a consequence of our results.

Theorem 5.6 [8, Theorem 1.12] Let X be a finite indecomposable quandle and xo € X.
Then

HZ(X.7) = (IGx. Gx1N Cay (x0)) , 2 (No)ab.

where Ny is the stabilizer of a given xo € X of the action of [Gx, Gx] on X.

Proof The claim follows by “chasing” the chain of equivalences
A x Hom(Ny, A) ~ H*(X, A) ~ Hom(H»(X, Z), A)

given by the application of Theorem 1.2 and Lemma 2.5. More explicitly, if (a, g) € A x
Hom(Ny, A), then it defines ¢ € H%(X, A) via (1.4), which in turn defines a morphism
H>(X,Z) — A by Lemma 2.5:

[x,y]=> gxy=a+g (c (xayx(;l)) €A,

¢f. Theorem 1.2. Now, H>(X,Z) ~ HZQ(X, 7) x Z by Lemma 2.6 and so this assignment
becomes a map in Hom(HzQ(X, 7) X 7, A):

([x,y],0) —> ta+g (c (xoyxo_l)) .

Thus we see that the restriction of this map to HZQ (X,Z) x {0} gives an equivalence
Hom(HZQ (X,7Z), A) ~ Hom(Ny, A) >~ (Np)ap for any abelian group A. Hence we derive
Eisermann’s formula HZQ (X,Z) >~ (Ng)ap- ]

If we combine this fact with Lemma 2.6, we obtain the following.

Corollary 5.7 Let X be a finite indecomposable quandle, xo € X. Then Hy(X,7) =~
(N0)ab X Z.

5.3 Affine quandles

Let L be an abelian group and y € Aut(L). The affine (or Alexander) quandle Aff(L, y) is
the set L together with the action
xey=y(y) +x—ykx), x,yeL.

In [7] Clauwens described the enveloping group of an affine quandle; we review his
construction next. Set

Ty:L®zL—>L®zL, (x,y)— (x,y)—(,rX),
S(L,y):=cokert, =L ®z L/{(x,y) — (y,y(x))).

We write [x, y] € S(L, y) for the class of anelementx ® y € L ®z L. Set X = Aff(L, y);
then Gy is the set L x Z x S(L, y) with multiplication

(5.2)

x,m, [p,qD) .n [r.sD) = (x+y" ). m+np+r+x.qg+s+y"(]),
form,n €Z,x,y € L,[p,ql,[r,s] € S(L,y).
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The rack X identifies with the subset L x {1} x 0 with the rack action given by conjugation:

x, L0y, L) =x+ym»,2,[x,yWMD =& +y»),2, [x>y, y@)]
=@+yQ)—y@+yx),2, x>y, yx)]
=ur>y,1,0)(x,1,0)

since [x >y, y ()] = [y (), y O]+ [x, y()] = [y (x), y()] =[x, y ()], as [x, y (x)] =
[y (x), y(x)]. We fix xo = (0, 1, 0); then

Nx =L x {0} x S(L,y), No={0} x {0} x S(L, y). (5.3)
Let {xo, x1, ..., x,} be an enumeration of the elements of L. In particular,
Nx = I_l 0;No >~ L x coker 1,,, 0; = (x;,0,0), 5.4
i€{0,...,n}

is a good decomposition of N into Ny-cosets, cf. Proposition 4.1. Indeed,

(1) o9 = (0, 0, 0) coincides with the unit element in G x;

(2) fix j € {0,...,n} and let k € {0, ..., n} be such that x; = y(x;). Then xo > 0; =
0, 1,0)(xj,0,0)(0, —1,0) = (y(x;),0,0) = o; and

(3) ifi €{0,...,n}and x; = (1 — y)~'(x;), then o} > x9 = x;.

Recall from (4.1) the definition of the elements oy, y € X, and from (3.4) the map ¢: Nx —
No. We see from Item (3) above that in this case

oy=(1=7""().0,0), yeX.
As a direct consequence of Theorem 1.2, we obtain the following.

Proposition 5.8 Let L be an abelian group, y € Aut(L) and X = Aff(L, y) be the corre-
sponding affine quandle and set I' = S(L, y) as in (5.2). Fix xo = 0 € X and let A be an
abelian group with trivial G x-action. Consider a decomposition of Nx into Ny-cosets as in
(5.4). For eacha € A and g € Hom(T', A), the map q: X x X — A given by

ro=a+ > g(xr o) (5.5)

0<j<ord(y)
is a 2-cocycle of X and any g € H*(X, A) arises in this way.
Proof By Theorem 1.2 and Corollary 1.3, any 2-cocycle is of the form
Gr.y = a + g(c(xayxy ).
for some a € A and g € Hom(I'", A). Using the identifications above, we have
xoyxy ! = (x, 1,0)((1 = )7 (),0,0)(0, —1,0)

=@ +yd=»~ 0.0 b yd =~ 0D

= 0(0,0, [x, y (1 =)' (D) € oxNo
fork € {0,...,n}suchthatx + y(1 — y)_] (y) = xi. Hence

yd=y)'Mm=0-y"'M-y= D ¥

O<j<ord(y)

and the result follows. O
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If L =T, is the finite field of ¢ elements and y is the multiplication by some 1 # w € FS,
we write Aff(q, w) = Aff(L, y).

Lemma 5.9 Let p be a prime number and 1 # w € F%, set X = Aff(p, w). Then Gx ~
L x 7, Nx >~ L and Ny is trivial.

Proof Indeed, S(L, y)is a quotient of Z,, >~ Z, ®z Z, and we have that 0 # (1 —0) ® 1 €
Im(z,), hence S(L, y) = 0 and the lemma follows. ]

We recover the following result from [13, Lemma 5.1].
Proposition 5.10 H?(Aff(p, w), C*) ~ C*.
Proof 1t follows from Theorem 1.1, using Lemma 5.9. O
5.4 Indecomposable quandles of size p>

Let p be a prime number and let X be an indecomposable quandle of size p*. By [13], X is
one of the following affine quandles (L, y) in the following list:

L=Zp®ZLp, Yap(x,y)=(ax,By), o peZ\{l}k (5.6)
L=Z,®Zp, volx,y)=(xx,ay+x), a EZ;\{I}; 5.7
L= IE‘pz, Yo(X) =ax, «ac€ IE‘Pz\]Fp; (5.8)
L=sz, Ya(X) =ax, a#0,1(p). 5.9

We identify F 2 F, @ F, as abelian groups for notational reasons. For a = (g, 1) € ]F%
we set

dy =1 —ag+a)(l—ag—ar) (1 —af +ai). (5.10)
Assume o € F2\F ), so a1 # 0. If dy = 0, then orp # 1 and we set
to = (00— +af) 1 —ap)™", sy :=(1—apa; . (5.11)

Proposition 5.11 The 2nd homology groups of the indecomposable quandles of order p*
are as follows:

ZXZLp, fap=1,
Hy (Zp ® Zp, Yap). Z) = [Z ’ fap #1
Zx Ly, ife’=1,
Hy (Zp ® Lp, Ya), L) = [Z ' ifa? £ 1
7. X7 s ifd, =07

H; ((Fp2,]/a),Z) = ' f :
z. ifdy #0.

Hy (Zp2. Va). Z) ~ L.
Proof By Corollary (5.7),if X = (L,y)and 7, : L ®z L — L ®z L as in (5.2), then

Hy(X,Z) = (No)apb X Z = coker 1, X Z
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We compute coker 7, case by case. We will use the identifications

(Zp ®Zp) @z (Zp ®ZLp) ~ L. (a.b)® (c.d) > (ac,ad, be, bd)
Fpo®zF,. ~F) ®p,Fr~F. (a.b)® (c.d) > (ac,ad,bc,bd)  (5.12)
sz X7 Zpg ~ sz, a®br ab.

Case (5.6): We have that 7, g := Tyop is
Ta,8((a,b) ® (c,d)) = (a,b) ® (c,d) — (c,d) ® (xa, B D).
With the identifications above this yields
Twp Ly —> Ly, (6,y,2,w) > (I—a)x,y =Bz, z—ay, (1 - B w).

Next, we compute the image I, g of this map: For (a, b, ¢, d) € Z?? to be in this subgroup,
weneed x = a(l —a)~', w =d( — p)~! (recall , B # 1) and y, z to be a solution of
y —Bz=>b, —ay+ z = c. This system has always a solution if ¢ # 1. If a8 = 1, then

lyp = 1{(a,b, —ab,d)|a,b,d € Z,} = 73, hence

0, ifaf 1,
coker 7, = .

Zp, ifap =1.
In case (5.7), we have 74 := Ty, : Z‘; — Z‘I‘, is given by

xy,zw e (—ax,y—az+x,z—ay, (I —aw—y).

For (a, b, ¢, d) to be in the image I, of 7o, we need x = a(1 — a)~! (recall @ # 1) and
(v, z, w) to be a solution of

y—az=>b—a(l —01)71, —ay+z=c¢, —y+({(—-—ao)w=d.
This system has always a solution if o # 1. If «® = 1, then
Iy ={(a,b,ab—a(l —a)a,d)|a,b,d € Z,} ~ ZZ, hence
[0, ifa? #1,

coker T,

Zp, ifa’?=1.

In case (5.8), if @ = (g, @) € ]Ff,\IE‘,, (hence o # 0), then the map 7, € End(F‘l‘,) is

represented by the matrix
-9 0 —a; O
_ —a; 1 —ap O
[ta] - 0 - 1 —a ’
0 —a; 0 I—-oa

with det[7y] = dq, see (5.10). Let I, denote the image of this map. Now, the rank of this

0 —a; O
matrix is >3, as det( I —ap O ) = —oc% # 0. Hence,
—ag | —ag
0, if det[zy] # O,
coker 1, = )
Zp, if det[ty] = 0.
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If det[t4] = 0, i.e. dy = 0, then we set #,, s¢ € F), as in (5.11) and thus
I, ={(a,b,c, —toy(a+b) —sy0)la,b,c € Ly}~ Zi.

Incase (5.9), 1ty : Z,2» — sz is x — (1 — a)x; hence coker 7, = 0. ]

p
5.5 Explicit cocycles
Next we apply Proposition 5.8 to compute all non-constant 2-cocycles for the affine quandles

X described in (5.6)—(5.9). More precisely, we focus on those affine quandles in that list
admitting a non-constant 2-cocyle, as stated in Proposition 5.11:

L=27,®Z, valx.y)=(ax,a"'y), aecZi\(l} (5.13)
L=2Z,®Zp, yx,y)=(=x,x—y); (5.14)
L=Fp, yux)=0ax, aeIsz\IFp,da:Q (5.15)

Recall our identification sz ~ F%,x > (x0,x1),and ty, S¢ € Zp from (5.11). Forx,y € L
and j € N we set, for X is as in (5.13),

i, y) = alxay + o' xiy;
for X is asin (5.14),
£ y) = ( +2(=D)xiyr + (=7 (2 = x2y1);
and, for X is as in (5.15),
v, y) = x1@/ 1+t (x0(@! V)0 + 0@ 1)1) + 0 11 o
Next, we define themap (, ) : L x L — Z as

(x,y) = Z gj(x,y), x,y€elL.

O<j<ord(y)

Notice that ord(y) = p — 1, 2p (or 2 if p = 2) or p> — 1 according to whether X is as in
(5.13), (5.14) or (5.15), respectively.

Proposition 5.12 Ler X = (L, y) be an indecomposable affine rack of order p>. If q €
HZ(X, k*) is non-constant, then X belongs to the list (5.13)—(5.15) and there are) < £ < p
and A € k* such that

2mil
gx,y = hexp (—(x, y)) , x,y€X. (5.16)
’ p

Proof Fix xo = 0 € L and a good decomposition N >~ L x coker 1, of Nx into Ny-cosets,
see (5.4). In this case, No = x¢ x coker 1, > Z,, by Proposition 5.11. More precisely, if
we denote by ¢ : Ng — Z,, this isomorphism, then it follows from the proof of Proposition
5.11 that, for t,, s, asin (5.11):

bc+aad € Zp, X as (5.13);
¢ ([(a, b), (c,d)]) = { bc + ad — 2ac € Z,,, X as (5.14); (5.17)
bd +ty(ac + ad) + sy bec € Z,,, X as (5.15).
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On the other hand, if g € Hom(Ny, k*), then there is 0 < ¢ < p such that g is the morphism

ge given by 1 — exp (27;%{) By Proposition 5.8, any ¢ € H>(X, k*) is thus of the form

2mil .
qx,y =2 H eXp (%‘p(['xﬂ J/]()’)])) , X,y € Xa

O<j<ord(y)

for some A € k*, £ € Z. Hence the result follows as ¢;(x, y) € Z is a representative of
o([x, ¥/ (y)]), foreach x, y € X, via (5.17). O
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