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Abstract

Long bones geometry changes in response to longitudinal growth in the epi-
physeal plates and hydroxyapatite apposition in the periosteum. Due to its
relevance for growth modulation and orthotics performance, researchers have
extensively modeled these phenomena, using the finite elements method for it
almost since the introduction of modern computers. This is a rather complex
task that, besides the inherent difficulty of solving the models equations, requires
considering a moving boundary. Here, the development of a new computational
tool for its resolution is described. A generalized formulation of these problems
is established based on the most common approaches taken in the literature and
a novel finite elements algorithm is proposed for its resolution. The later allows
a significant reduction of the spatial discretization requirements, the computa-
tional cost and the numerical errors associated with more classical approaches.
The potentiality of the method is demonstrated by its application to three cases
of practical interest, namely, hemiepiphysiodesis treatment, growth in the distal
femur and bone remodeling around hip prosthesis. Eight relevant cases of study
and an open source implementation of the proposed algorithm are also provided
as supplementary material.
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1. Introduction

Shape and function of long bones is the result of a series of processes that
occur during the whole life of vertebrates [1]. The involved mechanisms are often
referred to as endochondral growth and ossification . [2, 3] During childhood
and adolescence, growth and ossification of cells located in the epiphyseal plate
are the main causes of what is called longitudinal growth [4]. Osteoclasts and
osteoblasts act by modifying the amounts of hydroxyapatite on the bony tissue,
thus changing its shape and density [5, 6]. This particular process is called bone
remodeling.

All these phenomena respond to a wide variety of factors, as hormonal ac-
tivity [7, 8, 9], drug treatments [10] or mechanical loads [11, 12]. Researchers
have extensively studied endochondral growth given its fundamental role in the
development of growth pathologies [13]. Bone remodeling also plays an impor-
tant role in the development of pathologies as osteoporosis [14], as well as in the
performance of bone implants and orthotics [15, 16].

Multiple authors have numerically modeled these phenomena by using the
finite elements method (FEM). One of the firsts applications of the FEM for
studying bone growth and ossification was made by Carter and Wong [17],
who analyzed the effect of mechanical loads on the development of diarthrodial
joints. Stokes and Laible [18] studied bone longitudinal growth for a 3D model
of a rib cage composed of 1D elements in an attempt to gain insight into idio-
pathic scoliosis causes. Carter et al. [19], and Orr and Beaupré [15] also studied
bone internal remodeling as well as bone growth and ossification, based on phe-
nomenological observations. More complex phenomenological models have been
recently applied to study the origin of spine deviations [20], the development
of diarthrodial joints [21, 12], longitudinal growth in the femur [22], and bone
external as well as internal remodeling [23]. Also, progress in research of the sub
laying biochemical mechanisms responsible for growth has led to application of

the FEM to study drug [10] and hormonal [9] effects on bone morphology.
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In the literature, growth is frequently modeled by neglecting remodeling,
considering the bone structure as formed by constant properties, differentiated
tissue regions. This is usually achieved by partitioning the used mesh in two
sets of “growing” and “non growing” elements. Geometry evolution is described
by a growth rate tensor €;;, that depends on the stress state of the tissue at a
given time t. Growth is computed following a step-wise algorithm, for which
geometry is modified in response to an increment in bone growth tensor given
by:

Agyj = €At (1)

with a pre-defined time step At. This numerical scheme is usually implemented
trough the thermal expansion capabilities of the used solver, to allow expansion
of the considered geometry using this step increment as the “temperature” for
expansion. The new geometry is updated, and mechanically induced stresses
are re-computed for the next step. Elements that following some modeling
criteria are considered to ossify are assigned to the non growing region, while
the remaining elements are used for computing growth in the next step.

This numerical approach has been successfully used in modeling several cases
[7, 24, 25, 21, 22]. Nevertheless, it is not free of complications, specially due
to the used meshes variations in time. These issues are of different nature,
depending on the considered problem.

When studying endochondral growth and ossification, as the bone rudiments
consist of a cartilaginous matrix in which chondrocytes distribution is random
and isotropic, growth is analogous to an isotropic volumetric expansion. For
these cases, Eq. 1 yields an increase in size of the ”growing” region, Fig. 1.
This results in an increase of elements characteristic length L., causing a re-
duction in the spatial resolution of the model. This has two relevant numerical
effects: an increase of interpolation errors for the computed space-dependent
model quantities, and an increased uncertainty on the ossified and cartilagi-
nous zones determination. Even though interpolation errors can be reduced by

remeshing the domain to keep L. approximately constant when time advances,
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as implemented by Giorgi et al. [21], errors in the determination of the ossified
interface position (non-growing) and the cartilaginous (growing) zones cannot

be reduced beyond L.

ossified zone
(non growing)

~
P

physical
ossified
zone

physical
domain

computatlon'al computational
domain S
zone

Figure 1: Discretization errors that arise when solving endochondral growth and ossification
problems. Uncertainty in the position of the ossified zone interface cannot be reduced beyond

the elements characteristic length L.

These numerical issues do not invalidate results when modeling situations
in which mesh does not undergo large deformations, as studied by Beaupré
et al. [26], or when ossification is not considered, as modeled by Giorgi et al.
[21]. Nevertheless, when modeling longitudinal growth this poses a great chal-
lenge. Due to the highly anisotropic histological structure of the epiphyseal
plate, growth proceeds mainly along a preferential direction [27, 22]. Also, in
the long bones, longitudinal growth can represent in the order of 3 to 6 times
the epiphyseal plate height e [28, 29] for a period of time in the order of a year,
of relevance to study some growth pathologies [13, 30]. Computational conse-
quences of this are showed in Fig. 2, for a linear growth situation as studied by
Alonso et al. [31] or Mikic [7]. Being the epiphyseal plate a thin structure, in
order to reduce computational cost, its height is usually subdivided in a reduced
number of elements of characteristic length L. [24, 20, 22]. For long simulation
times, two situations may arise, depending on whether the adopted time step
is larger or smaller than a characteristic time ¢'. For a small time step, simu-
lation proceeds as indicated in the green curve of Fig. 2. The adopted spatial
discretization causes the elements in the epiphyseal plate to undergo an elon-

gation that increases the computational epiphyseal height €', Fig. 2 (d). This
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Figure 2: Discretization errors that arise when solving longitudinal growth and ossification

problems with the algorithms more frequently applied in the literature.

redounds in a corresponding increase of the computed growth speed. A delay
in the advance of computational ossification front occurs, as compared with the
physical ossification front. This causes computed length to exponentially grow,
with a corresponding elongation of the used mesh, Fig. 2 (e). For time steps
bigger than the characteristic time ¢, computational ossification front advance
is accelerated as compared with the physical ossification front. This causes the
computational epiphyseal height ¢’ to reduce as the simulation proceeds (b),
until all elements in the mesh are ossified and no further time advance can be
computed, as shown by the red curve in Fig. 2.

The above described alterations in the computed epiphyseal height are not
consistent with the underlying biology of the problem. They are caused both for
the method used to represent cartilage ossification and having a finite amount
of elements representing the epiphyseal plate. Furthermore, as elements de-
formation for these cases is highly anisotropic, errors due to the resulting poor
elements shape factor are caused. Although it would be theoretically possible to
reduce these errors by remeshing the geometry and refining mesh in the vicinity
of the ossification front, this can be done only with an increase of computational

cost. This constricts the applicability of the described algorithm to the study
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of cases in which small elements elongation is produced [24], or relatively small
time intervals are considered [22].

In the present work, we focus on the numerical resolution of a general formu-
lation of bone growth and remodeling problems, based in the method initially
proposed by Beaupré et al. [26]. We present a novel algorithm that is able to
overcome the previously described modeling difficulties that arise when comput-
ing bone growth. In particular, the manner in which we solved the tracking of
the moving boundary between the cartilaginous and the ossified regions allows
the precise resolution of a wide variety of problems, and this could be a valuable
asset for research purposes. In what follows we focus on the description of the
applied resolution techniques, as well as on the demonstration of the proposed
algorithm capabilities. For the later we have chosen three practical interest
cases. Code validation as well as a set of additional implementation examples

are provided in a supplementary material.

2. Methods

2.1. Mathematical problem posing

In the present work, we consider a macroscopic and continuous description

of bone growth and remodeling, that consists of:

e Finding the spatial evolution of a bone or a bone/prosthesis system de-
scribed by a domain @ ¢ RN (N < 3). A set of k pairs load-cycles
number {f;,n;} is prescribed, and for each of these, its boundary 92 is
partitioned in an essential 8(2%) and a natural 895\? region, such that
N = 89%) U BQ%)/\aﬂg\i,) N 89%) = &, defining what we call a load state.

For each load state, equilibrium condition are given by:

V.o 4+b =0inQ

RRY) = f; in 9QY (2)
U =7; in 8Qg>,
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being o) the Cauchy stress tensor for the ith load, b; the volumetric forces
acting on the bone, u the displacement vector and 7 the normal to 9. A
set of essential boundary conditions is prescribed in a subset 0Q% C 09,
limiting the domain growing displacements. For simplicity, we will call
oYy at the subset of 9Qy for which f; # 0. Alternatively, this load cases
based description could be replaced by a single set of loads f(t) defined on
a region 9S), along with a set of prescribed displacements in an essential
boundary 0Qp. It must be noticed that elastic properties might not be

continuous €2, and singularities may appear in the solution of Eqs. 2.

e Determining the evolution of a maturity function M (7,t) — RT, for 77 € Q,
describing tissue differentiation and age. This function is such that values
of M(7,t) = 0 represent cartilaginous zones of newborn chondrocytes,
and values of M (7,t) > 1 are associated with ossified zones. Two subsets
Qp and Qp that we will further refer as bony region and growing region
respectively, such that Qg UQr C QAQpNQr = (QpUQE) — (int(Qp) U
int(Qp))AQp = {7 e Q/M(7,t) < 1} are defined. We require the Hessian
matrix (7, t) of function M (7, t) to be such that J4,(7,t) # 0,VF €
int(Qp). Alternatively, a third partition Qp C Q can be defined.

e Determining the bone apparent density evolution p(7,t) for each 7 € Q.

The problem description is complete once a set of phenomenological as well as
material governing equations and initial conditions are defined. Initial condi-
tions are given by the bone shape Q(0) = Qy, stress o(7,0) = o¢(7), maturity
M(7,0) = My(7), and density p(7,0) = po(F).

Material governing equations comprise the laws that describe the material

behavior and the tissue specific correlations between elastic properties and ap-
parent density. We will consider only linear-elastic materials, thus reducing
governing equations to one. A tensor E(p, M, ,t) describing bone mechanical

behavior is defined, in such a manner that stress and strain are related by:

o = Ee. (3)



Phenomenological equations describe the bone rate of growth, maturation
and remodeling. These equations can be based on empirical observations or
biochemical models. Empirical equations describe the aforementioned rates of

change in terms of explicit functions of the stress or strain to which bone is sub-

s jected [26, 23, 32]. Biochemically based equations are obtained after considering

140

these changes as the result of a series of chemical processes, regulated by the
influence of stress or strain on growth factors concentrations [9, 10]. Consid-
ering these observations, a bone growth and remodeling problem is completely

defined once the following parameters are defined:
e A maturation rate function,
M(7t) = g(M, 01, ..., O, N1y ooy e, B, ). (4)
e A potential growth velocity tensor,
gij(mt) = f(M,01,...,06,n1,..., 0, E, t) (5)
= 10yl ) + 0ris (7, 1), (6)
being u; ; the displacements along directions 4, j due to growth only of a
point of coordinates 7 € Qp at time ¢.
e A rate of hydroxyapatite apposition/deposition,
7(Ft) = 1(M,01, .., Ok N1y ooy i, By py t). (7)

For 7 € int Q g, this function depends with bone density rate of change by
an empirical factor S, (p) representing the bone surface area density, and

a factor p, that represents the density of the deposited bone, i. e.:

P 1) = paSulp)i (7 1). (8)

The rate of bone apposition/removal relates with the displacement velocity
in the border of the bony region 0€Q2g by:

—

w(?t) = 17(M, o1, .., Ok, N1, ..oy N, By p, t)70, (9)

being 7 the normal to the surface 9.
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2.2. Proposed algorithm

The algorithm that we propose on this work can be divided in seven steps:

1. Initialization: An initial density distribution po(7) is defined for each

node of Qp. Elastic properties are defined for each element in the model,
by interpolating the function po(7,¢) onto the Gauss integration points
of the finite elements mesh. An initial maturity distribution M (7) is de-
fined as a nodal quantity. A growth due stress is defined, as a Cauchy

tensor o(7,t), for every element in the model. This tensor is initialized as

o(7,t) = oo(7) .

2. Loading stresses determination: Problem defined in Eq. 2 is solved

for each of the defined load states. For this, stiffness matrix of the model
is calculated, and the usual finite elements approach is used. Stress tensor

is computed for each element of the model, and for each of the load states.

3. Growth displacements computation: A growth velocity tensor £(¢)

(Eq. 5) is computed for each element in Qp with the stresses obtained in

step 2. A growth increment tensor Ae(®) is computed as,
Ael®) = AL (10)
A set of growth nodal forces is calculated for each element, as:
- / B'DA:9ay, (11)
v

being B and D the displacements differentiation and Hook matrices of the
elements respectively. This nodal forces, as well as the essential boundary
conditions for Q¢ are applied, as usual, to obtain the nodal displacements
due to growth, i. e.,

u§ = KU f;, (12)

being K the stiffness matrix of the system. Growth stress tensor o(®) (7, ¢)

is updated for each element, as:

o O(t + At) = oO(t) + DBju$ — DA, (13)



4. Tissue differentiation and mesh adaptation: For each node in Qp,

maturation rate M; (Eq. 4) is computed. For this, stresses obtained in
step 2 are projected into the mesh nodes by using the elementary shape

functions. An auxiliary nodal maturity M/ is computed, as:
M = M; + MyAt + V Mug. (14)

Here, VM; is the maturity gradient, and u§ the displacements computed in
step 3. For each element (e), this gradient is obtained from the elementary
shape functions derivative, and then projected again to the elements nodes.
Mesh adaptation is performed by moving the nodes of Qp, for which M; >
0, in such a manner that these follow’ the points of the space that have
the same maturity as initially defined in step 1. In order to produce a
minimal mesh distortion, in terms of deviations from the initial mesh,

nodal displacements u; are computed as:
U; = kVM;. (15)

This condition implies that, as nodes are moved along the direction of
maximum change in maturity function M (7, t), |@;| is minimal. Requiring
the nodes to be always at a point having the same maturity as initially

assigned can be expressed, at the first order, as:

M|+ VM, -u; = M, (16)
which implies that
M — M;
="t 17
|V M, |2 (17)

. Geometry updating: Mesh geometry is updated by applying a displace-

ment v; to each node in £, being

v = uy + U;. (18)

. Bone remodeling computation: Remodeling rate r, Eq. 7, is com-

puted using stresses obtained in step 2. Normal vector n is computed for

10
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the elements in 9{2p. A nodal displacement @] is defined according to Eq.
9. For nodes in int Qp, @] = 0. Geometry is updated by displacing each
node in the model by %;. Density distribution p; is updated as

pi(t + At) = pi(t) + paSo(p)r'i + Vpitiy, (19)

being Vp; the density gradient, computed in the same fashion as maturity
gradient in step 4.

7. Re-initialization: Elastic properties tensor is updated for each element
in the model. If a prescribed condition is fulfilled, domain 5 is re meshed,
and all the defined fields are projected into the new mesh. Algorithm is

repeated from step 2, until reaching a stopping condition.

3. Results

The proposed algorithm has been implemented as a Cast3M [33] package,
which is provided as Supplementary Material N° 1, and allows the study of
several cases of bone growth and/or bone remodeling problems. The examples
we show here, as well as a set of 3 code-validation cases, and 3 implemen-
tation examples of classical problems are also incorporated on the mentioned
supplementary material. The provided code has been implemented in such a
manner that a user familiarized with Cast3M can straightforwardly modify the
growth and/or the bone remodeling equations. We have defined a default set
of growth and remodeling equations, based on the more frequently referenced
models available in the literature. These are specified in Sec. 3.1.

A set of three practical interest examples has been chosen to illustrate the
capabilities of the proposed algorithm. We begin with a 2D model of the distal
femur under an hemiepiphysiodesis treatment. We continue by demonstrating
how biomechanical data can be considered with a 3D finite elements contact
model to compute bone growth and remodeling in the distal femur, and finish
showing how a classical 3D remodeling problem around a hip prosthesis can be

solved. Geometrical models shown here were obtained from the Standardized

11
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Femur [34], and the Cal Poly Human Motion Biomechanics Lab Knee Joint
Finite Element Model [35] with Salome-Mesh [36].

3.1. Fxample model equations

Bone growth:. Growth speed velocity tensor is computed in a similar way as

proposed by Beaupré et al. [6] and other authors [12, 20]:
gij = (Em + €B)Esj- (20)

being €;; the tensor defined by €;; = 1 and ;5 = 0 if 4, j # 2 for 2D cases,
and g;; = 1if i = j = 3 and ¢;; = 0 otherwise, for 3D cases. ¢€p represents the

1 as it can be

bone biological growth speed, and was defined as ég = 3 year™
derived for a person in the peak of growth [28], for a typical growth thickness
[37]. For the mechanical stimulus to growth, &), was computed as:

k

EM = H'Mzniahia (21)
i=1

being op; the hydrostatic stress for the i-th load state, n; the number of load

1

cycles and k7 a constant, here set as 1 x107* MPa~ month™!. &, is truncated,

in such a manner that for every point in Qp, —ég < épr <ép.

Maturation speed, Eq. 4, is computed as:
M(Fz t) = Z €44 (ﬁ t)a (22)
for every 7€ Qp and M(7,t) = 1 for every 7 € Qp.

Bone remodeling:. As default case, for points 7 € {25, bone apposition rate is

computed as suggested by Beaupré et al. [26], i. e.:
T(ﬁ t) = le(ﬁ t) + TM(Fv t)a (23)

being 7p a biological and 7,; a mechanical contribution to bone apposition.
Biological contribution is computed as 7p = exp[—k,.(M — 1)]. By default, a

value of k. — oo is set.

12
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Mechanobiological contribution to bone apposition is given by

CinlS — (1 4+ 5)Sres], Sif > (1+s)
M =140, —3<T5;f—1<s (24)

CacelS = (1= 9)Spes], 55 < (1-5)

On these equations, S is the mechanobiological stimulus to bone apposition,

that we compute as:

§=Y (), (25)

being &; the Von Mises stress due to the ith load, and n; the corresponding num-
ber of cycles. m is an empirical factor set to m = 4. As default case, parameters
Sref, 8, Cin and Cge. were given values of 60 MPa, 0.6, 2 x 10-3 mm/day and
5 x 1073 mm/day respectively. Bone apposition rate 7 was limited by the in-
equality —4 x 1073 mm/day < 7 < 4 x 1072 mm/day .

To compute bone density, appositional bone density p, is considered equiv-
alent to cortical bone density p. = 1.75 g/ cm®. Minimum bone density was
considered to be py = 0.1 g/ cm®. Bone internal remodeling velocity was com-
puted as:

p=Sulp)pei, (26)

by using the correlation due to Martin [38] for S, (p),

Su(p) = (pﬁ)2(0.07 +8.1x107% — 7.2 x 107122
+ 51x10718p3 — 2.1 x 107t +
+0.23 x 10730p°),
for [p] = 5.

Mechanical properties:. Model regions are considered as Hookean, isotropic ma-
terials as default. Poisson ratio of elements in Qp is given the value v = 0.3,
while the value v = 0.45 is adopted for elements in 2r. Young modulus is con-

sidered to be constant and equal to 20 MPa for the elements in Q g, while for

13
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the elements in g the correlation

2018p%% 0.1<p<1.2
E(p)[MPa] = , (27)

1744p%% 12<p<1.75

for [p] = [£5] was applied.

3.2. Case 1: Hemiepiphysiodesis treatment

In this section, we use the formulated algorithm to explore the problem of
bone growth for a simplified 2D model of the distal femur during epiphyseal
stapling. Such treatment is an alternative when significant differences occur in
the growth speed of different regions within the same epiphyseal plate. This
results in an angular deviation of the affected long bone, that can be assessed,
if the epiphyseal plate remains open, by inserting a Blount staple in the more
rapidly growing side of the physis, thus restraining growth until the initial an-
gular deviation is corrected [13, 39]. This particular scenario is characterized
by the interaction between all the considered phenomena, given by the presence
of an orthotic device interacting with longitudinal growth and bone remodeling.

Consider a section of the distal femur, as shown in Fig. 3, which we study
under the hypothesis of a plane deformations stress state. This section was
obtained after sectioning along the coronal plane and scaling by a factor of 0.75
the Standardized Femur [34] in order to reflect the geometry of a child bone. It
must be emphasized here that the shown results are oriented towards algorithm
validation, thus limitations exist regarding geometry accuracy. Used mesh and
code are provided in Supplementary Material 1.

A set of loads (F,Fys) acts on the lateral and medial epichondyles of the
bone respectively, which define 2. Nodal displacements are blocked on the
proximal boundary of the model, 9Qp, Fig. 3. A region Qp, with a Young
modulus of 210 MPa and a Poisson ratio of 0.3, representing an inserted titanium
Blount staple was defined.

Initial density is obtained after considering a 'non-stapled’ model, for which

only the remodeling algorithm is applied until the convergence criterium max/[p(t-+

14
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Figure 3: 2D modeling of the growth in the distal femur under an hemiepiphysiodesis treat-
ment. Forces directions were obtained by integration of an uniform pressure distribution on

the considered epichondyle.

At) — p(t)] <1 x 107%£5 is achieved. A stress free initial condition is estab-
lished. Obtained density is projected into an ’stapled’ model, upon which growth
simulation proceeds.

Upper line in Fig. 4 shows the evolution of bone density for a time lapse of
100 days. Initial geometry is shown with a black contour. On this line, Detail A
shows the computed bone apposition for this case. Detail B shows the advance
of the physeal ossified zone, while detail C shows the computed longitudinal
growth. In the lower line of Fig. 4 it is possible to observe the evolution of the
growth direction coincident stress tensor component. This particular variable
can be interpreted as the stress pressure, as defined by some authors [39]. It
is worth noticing here that not only a compressive load appears in the zone
between the staple legs, but also a tensile load appears on the diaphyseal zone
next to the staple. A reduction in the epiphyseal thickness can be identified on

this zone, showing how it would be also possible to predict the risk of physeal

15
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t = 50 days

Figure 4: Growth relevant results. Upper line shows bone shape and density evolution, while
lower line shows the computed growth pressure (i. e., the pressure exerted by growth in order
to accommodate to the presence of a permanent device). Detail A shows external remodeling
in the proximal portion of the diaphysis. Detail B shows computed advance in ossification

front. Detail C shows changes in shape due both to growth and bone remodeling.
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Figure 5: Load states considered for the evaluation of mechanobiological growth in the distal
femur. Plotted forces correspond to the reaction forces on the knee obtained from gait analysis,
while the dots indicate the considered points of the stance phase. For further reference, refer

to Supplementary Material N° 2.

closure.

3.8. Case 2: Growth in the distal femur

In this section, we show the manner in which biomechanical data can be
integrated into the proposed algorithm to consider the mechanobiological effect
of a pathological gait pattern on longitudinal growth. For this, data experimen-
tally obtained for a patient with crouch gait (Case_02-model, reported by Steele
et al. [40]) are incorporated into a 3D contact model of the knee. Considered
loads were those due to the gastrocnemius, the vastus, and the rectus femoris,
as well as the knee reaction forces. For further details about the geometrical
model, material properties and boundary conditions used to compute contact
loads please refer to Supplementary Material N° 2.

Four load states are considered, corresponding to the 0%, 33%, 66% and
100% of the stance phase (Fig. 5). Each of this loads was assigned a number of
cycles of 200.

17
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Figure 6: Modeling of bone growth in the distal femur. Loads on the model are obtained from

a 3D finite elements contact model.

The 3D contact model of the knee was reduced to consider only the femur.
Then, the nodal forces computed from the contact model were projected into
the femoral interface with the articular cartilage and the ligaments, which define
the Neumann boundary 9. Nodal displacements are blocked in the proximal
border of the model, 9Q2p, Fig. 6.

We characterize deviations from normal growth, in terms of the displacement
speed @ of a given point r; on the interface of the physis and the epiphysis, for
t — 0. In order to simplify the analysis, we define a rotation center 7, as the

point that satisfies the condition:

/uxfchz/udeA, (28)
A A

being dA a differential surface element. We also define a mean rotation speed

1/7 about the z,y and z axis respectively, as:

Yy = % fA i"z(y - r;)dA
Yy =g [yt —r5)dA (29)

V. =% [uliy(@ — 1) + e (y — r8)]dA
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Notice that, in terms of the adopted coordinate system, Fig. 5, rotation speed
components represent the recurvatum, valgus/varus and anteversion deviation
speeds of the joint respectively.

Fig 7 shows a set of relevant results. In Fig. 7a, equilibrium bone density is
shown. A high density zone is computed for the cortical zone of the model, which
is consistent with the normal bone structure. Bone is shown to strengthen in the
medial zone, as compared with the lateral side. Fig. 7 shows the longitudinal
growth speed. A speed decrease is observed in the lateral side of the epiphyseal
plate, as compared with the growth speed in the medial side. As a result, a mean
rotation speed of b = (—2.48 x 107%, —4.47 x 107*, -1.08 x 107?) day~! can
be calculated. This results could equivalently be interpreted as the induction
of a recurvatum, a varus and an anteversion rotation deformation at a rate
of 0.52,9.3 and 0.23 degrees per year induced by crouch gait. As it can be
inferred from the pressure distribution in the femoral cartilage (Supplementary
material N° 2), crouch gait results in an increased load in the medial epichondyle.
Consistently, this leads to an increased bone density on this side of the bone,
as well as a decreased growth speed, deriving in a predominantly genu varum

deformity.

8.4. Case 3: Bone remodeling around hip prosthesis

Proposed algorithm reduces to the classical approach initially taken by Beaupré
et al. [6] when no growth is considered (i. e., Qp = ¢). To illustrate a typical
case, we consider bone remodeling around a hip prosthesis, Fig. 8. Relevance of
this problem is due to the presence of a phenomenon called stress shielding. It is
characterized by a density diminishment in the vicinity of an inserted orthotic,
associated with a load transfer from the bone to the device, that results in bone
resorption and can lead to loosening or failure of the device [15, 41].

To study a real-like situation, we consider the domain shown in Fig. 8. Con-
sidered loads are taken from the work by Garijo et al. [42], and they correspond
to the forces exerted by the gluteus maximus muscle (Fg) and the hip reaction

(Fm)-
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(a) Estimated distal femur density.
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-8.82E-04
~1.64E-03
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—4.47 % 107 day~! Bt
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-1.52E-02

Yz

Yy =
lateral epichondyle

(b) Longitudinal growth speed in the distal femur.
Red dot shows the rotation center of the load-

induced deformity.

Figure 7: Density and longitudinal growth characterization of the distal femur.
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Figure 8: 3D modeling of bone remodeling around hip prosthesis (a). A titanium prosthesis is
inserted into the proximal portion of the femur (b). Loads representing the gluteus maximus

muscle force Fi and the hip reaction Fp are applied, according with [42].

Proposed algorithm allows to calculate the stationary bone density distri-
bution of the femur, as shown in Fig. 9. Left image shows the external local
density distribution, while the right image shows the local density along the
symmetry plane of the prosthesis. Performed calculations allow to infer that
the insertion of a hip prosthesis leads to an increased thickness of the cortical
region in the zone surrounding the distal portion of the device, while a bone

density diminishment is observed in the proximal portion of the femur.
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Figure 9: Bone density distribution around hip prosthesis.

Conclusions

A new tool for solving bone growth and remodeling problems, characterized
by the presence of a time-dependent domain was developed. A generalized
mathematical formulation of these was established. A finite elements algorithm,
relying in the application of a prescribed displacement to the nodes of the used
mesh, together with an explicit time-integration scheme was proposed for its
resolution.

As opposed to currently applied methods, in which the bone regions are
tracked by identifying the elements of the domain that are susceptible to grow,
the methodology proposed here allows to drastically increase the accuracy of
the evaluated geometrical changes, to date limited by the size of the used mesh
elements. For bone growth problems, the generated displacements depend on
the integral of the growth tensor in the whole domain (Eq. 11). This mathe-
matical feature is a key difference between these problems and classical fluid or

solids mechanics problems, in which particles displacements and speed depends
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fundamentally on the forces exerted over differential mass points. On the cases
studied here, when trying to apply conventional methods as immersed FEM
and/or CutFEM for solving growth problems, unless very fine and computa-
tionally expensive meshes are used, errors in computed growth for an interior
point of the domain are integrated causing severely large errors in the computed
displacement of the points in the boundary of it.

A set of classical bone growth and remodeling equations was chosen to
demonstrate the applicability of the proposed algorithm. It is worth noticing
that the main target of this work was to analyze the suitability of the pro-
posed methodology, rather than the study of model specific results. It was
used to predict changes in bone morphology due to bone apposition, as well
as bone longitudinal growth. It was also found to be adequate for computing
bone local density changes. The feasibility of integrating biomechanical data
to compute bone growth deformities development was demonstrated, as well as
the feasibility of computing internal stresses in the bone due to the interaction
of longitudinal growth with orthotic devices.

Our algorithm has been incorporated in a Cast3M library, that has been
provided as a supplementary material. This library, as well as a set of eight
implementation examples provided along, constitute what we believe could be

a valuable tool for research purposes.
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A novel algorithm is proposed for solving bone growth and ossification problems,
and its interaction with prosthetic devices.

A significant reduction in errors and computational costs as compared with
previously taken approaches is achieved.

An open source package is provided.
A set of eight scripts with implementation/validation examples is provided.
Relevant studied cases comprise bone growth and remodeling for hemiepiphysiodesis

treatments,

bone remodeling around hip prosthetics and bone growth and remodeling in the
pediatric knee.
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