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The redistribution of alpha particles due to internal kink modes is studied. The exact particle
trajectories in the total fields, equilibrium plus perturbation, are calculated. The equilibrium has
circular cross section and the plasma parameters are similar to those expected in ITER. The alpha
particles are initially distributed according to a slowing down distribution function and have
energies between 18keV and 3.5MeV. The (1, 1), (2, 2), and (2, 1) modes are included and the
effect of changing their amplitude and frequency is studied. When only the (1, 1) mode is included,
the spreading of high energy (E = 1MeV) alpha particles increases slowly with the energy and
mode frequency. At lower energies, the redistribution is more sensitive to the mode frequency and
particle energy. When a (2, 1) mode is added, the spreading increases significantly and particles
can reach the edge of the plasma. Trapped particles are the most affected and the redistribution
parameter can have maxima above 1 MeV, depending on the mode frequency. These results can

have important implications for ash removal. © 20/4 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4893145]

I. INTRODUCTION

The internal kink modes associated with sawtooth oscil-
lations can produce a redistribution of the alpha particle pop-
ulation, thus modifying the power deposition profile and
increasing alpha particle losses and wall loading. In addition,
alpha particle transport from the core to the outer region can
trigger other instabilities. Although the redistribution of high
energy alpha particles would reduce reactor performance,
the removal of low energy particles (helium ash) is needed to
sustain a high fusion power. The ideal situation would there-
fore be one where the high energy particles remain well con-
fined in the core, while the low energy ones leave the plasma
at a rate that is high enough to avoid fuel dilution. This
shows the importance of studying the energy dependence of
the alpha particle redistribution produced by internal kink
modes and how it varies with the mode and plasma
parameters.

The redistribution of high energy ions by sawteeth has
been extensively studied, both experimentally and theoreti-
cally. Experiments have shown that fusion born alpha par-
ticles and high energy ions resulting from neutral beam
injection or wave heating can be substantially redistributed
by internal kink modes with low toroidal (n) and poloidal
(m) mode numbers.'™ In addition, experiments at JET have
shown that sawteeth prevent the accumulation of impurities
at the plasma center.” Since most experiments can only mea-
sure alpha particles in a relatively narrow energy range, there
is little information about the energy dependence of particle
redistribution. The experimental information about the
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spatial structure and temporal dependence of the modes that
produce the redistribution is also limited.

Theoretical studies of alpha particle redistribution due
to sawteeth can be broadly classified in two groups. One
group includes those studies that assume full reconnection
and employ a phenomenological description of the evolution
of the flux surfaces, generally, including only the dominant
(1, 1) kink mode. The other group includes the studies that
directly employ the information about the spatial and tempo-
ral evolution of the modes present in a sawtooth to calculate
the trajectories of the alpha particles. The approach
employed in the studies included in the first group®® appears
to be better suited for sawteeth that exhibit full reconnection
while the one used in those included in the second group’™"!
provides a more accurate description of the dynamics of
alpha particles in sawteeth with partial reconnection and can
include the effect of field line stochasticity.

In this paper, we present a detailed and systematic study
of the energy and frequency dependence of the alpha particle
redistribution produced by the internal kink modes associated
with sawteeth with partial reconnection. The method
employed in this study was introduced and discussed in detail
in Refs. 10 and 11. In Ref. 11, we considered alpha particles
with energies above 0.5MeV and modes with a fixed fre-
quency. Here, we extend those results by considering particles
with energies down to 18keV and modes with different fre-
quencies. The results show that at lower energies, the redis-
tribution of alpha particles is more sensitive to the mode
frequency and particle energy. There are maxima and minima
of the particle redistribution parameter (see below) which

© 2014 AIP Publishing LLC


http://dx.doi.org/10.1063/1.4893145
http://dx.doi.org/10.1063/1.4893145
http://dx.doi.org/10.1063/1.4893145
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4893145&domain=pdf&date_stamp=2014-08-15

082512-2 Farengo et al.

depend on the frequency and number of modes present and on
the particle energy. In particular, there are conditions where
relatively high energy particles (i.e., E ~ 400 keV) spread out
much more than low energy particles (£ < 100keV).

The structure of this paper is as follows. In Sec. II, we
briefly review the method presented in Refs. 10 and 11 to
calculate the fields, and in Sec. III, the method employed to
determine the initial conditions and the calculation of the tra-
jectories of the particles. Section IV contains the results of
the numerical calculations. Finally, in Sec. V, we summarize
our findings and present the conclusions.

Il. EQUILIBRIUM AND PERTURBED FIELDS

Here, we briefly review the method employed in Refs.
10 and 11 to calculate the equilibrium and perturbed fields. A
complete justification of the assumptions and approximations
employed can be found in those references. The equilibrium
magnetic field is obtained from an analytic solution of the
Grad-Shafranov equation for a toroidal plasma with circular
cross section. Assuming that the pressure and poloidal current
depend on the poloidal flux as p = piy*; > = I +I%x//2,
where  is the poloidal flux and p,, Ié and 112 are constants,
we obtain (Gaussian units are used)

Wix,0) = C{Jo(kx) + Cozs 0 [)alo(kx) + “J‘likx) (1 xz)] }
(D

where x is the normalized minor radius (x= p/a, a: minor ra-
dius), 0 the poloidal angle, and Jo(kx) and J,(kx) are Bessel
functions. The poloidal flux is normalized with Bona®, where
By is the external toroidal field at the geometric axis (Ry), p is
normalized with B}/8n and I with BocRy/2. The other quanti-
ties appearing in Eq. (1) are ¢ =4p;/e® and k*=4
(p1 +17) /&%, where ¢ is the inverse aspect ratio. The boundary
of the plasma is at the x =1 surface, where iy = 0. The constant
C is determined by fixing the poloidal field at the plasma bound-
ary (total toroidal plasma current) and [ is related to the vac-
uum toroidal field. Since we normalize all the fields with the
vacuum toroidal field at Ry, o= 1. Finally, o, which is propor-
tional to py, fixes the plasma f. Figure 2 of Ref. 10 shows the ¢
profile and flux surfaces obtained with ¢ = 1/3, p; = 0.05,
Bpoi(x = 1,0 = 0) = 0.155 (note that ¢o = 0.83).

Ideal MHD is used to calculate the perturbed electric
and magnetic fields

v X B 86
El - c ) v = ) l‘, (2)
where E; and B are the normalized (with B,) perturbed
electric and magnetic fields, ¢ is the displacement, normal-
ized with the minor radius (@), and B the normalized equilib-
rium magnetic field.

The sawtooth cycle is characterized by a slow rise of the
central temperature and density, followed by a fast reduction
(crash). The amplitude of the (1, 1) internal kink mode shows
a similar behavior, with a post crash value that depends on
the amount of reconnected flux. The other modes considered
here, (2, 2) and (2, 1), are driven by the (1, 1) mode and
begin to grow when the amplitude of the (1, 1) mode is large
enough. We employ here the same time dependence used in

B, =V x (¢ xB),
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Ref. 11, which matches the experimental results presented in
Ref. 12. This corresponds to a case with partial reconnection,
where the (1, 1) mode does not disappear after the crash and
the safety factor remains below one at the magnetic axis.
The spatial dependence is also the same as in Ref. 11, except
that the values of x; and x,, were reduced slightly (x; = 0.4,
X2 = 0) to obtain smaller amplitudes for the (1, 1) and (2, 2)
modes at the ¢ = 1 surface. The x component of the displace-
ment is therefore written as

&, ,0,0) = EM(DOfi1 (x) cos(0 — ¢ — 1)
+ &2 (1)fna(x) cos[2(0 — ¢ — w111)]
+ 521(1) 51(x) cos(20 — ¢ — wat), 3)

where w1, and w,, are the frequency of oscillation of the (1, 1)
and (2, 1) modes and &™"(¢) and f;,(x) are chosen to match
the space and time dependence observed in the experiments.
The ratio wy; /w1 is fixed at 2.65, value reported in Ref. 9.

lil. INITIAL CONDITIONS AND NUMERICAL METHODS

The exact trajectories of a large number of alpha par-
ticles were followed to determine the redistribution produced
by the modes considered. The methods used to determine the
initial conditions (position and velocity) of the alpha particles
and integrate their trajectories are the same ones employed in
Ref. 11. A slowing down distribution function was used to
determine the initial density profiles of particles with a given
energy. The distribution function employed is probably not
very accurate at low energies but was used to allow a simple,
continuous energy variation from 3.5 MeV down to 18keV.

Our simulations start when the amplitude of the (1, 1)
mode is 70% of its maximum value and the other modes
begin to grow. We have shown in Ref. 11 (see Fig. 3) that
changing the starting time and the temporal evolution of the
amplitude of the (1, 1) mode does not produce significant
changes in the final results. Collisions are not included.
Since the simulation time is approximately 1.5ms, this
approximation is well justified for energies above 100keV
but begins to fail at lower energies.

In the equations of motion, the time is normalized with
Q, (cyclotron frequency calculated with the vacuum toroidal
field at R)), lengths are normalized with the minor radius (a),
and velocities with the initial velocity of the alpha particle
(vg). This results in a single dimensionless parameter appear-
ing in the normalized equations

y:Qaa'

With ITER like parameters (Bp =5.3 T, a=2m), y =
2.552 x 1072 for a 3.5MeV alpha particle and decreases as
the square root of the energy for lower energies. We note
that a 40 keV deuteron in the DIII-D discharge employed in
Ref. 4 has a 7 of approximately 3.5 x 10~2; an alpha particle
in ITER would need an energy of approximately 6.6 MeV to
have the same value of ).

Particles can be divided in trapped, co-passing (rotate in
the same sense as the plasma current), and counter-passing
(rotate in the opposite sense). To quantify the spreading of
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each type of particle, we first introduce a parameter that meas-
ures the width of the distribution of that type at a given time

where s indicates the type of particle and N, the total number
of particles of that type. The averages 7(¢) and Z,() are cal-
culated considering all the particles of a given type. Note
that particles can change their status and this will change the
value of N and the specific particles included in the calcula-
tion. Having 62 (), we can define a parameter that measures
the spreading of each type of particle as a function of time

We also introduce a parameter that measures the total
spreading of the particles

where N is the total number of particles and 7(¢) and Z(¢) are
calculated using all the particles. Note that due to the differen-
ces between 7(¢) and 7(t), the total ¢>(¢) is not the weighted
sum (with the fraction of each type of particle) of the ¢2(7).
The parameters defined above are somewhat different from
those used in Ref. 11. The assumptions regarding the density
and temperature profiles are the same as those used in Ref. 11.

IV. RESULTS
A. (1, 1) and (2, 2) modes

First, we calculate the particle redistribution produced
when only the (1, 1) mode is present. Figure 1 shows a plot
of the total y; (final value of y considering all the particles)

E-'11=0'12’ ‘C:'22= E-'21=0

- -4
1 ,=4.0x10

1.08

T T T T T T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500
E (keV)

FIG. 1. Final value of the total y as a function of the energy for é(l)l =0.12
and four different frequencies.
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as a function of the energy for «f(l)l = 0.12 and four different
frequencies. We note that for £>1000keV, ys increases
slowly with the energy (probably due to the larger orbit size)
and also with the frequency (probably due to the increasing
electric field). On the other hand, for E < 1000keV, there is
a strong energy and frequency dependence. Depending on
the mode frequency, lower energy particles can be more or
less redistributed than higher energy ones. In addition, for
;=2 % 107* and 4 x 1074, there is a minimum in 7 at an
energy that increases with the mode frequency. For w; =1
and 0.5 x 10~*, the minimum is probably at a lower energy
than the minimum value shown in these plots (18keV).
Although not shown in the plots, because for very low ener-
gies, some of the approximations employed in this study
(slowing down distribution function, collisionless) are not
valid, we continued our calculations down to £ =1keV. The
results show that for w;; =4 x 1074, there is a maximum of
A at E =~ 8keV and for ;] =2 x 107* at E ~ 2keV.

Since the effect of the perturbation depends on the type
of particle (trapped, co-passing or counter-passing), it is nec-
essary to consider each type separately to understand the
results presented in Fig. 1. Figure 2 shows a plot of yas a
function of the energy for 5(')1 =0.12 and w;; =2 x 107,
In this plot, three curves are labeled according to the type of
particle, while the fourth one shows the value of the total y,
(as in Fig. 1). The first feature to note is that different types
of particles behave differently. Another important aspect is
that high energy particles can be redistributed as much as
low energy ones. The ys of counter-passing particles is
approximately constant between 500keV and 2MeV and
decreases slowly at higher energies. Below 500keV, s
decreases, reaches a minimum at approximately 75keV and
increases rapidly at lower energies. Note that the values at
18keV and 1000keV are basically the same. The y; of co-
passing particles is small, and almost constant, with a small
increase at low energy. Trapped particles have a broad mini-
mum around 600 keV, a small relative maximum at 250keV,
and a rapid increase below 100keV. Above 1 MeV, the y; of
trapped particles increases almost linearly with the energy.

As indicated above, we continued our calculations down
to E=1keV to try to explain the rapid increase in ys at low

0,,=2.0x10%, £, =0.12,¢,= £, =0
13 T T T T T T T T T T T T

counter-passing

co-passing

\

T T T T T T
0 500 1000 1500 2000 2500 3000 3500
E (keV)

1.0

FIG. 2. ys vs. energy for each type of particle (co-passing, counter-passing,
and trapped) and the total.
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energies. For « = 2 x 10~* (value used in Fig. 2), the y; of
counter-passing particles has a maximum around 2-3keV,
while for @ = 4 x 10~*, the maximum is at 8~10keV. The
factor four increase in energy for a factor two increase in
mode frequency indicates that the low energy peaks could be
due to a resonance between the mode and the periodic rota-
tion of the particles (the period of particle rotation decreases
as \/E). It should be noted, however, that the alpha particles
have random pitch and are distributed on different flux surfa-
ces. This indicates that there will be a distribution of periods
for each type of particle and therefore no sharp resonances.
At low energy and with relatively small perturbations, the
guiding center approximation should be valid. In the large
aspect ratio limit (valid inside the ¢ =1 surface), a mode
with toroidal and poloidal numbers 7 and m resonates with a
passing particle when the following condition is
satisfied:"?

{ mil]
n———|Wr = Wpp,
q

where o, is the toroidal transit frequency of the passing parti-
cle. In our case, with n = m = 1, a resonance with a counter-
passing particle occurs when

wmn
.
|
q

-
1 ——|w = 0y = o, =
q

In our equilibrium, the minimum value of ¢ is 0.83 and the
mode extends to the ¢ = 1 surface. Taking ¢ = 0.9, we obtain
@, = 1.636 x 10~* which is similar to the average transit
frequency obtained for E=2 keV. We therefore conclude
that the rapid increase in the y; of counter-passing particles
at low energies is due to a mode particle resonance which

produces a peak at very low energies. Above 500keV, y,

trapped, E=50 keV

co-passing, E=50 keV'
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changes slowly and particle redistribution cannot be corre-
lated with specific resonances. The y; of trapped particles has
a maximum at approximately 8 keV, where the bounce fre-
quency is approximately half the mode frequency.

Additional insight into the mechanisms involved in par-
ticle redistribution can be obtained by analyzing what occurs
with the constant of motion and the adiabatic invariants.
This is shown in Appendix.

Figures 3(a)-3(f) show the initial and final density pro-
files of the three types of particles for £ =50 and 400keV,
f(l)l = 0.12, and three different frequencies. It can be seen
that consistent with the values of y presented in Fig. 2,
trapped and counter-passing particles can be significantly
redistributed while co-passing particles are only weakly
redistributed. In general, but not always, the redistribution
increases with the mode frequency. For example, the peak
density of 50keV trapped particles decreases to approxi-
mately 96%, 83%, and 65% of the initial value for
w;; =0.5,2, and 4 x 1074, respectively. The redistribution
occurs mostly inside the ¢ =1 surface and the particles do
not reach the plasma boundary. The peak density of counter-
passing particles decreases to between 67% and 84% of its
initial value, depending on the mode frequency and particle
energy. For w; =4 X 10~* (curve 2 in Fig. 3(c)), the final
density profile of 50keV counter-passing particles presents
two “shoulders” next to the ¢ =1 surface. This is due to the
particles being pushed against the ¢ =1, where the sharp
drop in the mode amplitude prevents further displacements.

The effect produced in the particle redistribution by
changes in the mode amplitude depends on the frequency.
This is shown in Figure 4, which is similar to Figure 1 but
has &' = 0.30. For w;; = 0.5 and 2 x 107%, the qualitative
behavior is the same but with a larger particle redistribution.
For w;; =4 x 107%, the response changes significantly
because the minimum observed for f(l)l = 0.12 disappears

counter-passing, E=50 MeV

1.00 T 1.00

(b) 1-0=2x10"
2- 0=4x10"
3-0=0.5x10" g

(C]

density

0.25+

0.00

FRpRT T it @ 1-0=2x107
2- 0=4x10" 2- 0=4x10"
3- ;=o.5x1o‘ » a=1 3-0=0.5x10" o,
0.75| = J 0.75
2 2
g \ 2
3 : 2
0.50 g 0.50
0.25 g 0.25+ /
0.00 u T T 0.00 T
20 25 3.0 35 4.0 20 25

rla

trapped, E=400 keV, £,=0.12
1.00 1.00

co-passing, E=400 keV, ¢, =0.12

T
4.0 20 2.5 4.0

counter-passing, E=400 keV, ¢,,=0.12

(e) 1-0=2x10"
2- 0=4x10"

- -+
3-0=0.5x10"

®

q=1

density

1-0=2x10° ' " initial, T (d) 1-0=2x10° "
2- 0=4x10" 2-0=4x10"
3-;0.5)(10‘ a=1 q=1 3-:=of5x1o‘ a=1
2-0'75_ 2 g 2‘0.75-
7} D
5 §
° °
0.50 g 0.50 -
0.25- \ g 0.25
0.00 - : . 0.00 ./
2.0 2.5 3.0 35 4.0 2.0 25

rla

4 0.25 ] /
: : N\ 0.00 ; ; .
3.0 3.5 4.0 2.0 25 3.0 3.5 4.0
rla r/a

FIG. 3. Initial and final density profiles of the three types of particles for E =50 and 400keV, é(l)l = 0.12, and three different frequencies.
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Total, £ =0.3,¢,= &, =0

144 ©,=4.0x10 T
Xf

134  o,=2.0x10"
\
©,=0.5x107 |
1.2+ E
11 T T T T T T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500
E (keV)

FIG. 4. Total y as a function of the energy for &' = 0.3 and different mode

frequencies.

and y;remains almost constant over the entire energy range.
For w;; = 1 x 107#, the behavior at high energy is qualita-
tively the same but a minimum, followed by a rapid increase
appears at low energy.

Figures 5(a) and 5(b) present additional information on
the effect of changing the mode amplitude. This figure has
plots of the total density profiles for 5(1)1 = 0.30, E=50, and
400keV and various frequencies. We can see that for this
mode amplitude, the peak value can be reduced as much as
50% and that higher frequency modes generally produce a
larger reduction. The change in the profiles appears to be
larger in the higher field side but it should be weighted by
the radius reduction. Figure 6 is a plot of y; as a function of
the mode amplitude for v = 2 x 104, E=150keV, and dif-
ferent types of particles. It can be seen that the total y;
increases almost linearly with the mode amplitude but the
rate of increase is different for different types of particles.

We mentioned above that the interaction with the modes
can change the status of the particles. This is seen in
Figure 7, where we show the fraction of particles whose final
status is different from the initial as a function of the energy
for different frequencies and mode amplitudes. This does not
include those particles that change between two statuses an
even number of times. It is clear that this fraction can be
large, depending on the frequency and mode amplitude.
Except for the reduction at very low energies shown for

(1)1 =0.30 and w;; =4 x 107, the fraction decreases with
the energy and mode frequency.

To conclude this section, we show in Figures 8(a) and
8(b) the effect of adding a (2, 2) mode. Figure 8(a) shows the

total, £,=0.3, £,7¢,=0, E=50 keV
1.00
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E=150 keV, 0=2x10"", £,,= £,,=0

1.28 T T T T T
trapped
X
1.204 counter-passing
1.12 E
1.04 : ; ; ;
0.10 0.15 0.20 0.25 0.30
é11

FIG. 6. y as a function of the (1, 1) mode amplitude for E = 150keV and
w=2x10"

total ~density profile for E=150keV, &' =0.30,
® =2 x 107*, and different values of 632, and Figure 8(b)
shows the change in y; for the same parameters. Although
relatively large changes occur when the amplitudes of the
(2, 2) and (1, 1) mode are equal we should note that for the
same displacement amplitude, the perturbed fields associated
with the (2, 2) mode would be significantly larger than those
associated with the (1, 1) mode. When 632/661 = 1/3, ratio
employed in most of our studies, the addition of the (2, 2)
mode produces only minor changes.

B. Effect of the (2, 1) mode

The addition of a (2, 1) mode increases particle spread-
ing and changes the response of the different types of par-
ticles. As noted in Ref. 11, regions of stochasticity appear
when a mode with different helicity is added. Figure 9 shows
a plot of the total y; as a function of the energy for
&l =0.12, &' = €2 = 0.04, and four different frequencies.
The curves corresponding to m;; =4 x 107%, 2 x 107#, and
1 x 107* (w,; = 2.65 ;) have maxima at E ~ 1250 keV,
E ~ 300 keV, and E ~ 75 keV, respectively. We note that
the energy corresponding to the maximum changes by a fac-
tor approximately equal to 4 when the frequency changes by
a factor 2, indicating the possibility of a resonance with a
periodic particle motion having a frequency proportional to
VE. The curve corresponding to wi; = 0.5 X 107* has a
smooth maximum at high energy (E ~ 3000 keV) and a
sharp increase at low energies but without reaching a maxi-
mum, which should be located around 18 keV.
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FIG. 7. Fraction of particles that change their status for different frequencies
and mode amplitudes. The curves are labeled according to the mode fre-
quency and the mode amplitude is 0.12 for full line curves and 0.3 for
dashed curves.

Figure 10 shows a plot of the y; corresponding to differ-
ent types of particles as a function of the energy (as in Fig. 2)
for the same mode amplitudes as in Figure 9 and
@y =2 x 107*. It can be seen that the %y of trapped particles
has a large peak at the same energy as the peak shown in Fig.
9 for this frequency. Although not shown here, the same
behavior is observed for the other mode frequencies. We
therefore conclude that the maxima seen in the total y (Fig. 9)
are due to trapped particles that experience a large redistribu-
tion. To elucidate the mechanism responsible for the redistrib-
ution of trapped particles, we constructed plots of the
distribution of periods for the periodic motion of the different
types of particles. The periodic particle motions have a distri-
bution of periods similar to that shown in Figures 5 and 6 of
Ref. 10. For E=1250keV, the bounce frequency of trapped
particles is approximately the same as the frequency of the
(2, 1) mode in the w; = 4 X 10~ curve (wy = 10.6 x 10’4)
and the precession frequency is much smaller. This indicates
that the maximum could be due to a resonance between the
bounce motion of trapped particles and the (2, 1) mode. Since
the bounce frequency is proportional to \/E, the same argu-
ment applies to the maxima observed in the other curves. It is
not clear, however, why the combined effect of three modes
with different frequencies produces a resonance with only
one of the modes (unless the amplitude of the perturbed fields
associated with the (2, 1) mode is much larger than the
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FIG. 9. Total yras a function of the energy for different frequencies. The (1,
1), (2, 2), and (2, 1) modes are included.

others). This is further complicated by the fact that a much
smaller maximum appears if only the (2, 1) mode is included.
We therefore need a mechanism that requires the presence of
the (1, 1) and (2, 2) modes but produces a resonance at the
frequency of the (2, 1) mode. A possible explanation is that
when all the modes are present, the magnetic field becomes
stochastic and a large particle redistribution occurs. Particles
move outwards, increasing the fraction of trapped particles,
and a large fraction of the particles reaches a minor radius
where the (1, 1) mode has already vanish and therefore are
only affected by the (2, 1) mode.

To support the explanation provided above, we show in
Figure 11 a plot of the y of different types of particles as a
function of time for @ =2 x 1074 6(1)] =0.12, 5(2)1
= £22 = 0.04, and E =400 keV. This plot shows that initially
counter-passing particles spread out faster than trapped par-
ticles but later, the y of trapped particles increases faster, and
is significantly larger than the others at the crash. Another
interesting feature of this plot is that the crash does not pro-
duce significant changes in the values of y. This was already
reported in Ref. 11 and is due to the stochasticity of the mag-
netic field. In Figure 9, the curves with w;; =4 X 107* and
2 x 10~* have a second, smaller, maximum at E ~ 400 keV
and E ~ 100 keV, respectively. The energy ratio is 4 again,
for a frequency ratio of 2. The energy ratio between the two
maxima of the same curve is approximately 3. These max-
ima are also due to the trapped particles, as can be seen by
looking at the y; of trapped particles in Figure 10.

Figures 12(a)-12(f) show the initial and final density
profiles of the three types of particles for £E=50 and

©=2.0x10%, E=150 keV, £, =0.3

co-passing

T

FIG. 8. Effect of increasing the ampli-
tude of the (2,2) mode for E = 150keV
and =2 x 107%.
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FIG. 10. 7, vs. energy for each type of particle (co-passing, counter-passing,
and trapped) and the total.

400keV, &' =0.12, &' = &2 = 0.04, and three different
frequencies. We see that trapped and counter-passing par-
ticles are strongly redistributed while co-passing particles
are less affected. The peak densities of trapped and counter-
passing particles can be reduced to approximately half and
one third of their initial values, respectively. Since the (2, 1)
mode extends beyond the ¢ =1 surface, particles can reach
the edge of the plasma.

The effect of increasing the mode amplitude is shown in
Figure 13, which presents a plot of 7, as a function of the
energy for 5(1)1 =0.3, égl =¢22=0.1, and three different
frequencies. Comparing with Figure 9, we see that the basic
features are similar but the values of yare almost double. In
the curves with w;; = 4 and 2 x 107*, the secondary peaks
almost disappear and so does the high energy maximum in

trapped, E=50 keV'

co-passing, E=50 keV'
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FIG. 11. x as a function of time for different types of particles. Time is nor-
malized with the cyclotron frequency at the geometric axis.

the w;; = 0.5 x 10~* curve. Additional information on the
effect of increasing the mode amplitude is presented in
Figures 14(a) and 14(b), which shows the total density pro-
files for the same mode amplitudes, £ =50 and 400 keV and
three mode frequencies. It can be seen that the peak density
can be reduced to less than 25% of its initial value and a
minimum can appear at the magnetic axis in some cases.
Alpha particles can reach the edge of the plasma and a small
fraction is actually lost in this case. The maximum loss
occurs for £ ~ 1500 keV (around the maximum of yy) and is
approximately 1.5% of the total.

The effect of changing the amplitude of the modes,
keeping constant the ratio é(l)l/ ééz = él/ fél =3, is shown
in Figure 15, which presents a plot of the y, of different types
of particles as a function of the mode amplitude for
E=150keV, w;; =2 x 10~*. We note again that although
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FIG. 13. Total ys as a function of the energy for different frequencies. The
(1, 1), (2,2), and (2, 1) modes are included with &' = 0.3, &2 = &' = 0.1.

the spreading of all the particles increases with the mode am-
plitude, the rate at which they do it is different.

To conclude this section, we show in Figure 16, the frac-
tion of particles that change their status when all the modes
are present as a function of the energy, for different ampli-
tudes and frequencies (as in Figure 7). We note that, unlike
the behavior shown by y (see Figure 9), there are no maxima
and, except for one case, the fraction of particles that change
their status decreases with the energy.

V. SUMMARY AND DISCUSSION

We studied the effect of internal kink modes on the
redistribution of alpha particles in plasmas with aspect ratio,
toroidal field, and current density similar to those expected
in ITER. All the relevant energy range (18keV <FE <
3.5MeV) and various mode frequencies and amplitudes
were considered. This is an important topic because high
energy particles are needed to heat the plasma but low
energy ones should be removed to avoid diluting the fuel. In
addition, the redistribution of alpha particles could affect the
stability of the plasma. Our results show that the energy
range of the particles that are most affected (larger redistrib-
ution) depends on the number, amplitude, and frequency of
the modes present.

This work is the first one to present clear and conclusive
evidence of the importance of the mode frequency on

total, E=50 keV
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particle redistribution. None of the previous studies showed
this. Zhao and White,” who used a similar approach, consid-
ered only one frequency value. The studies presented in
Refs. 68 completely neglect the mode frequency and the
effect of the precursor and postcursor modes. As a result,
they conclude that the most important contribution to particle
redistribution comes from the E x B drift, where the electric
field is associated with the temporal evolution of the helical
perturbation at the crash. We show that for our conditions,
the most important contribution comes from the electric field
produced by the rotation of the mode.

This, and our previous studies,m’11 are the only ones
where the perturbed fields are calculated directly, using ideal
MHD, without the assumptions introduced in Ref. 9. In addi-
tion, our studies are the only ones where the exact particle
orbits have been used. We show that the addition of modes
with different helicities (from that of the (1,1)), which can
lead to the stochastization of the magnetic field, can greatly
increase particle redistribution. This is already indicated in
Ref. 9, but we present a more detailed study, where the rela-
tive amplitudes of the mode are changed, and different mode
frequencies are considered.

The use of a simple analytical equilibrium with circular
cross section allows us to obtain analytical expressions for
the perturbed fields, thus simplifying the numerical calcula-
tions and reducing the required computational time. ITER
plasmas will have a “D” shaped cross section with
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FIG. 16. Fraction of particles that change their status for different frequen-
cies and mode amplitudes. The curves are labeled according to the mode fre-
quency and the mode amplitude is 0.12 for full line curves and 0.3 for
dashed curves.

elongation (k) and triangularity (6) at the 95% flux surface
equal to 1.70 and 0.33, respectively, but the values of these
parameters at the inner flux surfaces, in particular, inside the
q =1 surface, will be significantly smaller. Using an ITER
like cross section should therefore produce only small
changes in the values of the energy and frequency corre-
sponding to maxima and minima of the redistribution param-
eter (y), without changing the basic features of the results
presented here.
The main results can be summarized as follows:

1. When only the (1, 1) mode is included, the spreading of
high energy (E > 1MeV) alpha particles increases slowly
with the energy and mode frequency. At lower energies,
the redistribution is more sensitive to the mode frequency
and particle energy. Depending on the mode frequency,
lower energy particles can be more or less redistributed
than higher energy ones.

2. When a single mode is present, the most important contri-
bution to particle redistribution comes from the electric
field produced by the rotation of the mode. For our condi-
tions the electric field produced at the crash makes a very
small contribution. Increasing the duration of the crash by
a factor four, from the 15 us normally used in the simula-
tions to 60us, changes the value of y by less than 1%.

3. The addition of a (2, 1) mode, which can produce the sto-
chastization of the magnetic field, significantly increases
particle redistribution. Particles can spread beyond the
q=1 surface and leave the plasma. Its effect depends on
the energy of the particles and the amplitude of the other
modes.

4. When only the (1, 1) mode is included, counter-passing
particles, which rotate in the sense of mode propagation,
are the most affected. When the (2, 1) mode is included,
trapped particles are the most affected.

5. The fraction of particles that change their status can be
significant, depending on the energy and number and am-
plitude of the modes present.

Our results show that the kink modes associated with
sawtooth oscillations could have a larger effect on relatively
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high energy particles than in what can be considered helium
ash. Since the redistribution depends on the frequency and
amplitude of the modes, it should be possible to control par-
ticle redistribution by acting on these parameters. The mode
amplitude is related to the sawtooth period, which can be
controlled by external heating.'* The mode frequency is due
to diamagnetic effects and plasma rotation,'> which can be
controlled with neutral beam injection.

For obvious reasons, the experimental information avail-
able on the effect of sawteeth on alpha particles is limited.
Additional experiments are needed to obtain the information
required to test the existing models and simulations. It is
very important to perform these experiments with particles
having the same value of y as alpha particles in ITER and to
obtain detailed information on the mode number, amplitude,
and frequency of the perturbations.
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APPENDIX: PARTICLE ORBITS AND CONSTANTS OF
MOTION

The analysis of particle orbits and the evolution of the
constants of motion can provide some information about the
mechanisms involved in particle redistribution. Here, we
consider the simplest case, where only a relatively low am-
plitude (1, 1) mode is present. In the plots presented below,
particle trajectories are constructed by calculating the instan-
taneous position of the guiding center from the exact orbit.
In all cases, the particle is initially at r=3.3,z=0, ¢ = 5.5
and the initial pitches of trapped and counter passing par-
ticles are the same for both energies. The toroidal rotation
periods of the counter passing particles are 1.18 x 10* and
0.16 x 10* and the bounce periods are 6.25 x 10* and
0.78 x 10, respectively, for the 18keV and 1 MeV particles.
The perturbation employed has 51 =0.12 and
o=2x10""

In a static axisymmetric equilibrium, the energy and the
toroidal component of the canonical momentum are exact
constants of motion and the particles describe closed orbits.
When a perturbation is introduced, these constants are
destroyed and the particles can move across flux surfaces.
Figure 17 shows the orbits of typical trapped and counter
passing particles for three different situations: without per-
turbation, with perturbation, and with perturbation but with
o =0. When o =0, the mode does not rotate but its ampli-
tude changes. This means that there is a static magnetic per-
turbation and the only contribution to the perturbed electric
field comes from the change in amplitude, which is signifi-
cant at the crash.

We see in Fig. 17(a) that for =0, the low energy
counter passing particle remains circulating and its orbit cov-
ers a relatively small region around the initial flux surface.
The final deviation of the particle, shown in red, is due to the
electric field produced at the crash. When the full effect of
the electric field is included (w # 0), the width of the region
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visited by the particle increases significantly, the particle
becomes barely trapped for some time and the crash does not
have a large effect. The trapped particle executes a narrow
banana orbit with turning points around r=3. In the case
o =0, this particle remains trapped and suffers small dis-
placements from its original orbit (not very clear in the fig-
ure). When o # 0, the particle changes to circulating for
some time and a very complicated orbit results. It is clear
that in this case, the radial displacement of the particle is
much larger.

Figure 17(b) shows 1 MeV particles that have the same
initial position and pitch as those shown in Fig. 17(a). The
distance traveled by these particles and the width of the
banana orbits are much larger than for the 18 keV particles.
When o =0, the orbit of the counter passing particle is simi-
lar to that of the 18 keV particle and the effect of the crash is
barely noticeable. The orbit obtained when w # 0 is clearly
different from that of the 18 keV particle. The 1 MeV particle
remains circulating and visits a region with smaller minor ra-
dius. The trapped particle shows a similar behavior. When
o =0, the orbit moves slightly inwards and outwards with-
out significant shape changes. When @ # 0, the orbit dis-
placements are larger but the particle remains trapped. We
can summarize the results of Fig. 17 as follows:

1. When o =0, the particles do not change their status and
the perturbation has similar effect on the 18keV and
1 MeV particles.

2. When o # 0, the 18 keV particles change their status but
the 1 MeV ones do not.

3. The most important effect is produced by the electric field
associated with mode rotation.

Figure 18 shows what happens with the constants of
motion and the magnetic moment for the same conditions
as in Fig. 17 (all quantities normalized to their initial val-
ues). Considering first the 18 keV counter passing particle,
we note that when @ =0, the energy changes very slowly
until the crash, where there is a 30% reduction. The P
shows a relatively low amplitude regular oscillation until
the crash, where there is a small drop. The frequency of this
oscillation is smaller than the transit frequency of the parti-
cle. The magnetic moment has a rapid, small amplitude,

2.8 3.1 34

oscillation, and a small reduction at the crash. The changes
produced at the crash can be correlated with the changes
produced in the particle orbit, shown in red in Fig. 17(a).
Since the energy is reduced, the particle moves to a larger
minor radius.'> When the full perturbation is added, the
energy changes in a non periodic form, but the general pat-
tern seems to repeat. The relative change can be more than
50% and the effect of the crash becomes negligible com-
pared with the previous variations. The Py oscillates in a
more regular fashion, with an amplitude of the order of
20% and a frequency which is approximately twice the
value of the w =0 case. The oscillations in the magnetic
moment are larger, with spikes of 10% or more at approxi-
mately the same time as the minima of Py. It is clear that
the interaction with the electric field produced by the rota-
tion of the mode produces large changes in the energy, P,
and u and that these changes are correlated with the large
displacements shown in the particle orbit and the changes
from trapped to passing. For the 18 keV trapped particle,
the changes are smaller, both for ® =0 and w # 0, but the
general trend is similar.

Considering now the 1 MeV particles, we see again
that for =0, the changes are generally much smaller than
for w # 0. The only exception is the Py of the counter
passing particles, where the amplitude of the oscillations
for =0 is approximately half the value for w # 0.
Another important point is that due to the larger energy,
the oscillations of u in the unperturbed case are noticeable.
In this case, the energy oscillations of the counter passing
particle are smaller and more regular than for the trapped
particle. Unlike the 18keV case, the particles do not
change their status, from passing to trapped or viceversa,
and this explains why the temporal evolution of E, P4, and
wis clearly different. Note that although the relative energy
changes are smaller, the absolute energy changes are
actually larger for the 1MeV particles. This can be
explained by considering that the rate of change of the
energy is F - v, where F is the force acting on the particle
and its velocity. Since the perturbation is the same in both
cases, the rate of change of the energy depends on v (~v/E)
and v the phase. If the average phases were the same, the
energy change should therefore increase as v/E.
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The results presented above concern a single particle of
each type. Since it is clear that E, Py, and p, oscillate (for
@ # 0) their final value will depend on the initial phase.
That is, particles starting at different positions will have dif-
ferent final values of E, Py, and p. To show what happens
with a large number of particles, we present in Fig. 19 the
initial and final distributions of E and Py obtained from a
simulation with 50000 particles. In these plots, the vertical
axis indicates the percentage of particles having a given
value of the quantity in the horizontal axis. Since each run
contains particles having a given energy value, different ini-
tial positions and random pitch, the initial energy distribution
is a ¢ function but the distribution of P has a certain width.
The horizontal energy axis has been normalized with the ini-
tial value, while the Py axis has been normalized with the
average of the initial distribution.

Figure 19(a) shows that initially counter passing par-
ticles of 18keV can finish the simulation with energies
between 0.3 and 2 times their initial value and that the frac-
tion of particles that have a final energy equal to the initial is
very small. This is consistent with the large redistribution of
18 keV counter passing particles shown in Fig. 2. We remind
that, in addition, these particles can change their status many
times during the simulation. Trapped particles show a
smaller energy spreading, with a larger fraction retaining
their initial value. Figure 19(b) shows that the distribution of
Py also spreads due to the perturbation. For both types of
particles, the final distribution is broader and the initial max-
ima almost disappear. Again, the spreading is larger for the
counter passing particles. Figures 19(c) and 19(d) show a
similar behavior, except that the energy spreading is larger
for trapped particles. Note that a 3% change in the energy of
a 1MeV nparticle is 30keV, while a 30% change in the
energy of an 18keV particle is 5.4keV, so the AE ~ E
relationship is approximately satisfied.
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In summary, the results presented in this appendix show
that even a relatively small amplitude, single mode perturba-
tion can produce very large changes in the particle orbits.
These changes occur because the perturbation destroys the
constants of motion thus allowing the particles to move to
different flux surfaces and also change from trapped to circu-
lating or viceversa. Larger mode amplitudes and/or addi-
tional modes produce even larger changes.
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