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Comment on “General Non-Markovian Dynamics
of Open Quantum Systems”

The existence of a “non-Markovian dissipationless”
regime, characterized by long lived oscillations, was
reported in Ref. [1] for a class of quantum open systems.
Itis claimed this could happen in the strong coupling regime,
asurprising result that has attracted some attention. We show
that this regime exists if and only if the total Hamiltonian is
unbounded from below. This fact was not mentioned in
Ref. [1], and casts serious doubts on the usefulness of this
result. Having no ground state and no thermal state,
unbounded Hamiltonians are thermodynamically unstable
since they act as infinite sources of energy when weakly
coupled to any other system.

The calculation in Ref. [1] is correct but overlooks this
instability, whose existence can be easily shown. An
oscillator Hg = Qa'a couples to an environment Hy =
Zka)kbzbk through H; = Zkﬂk(abz +a'by). The total
Hamiltonian H; = Hg+ Hg + H; commutes with the
number operator N = a’a + Zkb,tbk. Thus, an eigenstate
in the single excitation sector can be written |¢) = C'|0,0),
obtained by applying the creation operator C* = c,a’ +
S cibp to the vacuum |0, 0). The equation Hry|p) = E|¢p)
implies Ec; = Qc, + > Awcx and Ecy = wey + Agey [2].
Thus E satisfies E=Q+ > ,47/(E —w;), which for
E = —|wy| <0 becomes Q + |wp| = Y147/ (|| + ).
This has solutions if and only if Q4 6Q <0 with
6Q = -, A2/w,. Thus, in this regime the total
Hamiltonian acquires a negative eigenvalue FE < 0.
Moreover, as [Hy,C'| = EC', the states |¢,) «
(C™)™|0,0) satisfy Hrp|g,) = —n|wg||¢,). As its eigenval-
ues extend to —oo, H is unbounded from below if and only
if Q+0Q < 0.

We now follow the argument presented in Ref. [1] to
show that the dissipationless regime at strong coupling is
precisely the regime when Q4 6Q < 0, and the total
Hamiltonian is unbounded. The density matrix of the
system satisfies [1,3] p = —i[Q(r)a"a.p] +y(1)[1 + (1))
(2apa’ —a'ap — pa’a) +y(t)i(t)(2a’pa — aa’p — paa’®).
Coefficients depend on the Green’s function that
satisfies (1) + iQu(r) + [ dsn(t — s)u(s) = 0, where the
dissipation kernel is #n(s) = [® dwJ(w)exp|—iws], and
the spectral density is J(w) =Y, A78(w — w;). The
frequency and damping rate satisfy iQ(r) 4+ y(1) =
—i(t)/u(r) while y()a(r) =LE(r) + y(1)&(r), where
E(r) = Jodr [§ dsu()i(s — 7)u(s)* and  D(s) =
J&° dwJ(w) expliws)/[exp(w/kgT) — 1] (T is the tempera-
ture of the environment). A dissipationless regime exists
when u(t) — rexp[—iwgt] at long times. In this case
Q(t) - wy and y(t) = y(0)a(r) — 0: the system evolves
unitarily with Hamiltonian Hg = wya’a. For u(t) to behave
in this way, its Laplace transform must have a purely
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FIG. 1 (color online). Damping rate and renormalized
frequency for the dissipationless sub-Ohmic model shown in
Fig. 2 of Ref. [1].

imaginary pole, i.e., @y — Q + ifj(—iwy) = 0, where the
Laplace transform of 5(¢) is 7j(s). The imaginary part of this
equation is J(wy) = 0. For spectral densities of any type
(Ohmic, sub-Ohmic, etc.) satisfying J(w) > O forallw > 0,
this condition is satisfied for my < 0 [1]. With @y = —|wy|
the real part gives Q+ |wg| = [5° dwJ(w)/ (@ + |wy|),
which has solutions if and only if Q + 0Q < 0, with 6Q =
— [ doJ(w)/w, ie., the condition under which Hy

becomes unbounded. Figure 1 shows y(r) and Q(r) for
the same parameters as in Fig. 2 of Ref. [1] [where Q(r) is

not shown]. We see f)(t) approaches a negative value,
making the renormalized Hamiltonian unbounded, while
y(¢) vanishes.

Thus, the dissipationless regime of Ref. [1] for strong
coupling exists if and only if the total Hamiltonian is
unbounded from below, and therefore thermodynamically
unstable. This raises serious doubts regarding the physical
relevance of the Hamiltonian of Ref. [1] at strong coupling,
since any residual counterrotating terms (however small)
will cause the system to tend towards a state with infinite
negative energy. An analogous (but more severe) instability
is known for the famous model where the system
Hamiltonian is Hg = p*/2m + kx>/2, the environment
is Hg =Y (p?/2m; + mwiqi/2), and the interaction

is H;=)  Mxq;. Then, the total Hamiltonian is
Hy = Hg + > [pi/2mi + (moiqy + Ax)*/2myop].
Here, Hy = p?/2m + kgx?/2 with kg = k + 6k and 6k =
—S" At/ mw? [4]. Thus, when kg < 0, Hy is unbounded.
In this case the model is not only thermodynamically
unstable but also dynamically unstable.
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