
PHYSICAL REVIEW E 102, 012208 (2020)

Energy exchange in globally coupled mechanical phase oscillators
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We study the stationary dynamics of energy exchange in an ensemble of phase oscillators, coupled through
a mean-field mechanical interaction and added with friction and an external periodic excitation. The degree
of entrainment between different parts of the ensemble and the external forcing determines three dynamical
regimes, each of them characterized by specific rates of energy exchange. Using suitable approximations,
we are able to obtain analytical expressions for those rates, which are in satisfactory agreement with results
from numerical integration of the equations of motion. In some of the dynamical regimes, the rates of energy
exchange show nontrivial dependence on the friction coefficients—in particular, nonmonotonic behavior and
sign switching. This suggests that, even in this kind of stylized model, power transfer between different parts
of the ensemble and to the environment can be manipulated by a convenient choice of the individual oscillator
parameters.

DOI: 10.1103/PhysRevE.102.012208

I. INTRODUCTION

Coherent motion of mutually coupled oscillators is likely
the most frequently invoked paradigm of self-organization
in interacting dynamical systems. Different synchronization
regimes, defined by various degrees of entrainment between
the variables and/or the measurable properties that char-
acterize oscillations, constitute a diversified assortment of
archetypic forms of collective behavior, emerging from the
combination of individual dynamics and interactions [1,2].
Foundational models of self-organized dynamics in ensembles
of coupled oscillators were inspired by the observation of
synchronization phenomena in biological populations [3]. The
quantitative representation of an oscillating element in terms
of a phase measured along its cyclic trajectory, which un-
derlies Kuramoto’s celebrated phase-oscillator model [4], has
been profusely applied in diverse variations to the description
of a broad class of chemical and biological systems, ranging
from catalytic surface reactions [5], to neural networks [6], to
ecosystems [7].

The first historically recorded scientific observation of a
synchronization phenomenon involved mechanical oscillators
(Christiaan Huygens’ pendulum clocks, in 1665 [1]) but, in
the context outlined in the preceding paragraph, the collective
behavior of coupled dynamical systems governed by Newton
equation has received relatively little attention. The joint
dynamics of mutually interacting mechanical elements plays
however a crucial role in many technological applications. A
problem of particular interest regards the transfer of energy
between the various parts of a given device, designed to
perform specific functions by means of the power provided
by a source. This power is transformed and utilized by the
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device itself, and eventually delivered to other devices or to
the environment [8,9]. Regimes of power transfer, such as
long-term circulation with low consumption, are desirable
in devices such as pacemakers and certain sensors [10,11].
In contrast, fast dissipation becomes necessary when swift
switching between different operational modes is required
[8,12]. The interest in this phenomenology has recently been
boosted by the discovery of unusual regimes of energy dis-
sipation in nonlinear micro- and nanomechanical resonators,
whose modal interactions are described by means of coupled
mechanical oscillators [13–15].

The Hamiltonian mean-field (HMF) model [16] is one of
the few abstract systems formed by coupled mechanical os-
cillators whose collective behavior has been studied in detail,
even in the thermodynamical limit. Formulated as a natural
extension of Kuramoto’s model for globally coupled phase
oscillators to the realm of conservative dynamics, it has been
used to analyze such phenomena as anomalous relaxation and
inequivalence of statistical ensembles [17]. In this paper, we
study the transfer of energy in an ensemble of phase oscillators
globally coupled through the HMF model, to which we add
energy input in the form of an external periodic force applied
to one of the oscillators, and energy loss by friction. We see
this system as an abstract representation of a generic mechan-
ical device where energy is injected from outside, distributed
among its internal components, and eventually given back
to the environment. Our interest is focused on determining
the rates of energy exchange between different parts of the
ensemble, and how they depend on the individual parameters
of each oscillator, specifically, on its damping coefficient.
Underlying this interest is the possibility of controlling the
flow of energy inside the system by choosing those param-
eters at an engineering stage. We begin by characterizing
the main collective dynamical regimes that the ensemble can
achieve in stationary motion. Next, we introduce a number
of approximations that make it possible to obtain analytical

2470-0045/2020/102(1)/012208(9) 012208-1 ©2020 American Physical Society

https://orcid.org/0000-0003-4116-2973
https://orcid.org/0000-0003-0681-0592
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.102.012208&domain=pdf&date_stamp=2020-07-13
https://doi.org/10.1103/PhysRevE.102.012208


RAÚL I. SOSA AND DAMIÁN H. ZANETTE PHYSICAL REVIEW E 102, 012208 (2020)

solutions to the equations of motion. Finally, we calculate
the corresponding rates of energy exchange and study their
dependence on the relevant parameters, also comparing with
results from numerical integration of the equations.

II. MECHANICAL PHASE OSCILLATORS WITH
MEAN-FIELD COUPLING

We consider a set of N phase oscillators, each of them
described by a dynamical variable θn(t ) ∈ [0, 2π ) (n =
1, . . . , N). The conservative part of the dynamics, which
encompasses global coupling between oscillators, is given by
the HMF Hamiltonian [16,17]

H = 1

2

N∑
n=1

p2
n − K

2N

N∑
n,m=1

cos(θm − θn), (1)

where pn is the conjugate momentum associated with each θn,
and K is the coupling strength. To this conservative dynamics,
we add linear friction with positive damping coefficients γn,
and a periodic external force of strength F and frequency ω

(F, ω > 0) applied to one of the oscillators (n = 1, without
generality loss) so that the resulting equations of motion read

θ̈n = K

N

N∑
m=1

sin(θm − θn) − γnθ̇n + F sin(ωt − θ1)δn1, (2)

where δn1 is Kronecker’s δ. The external force represents
the interaction between the phase θ1 and an oscillator of
prescribed phase ωt , with the same functional form as the
force due to coupling. Equation (2) is of Tricomi’s type [18].
A variant involving self-sustained phase oscillators, in the
absence of external excitation, has recently been analyzed
with emphasis on the stability of fixed-point and limit-cycle
solutions [19].

For ensembles of coupled phase oscillators, it is custom-
ary to define the mean-field (Kuramoto) order parameter by
averaging phases over the whole ensemble [2,4]. In our case,
because of the special role of oscillator 1, it is convenient to
exclude it from the mean field, introducing instead

R exp(i�) = 1

N − 1

N∑
n=2

exp(iθn). (3)

Moreover, to make the notation more compact, it is useful to
change the time variable in Eq. (2) to τ = ωt and rename
ω−2K → K , ω−2F → F , and ω−1γn → γn for all n. These
new parameters are all nondimensional. With these defini-
tions, the equations of motion become

θ ′′
1 = K̄R sin(� − θ1) − γ1θ

′
1 + F sin(τ − θ1) (4)

for oscillator 1, and

θ ′′
n = K̄R sin(� − θn) − γnθ

′
n + k sin(θ1 − θn) (5)

for n = 2, . . . , N , where primes indicate differentiation with
respect to τ , and K̄ = (N − 1)K/N , k = K/N . For the sake of
brevity, we call 	 set the subensemble formed by oscillators
n = 2, . . . , N .

As advanced in the Introduction, we are here interested in
the mechanisms of energy exchange between the oscillators
and with the environment. The mean energy per time unit

transferred by all the acting forces to oscillator n, which equals
the average change of its kinetic energy, is given by

wn = 〈θ̇nθ̈n〉t = ω3〈θ ′
nθ

′′
n 〉τ , (6)

where 〈·〉t and 〈·〉τ indicate averages over the respective
time variables. In accordance with the time rescaling applied
above, we rename ω−3wn → wn, which is now a nondimen-
sional quantity. Equations (4) and (5) make it clear that wn has
three well-differentiated contributions, namely,

wn = w	
n + w


n + wF
n , (7)

where w	
n = K̄〈R sin(� − θn)θ ′

n〉τ is the power exchanged
with the 	 set and w


n = −γn〈(θ ′
n)2〉τ corresponds to the

power dissipated by friction. Note that w

n is always negative,

since it always measures a loss of energy. As for the third con-
tribution, wF

1 = F 〈sin(τ − θ1)θ ′
1〉τ is the power transmitted

by the external force to oscillator 1. For n = 2, . . . , N , wF
n =

k〈sin(θ1 − θn)θ ′
n〉τ stands for the power exchanged between

these oscillators and oscillator 1, which mediates the transfer
of energy from the external force to the 	 set.

Dynamics of a single oscillator

Before proceeding to the study of the ensemble of coupled
phase oscillators governed by Eqs. (4) and (5), it is useful to
review the behavior of a single oscillator of the same kind,
as it sheds light on the dynamical regimes observed for the
ensemble. The equation of motion for a single oscillator of
phase θ (t ) reads

θ ′′ = −γ θ ′ + F sin(τ − θ ). (8)

Taking as a new variable the phase shift between the external
force and θ , φ = τ − θ , this equation becomes

φ′′ = −γφ′ + γ − F sin φ ≡ −γφ′ − dV

dφ
. (9)

This is an autonomous Newton equation for φ(t ), subjected to
friction with damping rate γ , and under the action of a (non-
periodic) potential V (φ) = −γφ − F cos φ. The combination
of a constant-slope ramp and an oscillatory function in V (φ)
determines two distinct regimes in the behavior of φ(τ ), as
follows.

If the slope (in modulus) is smaller than the force ampli-
tude, γ < F , then V (φ) has periodically distributed minima
at the values of φ, where sin φ = γ /F and cos φ > 0. Under
the action of friction, φ(τ ) will eventually become trapped
in the vicinity of one of the minima and asymptotically ap-
proach a fixed value. In this situation—which corresponds to
a sufficiently strong external force and/or weak damping—the
oscillator becomes synchronized with the force, thus moving
with the same frequency as the force at a fixed phase shift.

If, however, the external force is too weak and/or damping
is too strong, i.e., γ > F , then the oscillator cannot “follow”
the force. Under these conditions, the phase shift φ(τ ) grows
indefinitely, exhibiting a precessionlike motion controlled by
the ramp and periodically modulated by the external force.

In the limit φ′′ → 0, we get the overdamped version of
Eq. (9),

φ′ = 1 − F

γ
sin φ, (10)
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FIG. 1. Schematic representation of the long-time dependence of phases for the three regimes of oscillation entrainment analyzed in the
text. The dashed line stands for the phase of the external force, which moves at constant frequency in all cases. The full bold line corresponds
to oscillator 1. The thin lines in different shades stand for the phases of five selected oscillators in the 	 set.

which has been profusely discussed in the literature in connec-
tion with Kuramoto’s phase oscillator model [1,2,4]. It shows
an analogous separation between two dynamical regimes of
synchronization and precession, at exactly the same critical
point, γ = F . In the case of Eq. (10), moreover, exact solu-
tions can be found in terms of elementary functions. We show
in the following that these two regimes reflect on the dynamics
of the ensemble governed by Eqs. (4) and (5).

III. THREE REGIMES OF STATIONARY
COLLECTIVE MOTION

We have begun the study of Eqs. (4) and (5) by performing
a preliminary numerical exploration of an ensemble of N =
100 oscillators, to detect qualitatively different dynamical
regimes in its long-time behavior. Numerical integration of the
equations of motion was carried out by means of a standard
scheme, as detailed in Sec. IV, for various combinations of
the relevant parameters.

It turns out that, depending on the parameter choice, the
system exhibits three well-differentiated long-time stationary
regimes, qualitatively characterized by diverse degrees of
entrainment of oscillator 1 and the 	 set with each other,
and with the external force. Figure 1 shows a schematic
representation of the long-time dependence of the phases of
oscillator 1 (bold line) and a few oscillators in the 	 set (thin
lines), as compared with that of the force (dashed straight
line), which always grows linearly as time elapses. In the
first two regimes, occurring for sufficiently large force am-
plitudes, oscillator 1 always “follows” the force. Depending
on the strength of coupling, however, the 	 set can either
synchronize to oscillator 1 (regime 1a, leftmost panel) or
perform a nonsynchronized, precession-like motion (regime
1b, central panel). In regime 1a, when coupling is large,
the whole ensemble is fully synchronized with the force
for long times, and all oscillators have constant phase shifts
with respect to each other. In regime 1b, obtained for weak

coupling, the oscillators in the 	 set move on the average with
a much lower frequency, and their interaction with oscillator
1 produces superposed small-amplitude oscillations. In turn,
although oscillator 1 has on the average the same frequency as
the external excitation, its interaction with the 	 set also gives
rise to oscillations around its mean motion. In regime 2, when
the amplitude of the external force is small, neither oscillator
1 nor the 	 set can be entrained by the excitation. The
whole ensemble moves on the average with a small frequency,
and the effect of the force is limited to the appearance of
superposed oscillations in the evolution of all phases.

As we show in Sec. IV for the rates of energy exchange
in the three regimes, numerical results are satisfactorily repro-
duced by an analytical approach to Eqs. (4) and (5) based on
a few simplifying hypotheses. In the first place, we assume
that the standard deviation of the damping coefficients γn,
which we call σγ , is small as compared with the coeffi-
cients themselves. Numerically, we find that this assumption
entails a small phase dispersion between the oscillators in
the 	 set. On this basis, we conjecture that the individual
phases θn in the 	 set differ from their arithmetic average
〈θ〉 = (N − 1)−1 ∑N

n=2 θn by quantities εn = θn − 〈θ〉 which
are proportional to σγ . Neglecting terms of order σ 2

γ , the order
parameter defined in Eq. (3) becomes

R exp(i�) = exp(i〈θ〉), (11)

or, in other words, R = 1 and � = 〈θ〉. Moreover, we assume
that the average of the friction forces acting in the 	 set can
be approximated as

1

N − 1

N∑
n=2

γnθ̇n = 〈γ 〉〈θ̇〉, (12)

with 〈γ 〉 = (N − 1)−1 ∑N
n=2 γn the mean damping rate. This

assumption amounts to neglecting statistical correlations be-
tween individual velocities and damping coefficients.
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Under the above hypotheses, Eq. (4) yields

θ ′′
1 = K̄ sin(� − θ1) − γ1θ

′
1 + F sin(τ − θ1), (13)

while, averaging Eq. (5) over the 	 set, we get

�′′ = −〈γ 〉�′ + k sin(θ1 − �). (14)

These two equations constitute a self-consistent problem for
the dynamics of the phase of oscillator 1 and of the average
phase in the 	 set. By subtracting Eq. (14) from Eq. (5),
moreover, we find the equation of motion for the individual
deviations in the 	 set, εn. Assuming K̄ � k, which holds for
large N , we have

ε′′
n = −K̄εn − γnε

′
n − (γn − 〈γ 〉)�′. (15)

From this equation, we see that in the case where all oscil-
lators in the 	 set are identical—namely, when γn = 〈γ 〉 for
all n–all the displacements εn tend to zero for long times. In
this situation, the system asymptotically behaves as just two
coupled oscillators excited by an external force, with phases
θ1 and � governed by Eqs. (13) and (14).

In the following, we study the stationary (long-time) so-
lutions of Eqs. (13) to (15) in the generic case in which the
damping coefficients are not identical, within the three dy-
namical regimes pointed out above. Our treatment is based on
considering different combinations of the parameters in suit-
ably chosen limits, which are representative of each regime
and, at the same time, allow for the derivation of analytical
results.

A. Regime 1a

Both in regimes 1a and in 1b, oscillator 1 is entrained by
the external force. This indicates that, in the right-hand side of
Eq. (13), the last term is dominant over the first, which stands
for the interaction with the 	 set. If, in addition, the external
force dominates over the friction force given by the second
term, then we expect that the phase shift between oscillator 1
and the external force remains small for long times:

θ1(τ ) = τ − η(τ ), (16)

with |η(τ )| 	 1 for large τ . The condition

F � K̄, γ1 (17)

defines the approximation under which we deal with regimes
1a and 1b.

Equations (13) and (14) yield, to the first significant order
in η,

η′′ = K̄ sin(τ − �) − γ1(η′ − 1) − Fη (18)

and
�′′ = −〈γ 〉�′ + k sin(τ − �), (19)

respectively. In this last equation, we recognize the same
equation of motion as for a single phase oscillator subjected
to an external force, Eq. (8). According to our discussion
in Sec. II A, the solutions describe either synchronization or
precession of the average phase in the 	 set. The case of
synchronization, for which

〈γ 〉 < k, (20)

defines the regime 1a considered here.

Given condition Eq. (20), the solution to Eq. (19) asymp-
totically approaches the form �(τ ) = τ − �, with sin � =
〈γ 〉/k and cos � > 0. Replacing this result into Eq. (18) we
get, for the stationary value of η(τ ),

η = 1

F
[γ1 + (N − 1)〈γ 〉] = 


F
, (21)

where 
 = ∑N
n=1 γn is the sum of the damping coefficients all

over the ensemble. Meanwhile, from Eq. (15) we have

εn = − 1

K
(γn − 〈γ 〉), (22)

for long times. Note that, by virtue of Eqs. (17) and (20),
the result obtained for η is consistent with the assumption
|η(τ )| 	 1, while Eq. (22) verifies the hypothesis that in-
dividual phase deviations in the 	 set are, on the aver-
age, proportional to the standard deviation of the damping
coefficients, σγ .

In summary, under the present approximations, regime
1a corresponds to the situation where a sufficiently strong
external force is able to fully entrain the oscillator ensemble.
For long times, the whole system moves rigidly with the same
frequency as the force. Different damping rates determine dif-
ferent individual asymptotic phases, so that the 	 set displays
a phase dispersion proportional to the standard deviation of
the γn.

B. Regime 1b

For 〈γ 〉 > k, as we have seen in Sec. II A, the solution to
Eq. (19) for the average phase of the 	 set corresponds to
a precessionlike motion, not converging to a constant phase
shift with oscillator 1 and the external force. Although this
solution cannot be explicitly written down, the limit

〈γ 〉 � k (23)

admits an approximate analytical treatment whose output is in
good agreement with numerical results (see Sec. IV). Under
condition Eq. (23), the large average friction implies that the
	 set moves at a small frequency, ν 	 1. Superposed to this
motion, its phase performs oscillations of small amplitude,
A 	 1, with the same frequency as the external force, due
to the effect of coupling with oscillator 1. Meanwhile, since
condition Eq. (17) also holds in regime 1b, oscillator 1 should
be close to the external force for long times. Due to the
interaction with the 	 set, however, the phase shift η(τ ) in
Eq. (16) is no more expected to asymptotically approach a
constant value.

For the average phase in the 	 set, we propose the Ansatz

�(τ ) = A cos[(1 − ν)τ − �] + ντ. (24)

To the leading orders in ν and A and neglecting higher-
harmonic contributions, replacement of this Ansatz into
Eq. (19) gives

A = k√
1 + 〈γ 〉2

(25)

for the oscillation amplitude. Moreover, averaging the same
equation over the fast oscillation of frequency 1 − ν in
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Eq. (24), we get

ν = 1

2
A2 = k2

2(1 + 〈γ 〉2)
(26)

for the precession frequency. The phase � in Eq. (24) can
also be obtained from this solution but, for brevity, it is not
reported here. In fact, as is the case with the phases of all the
oscillations considered in the following and in Sec. III C, �

is not involved in the calculation of the time-averaged rates of
energy exchange considered in Sec. IV.

For the phase shift between oscillator 1 and the external
force, Eq. (18) yields

η(τ ) = γ1

F
+ K̄√

(F − 1)2 + γ 2
1

cos(τ − ψ1). (27)

Note that Eqs. (25) to (27), together with conditions Eqs. (17)
and (23), are consistent with the assumptions η, A, ν 	 1. The
long-time solution to Eq. (15) is now

εn(τ ) = A(γn − 〈γ 〉)√
(K̄ − 1)2 + γ 2

n

cos(τ − ψn) (28)

for n = 2, . . . , N , with A given by Eq. (25).
In regime 1b, in summary, the external force is able to

entrain oscillator 1, but the 	 set remains not entrained,
and its average phase precedes with respect to that of the
force. Due to its interaction with the 	 set, oscillator 1 is
not perfectly synchronized with the external force. Although,
on the average, it moves with the same frequency as the
force, the phase shift oscillates itself with a small amplitude.
Likewise, the average phase in the 	 set oscillates around its
predominantly preceding motion, and individual oscillators
within the 	 set move with respect to each other with their
own amplitudes and phases.

C. Regime 2

When external forcing is weak as compared to damping
and coupling, oscillator 1 cannot be entrained by the force. In
the limit

F 	 K̄, γ1, (29)

it is observed that both oscillator 1 and the 	 set move, on the
average, at frequency ν 	 1, with a small phase difference
between them. The marginal effect of the external force, how-
ever, makes them oscillate with small amplitude around their
average precession motion, much as observed for the 	 set in
regime 1b. Therefore, our Ansatz for the time dependence of
their phases is

θ1(τ ) = a1 cos[(1 − ν)τ − ψ1] + ντ,

�(τ ) = A cos[(1 − ν)τ − �] + ντ + �0. (30)

Operating as for the 	-set oscillations in regime 1b, we find

a1 = F√
[r̄K̄ − 1 + r(N − 1)]2 + (r̄γ1 + r
)2

, (31)

A =
√

rF√
[r̄K̄ − 1 + r(N − 1)]2 + (r̄γ1 + r
)2

, (32)

for the oscillation amplitudes of phases θ1 and �, and

ν = 1

2
A2 + r̄γ1

2

a2

1 (33)

for the precession frequency. In the above equations, 
 is
defined as in Eq. (21), and

r = k2

(k − 1)2 + 〈γ 〉2
, r̄ = 1 − r. (34)

Individual departures from the average phase � in the 	 set,
given by εn(τ ) (n = 2, . . . , N), have exactly the same form as
in Eq. (28), except that A is now given by Eq. (32).

In regime 2, where both oscillator 1 and the 	 set precede
with respect to the external force and move close to each other,
the special dynamical status of oscillator 1 fades out–although
it always mediates the effect of the external force on the
system. Within our approximations, and depending on the
value of the coefficient r given by Eq. (34), the trajectory of
oscillator 1 may lie completely inside the 	 set. From the
viewpoint of its motion, therefore, oscillator 1 could remain
qualitatively indiscernible from the rest of the ensemble.

IV. ENERGY EXCHANGE IN DIFFERENT REGIMES:
DEPENDENCE ON DAMPING

In this section, we report the expressions for the different
contributions to the rate of energy exchange in Eq. (7), ob-
tained from the analytical approximations discussed in Sec. III
for the long-time dynamical regimes 1a, 1b, and 2. The
contributions computed from these expressions are then com-
pared with estimations deriving from numerical integration of
the equations of motion Eqs. (4) and (5), and their depen-
dence with the damping rate of each oscillator is discussed.
Numerical results were obtained for ensembles of N = 100
oscillators, using a standard fourth-order Runge-Kutta algo-
rithm with an integration step two orders of magnitude lower
than the shortest oscillation period in the system, which is
determined by the frequency of the external force. Long-
time conditions were achieved by letting transients which
spanned several times the typical relaxation interval of energy
damping. Time averages of energy exchange were computed
over many oscillation periods in the long-time regime.

In regime 1a, we find

w	
1 = −(N − 1)〈γ 〉,

w

1 = −γ1, (35)

wF
1 = (N − 1)〈γ 〉 + γ1,

for oscillator 1, and

w	
n =

(
1 − 1

N

)
(γn − 〈γ 〉),

w

n = −γn, (36)

wF
n = 1

N
γn +

(
1 − 1

N

)
〈γ 〉,

for n = 2, . . . , N . Note that w	
n + w


n + wF
n = 0 for all n,

as expected for any stationary dynamical state, where the
incoming and outgoing mechanical power must compensate
each other at each oscillator. As advanced in Sec. II, moreover,
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FIG. 2. Rates of energy exchange—w	
n , w


n , and wF
n —in regime

1a, as functions of the damping coefficients of individual oscillators
in the 	 set. Lines correspond to the analytical results of Eqs. (36),
and symbols show numerical results for N = 100, both for K̄ = 10
and F = 100. The damping coefficients were drawn from a normal
distribution with mean 〈γ 〉 = 0.2 and standard deviation σγ = 0.05,
yielding γ1 = 0.22.

we have w

n < 0, because damping always brings about a loss

of energy.
In this regime, the rates of energy exchange depend lin-

early on the damping coefficients. According to the first of
Eqs. (36), energy transfer between each oscillator in the 	 set
and the 	 set itself occurs from the oscillators whose damping
rate is smaller than the average towards those with larger
coefficients. Meanwhile, the third of Eqs. (36) shows that the
energy transfer from the external force towards the 	 set,
mediated by oscillator 1, is always positive. For large systems
(N � 1), wF

n is virtually independent of γn, and it is solely
determined by the average damping rate. Figure 2 shows the
three contributions for the oscillators in the 	 set as functions
of the individual coefficients γn, with the parameters given in
the caption. Lines and symbols correspond, respectively, to
analytical and numerical results. Their mutual agreement is
very satisfactory.

In regime 1b, the rates of energy transfer for oscillator 1
are

w	
1 = −A2

2
(N − 1)〈γ 〉,

w

1 = −γ1, (37)

wF
1 = A2

2
(N − 1)〈γ 〉 + γ1,

while for the 	 set we have

w	
n = A2(K̄ − 1)K̄

2

γn − 〈γ 〉
(K̄ − 1)2 + γ 2

n

,

w

n = −A2

2
γn

(K̄ − 1)2 + 〈γ 〉2

(K̄ − 1)2 + γ 2
n

, (38)

wF
n = A2

2

(K̄ − 1)K̄〈γ 〉 − γn(K̄ − 1 − 〈γ 〉2)

(K̄ − 1)2 + γ 2
n

,

FIG. 3. Normalized rates of energy exchange—u	
n , u


n , and uF
n —

in regime 1b, as functions of the damping coefficients of individual
oscillators in the 	 set. Lines and symbols, respectively, correspond
to analytical, Eqs. (38), and numerical results for N = 100, F = 100.
Upper panel, case A: K̄ = 0.8, 〈γ 〉 = 0.2. Middle panel, case B: K =
3, 〈γ 〉 = 2. Lower panel, case C: K = 1.2, 〈γ 〉 = 0.2. In cases A and
C, the numerical values of γn were the same as in Fig. 2. In case B,
the standard deviation was σγ = 0.5, and γ1 = 1.6.

where the amplitude A is given by Eq. (25). Again, w	
n +

w

n + wF

n = 0 and w

n < 0 for all n.

Since the amplitude A does not depend on the individ-
ual damping coefficients, it is convenient to analyze the
γn-dependence of the rates of energy exchange in the 	

set through the normalized quantities u	
n = 2A−2w	

n , u

n =

2A−2w

n , and uF

n = 2A−2wF
n . Besides γn, these quantities
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depend on the parameters K̄ and 〈γ 〉. As discussed for w	
n

in regime 1a, u	
n switches its sign at γn = 〈γ 〉, although now

the change can be from positive to negative or vice versa.
Moreover, uF

n can also change sign, depending on the values
of K̄ and 〈γ 〉. Careful inspection of Eqs. (38) reveals that
there are three qualitatively different cases, with different
sign combinations for u	

n and uF
n : K̄ < 1 (case A), 1 < K̄ <

1 + 〈γ 〉2 (case B), and 1 + 〈γ 〉2 < K̄ .
Curves in Fig. 3 illustrate the normalized rates of energy

exchange as functions of γn in the three cases, as calculated
from Eqs. (38) with the parameters specified in the caption. In
case A, as we see in the upper panel, u	

n is positive for γn <

〈γ 〉 and negative otherwise. Unlike what happens in regime 1a
(Fig. 2) and in cases B and C, a net transfer of energy occurs
in the 	 set from oscillators with large γn to those with small
γn. Meanwhile, uF

n switches from negative to positive values
as γn grows. This shows that, depending on γn, energy transfer
between oscillator 1 and the 	 set can have either direction.
In case B (middle panel), u	

n is negative for γn < 〈γ 〉 and
positive otherwise, while uF

n remains positive for any damping
coefficient. In case C (lower panel) the changes of sign in u	

n
and uF

n are the opposite as in case A.
Numerical results for the three cases, represented by sym-

bols in Fig. 3, are again in very good agreement with the
analytical approximation. Note that, according to Eqs. (38),
the three rates of energy exchange decrease as γ −1

n for suf-
ficiently large damping coefficients. For u


n , which vanishes
for γn = 0, this implies that it must reach a minimum for an
intermediate value of the damping coefficient. This minimum
is clearly visible in the three panels of Fig. 3. Moreover, since
u	

n crosses zero at γn = 〈γ 〉, it must also attain a minimum or
a maximum at a damping coefficient larger than 〈γ 〉, and the
same happens to uF

n in cases A and C. However, whether these
extrema are effectively realized in a given oscillator ensemble
depends on the dispersion of the damping coefficients. In the
examples considered in Fig. 3, the extrema in u	

n and uF
n lie

outside the interval spanned by the numerical values of γn.
Finally, in regime 2 we find

w	
1 = −(N − 1)〈γ 〉

(
A2

2
+ ν2

)
,

w

1 = −γ1

(
a2

1

2
+ ν2

)
, (39)

wF
1 = A2

2
(N − 1)〈γ 〉 + a2

1

2
γ1 + 
ν2,

for oscillator 1 and

w	
n = A2(K̄ − 1)K̄

2

γn − 〈γ 〉
(K̄ − 1)2 + γ 2

n

+ (γn − 〈γ 〉)ν2,

w

n = −A2

2
γn

(K̄ − 1)2 + 〈γ 〉2

(K̄ − 1)2 + γ 2
n

− γnν
2, (40)

wF
n = A2

2

(K̄ − 1)K̄〈γ 〉 − γn(K̄ − 1 − 〈γ 〉2)

(K̄ − 1)2 + γ 2
n

+ 〈γ 〉ν2,

for the 	 set, with A given by Eq. (32). As in regimes 1a and
1b, w	

n + w

n + wF

n = 0 and w

n < 0 for all n.

For the oscillators in the 	 set, the three rates of energy
exchange consist of two contributions. The first one has

FIG. 4. As in Fig. 3 but for regime 2, with F = 0.5 and γ1 = 10
in the three cases.

exactly the same form as for regime 1b, Eqs. (38), although the
amplitude A has a different dependence on the parameters—
cf. Eq. (25). The second contribution is proportional to ν2—cf.
Eq. (33)—and has a simple, at most linear, dependence on
the individual damping coefficients. Since the frequency ν is
small as compared with that of the external forcing, we expect
that this contribution represents a moderate correction to the
first term. Therefore, the normalized rates of energy exchange
are expected to roughly exhibit the same behavior as in regime
1b. The correction, however, may imply a quantitative differ-
ence if the distribution of damping coefficients is sufficiently
broad. Figure 4 shows analytical and numerical results in
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regime 2 within the same conditions as considered in Fig. 3
for regime 1b. For the three cases, the overall dependence on
γn is similar to that observed in regime 1b but, especially in
cases A and C, deviations ascribable to the linear dependence
of the second contribution can be clearly perceived in the three
normalized rates.

The results presented in Figs. 2–4 show that, depend-
ing on the parameters that control the system, a variety of
qualitatively different situations occur in which concerns the
contributions to energy transfer between oscillators and their
dependence on the damping coefficients. In particular, the
rates at which energy is exchanged through each of the mech-
anisms acting on the dynamics can vary nonmonotonically
with damping, and the direction in which energy is transferred
between different parts of the system can also change.

Regarding the rates of energy exchange associated to os-
cillator 1 in the three regimes, Eqs. (35), (37), and (39) make
it clear that their dependence with the individual damping
coefficient is much simpler than in the 	 set, so that they
do not merit special discussion. Let us just point out the
approximate proportionality to N in w	

1 and wF
1 , which can

make these rates much larger than those corresponding to the
other oscillators. This difference is directly related to the role
of oscillator 1 as mediator of the power transferred from the
external force.

V. CONCLUSION

We have studied the stationary dynamics of energy ex-
change in an ensemble of phase oscillators coupled through
the Hamiltonian mean-field model, with added energy input in
the form of an external periodic force applied to one of the os-
cillators, and energy loss by friction. For this system, we have
shown the existence of three qualitatively disparate dynamical
regimes, characterized by different degrees of synchronization
with the external force. Using suitable approximations, we

have obtained analytical expressions for the power transfer
between different parts of the system, in each of the three
regimes. The approximations involve limit assumptions on the
relative weight of external excitation, coupling, and friction
forces, as well as on the dispersion of the damping coefficients
of individual oscillators. However, analytical solutions are in
very good agreement with numerical results obtained under
more relaxed conditions, which indicates that the range where
each dynamical regime is observed must cover wider regions
of parameter space. Nevertheless, the possibility of intermedi-
ate or mixed regimes cannot be discarded.

In the regime where the whole system is fully entrained
by the external excitation, all oscillators move rigidly with
the same frequency as the force. As a result of such simple
dynamics, the power transfer shows monotonic dependence
on the damping coefficients. In contrast, when the oscillator
ensemble is only partially synchronized to the external force,
this dependence is considerably richer, with nonmonotonic-
ity and changes of sign, and generally a broad diversity of
behavior, depending on the parameters of the system. This
is an indication that power flow inside the ensemble can be
manipulated by a convenient choice of the individual damping
coefficients, making it possible to destine specific locations
to distinct functions regarding the distribution and dynamics
of energy—such as, for instance, points of maximum power
intake or maximum energy dissipation. Such possibility is
relevant to the design of devices ranging from sensors to
switches [10–12].

A follow-up of this study may focus on the dynamics of
energy exchange in an oscillator ensemble when the external
excitation is turned off, and energy is freely left to dissipate
by friction. Careful measurement of such ring-down stages, in
fact, is a powerful tool in the detection of dynamical features
such as nonlinearity, and currently plays a crucial role in the
characterization of micro- and nanoscale mechanical devices
[13–15,20–22].
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