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Abstract: This work is mtended as a help to show, using
very simple geometrical models, how visibility is built into
the Young’s interference patterns produced by incoherent
sources. A very simple example, that consisting in only two
mutually incoherent point sources, is used. Consonance be-
tween. independent fringe systems leads straightforwardly to
the same results predicted by the Van Cittert-Zernike’s The-
orem. The homogeneous and non-homogeneous cases are
exemplified. Abramson’s Holodiagram, both the classic one
and the Young's fringes one, concepts are then used to gain
turther non trivial insight in some simple situations including
that of virtual sources. Sensitivity to pinholes displacements
and areas of homogeneity are easily obscrved.
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1. Introduction

To adequately describe the partial coherence between
two points in the propagation region produced by an
extense polychromatic source it is necessary to mea-
sure the correlation existing between the field vibra-
tions between these points. The measure of that corre-
lation is intimately related with the interference and
diffraction pattern produced when combining the vi-
brations of both points.

The calculation of the degree of coherence and the
mutual intensity (that replaces the mutual coherence
function when the finite source is quasi monochro-
matic) leads to the Van Cittert-Zernike Theorem [1, 2],
which is of great utility in coherence theory. This theo-
rem establishes that the complex degree of coherence
describing the correlation of the vibrations between a
fixed point P; and a variable point P in a plane illumi-
nated by a finite, incoherent, quasi monochromatic
source equals the value of the normalized complex am-
plitude in point P, of a diffraction pattern. Such pat-
tern is obtained replacing the source by a diffracting
aperture identical in size and shape to the source illu-
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minated with a spherical wave converging in P,, and
the amplitude distribution of which, point to point cor-
responds with the intensity of the source [2].

If the linear dimensions of the source and the dis-
tance between P; and P, are small as compared with
the distance between these points to the source, the
modulus of the complex degree of coherence equals
the normalized Fourier Transform of the intensity dis-
tribution of the source.

It could be noticed that the theory of coherence
deals with measurable quantities, correlation and in-
tensities and uses the auxiliary concept of visibility of
an interference fringe system.

In this sense, we propose in this work an approach
to the understanding of the meaning of coherence
using paraxial geometrical optics in terms of the visibi-
lity of fringes. This idea was already proposed in the
original work by Zernike [2].

How is it possible that two (or more) incoherent ele-
ments of a source could give rise to nonzero visibility
fringes stable in time? Each idealized point element of
it produces high contrast fringes, but different ele-
ments are not supposed to give rise to stable interfer-
ence patterns. Then the only possibility for visibility to
subsist when both point source elements are present
should be that the source points are separated by such
a distance that makes the individual fringe systems to
coincide.

Then, emphasis is exerted in the fact that the exis-
tence of measurable visibility finges is due to superpo-
sition in consonance of multiple fringe systems origi-
nating in different source elements that are incoherent
between them. This idea, originally used to calculate
visibility in times before the VCZ Theorem was stated,
can be exemplified by using two very small and close
pinholes very near to the eyes and observing through
them outdoor scenarios. Even if the available light is
not monochromatic, fringes can be observed in lumi-
nance discontinuities, such as edges, wires or TV poles,
images of the Sun in dew drops or cylindrical surfaces
also show fringes with high enough visibility to be dis-
cerned. It is easy then to figure out that low or zero
visibility in extended sources is due to the superposi-
tion of shifted fringes systems.
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The case of two quasi monochromatic point sources
is taken as example and it is then extended to the case
of a continuous space distribution. The non-homoge-
neous case is motivated with another very simple ex-
ample consisting in two point sources on a perpendicu-
lar line to the plane of Young’s apertures.

Then, the concepts of the classical Holodiagram
(HD) and its close relative, the Young’s Holodiagram
(YHD), as introduced by Abramson [3] are used to
gain some more insight in these simple cases. The
aforementioned examples with two point sources in
particular geometric positions are seen as particular
cases that can be easily understood in terms of these
diagrams and useful information can be gained from
their nice properties.

2. Two incoherent point sources
(homogeneous case)

In fig. 1, A and A’ in plane P-P' represent two far qua-
si monochromatic incoherent point sources separated a
distance x;.To stress the incoherence idea we can think
that both sources are never lit at the same time.

Those sources show the same irradiance and their
mean wavelength is 4. The holes Py and Py, separated a
distance d have a negligible size, so that the light distri-
bution in plane Q-Q' does not show appreciable varia-
tions due to diffraction in the region of interest. Lens
L (not essential for the description), with focal dis-
tance f;, conjugates planes P-P’ and Q-Q'. Besides, dis-
tance 7’ is very much larger than the involved trans-
verse distances, and the image distance z = f;.

So, for each point source in P-P’, it corresponds an
intensity distribution in plane Q-Q’ as in Young’s ex-
periment. These intensity distributions 74 and /g can
be respectively described as

L1 (x) = Iy cos? [2; f x}
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Fig.1. A two-points incoherent homogeneous sourcc. The
lens L is not essential for the description. In all the drawings a
small distance between the lens and the aperture is introduced
for easiness. Besides, the approximations with respect to the
involved distances mentioned in the text are not respected to
make the drawings more clear.
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The position of any interference order (say, for exam-
ple, the zero order) fully determines the position of the
whole fringe system.

As both sources are incoherent, the total intensity is

I(x) =Ta(x) + Ta(x)
If we call

, 2m d
W, =——

X ,l z
then it results

T(x) = In{1 + cos [,(2x — xy)] cos w X}
and the visibility

IM = Im _
IM f Im B

!

2n xy
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That is, the visibility depends on the separation d be-
tween P; and P, (points where correlation is calculated
in the Van Cittert-Zernike’s Theorem) and also on the
ratio

!
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It is, the relative position of the two fringe systems
(one fringe system for A and one for A") determines
the visibility of the composite fringe system when both
sources are present.

If, for example, fringes are shifted in phase in integer
multiples of 27 (so that they coincide), visibility will be
maximum. This result agrees with the intuitive idea
that the existence of visibility due to the existence of
two sources is due to their consonance.

[t is evident from eq.1 that visibility, and conse-
quently the degree of spatial coherence, shows the same

* geometry of Young’s fringes as predicted by the Van Cit-

tert-Zernike theorem. Notice that it is the relative posi-
tion of any given interference order of both fringe sys-
tems that determines the resulting visibility. So, the
location of a pair of homologous points in the fringes
systems is enough to determine the visibility value. In
what follows we are going to use the location of the
point of zero interference order in each system, it is the
point where the optical path length difference is zero.
Following the same line of reasoning as before, if
there are N discrete point sources with irradiance I,
located in points x/, the intensity distribution in plane

Q-Q' results:

1(x) = EN: I; cos? (o (x — x;))
i=1
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with

!
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The case of a continuous intensity distribution source
with similar restrictions (quasi monochromatic, inco-
herent, plane and [ar away) can be thought as due to a
linear distribution of irradiance /(x') in plane P-P, the
intensity distribution in plane Q-Q' is

I(x) = [ I(x') cos? (w,(x — x)) &’

=B +1A cos (2w.x — 0)

with

Acoséd = [ I(x') cos 2wyx') dx’
and

Asind = [ I(x') sin (2w.x") dx’

B=[I(x)dx.
The integrals are extended to include all points in the
source.

Then, the maximum and minimum values of the in-
tensity are respectively

Iy=b+1iA
and
In=B-1A
and visibility results to be
il A
T Iy+I. 2B
Solving for A, B and replacing,
V =
{1 1(x') cos (2w, x') d¥' [ +| [ I(¥') sin (2.x') dx' 7}/
J1(x') dx' '

It is, visibility is represented by the modulus of the
normalized Fourier Transform of the intensity distribu-
tion of the source and consequently, the complex de-
gree of coherence. This is the same result that could be
obtained from the Van Cittert Zernike’s Theorem.

Notice that only elementary calculus and trigono-
metric identities are used and a permanent clear feel-
ing of what is being done is easily kept.

Also, that in this case the visibility depends on the dis-
tance d (coordinates difference) between points P; and
P; and not in their actual position in front of the lens.

3. Two sources (non homogeneous case)

Returning to the case of only two point sources, let us
assume that we consider the somewhat more general
case where the two sources A and A’ are not required
to be in a plane perpendicular to the optical axis of the
lens.

Figure 2 shows two possibilities. In the first (fig. 2a),
both sources are aligned with the midpoint between P,
and P, and along the normal direction to the aperture
screen. Without further calculation it is evident, be-
cause of the symmetry, that both fringe systems are in
consonance for any value of d and high visibility is
then always obtained.

Let us consider a slightly more general situation
where the line joining the two sources is displaced an
amount X from the center of the pupil as shown in
fig. 2b.

Let us call z; and z; the distances between the plane
containing the holes P; and P, and each source, respec-
tively. Light going from one source to points P; and P,
will travel different path lengths, and the point of zero
path length difference in the fringe system will be lo-
cated in different positions for one source and for the
other.

We start by finding xp and xg, the location of the
zero order fringes for each source. Let us call A(A,P;)
the optical path from A to P; and a similar notation
for the other pairs of points. The optical path differ-
ence for the light going from A to P; and P> is

AA(A) = A(A, Py) — A(A, P,)

e

>
et

12

Fig.2. a) A two-points incoherent source aligned with the
midpoint of the apertures. b) A two-points incoherent source
on the normal to the apertures plane at a coordinate X with
respect to the midpoint between them.
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and from A’
AA(A) = A(A, P,) — A(A', P,).

By using the distances defined in fig. 2b, we find that
A(A, Py) = /(X —d/2)* + 22

2
A(A, P) = \/(X +d/2)" + 23

A(A!, Py) = /(X +d/2)* + 22
A(A, Py) = /(X +d/2)* +22.

Considering that the sources are assumed to be so far
away that the following approximations can be ap-
plied:

21> X+d/f2
22> X +d/2.
Then
(X —dj2)?
AA, Py = 14— "7
( ; 2) ZI( - 22%
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A(A', P2) = 2, (1+( ,/ ) ) .
2:{5
So,
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Z1
X
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Z32
and then
AA ~ Xd (l e 1—) :
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The X coordinate of the center of the system of fringes
produced by A can be located by imposing the zero
path difference between the interfering beams. To do
this we now calculate the path difference between P,
and P, and an arbitrary point P(x) in the observation
screen following the same procedure and the result is:

APy, P(x)) = \/z? o (x+§)2
A(P2, P(x)) = \/12 + ( —g)z.

If we restrict our attention to x values so small that we
can approximate the square root by the first terms of

its series development, then

2
APy, P(x)) = z | 1 +ﬂ

22

2
APy, P(x)) =z \ 1+ (r ;Zg)_

The difference in optical path between both is then

b))

Z Z

2 1 1
cos 31: dX [———]
A 21 22

It can be secen that the case shown in fig. 2a is a parti-
cular case (X =0). Visibility is then maximum and
does not depend on the value of d.

Besides, by for example shifting the sources by
X = d/2 to one side the behavior of the visibility drasti-
cally changes. It now depends on & in a Fresnel-zone
like way.

It is, the visibility of the fringes depends on the X
position of the sources. It was not the case in the former
section. The source is then named inhomogeneous.

This behavior can also be predicted from the Van
Cittert-Zernike Theorem.

Then, the two double sources (homogeneous and in-
homogeneous) considered here give visibility condi-
tions easy to interpret and illustrate on how inhomo-
geneity (dependence of the visibility on the pinholes
coordinates) appears.

The location of the point on the screen of zero path
difference, or, conversely, given a point on the screen,
the location of openings giving rise to zero path differ-
ence, can be facilitated by using the Holodiagram [2].
Given a point P on the screen where Young’s fringes
are expected and a point light source A, a set of ellip-
soids can be drawn with them (P and A) as foci, such
that successive ellipsoids differ in constant steps of half
wavelength. Then, if the openings are on the same el-
lipsoid (see fig. 3), the point on the screen has zero
path difference. In general, two arbitrary openings will
correspond to a path difference given by the order dif-
ference of the ellipsoids times half wavelength.

If the location of the openings changes, the path dil-
ference in general also changes. The sensitivity of this
location variation can be visually estimated very easily
using the HD in this way. As an example, if one of the
pinholes is displaced along one ellipse of the holodia-
gram, the interference order at P does not change, while
if the displacement is in the direction where the HD
fringes are closely packed the change in interference or-
der is the highest. All the previous developments on ho-
lographic sensitivity can be applied to this displacement.

By equating AA(A) with AA(P(x)) we can find the
coordinate X; of the zero order fringe and the same
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Fig. 3. The Holodiagram used to identify the interference or-
der of a point P.

calculation can be done to find X{by equating A1(A")
with AA(P(x)).
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The intensity distributions 7,4 and /4 produced by A
and A’, can be respectively described as

L

2rn d
Ia(x) = I cos’ [; — (x—XnJ}
and
: 2n d |
14 (x) = Iy cos? [—“ — (x— X;J)] ,
: Az
As both sources are incoherent, the total intensity is
I(x) = La(x) + Lo (x),
then it results
1(x) = Iy {1 + cos [@:(2x + X, — Xo)] cos w,(Xo — Xg)}
and the visibility is

_ IM’ - [m
- -{M’ + Im

2n(Xy— X;) d
A 7|

Notice also that using this approach, the coincidence of
the zero path difference points due to sources A and
A’ considered above (fig. 2a) when the two sources are
aligned with a point midway between the openings is
straightforwardly concluded.

= |cos wy(Xy — X;)| = |cos

Then, the two double sources (homogeneous and in-
homogeneous) considered here give visibility condi-
tions easy to interpret and illustrate on how inhomo-
geneity (dependence of the visibility on the pinholes
coordinates) appears.

The behavior of the visibility is identical to that of
the interference of two coherent sources. Then, the ori-
ginal pattern used by Young and afterwards by Abram-
son |2, 4] consisting in a set of revolution hyperboloids
(in this case with foci in the incoherent point sources A
and A’) can be used to find useful insight on the distri-
bution of coherence as represented by the fringes visi-
bility. This pattern has been named Young's fringes
Holodiagram (YHD) [4].

A pattern consisting in a family of hyperboloids with
the mentioned foci and differing in constant ade-
quately chosen steps could be thought, painted black
and white alternatively (fig. 4). Then, the intersection
of this pattern with the plane of the apertures indicates
the corresponding visibility value.

It can be understood using a binarized version of the
diagram (only for easiness in description). If both aper-

rf‘ -.\ g -\\ f;’\ ’ \ ™\
g ¢ s b ! v f
VoW VoW NN

Fig. 4. Young's fringes Holodiagram used to find the visibility
of Young’s fringes.
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tures are on bright (or dark) regions of the YHD then
visibility is maximum and if the apertures lie in regions
of different brightness value, then it is minimum. The
generalization to continuous variation of this binarized
version is straightforward.

Again, in this case the sensitivity of the visibility to
changes in the position of the pinholes can be in-
ferred from the geometry of the YHD. Displacements
of one pinhole along one hyperbola do not change
the visibility value while sensitivity to displacements
is maximal in the direction of the smallest spacing of
the hyperbolae. Besides, a qualitative idea of the
homogeneity (or lack of it) can also be gained from
the observation of the YHD. In the region where the
YHD shows even spacing (the region of classical
Young’s fringes) coherence is homogeneous, while in
regions where the spacing varies the behavior is non-
homogeneous.

The HD concept can also be applied to search for
the visibility in the case of virtual sources. We are
going to call a virtual source to the case when one of
the light sources is a spherical wave converging Lo a
point behind the plane of the aperturcs.

The phase difference between the wavelets going
through apertures P2 and Pl determines the position
of the whole system of fringes. When one of the
sources is virtual, (A’ as shown in fig. 5), we can ob-
serve that the phase delay between the wavelets com-
ing through P; and P; for the (virtual) point A’ is the
same as in the case of a (real) source A" located sym-
metrical with respect to the midpoint O between P,
and P;. So, the YHD constructed with A and A" will
describe the coherence corresponding with this case
for P; and P». A different YHD will be required for
every position of the apertures if the position of O is
modified.

An extreme, ‘pathological’, case is when one of
the sources is in one of the apertures. If the pre-
sence of this source does not modify the propagation
of the light coming from the other source, then the
visibility will be identically 15 for any pair P; and Ps.
If both sources are in the apertures, then the visibi-
lity is zero.

.
i
o
/r'."

.

Fig. 5. One virtual source A’ and its symmetrical A"’ with re-
spect to the apertures midpoint Q.

Next, when both sources are virtual, the YHD can
be constructed at either side of the screen with the
apertures with identical results.

4. The inverse problem

Which is the set of locations where two incoherent
point sources will produce a given (say, maximum) visi-
bility? It is, given that the visibility has a certain value,
which is the restriction it imposes on the possible
source distributions? This question (given the visibility
value, to infer some information about the source)
could be named the inverse problem. As we have seen
that the positions of the zero order fringe of the fringes
systems produced by A and A’ separately depend on
AA, all points giving rise to the same value of it will
produce the same visibility.

The locus of those points is also the Young’s fringes
Holodiagram (YHD), a plot of hyperboloids that is ob-
lained as in fig. 4, now having as foci the openings in
the screen Py and P, (see fig. 6).

It can be seen that any point sources located on, say,
the maxims of this diagram will produce high visibility
fringes. Moreover, if a source in the shape of these max-
ims was used, high visibility should also be obtained, a
result that was not at all obvious from the start.

It should be clear now that with such a source, if
some regions of it are obscured, no changes in the visi-
bility should occur (only changes the mean intensity),
while if new sources were added in the dark regions,
visibility in the fringes should diminish.

It is, the use of the YHD adds to the insight of how
visibility is built in the fringes, based on very simple

Fig. 6. The inverse problem using Young’s fringes Holodia-
gram.
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concepts, easy o handle and not requiring explicitly
the use of operations such as ensemble average and
correlation, which, of course arc present but not re-
quired for this geometrical approach.

5. Conclusions

A geometrical approach to the calculation of visibility,
stressing on the fact that it is due to the consonance of
individual fringe systems between incoherent superpo-
sition has been proposed. It was done mostly as an aid
to the understanding of how visibility is built into the
interference patiern when incoherent sources are pre-
sent. With this approach, the same results as with the
VZ-C Theorem are obtained using only elementary
calculus and trigonometric identities. The homoge-
neous and inhomogeneous cases were illustrated
through a very simple example.

The use of the Holodiagram concepts (both the classi-
cal and the Young’s fringes versions) gives also some in-
sight on the origin of visibility in some idealized situa-
tions. Sensitivity to variations in the location of the
pinholes can be estimated from previous developments
in the HD and the YHD. Regions of homogeneity and
non-homogeneity can also be inferred from it. The case
of one or bath virtual sources was also considered.

A difficult 1o grasp concepl, as is that of spatial co-
herence is somewhat made more comprehensible using
very simple geometrical concepts. Some not obvious
conclusions in the inverse problem can be obtained in
this way.
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