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We present here a classical optics device based on an imaging architecture as an analogy of a quantum system
where the violation of the Bell inequality can be evidenced. Quantum states are encoded using an electromag-
netic wave modulated in amplitude and phase. Unitary operations involved in the measurement of the observ-
ables are simulated with the use of a coherent optical processor. The images obtained in the output of the
process contain all the information about the possible outcomes of the joint measurement. By measuring the
intensity distribution in the image plane we evaluate the mean values of the simulated observables. The ob-
tained experimental results show how some correlations of Clauser—Horne—Shimony—Holt-type exceed the up-
per bound imposed by the local realism hypothesis as a consequence of the joint effect of entanglement and
two-particle interference. © 2010 Optical Society of America

OCIS codes: 000.1600, 200.3050, 270.5585.

1. INTRODUCTION

In this paper we present a classical wave optics analogy of
some well known quantum experiments involving Bell in-
equality violations. The optical simulation of quantum
systems is based on the wave features of quantum me-
chanics. The main idea is to exploit the wave nature of the
electromagnetic field in order to represent the quantum
state of one or more particles. In this representation, the
probability amplitude of the occurrence of each state of a
basis is associated with the complex amplitude of the elec-
tromagnetic field, and temporal evolutions are simulated
by means of the propagation of the field through an opti-
cal system. Quantum phenomena can be understood as a
consequence of the wave nature of the evolution of quan-
tum states. In this sense, the wave character of the elec-
tromagnetic field allows us to simulate, in a pictorial way,
the behavior of the quantum world that usually contra-
dicts common sense. Moreover, the classical electromag-
netic field works as an ontological representation of the
wave function and it is a useful tool to visualize the struc-
ture of problems that are usually complex and counterin-
tuitive. This kind of analogy between quantum mechanics
and optics has been explored in different ways. In pioneer
works, polarizations and paths of single photons [1] or
classical electromagnetic waves [2,3] were used for encod-
ing qubits. In several later works, qubits were encoded in
the spatial modulation of the transverse amplitude of an
electromagnetic field [4-8], in the transverse modes of the
optical field propagating in multimode waveguides [9], or
in the polarization of two classical fields with different
frequencies [10]. In all cited works it was proven that, in
addition to potential applications, the study of this kind of
simulations of quantum systems may help one to eluci-
date the fundamental differences between classical wave
and quantum systems. Particularly, the exploration of
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classical wave analogies of quantum nonlocality is inter-
esting not only from an academic point of view but also to
yield new insights into fundamental features of quantum
mechanics.

Violation tests of Bell inequalities have become a fun-
damental tool for experimentally proving the presence of
entanglement correlations in quantum systems of general
interest in areas of quantum information, quantum com-
putation, and foundations of quantum mechanics. In a
seminal paper [11] Einstein, Podolsky, and Rosen (EPR)
established their argument of the so-called local realism
hypothesis. According to it, if we accept that certain prop-
erties of a measured system are present prior to and in-
dependent of the observation, then quantum mechanics is
not a complete theory of nature. Almost 20 years later,
Bell [12] showed that, for systems composed of two spin
1/2 particles, measurements of some correlated quantities
should yield different results in the quantum mechanical
case to those expected if we accept the local realism crite-
rion of EPR. Many experiments confirmed the quantum
predictions using Bell-like systems as entangled photons
in polarization degrees of freedom [13-20], entangled pho-
tons in position-momentum degrees of freedom [21], and
entangled atoms [22]. More recently, a novel simulation of
Bell inequality violations using nuclear magnetic reso-
nance (NMR) techniques was reported [23]. In [24] we can
find a complete review on Bell inequality violations and
related problems as hidden variable theories.

In this paper we will show a classical optics analogy of
Bell inequality violations. It can be simulated using an
imaging architecture similar to those used in optical pro-
cessing. In our scheme, qubits are represented as images
and unitary evolution is simulated by means of coherent
optical processors. The paper is organized as follows: in
Section 2 we give a brief review of the basic general con-
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cepts of Bell inequality violations. In Sections 3 and 4 we
present some considerations about optical simulations of
quantum information processing by means of imaging ar-
chitectures. In Section 5, we present the optical setup for
the particular case of the simulation of the Bell inequality
violations. In Section 6 we present experimental results.
Finally we summarize our conclusions in Section 7.

2. BELL INEQUALITIES

We will use in this paper the following notation: a state of
the two-dimensional Hilbert space (or the qubit space) is
denoted as a complex linear combination of the two states
of the computational basis {|0),|1)}. A separable state of
the 22-dimensional space of a composed system of two qu-
bits is denoted as the product |W(A)),®|¥(B))g, where
|W(j));=;|0);+B]1); (with j=A,B) is the quantum state as-
sociated with the qubit A or B, respectively. In what fol-
lows we briefly describe the Clauser—-Horne—Shimony—
Holt (CHSH) approach to Bell-type experiments [25]. Let
us suppose that two spacelike separated observers (Alice
and Bob) share an ensemble of entangled states |¥)sp
=(|0)4®|0)5+|1)4 ®|1)5)/\2 (subindices A and B denote
the observers or, equivalently, the qubits they will each
measure). Let us consider two pairs of local physical ob-
servables: A and A’ for Alice, and B and B’ for Bob. As
usual, we will define these observables as

-

A=&-6, A =&-d,, B'=j - g,

1)

B=B'6-B7

where a, &’ ,,23,/3" are unit vectors and ¢4 and 5 are vec-
tors whose components are the Pauli matrices operating
on the local subspaces associated with Alice and Bob, re-
spectively.

If Alice and Bob make a random choice of one observ-
able of their pair and then perform a simultaneous mea-
surement, they have the following four possible nonlocal
combinations: A®B,A®B’,A’®B, and A’ ® B'. After sev-
eral repetitions of the experiment, they can calculate the
expected value of the quantity O=A®B+A®B’'+A’'®B’
—A'®B. Since Pauli matrices do not commute, quantum
mechanics asserts that the four nonlocal observables in
each term of O are not compatible and therefore cannot be
simultaneously measured. Moreover, the Bohr principle of
complementarity [26] claims that we are forbidden to con-
sider simultaneously the possible outcomes of mutually
exclusive experiments. However, according to the local re-
alism hypothesis, there exist local hidden parameters
which completely determine the outcomes of the chosen
measurement. Moreover, these parameters also deter-
mine the outcomes that we would have if we have mea-
sured an observable which is incompatible with that ac-
tually measured. We have no control on hidden
parameters and so there are some degrees of freedom that
are not precisely known. In the case of the Bell experi-
ment, each hidden parameter assigns well defined out-
comes of *1 to each local measurement. It has been dem-
onstrated that under such a condition the expected value
of the nonlocal quantity O satisfies the CHSH form of the
Bell inequality [25],
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O)=|{A®B)+{A®B')+(A’ @ B')-(A' ® B)| = 2.
2)

We will inspect the particular case o =23\’ =Z so that
A’=B’'=C. With this assumption, (A’ ®B")=(C®C)=2-2
=+1 for the state we have chosen, and the left of the Bell
inequality (2) becomes

(0)=(A®B)+(A®C)-(C®B)=1. (3)

The equation above must be satisfied for arbitrarily cho-
sen observables A and B with C=0,. Without loss of gen-
erality and for practical reasons, we will set the following
three observables:

A=0,, B=sinfo,+cos o, C=o,. (4)

Additionally, in order to emphasize the role of two-
particle interference effects in the mechanism of Bell in-
equality violations, we will analyze both the case of maxi-
mally entangled states and the case of mixed states. Let
us consider the expectation value of the quantity O with
respect to the mixed state whose density matrix is the
convex sum of the pure entangled state ppure=|V)ap(¥|ap
and the maximally mixed state: pmixed=%[(|0>A
@]0)p)((0]4 ®(0|p) +(|1)4 ®|1)p)({1]a®(1|p)]. Therefore the
state can be written as

1 00 q
1[0 00 0
2100 00/

g 001

P =4 pPpure t (1= q)Prmixed = (5)

where the matrix representation is given in the computa-
tional basis {|0)4,]1)4}®{|0)5,|1)5} and ¢ €[0,1]. The
state of Eq. (5) is a pure state for ¢g=1 and becomes mixed
if 0=¢ <1 owing to the loss of the off-diagonal coherence
components of the density matrix. The maximally mixed
state corresponds to ¢ =0. Evaluating the expected value
of the quantity O with respect to state (5) and setting the
observables defined in Eq. (4) we have

(0(0)) = tr[(A ® B)p] + tr[(A ® C)p] - tr[(C ® B)p]
=q sin - cos 6. (6)

This last result contradicts the Bell inequality (3) if
0,(q) <6<, where 6,(q) is the solution of the equation ¢
=(1+cos #)/sin 0 that always exists in the interval 0< 6
< for all 0<g=1. The maximal violation occurs for
g=1 and corresponds to the Bell state which is pure and
maximally entangled. On the contrary, there is no quan-
tum correlations in the case of the maximally mixed state
g=0 and therefore the Bell inequality is not violated. In
the next sections we will describe the problem underlined
above with elements of classical optics.

3. ENCODING QUBITS IN OPTICAL SCENES

We use a method which is extensively discussed in the lit-
erature [2,3,5] based on the representation of qubits as
position C-bits. According to this method in the input
scene we encode the logical values |0) and |1) of a single
qubit in two slices located in the left and right halves of
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the full plane, respectively. Let (x,,y,) be the coordinates
of the input plane. As the representation is one-
dimensional, we have translational symmetry with re-
spect to the y, axis, and we can consider only the x, coor-
dinate. According to the wave function formalism, the
optical analogy suggests the following notation:

X,— @
5 )’ (7

where Rect(x) is a unit rectangle function that takes the
values of 1 if |x|=1/2 and 0 in the other case. Equation (7)
describes unit amplitude transmittance in a rectangle of
width b centered at x==xa (b<a) where the computa-
tional state |0) is associated with the left rectangle and
the computational state |1) is associated with the right
rectangle as it is shown in Fig. 1(a). To encode the more
general state of two qubits, the modulation of the complex
amplitude of the field in both slices is needed as we can
see in Fig. 1(b). The optical analogy of the quantum mea-
surement process is very simple. In fact, if the state |)
=al0)+B|1) is represented, the relative intensities of the
slices will be precisely |a/? and |8|? and, after renormal-
ization |a|?+|8/?=1, they can be interpreted as the prob-
abilities associated with the measurement outcomes of +1
and —1 in a projective measurement in the computational
basis. A quantum measurement is equivalent to keeping
the left slice with probability |a|? or the right slice with
probability |8|2. Moreover, the expected value of o, on the
state represented can be calculated by extracting infor-
mation from the image presented in Fig. 1(b) as (o)
=tr(o,le)Xe))=(a)?~|B%)/(|a>+|8?). The scheme de-
scribed above is easily generalizable to represent two or
more qubits. We can see in Fig. 2 the convention we will
use to accomplish this. We denote A as the qubit encoded
in the up-down direction and B as the qubit encoded in
the left-right direction. In this case the representation of
the two qubit basis will be a two-dimensional extension of
Eq. (7).

X, +a
{x,|0)y = Rect( ), (Xl = Rect(

A. Pure and Mixed States: The Optical Approach

We will briefly introduce here how we can extend our
simulation to the case of mixed states. A mixed state with
density matrix p=3p;|¢;}¢;|, where p;=0 and Z;p;=1,
consists of a set of pure states {|¢;),i=1,2,...,n}, each ap-
pearing with its respective probability p;. The strategy we
use to simulate and measure mixed states is as follows:
first we represent an image in the input plane that simu-
lates the member of the ensemble |¢;), which is a pure

o 1| 0) + B|1)

Fig. 1. Optical representation of the single qubit state. (a) Op-
tical representation of the states of the computational basis. (b)
The input scene associated with the optical single qubit. The
state «|0)+ 3|1) is represented by the “left” or “right” slices where
the constants a and B are the complex amplitudes of the electro-
magnetic field in each slice.

<2, (a)
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Fig. 2. Schematic picture of the representation of two qubit
states by using optical scenes. (a) Spatial organization of the in-
put plane in order to emulate two qubit states. (b) Optical repre-
sentation of the |0), ® |0)5 state. (c) Optical representation of the
general pure two qubit state. Gray level scale corresponds to dif-
ferent amplitudes and phase modulations of the -classical
wavefront.

state. Then we calculate the expected value of o,, (0,), as
we have discussed in Section 3, then we multiply the re-
sult by p;, and finally we sum up all the results. In this
way, since tr(o,p)=3;p; tr(o,|¢;}¢;]) the same values as
having a statistical ensemble will be obtained. It is worth
mentioning that following this procedure another analogy
can be achieved using a temporal succession of images
with a duration T;. If the total time of the experiment is
T, then we select the times so that 7;/T=p;. In this case,
one has to integrate the output images in the time 7' of
the experiment. This could be realized using an optical el-
ement capable of modulating the light field in the input
plane in a dynamical way. For practical reasons, we used
the first strategy throughout our work.

4. THE OPTICAL U(2) OPERATOR

The key of our work is the possibility of simulating uni-
tary operations acting on a single qubit space. In what fol-
lows we denote the field amplitude as depending on a
single relevant coordinate due to the one-dimensional
character of the optical simulation of local U(2) operators.
The simulation of U(2) operators acting on single qubit
states works as follows. The quantum state is encoded in
an input scene located in the previous focal plane of a
spherical lens of focal distance f. For collimated illumina-
tion, this lens allows one to obtain on its back focal plane
the Fourier transform of the input scene, which corre-
sponds to a field distribution whose relevant coordinate is
xp. The relationship between the spatial frequency vari-
able f, and the position coordinate xz on the Fourier plane
is f,=xp/Nf, where \ is the wavelength of the light field. In
the Fourier plane, a spatial filter of complex transmit-
tance H(f,) is placed. A second spherical lens of focal dis-
tance f'is placed so that its previous focal plane lies in the
Fourier plane. This lens allows one to obtain the inverse
Fourier transform of the product between the Fourier
transform of the input transmittance and the function
H(f,). The field amplitude in the output plane is the con-
volution between the input complex amplitude and the so-
called impulse response of the system that is defined as
the inverse Fourier transform of the function H(f,) [27].
In our case, spatial filtering in the Fourier plane is per-
formed by an almenary phase grating which is a square
wave phase modulation of amplitude 0 < <27 and spa-
tial period 2p. We denote the width of each square pulse
as p and the position of the center of the pulse in the fre-
quency domain as f,. The complex transmittance of the fil-
ter is
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id’, if x " e /2
Hx)z{e if|f,-fl<p ®)

1, in other case,

where the function above is defined in f, € [-p,p] and is
extended by periodicity for all £, € R. The complex trans-
mittance defined in Eq. (8) could be expanded in terms of
pure harmonic components so that the function H(f,) is
written as H(f,)=2,.7C, exp(i(7n/p)f,). Taking into ac-
count only the three central diffracted orders (coefficients
Cy and C,,), the inverse Fourier transform of the equa-
tion above is

h(x) = f H(f,)exp(i2nf,x)df,

¢ 2 ¢ 1
=cos—d(x) + —sin—e'? 8| x + —
2 T 2 2p

2 ¢ . 1
+—sin—e'” 8l x - — |, 9
T 2 2p

where we have defined the phase constants +*
=m/2+(m/p)f,. Let us suppose now that in the input scene
we represent a complex linear combination of the two
computational states {x,|W;,)=a(x,|0)+B{x,|1) according
to Eq. (7). The output signal {(x;|V,.) will be equal to
(h*\Ifin)(xi) corresponding to the convolution between the
input signal and the impulse response of the system de-
fined in Eq. (9) evaluated in the coordinate x; of the image
plane. The result gives six terms that are the three prin-
cipal diffracted orders of the two slices that represent the
computational states. Under certain conditions that can
be experimentally controlled, the expression can be sim-
plified. In fact, if we choose a grating whose spatial fre-
quency satisfies the relationship 2p=1/2a with respect to
the spatial separation 2a of the slices, the separation of
the diffracted orders in the final plane will be equal to the
distance of the two slices, allowing the interference be-
tween them as it is suggested in Fig. 3. All diffracted or-
ders located out of the computational regions are not reg-
istered.

The input-output relation of the process in matrix form,
using the identifications of Eq. (7) is expressed in the rep-
resentation of the computational basis as

Fig. 3. Schematic picture of the optically simulated U(2) opera-
tion. Complex amplitudes « and $ are mapping onto «’ and B’ by
means of a 4f coherent optical processor with an almenary phase
grating in the Fourier plane.
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o 2 ¢
cos— —sin—e'”
a o’ 2 T a
e = ) 10
B \B)7\2 ¢ s |\g) 10
—sin—e'” cos—
T 2

where ¢ and y* are real-valued. The process is schema-
tized in Fig. 3. The similarity between the general expres-
sions of U(2) operators and the two-parameter family of
linear operators of Eq. (10) becomes evident. For instance,
if we want to measure the observable o,, we must apply
the Hadamard operator H [28] and then perform the mea-
surement in the computational basis. This can be done by
setting tan(¢/2)=2/7 and f,=-p/2. The Hadamard-like
operator \EEH o, obtained in this way can be transformed
in the proper Hadamard operator by placing a phase plate
o, in the front of the first lens since ai2= 1Vi after renor-
malization. Measurement of Hermitian observables de-
fined in the Hilbert space of the two level quantum sys-
tem can be simulated in the same way. In Table 1 we show
the unitary change of basis associated with each observ-
able of Eq. (4) and the corresponding values of the param-
eters ¢ and f,. A phase shift o, in front of the first lens
must be eventually included.

5. OPTICAL IMPLEMENTATION OF THE
ANALOGY

The experiment reported in this section, works as a clas-
sical optics analogy of the Bell experiment. We will test
our setup in two cases which correspond to the two states
g=1 and 0 described in Eq. (5). In the first case (g=1) Al-
ice and Bob will share an entangled pair. For simulating
this, we encode the maximally entangled state [¥)sp
=(|0)4®|0)5+|1)4®|1)5)/\2 by uniform illumination of
the top-left and the down-right quarters of the full input
plane [Fig. 4(a)]. In the second case (¢ =0) the input state
will be the statistical mixture represented by the density
matrix  pmixea=31(0)a ®[0)5)((0[4 @ (0lp)+ (|14 ® |1)p) (1|4
®(1|p)] whose optical analogy is the uniform illumination
of the top-left or the down-right quarters of the full input
plane, each with a probability of 1/2. This is an incoherent
superposition of the computational states and it should
not have any quantum correlation [Fig. 4(b)].

The complete optical setup is schematized in Fig. 5. An
argon laser source (A\=477 nm) is filtered and then colli-
mated with lens Lj. The collimated beam impinges onto
the binary mask P; which represents the two qubit state
that Alice and Bob use during the experiment. The input
scene is placed in the previous focal plane of the lens L,
(focal length of 26 cm) that allows one to obtain the Fou-
rier transform of the input in its back focal plane or Fou-

Table 1. Hermitian Observables, Unitary Change
of Basis, and Parameters of the Optical Simulation

Hermitian Unitary b f. Phase

oy H 2 arctan(2/m) -p/2 o,
sin o, +cos 0 o, e "2g, 2 arctan((2/m)tan(6/2)) -p/2 o,
o, 1 — — —
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(b)

p=1 p=1/2 p=1/2
Fig. 4. Optical representation (a) of the maximally entangled
state, (004 ®|0)g+|1)4®|1)5)/\2, and (b) of the maximally mixed

state, 5((10)4®[0)5)((04 ®(0]5) +(|1)4 ® [1)p) (1[s @ (1]5)], as optical
scenes.

rier plane. In the Fourier plane, we place the spatial filter
for simulating two local unitary operators. According to
previous discussions, this can be done with the composi-
tion of two orthogonal almenary phase gratings as shown
in Fig. 6. Horizontal phase grating with phase modulation
parameter ¢, produces diffracted orders in the “up-down”
direction from where Alice’s qubit is encoded. Vertical
phase grating with parameter ¢p produces diffracted or-
ders in the “left-right” direction associated with Bob’s sub-
system. The two-dimensional almenary phase grating,
whose phase modulation goes from 0 to ¢4+ ¢5 (mod 27)
was programmed in a spatial light modulator (SLM). This
device consists of a Sony liquid crystal display television
(LCTV) that combined with two polarizers (P; and Pjg)
and two quarter wave plates (QWP; and QWP,) acts as a
mostly phase modulator [29]. The LCTV (model
LCX012BL) was extracted from a commercial video-
projector and is a video graphics array (VGA) resolution
panel (640 X 480 pixels) with square pixels of 34 um size
separated by a distance of 41.3 um. The process is com-
pleted with the lens L, (focal length of 26 cm) that allows
one to obtain the inverse Fourier transform. The final im-
age in the output plane P, is captured by a video camera
[charge-coupled device (CCD)]. The video camera is a
Sony CCD model “Iris, Black and White” 640
X 480 pixels.

According to Table 1, an additional phase plate that in-
troduces a 7 phase shift in the left-bottom and in the
right-top quarters of the input wavefront must be in-
cluded. Therefore, this phase plate does not affect the il-
luminated zone of the input plane and we can ignore it.
Moreover, in the final image, we must take into account
the inversion of the coordinates system whose senses are
indicated with arrows on the P; and P, input and output
planes, respectively, in Fig. 5. The protocol of the full ex-
periment is depicted in Fig. 6 and can be described as fol-

\ 4
4
pC]

Fig. 5. Experimental setup for simulating the Bell experiment
as an imaging system.
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b4 +bs
Measurement| § (fixed) | §p(variable) mod(2r)
A®B g
A®C
C®B

Fig. 6. Detail of the protocol of the full experiment.

lows: each local operation is simulated by using one of the
two orthogonal almenary phase gratings. The horizontal
modulation from 0 to ¢, simulates unitary operations on
the Alice up-down encoded qubit, while the vertical modu-
lation from 0 to ¢ works equally for the Bob left-right en-
coded qubit (Fig. 7). The Alice measurement is fixed to o,
(or o,) and, therefore, eventually she only applies a Had-
amard operator before projecting her qubit on the compu-
tational basis. The Bob measurement is varying as
sin 6 o, +cos 0 o, for 0= =27 and the phase modulation
¢p(0)=2 arctan((2/m)tan(6/2)) (see Table 1) has to be
variable. In both cases the amplitude of the phase modu-
lation is controlled directly by the SLM. Measurement of
o, is performed by orthogonal projection on the computa-
tional basis and no phase modulation is needed. The out-
put scenes corresponding to the three pairs of local mea-
surements (one fixed A®C and two varying A®B and C
® B) are registered by the CCD and recorded for its pos-
terior analysis. The analysis method and the correspond-
ing results will be shown in the next section.

6. BELL INEQUALITIES: EXPERIMENTAL
RESULTS

Once the output scenes corresponding to each measure-
ment are obtained, the mean value of the observable (O)
can be easily evaluated. Unitary changes of basis reduce

Alice post-measurement

Output image .
' (tracing over Bob)

mO—

P(A)

BOB

Bob post-measurement: Conditional to the result of Alice

P(B./A)P(A.)

Fig. 7. Measuring a two qubit system in computational basis
from the output distribution intensities.

P(B,/A4,)P(A,) P(B_/A,)P(4,) P(B,/ A)P(A)
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the problem of the measurement of an arbitrary observ-
able into the problem of measuring o, ® o,. This is a pro-
jective measurement in the computational basis
{10)4,1194} ®{|0)5,|1)5}. The results of a projective mea-
surement in the computational basis can be easily inter-
preted in terms of the distributed intensities of the output
field obtained in our experiment. The underlying process
in the analysis of the output images is depicted in Fig. 7.
In what follows P(A;,B;) with i,j=+1 is the joint probabil-
ity of, after a projective measurement in computational
basis, A=i and B=j, i.e., the measurement outcomes ob-
tained by Alice and Bob were i and j, respectively. Accord-
ing to the elementary probability theory, this quantity can
be evaluated as P(A;,B;)=P(B;/A;)P(A;), where P(B;/A;) is
the conditional probability of B=j knowing that the result
A=i was obtained, and P(4;) is the probability that the re-
sult A=i was obtained, independent of Bob.

Let us suppose that Alice performs the measurement of
her qubit. As we have discussed above, it means that she
has to keep the up or the down half of the full plane with
different probabilities. The statistical properties of Alice’s
measurement are described by the marginal probabilities
deduced from the joint distribution integrated over the
degree of freedom associated with Bob. In the formalism
of quantum mechanics, the marginal distribution of Alice
is defined by the reduced density matrix trg(psg). From
the optical point of view, the partial trace over Bob’s sub-
system means that the accessible information available
for Alice is related to the field distribution in the up-down
direction, independent to the field distribution in the left-
right direction from where the information available for
Bob is encoded. So, the two possible post-measurement
states of the full system with their respective probabili-
ties will be |O>A® (a00|0>B+ a01|1>3)/\s“|a00|2+ |C(01|2 with
probability P(A,)=(|agol*+|ag1[*)/ (| argol? + | agy|* + |tz
+|ai1/?), which means that Alice measurement outcome
was +1 and her pseudorandom choice was the top half of
the scene, or ‘1>A ® (a10|O>B+ all‘ 1)3)/\f|a10|2+ |a/11|2 with
probability P(A)=(|ayo?+|ay1[*)/ (| argol?+|agy|*+ |yl
+|aq1/?), which means that the outcome was —1 and her
choice was the bottom half of the scene.

Now is Bob’s turn. The post-measurement state of the
full system after the Bob measurement will be condi-
tioned for the result previously obtained by Alice. The
four possible post-measurement states are naturally the
four computational states. For instance, the post-
measurement state |0)4 ®|0)z can be obtained with prob-
ability P(B,/A,)=|agol?/(|ag]?+|ag1|?) with the previous
knowledge that the post-measurement state obtained by
Alice was |0>A® (a00|0)3+a01|1)B)/\e“\a00|2+ |a01|2. At this
point the nonlocal aspects of the joint measurement be-
come evident. In this last case, the full process is a joint
projective measurement of the output state in the compu-
tational basis from where the result A=+1, B=+1 is ob-
tained. The corresponding post-measurement state will
be |0)4®|0)p with probability P(A,,B,)=P(B./A,)P(A,)
=|agol?/ (Jago2 + | ap1|? + | a10/?+|@11/?). The remaining three
computational states can be equally obtained as post-
measurement states with probabilities depending on the
intensity distribution |a,,,|?, with m,n=0,1. Therefore,
the expected value of 0, ® o, in terms of the output inten-
sity distribution is

Goldin et al.

<(Tz ® O-z> = P(A+’B+) + P(A—’B—) _P(A+7B—) - P(A—aB+)

B |ao0|2 + \0111|2 - \61’01|2 - |a’10|2

= . (11)
|C¥00|2 + \0101|2 + \0110|2 + |a11|2

It should be pointed out that the Alice and Bob measure-
ments involve only local operations. So the result of the
previous analysis does not depend on the chronological or-
der of the measurements since local operators commute
with each other. This is important since Alice and Bob
measure simultaneously according to the EPR locality hy-
pothesis.

Calculations involved in Eq. (11) are performed directly
from the relative output intensities associated with the
computational states in the output image. The experi-
ment consists of performing a sampling on the phase
modulation of the vertical grating with 0= ¢ <27 and,
for each value of ¢p, evaluating the quantity
(0)=(A®B)+(A®C)-(C®B) in the function of
0=2 arctan((7/2)tan(¢g/2)) by inspecting the output im-
ages. The experimental results for (O) versus 6 are plot-
ted together with the theoretical expected result ¢ sin 0
—cos 0. Theoretical and experimental curves are com-
pared with 1 in order to explore possible violations of the
inequality ¢ sin #—cos #=1. Experimental results are
summarized in Fig. 8.

In Fig. 8(a) (O) versus 0 is plotted in the full range 6
€[0,2m) for the maximally entangled state g=1 and for
the mixed state ¢=0. As we can appreciate, although the
experimental points differ slightly from the theoretical
curves, a good qualitative agreement is obtained. It has to
be mentioned that the SLM was used in the maximal res-
olution of two pixels per spatial period of the grating.
Since the properties of phase modulation of the SLM in
high resolution are far from optimal, some differences be-
tween experimental points and the theoretical curve ap-
pear, mainly in the range 0 € [7,27) in Fig. 8(a). Such dif-
ferences are more significant in the case g=1 from where
they are amplified by interference effects. The maximal
violation of the Bell inequality occurs for g=1 and there is
no violation for ¢ =0 as expected. In Fig. 8(b) experimental
and theoretical results corresponding to mixed states
with density matrix defined in Eq. (7) are shown for ¢
=1, 2/3, 1/3, and 0. In this case the plot is shown not in
the full range but in the zone of violation of the Bell in-
equality. The experimental results of the simulation are
also in good agreement with the theory, within the experi-
mental error. The lost of coherence of the state, when the
parameter goes from the maximally entangled to the
maximally mixed state, becomes evident in the transition
from maximal violation to no violation.

7. CONCLUSIONS

We have implemented an optical setup to classically
simulate Bell inequality violations. We have shown how a
conventional optical processing architecture can be used
to optically simulate a Bell-type experiment scenario. The
simulation begins with the optical representation of the
quantum state of two qubits as an image organized in
four quarters according to the statement in Section 3. In
this representation, pure and mixed states can be emu-
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Fig. 8. Experimental results. (a) Theoretical predictions and experimental results of the simulation (O) versus 6 plotted in the full range
0e[0,27) for the maximally entangled state ¢g=1 and for the mixed state ¢=0. (b) Theoretical and experimental results of the simula-
tions corresponding to mixed states with density matrix defined in Eq. (7) for g=1, 2/3, 1/3, and 0 in the Bell inequality violation domain.

lated. The encoded information is organized as a bipartite
two level system. One part, conventionally called “Alice”
has available dichotomic information related to the field
distribution in the up-down direction of the scene. The
second, “Bob” is associated with the orthogonal left-right
direction. Quantum nonlocality arises from the assump-
tion that the information available for one of the observ-
ers is unavailable for the other, and vice versa. Then, we
process the input image with a 4f coherent optical proces-
sor with a phase grating in the Fourier plane. The optical
processor is designed in order to ensure that the complex
amplitude of the electromagnetic field is modified from
the input to the output scene simulating a unitary evolu-
tion of the state. The simulated unitary evolution allows
one to measure tensor products of local observables. Mean
values of such quantities are experimentally evaluated
from the intensity distribution of the field in the output
image. We show that, depending on the encoded input
state, correlated quantities calculated from the expected
values of the observables violate a Clauser—Horne—
Shimony—Holt Bell-type inequality.

In order to emphasize the role of interference effects in
the Bell inequality violations, we test our setup in two dif-
ferent cases: in the first, the maximally entangled state
(10)4®|0)+|1)4®|1)5)/\2 encoded in the input scene
shows maximal violation; meanwhile, in the second, an
incoherent superposition of |0)4 ®|0)g or |1)4®|1)5 does
not violate the Bell inequality mainly due to the absence
of interference effects. Parametrical lost of coherence
from maximally entangled to maximally mixed states has
been simulated by means of an optical representation of a
convex mixing of both types of states. In all cases, the ex-
perimental results of the simulations are in good agree-
ment with the theoretical predictions based on quantum
mechanics.

Summarizing, we have shown what we believe to be a
novel classical optics simulation of the famous experiment
of nonlocality testing proposed by Bell [12]. From a con-
ceptual point of view we can say that, in principle, classi-
cal wave optics simulation of quantum information pro-
cessing is completely equivalent to an analogical
electronic computer which reproduces the interference ef-
fects that arise in real quantum systems. Since this kind

of devices is decoherence free but nonscalable, they could
be useful as testing tools for quantum information proto-
cols in low dimensional Hilbert spaces. In addition, the
knowledge and the optimization of these techniques could
be adaptable to real quantum processes as those involving
entangled photons, enhancing their potential applications
to quantum information processing. Particularly, this
simulation clearly illustrates how the mechanism of Bell
inequality violations needs two resources: quantum en-
tanglement and two-particle interference. It nicely dem-
onstrates also that classical optics is a useful tool for a
deeper understanding of some fundamental aspects of
quantum mechanics. In the future, we plan to extend the
results obtained in this work to the simulation of systems
with multiparticle entanglement.
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