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Abstract:  We consider the problem of reconstructing a measurable function over G from a countable subset of
samples, taken accordingly to a Poisson random point process, when G is a locally compact abelian group. This
results are applied to the problem of approximating the inverse Radon Transform of a function.
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1 INTRODUCTION

Let G be an LCA group, i. e. a locally compact abelian group with Hausdorff topology, whose group
operation is written additively. Let U be a topological Hausdorff space and B(U) the Borel o-algebra of U.
The symbol 1g stands for the indicator function of the set S. Denote by I” the dual group of G and by (v, z)
the value of v € I' at z € G. Let mg denote the Haar measure on G, i.e. the unique invariant measure
with respect to the group operation ‘+’. The respective Lebesgue spaces of functions, for p € [1, 00|, are
denoted by LP(G). If f € L'(G), its Fourier Transform at € I' is defined by

Ffo) = fir) = / f(@) T 2ydma(x)
G

In a similar manner one can define a Haar measure m over (I, B(I")), and then the inverse Fourier trans-
form for g € LY(I") atz € G is given by: F~1g(x) = ¢"(z) = [ g(7){v,z)dmp(7) . A classical example
r

is G = RY with its usual addition operation +, and its dual I" = RY. In this case {y,x) = €7"* with
mq and mp the ordinary Lebesgue measure on R%. Another very known example is the torus G = T and
its dual I = Z. In this case, (vy,z) = €7*¥ with m again the Lebesgue measure and m - the counting
measure. With these basic definitions in hand, the most relevant results for these classical cases, such as
Plancherel’s formula, can be extended with no difficulty to the general abstract setting of an LCA group
G [4]. A key result in Harmonic Analysis and Signal Processing for G = R? is the so called Whittaker-
Kotel’nikov-Shannon (WKS) sampling theorem which gives conditions to reconstruct (interpolate) a band
limited L?(R?) function from its discrete samples taken at a uniform and appropriate rate. The WKS theo-
rem was extended to L?(G), with G an LCA group, by Kluvanek [5]. In addtion to its elegance, Kluvanek’s
result provides an example of a unified theory which gives a positive answer to several similar problems that
may seem different at first glance. The WKS theorem and its abstract version by Kluvanek, are examples
of uniform sampling theorems. In practice, this means that if f represents a signal its samples are taken
at equidistant points, in the abstract setting this traduces in evaluating f over a discrete subgroup H C G.
However, in some applications, non uniform sampling may be preferable to the uniform sampling approach.
An interesting case arises when the sample points are chosen randomly. Several authors studied the case of
sampling points given by a Poisson point process over R%, see e.g.[8]. Poisson point processes or related
Random measures can be defined over general o-finite measure spaces [6]. In particular one can consider
the measure space (G, B(G), m¢). Here, we shall study some results for this abstract sampling setting and
then we will apply these to the particular case of G = R x T arising in the context of the Radon transform.
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2 SOME PRELIMINARIES

We begin by recalling some definitions. Let G' be a LCA group. Analogously to the R? case, for a
measurable S C I, one can define the Paley-Wiener spaces of S-band limited functions as: PWg = {f €
L2(G) : supp(f) € S}.If mp(S) < oo, we call kg := F~'1g. Then the orthogonal projection over PWg
is the operator Ty : L?(G) — L?(G) defined as

Tsf(x) = ks * f(x /f (Oks(x — t)dma(t) /f (. a)dmr ().

Let (€2,.A, P) be a probability space and X a random variable defined on it. If ¢ is any Borel measurable
real function, we denote E(¢(X)) the expectation of p(X). If Bo(G) = {4 € B(G) : mg(A) < oo}
and A\ > 0, we can define a Poisson random measure [6] N : Bo(G) — L%*(Q,G,P), where G is the
sub o-algebra of A generated by the familty of random variables {N(A), A € By(G)} and such that
E(N(A)) = Amg(A) and Var(N(A)) = Amg(A). We aim to define an stochastic integral for some
suitable random integrands. Let F be a sub o-algebra of A and independent of G. If p > 0, we define the
spaces
LP(F)={f:Qx G — C is F ® B(G)- measurable and ||f|, < oo},

where || f||{, = E ||f||Lp(G Now,let R = {R=F x B, F € F, B € Bo(G)} be the class of measurable

rectangles. From N we define a new random measure M : R — L*(Q,0(F UG), P), by
M(R) = M(F x B) = N(B)1p. 1)

If f is a R-simple function, f = Zf\i ; a;1r; with a; € C and the R; € R disjoint, we define the stochastic
integral of f with respect to M as the random variable:

/f )YdM (z }:m

The integral [, f o f(x)dM (z) verifies the following properties:

Lemma 1 Let f be a R- simple ﬂmction then:

) E (Jg f(x)d ( )—AfG x))dme(z).

i) E (Jg f(x)d = A Jo E( )de( ))? = A [, Elf (2) *dme ().

By a limiting process, (ii) allows to extend the definition of [, f(z)dM (z) for any f € L'(F)L*(F).
Moreover, Lemma 1 remains true for f € L!(F) (N L?(F).

3 RANDOM SAMPLING ON G
Let {Gn }nen, be a sequence of independent sub o-algebras of A, and let {F,, },en be the sequence of
sub o-algebras defined as 7, = o(Uj_,G;). Let {Np}nen be a sequence of Poisson random measures of

parameter A > 0 such that N, is G,-measurable, and let M, be defined as in equation (1), for each n. If
mp(S) < oo, then for f € L2(F,,_1), we define:

Tosf(a /f ks (z — H)AM (1), @

for each n € N. We summarize the main facts about 7}, g in the following results:

Theorem 1 Let f, g € L%(F,,_1) then:
i)T,sf € L2(F) and T, s f € PWs a.s..
ii) If v > O then:

Y*mr(S)

E|f = 1Tasoltae = EIf —1Tsgl? + =4

E|lgl72c)
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Note that for fixed n, if f = g € PWg a.s. and v = 1 then

mp(S)

E|f _TnSfH%P(G) = EHf”%Q(G) :

In this case, note that if \ — oo then || f — T,, s f|| L2(G) 0, in the mean square sense and in probability.
Therefore T, s f is an unbiased estimator of f. However, to ensure a good approximation of f the average
number of samples determined by A should be considerably large. Theorem 1 and its consequent derivations
lead to an improvement by considering an iterative method. For determinstic f € L?(G), define a sequence
of functions { f, }neng» fn € L2(Fn) N PWg by: If n = 0, take fo = 0 and if n > 1:

fn-&-l:fn'i"YTn—HS(f_fn)' (3)

The main result then reads:

Theorem 2 Let f € PWg (deterministic) and f,, be defined by equation (3) then:
B[ — fullia < 600" [ 326 - @)

where 0 < §(y) = ((1 — )2+ M) In particular, for fixed X\ > 0, v can be chosen such that
0() < 1 and thus equation (4) tends to 0 exponentially when n — oc.

4 RADON TRANSFORM AND THE GROUP G =R x T

Assume that f € C§°(R?) with compact support. Its Radon Transform Rf : R x [0,27) — R is
defined by:

Rip0) = [ fa)do= [ 8- a)f(w)dn, €6) = (cosO,sin0), p e &
{z: &x=p} R2
Briefly, the Radon transform is defined by the integrals of f over the lines {x : £ - x = p}. Obviously,
R is a linear transformation and, for fixed p, Rf(p, §) can be viewed as a periodic function. At this point,
following [2, 7], it is possible to apply the tools developed in the previuos section in case of the group

G = R x T. The projection-slice [1] theorem can be used to prove the following approximate inversion
formula [2]:

Theorem 3 Let e € L*(R?) be a radial function such that [t|'/?é(t) € L*(R?) and 1 the even function
of one variable given é(t) = (2m)~')(|t|). Let the associated convolution kernel k be given by k(r) =
%(2#)_3/2\r|¢1(r). Then:

e f(z) = / / k(e -2 — p)RS(p.0) dB dp.

R [0,27)

In fact, e x f can be viewed as a filtered or smoothed version of f. If e defines an approximation of the
identity then the formula gives an approximation of f. Generally, this filtered version is easier to recover
from data R f than the original function f. If F' = R x [0,27) — R and if /1 F denotes the Fourier
transform on the first variable, we define the integral operator 17, for x € R? as:

Ty F(x) = / / el (r) FLF (r, 0) drdf)
R [0,27)

Indeed, one can prove that:
ex f(x) = (TyRf)(x) 5)
Recall that now G = R x T. The key property of Ty, is the following:
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Lemma2 Let F € L*(G), then |TyF ()] < (2m)1/2 H|r|1/)(r)HL2(R) ||F||L2(G) .

Now, we can combine equation (5) and Lemma 2 with Theorem 2 in the following way. Suppose that
F =Rf € PWg, where S C I' = R X Z is such that m(S) < oo. Note that, in this case, m is the
product measure between the Lebesgue measure mpy and the counting measure ¢, my = mg ® c. Finally
define a sequence {F}, },, as in equation (3), then we can prove:

Theorem 4 Let F' = Rf € PWg and F,, be defined by equation (3) then:
Blle s f = TyFul?agme) < 50)" @12 [11100) | gy 1l 2 s - ©)
where 0 < 6(7) is defined as in Theorem 2.

To illustrate the proposed method we include some experimental results. On the top we can see a
smoothed version of CT image of a brain and the sinogrogram of the original image. Below, on the right
side we can see the reconstruction of the original Radon transform after 7 iterations, taking A = 0.04 and
v = 0.9. On the left, the final approximation of the smoothed image.
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