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1. Introduction
Let M, (C) and D,, (R) be, respectively, the algebras of complex and real diagonal n x n matrices.
In this paper we describe Hermitian matrices M € M, (C) such that
IM|| < |IM +DJ|, forallD € D, (R)
or equivalently
M| = dist (M, Dn (R)) ,
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where || || denotes the operator norm. These matrices M will be called minimal. These matrices ap-
peared in the study of minimal length curves in the flag manifold P(n) = u« (M,(C)) /U (Dy(C)),
where 2/(A) denotes the unitary matrices of the algebra 4, when P(n) is endowed with the quotient
Finsler metric of the operator norm [4]. Minimal length curves § in P(n) are given by the left action of
U (M, (C)) on P(n). Namely

5(t) = [eitM] i

where M is minimal and [U] denotes the class of U in P(n).

The following theorem follows ideas in [4], where this problem was also studied in the context of
von Neumann and C* algebras. The next result was stated in Theorem 3.3 of [1] for 3 x 3 matrices. The
same proof holds for n x n matrices.

Theorem 1. A Hermitian matrix M € M, (C) is minimal in the above sense if and only if there exists a
positive semidefinite matrix P € MQ (C) such that

o PM? = A2 P for k = ||M]||.
o All the diagonal elements of PM are zero.

Previous attempts to describe minimal matrices were done in [1] for 3 x 3 matrices. In that paper, all
3 x 3 minimal matrices were parametrized. We note that, Theorem 1 does not show how to construct
n x n minimal matrices. Our goal in the present paper is to study some properties of n X n minimal
matrices that allow the construction of them.

Minimal operators were studied in [8] where Theorem 2.2 of [1] was used to relate Leibnitz semi-
norms with quotient norms in C*-algebras.

2. Preliminaries and notation

Let M, (C) be the algebra of square complex matrices of n x n, M,’: (C) thereal subspace of Hermitian
complex matrices, and D,, (R) the real subalgebra of the diagonal real matrices. We denote with ||A||

the usual operator norm of A € M, (C) and with ||Al|; = tr(JA]) = tr ((A*A)l/z) the trace norm of A,

where tr denotes the usual (non-normalized) trace.
Given a matrix A € M,ﬁ’ (©), A(A) C R" denotes the set of the eigenvalues of A, in decreasing order
and counting multiplicity, that is,

AA) = (M, A2, .0 A,

with A1 > Ay > --- = A,. In this context Amin(A) and Ay (A) denote the smallest and biggest
eigenvalues of A respectively.

The symbol o (A) denotes here the set (unordered) of eigenvalues of A.

We denote with {e;}!; the canonical basis of C". Given a matrix A € M"(C), we denote with a; ;
the i, j entry of A and we write A = [q; j] fori,j=1,...,n.

Observe that if M € M,’; (C)and D € D, (R) then (M + D) € M,ﬁ' (©). Let us consider the quotient
Mg (C)/Dy, (R) and the quotient norm

M = i M + D|| = dist (M, D, (R
1M1 0 = min, M +D|l = dist (M. Dy (R))

for(M|={M+D:DeD,(R)} € Mﬂ (C)/Dy, (R). The minimum is clearly attained.
Definition 1. A matrix M € ML’((C) is called minimal if

Ml < IM+D|| forallD € Dy (R),
or equivalently, if |[M|| = ||| [M] ||| = min |[M + D|| = dist (M, D, (R)).
DeD,(R)
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Remark 1. Note that if M € Mﬂ((C) is a minimal matrix then its spectrum is centered, i.e. |M]||,
—|IM|| € o (M). In general, for a given matrix A € MQ((C), +||Al] € o(A) if and only if ||A| =
E\niIEHA —+ M || if and only if A i (A) + Amax (A) = 0.

€

For ay, az, ..., a, € R we denote with diag(ay, as, ..., a,) the diagonal matrix of D, (R) with
ai, da, ..., ay on the diagonal.

Givenv € C", v ® v denotes the linear map in C" defined by (v ® v)(x) = (x, v)v.

Let us denote with ® the linear map from M,’J (C) to Dy, (R) defined by

®(X) = diag (x1.1, ..., %nn), forX = [x;;] € MI(C).

Note that
n
dX) = Z(Xej, €j> e [ ej.
j=1

For M € M"(C) and v € C" we write M and V to denote the matrix and vector obtained from M
and v by conjugation of its coordinates.

IfM, N € M,(C) we denote with M o N the Schur or Hadamard product of these matrices defined
by (M o N);j = M;jN;jfor 1 < i,j < n.Therefore, if v € C", with coordinates in the canonical basis
givenbyv = (vi,va, ..., V),

n
= 2 2 2 2
vov = (jvi*, val® ... Ival®) = 2 Ivjl'ej € RY.
=1

Observe that with these notations, if X € M,’} (C) and {vi}i=1..._n is an orthonormal basis of C" of
eigenvectors of X with corresponding eigenvalues A(X) = (A1, ..., Ay), thenX = 21 | (Xvi, vi) v; ®
v; = > A vi ® v;. Direct calculations with the canonical coordinates of these eigenvectors prove
that

& (X) = diag (Zn: Ai (vio Vi)) . (21)
i=1

For M, N € M,,(C) the usual matrix product will be denoted with MN and ran(M) will denote the
range of the linear transformation M.

3. Minimal matrices
It is apparent that for X € Mﬁ,‘ ©
tr(DX) =0 VD e Dy (R) < & (X) = 0. (31)

Then, from the Banach duality formula for the quotient norm and (3.1), it follows that

max [tr(MX)| = min ||M + DJ|. (3.2)
XeMl(C),(x)=0 DeDy(R)
IXl1=1

Note that for an orthogonal projection E and A € M',}((C) the condition EA = A is equivalent to
ran(A) C ran(E).
IfX e M,’}((C), let X* and X~ be the positive and negative parts of X, that is,

IX| — X

X| + X
X] and X~ = ——— (with IX| = x*)? > o).

xt =
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Theorem 2. Let0 # M € M,’} (C) and E (respectively E_) the spectral projection of M corresponding to
the eigenvalue Ayqx (M) (respectively Amin(M)). The following conditions are equivalent:

(i) M is minimal.
(ii) Thereis a non-zero X € M,’} (C) such that

®X) =0, ExXT =X1, E_X™ =X~ and tr(MX) = |[M]| |IX]1.

(iii) Amax(M) 4+ Amin(M) = 0O, and for any diagonal D € D, (R) there existy € ran(Ey) and z €
ran(E_) such that

Iyl =llzll =1 and (Dy,y) < (Dz,z).

Proof. We may assume that |[M| = 1.
(i) = (ii). Since M is minimal, by Remark 1 it must be Apqx = 1 and Ay, = —1. Consider the
projections

E1=E+, Ey = E_ and E3 =1—Ey —Ej.

Then Ej3 is the spectral projection of M corresponding to the open interval (—1, 1), hence EsM = ME3
and ||ME3|| < 1.Now M is written as

M = E; — E; + MEs.
In view of (3.2) there exists X € M"(C) such that
®X) =0, X1 =1 and tr(MX) = 1. (3.3)
In terms of the orthogonal decomposition C" = ran(E;) @ ran(E;) & ran(E3), we can write
I 0 O X1,1 X12 X1.3
M=]0-I 0 and X = |Xy1 X22 X23
0 0 Ms;s X31 X32 X33

Let us to prove the identities X; _X2 1=0,X13 _X3 1=0,X33 _X3 ,=0and X33 =0.
The pinching inequality of Chandler Davis [2,1V.52] implies that

X1,1 X1,2
+ [1X330l < IX[h =1 (3.4)
X21 X22) ||,
and
X1,1 X1,2
1X1,111h + X221 < . (3.5)
X21 X2.2

Note that ||M3 3| < 1. First let us show that X3 3 = 0. Suppose, that || X3 3|l 7# 0. Then by (3.3)
and the inequalities (3.4) and (3.5) we have

IXll1 =1 =tr(MX) =tr(Xy,1) — tr(Xz,2) + tr(M33X33)
< X1l + 1X2,2011 + [IM331] 11X3,3114

<Xt + 1X220l1 + IX3,301h < X[ =1,
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a contradiction. Hence X3 3 = 0. Incidentally, we have proved that
tr(X1,1) = X111 and tr(—=Xz2) = || — X2.2[l1-

Therefore, by the well-known fact that tr(Y) = ||Y||1 occurs only if Y > 0, we have that

X1,1 20 and —X;5 > 0. (3.6)
Moreover by (3.3)
X1,1 X2 Xi13 X1,1 X2  Xi3
tr(MX) = tr —X2.1 —X32 —Xo3| = 1= —X2,1 —X22 —Xo3
Ms33X31 M33X32 O Ms33X31 M33X32 O

1

Then, by the same argument, the matrix MX should be positive semidefinite, which implies that X; 3 =
X;l =0andX;3 = X;(J =0.
In the same way from the relation

. X1 X2\ | X110 Xi2
—X21 —X2.2 —X2,1 —X2.2

1

X110 X122 .
we can conclude that > 0,and thenX; 2 = X5 ; = 0.
—X2,1 —X22
Therefore
X11 0 0
X = 0 X3, 0 with X; 1 > 0and X, <0,
0 0 0
which proves that X™ = E; X; 1E4 and X~ = —E_Xp 5E_, hence EyX™ = Xt and E_X™ = X"

(ii) = (i) is immediate from (3.2).

(ii) = (iii). Take a non-zero X € M/'(C) such that ®(X) = 0, E; = X", E_X~ = X~ and ||X|l; =
tr(MX). Pick a diagonal D € D;, (R). Note that X # 0 and ®(X) = 0imply that ®(XT) = &(X™) # 0.
Since XT, X~ > 0, it follows that

IXTll = X D)1 = 12Xl = X[l # 0.
The inequalities

tr (e(X")D) = tr (X*D) > Ix*Hs (Dy. )

min
yeran(E4), |lyll=1
and

tr (q>(x—)D) —tr (x—D) <X Ih (Dz, )

max
zeran(E-), ||z||=1

prove (iii).
(iii) = (ii). Suppose that thereisno 0 # X € Mﬂ (©) satisfying the requirements of (ii). Consider
the following two compact convex subsets of M,’} (©

A={Y:E;Y=Y 20, tr(Y)=1} and B={Z:E_.Z=Z >0, tr(Z) = 1}.

Since the assumption implies that ®(.A) N ®(B) = ¥, the compact convex sets ®(A) and ®(B) in R"
are separated by a linear form, that is, there is a non-zero vector d = (dq, ..., d;) € R" such that
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r)peiE(Q(Y), d) > r}leaé((CD(Z), d).

This contradicts the condition (iii): taking D = diag(ds, ..., dp),
min{®(Y), d) = min Dy,
YEA( ( ) ) yeran(Ey), ||y||:1< Y y>
and
max(®(Z2),d) = max Dz, z).
Z€B< ( ) ) zeran(E_), ||z\|=1( )

This completes the proof. [

Remark 2. Let M € Mﬁ (C) be a minimal matrix and X € M,ﬁ' (C) be as in (ii) of the previous the-
orem. The functional ¥ (-) = tr(X:) is a witness for the fact that 0 is a best approximation to M
in D, (R) as defined in [8]. That is, ¥ is a norm one functional such that ¥|p,r) = 0 and ¥ (M)
=M — Q0]

4. An algorithm to construct minimal matrices
It is now clear that Theorem 2 can be used to construct all minimal matrices.

Theorem 3. (step 1) Take non-zero X € M,’} (C) with 0 diagonal (hence X # 0,X™ # Oand ran(X™) L
ran(X™)).
(step 2) Take non-zero orthoprojections E, and E_ suchthatEL E_ = 0,E4 X" = XTandE_X~ = X".
(step 3) Take R € Mﬂ((C) such that R(Ex +E_) = 0and ||R|| < 1.
Then M = E, — E_ + Ris a minimal matrix with |M| = 1.
Conversely every minimal matrix M with ||M|| = 1 is obtained in this way.

Remark 3. Note that for differentX € M,ﬁ' (C) with zero diagonal, the construction detailed in Theorem
3 may give the same orthoprojections E; and E_ onto ran(X™") and ran(X ™), and therefore the same
11 1

minimal matrices. Take for example the 3 x 3 unitary U = % 1w w?

withw = eizTn. Then
1w? w
define X; = Udiag (1,t — 1, —t)U*fort € Rand 0 < t < 1. It is apparent that X; € M,’,}((C),

®(X;) = 0and ||X¢||[1 = 2. By construction, if t; # t;, the matrices X;, and X;, are different. However
ran ((X;;)") = ran ((X;,) ") and ran ((X;,) ™) = ran ((X,)~) for t1, t; € (0, 1).

The following corollary is a slight variation of Theorem 1.

Corollary 1. A non-zero matrix M € M,’} (C) is minimal if and only if there exists a non-zero positive
semidefinite matrix P € Mﬂ (C) such that

o PM? = A2 Pfor A = |M]||.
o All the diagonal elements of PM are zero.
® P commutes with M.

Proof. If M is minimal and X is as in (ii) of Theorem 2 then P = X + X~ fulfills all the required
conditions. That these conditions are necessary follows from Theorem 1. O

Recall that E and E_ are the spectral projections corresponding respectively to the eigenvalues
Amax(M) and Apin (M).
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Corollary 2. A non-zero matrix M € M,’} (C) is minimal if and only if Ayin (M) 4+ Amex(M) = 0 and
there exist two non-zero positive semidefinite matrices P, Q € Mﬂ (C) such that

e ran(P) C ran(E;) and ran(Q) C ran(E_).
* o(P) = 2(Q).
e PQ =0.

Proof. If M is minimal and X is as in (ii) of Theorem 2, then P = X+ and Q = X satisfy all the
requ1red conditions. That these conditions are necessary for M to be minimal follows picking X =
P=alr th (P — Q), which satisfies condition (ii) of Theorem 2. [

5. Spectral eigenspaces corresponding to A, and A gy for a minimal matrix

In this section we describe some properties of the subspaces ran(E;.) and ran(E_), where E and
E_ are the spectral projections of a minimal matrix M corresponding to the eigenvalues Aq (M) and
Amin(M). As seen in Theorem 3 these are the building blocks of all the minimal matrices.

For given vectors {wy}j.; C C" we denote with co ({wk}}_,) the convex hull generated by
them.

Corollary 3. Let M € M,’} (C) be a non-zero matrix such that Apgx(M) 4+ Apin(M) = 0. Then the
following properties are equivalent:

a) M is minimal.

(
(b) There exist orthonormal sets {v;}i_; C ran(E4) and {Vj};if 1 C ran(E_) such that

co({vi o Wilj_y) Nco ({vj o VI, ) # 4. (5.1)

Proof. Suppose that M is minimal. By using Theorem 2 there exists a non-zero X € Mh((C) that
satisfies (ii) of that theorem. Fix a basis of ran(X ™) of orthonormal eigenvectors {v;}/_, corresponding
to the (strlctly) positive eigenvalues {a;};_, of X, and a basis of ran(X ) of orthonormal eigenvectors
{vj }] 11 corresponding to the (strictly) positive eigenvalues {a]} _ry1 of X7 (note that ran(Xt) L
ran(X™)). Then, since XT = dSiia(vi®v)and X~ = jir+1 aj(vj ® vj), using the formula (2.1)
for ®(X™*) and ®(X ™), it can be shown that

r r+s
O(X) = d(XT) — d(X7) = diag Zai (vi ov;) | — diag Z a (vio®)|.
i=1 j=r+1
Since ®(X) = 0,itis apparentthat >[_; a; (vjoV;) = Zj+r+1 aj (vj o) and tr(XT) = tr(X™) > 0,
which proves that >°7_; a; = Zjir 1 6. Therefore,

r a: r+s

> rla' VioW)= >

~ s
i=1 ~i=1"1 j=r+1 Z =r+1 3

aj

(vjovj).

Then, since ran(X™) C ran(E) and ran(X™) C ran(E_), (b) holds.
Conversely, if (b) holds, there exist «;, §j > O satisfying >.j_; o =1 = Z, _ 11 Bj, and orthonor-

mal sets {v;}_; C ran(E4) and {v; }jr+f+l C ran(E_), such that

r+s

Za,(vl oV = Z Bi(vjovj) € co({vioVi}i_;) Nco ({vj ) v]}1+r+])

i=1 j=r+1
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Put

r+s
<Za1 (Vi ®vj) — Z /3] V] & V]))

j=r+1

It is straightforward that X satisfies condition (ii) of Theorem 2. Therefore M is minimal. O

The previous corollary could have been proved with similar techniques as in the proof of (ii) = (iii)
in Theorem 2. Moreover, define the following subsets of R}

Py = U co({viovi}_;) and P_ = U co ({vj o \Tj};:;_]) .
o.r: set {vi}l_4 o.n. set {Vj};if+1
{vitizy Cran(Ey) {vj} s, Cran(E-)
Then P4 and P_ induce the subsets ®(A) and ®(B) C D, (R), where A and 3 are the compact convex
sets defined in the proof of Theorem 2. Then, P and P_ are compact and convex sets of R". Therefore
for a matrix M such that Apin (M) 4+ Amex(M) = 0, the property P+ N P_ # @ is equivalent to being
minimal.

A different way to construct minimal matrices is the following. Take a; > 0,for1 <i < r,q > 0
forr+1<j<r+swithl <r,sr+s<nandsuchthat>|_,a = erifﬂ a;. If we define d =
(a1, ..., ar, —rt1s 2o —Aris, 0,...,0) € R", it follows that a majorizes 0= 0,...,0) € RY,
and we Wlll denote 0 < d as usual (see [6] for basic facts on majorization). Then a concrete unitary
matrix U € M, (C) can be found (see [5-7]) such that (U o U) € M, (R ) satisfies that (U o U)d = 0.
This last equality can be written as

r+s

> aivio) — D (Vo) =0
i=1

j=r+1
where {v}p_, are the columns of the unitary U. Then any matrix of the form

r+s
M = )LZV1®V, — XD vi®v + z An(vy ® vp) (5.2)
i=1 j=r+1 h=r+s+1

is minimal, provided that A > 0, A, € R, |Ay| < A.These computations provide a different way to
construct examples of minimal matrices of any size.

In [3] several algorlthms are produced to find unitary (or orthogonal) matrices U that satisfy
(UoU)a = 0 fora given d. Nevertheless, the set of all possible unitaries U that satisfy (U o U)a = 0
is not known in general. The papers [9] and [10] study this problem.

The method to obtain minimal matrices as in (5.2) has the disadvantage that M relies on the con-
struction of the unitary U.

Remark 4. In[1] a different characterization of minimal 3 x 3 matrices was obtained. It is shown that
given a 3 x 3 matrix M, with A(M) = (A, u, —X), || < A = |[M]|, then, M is minimal, if and only if,
there exists a normalized eigenvector v, of the eigenvalue A and a normalized eigenvector v_; of the
eigenvalue —\ such that vy o V), = v_; o v_,. The statement remains valid if any of the eigenvalues
has multiplicity two (u = =£A). The following is an example of a 4 x 4 minimal Hermitian matrix
where this condition does not hold. Let

9 15 i 1,5 2,6
14 14 7 7+7 7+7
15 i 13 1 : 6i
Me|"4T7 1 —7tt 7
1oso 1 s 12
7 7 7 7 7
2 6i 6i 2i 5
-7 —7 ~1+7 3
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Then A(M) = (2, 2, 1, —2), and the eigenspace of the eigenvalue 2 is generated by the orthonormal
eigenvectors

1
vi=——(—1-2i,5,—3—i,1—3i) and
! 54/2
1
vy = ——— (17 — 11i, —15 + 5i, —9 + 17i, 3 — 19i).
? 10Jﬁ( )

The vectorw = 21% (1—1i,1—1i,141i,1+1i)isanormalized eigenvector of eigenvalue —2. A direct

calculation shows that for &« = 2, a(vi 0 v7) + (1 — a)(vz 0V3) = woWw = (4, 1, 3. 5), which
proves that M is minimal (using Corollary 3). However, there is not an eigenvector v in the eigenspace
of the eigenvalue 2 such that v o v = w o w. This follows writing v = vy + yv, with 8, y € C, and

181> + ly |> = 1, and proving that v o ¥ = w o W cannot happen (note that it can be supposed that
y =y1-1B%).
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