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MAXIMAL OPERATORS ASSOCIATED WITH GENERALIZED
HERMITE POLYNOMIAL AND FUNCTION EXPANSIONS

LILIANA FORZANI, EMANUELA SASSO, AND ROBERTO SCOTTO

ABSTRACT. We study the weak and strong type boundedness of maximal
heat—diffusion operators associated with the system of generalized Hermite
polynomials and with two different systems of generalized Hermite functions.
We also give a necessary background to define Sobolev spaces in this context.

1. INTRODUCTION

The generalized Hermite polynomials H¥(z) of degree n were defined for z € R
by G. Szégo in [2T], problem 25, p. 380] as being an orthogonal family of polynomials
with respect to the measure v, (dz) = 22t~ dz on R, with p > —1/2. In this
paper we are going to consider a normalization of these polynomials that were
defined by Rosenblum [16]. When p = 0 these polynomials coincide with the
classical Hermite polynomials and the behavior of these maximal operators have
been studied for this particular case in [T} [6] 111, 12 [17].

To extend them to z € R¢ we can do it as a tensor product of the one-dimensional
generalized Hermite polynomials. Indeed, set p = (u1, ..., pq) with g > —1/2 for
allk =1,...,d, € R? and for the multi-index n = (ny,...,nq) € N& we define
the d-dimensional generalized Hermite polynomial of degree [n| =nj + ...+ nq as

d
HY @) = [ HEs ():
k=1
In this way these polynomials are orthogonal in L? with respect to the measure
d
Yuldz) =[] aptel da
k=1

and are eigenfunctions with eigenvalues equal to —|n| for every n € Nd of the
differential-difference operator

d
’CH = Z Ll»wm (1'1)
k=

1
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with
1
Ly, o(x) = 5333@(90) — 2D, ¢(x) — pr(d(x) — ¢ 0 o ());
being
D d0) = () + 2 (0(a) = G0 on(w)),
and oy, the reflection with respect to the hyperplane {x) = 0}, i.e., ox(z1,..., Tk,
ces@d) = (T1,y ey, —Thy oo, Td)-

Associated to this differential-difference operator we have the diffusion semi-
group T}' = e“#! which applied to functions f in LP(R%,v,), p > 1, solves the
heat-diffusion equation with initial data f, that is, if u(z,t) = T} f(x) then

Ju
a = ,CN'U/, t> O, (12)
u(z,0) = f(z).

Our goal in this paper is to give sense to the second equality u(z,0) = f(z), which
means to prove the convergence u(-,t) — f as t — 07 in the almost everywhere
sense. This is a consequence of the LP-boundedness of the maximal operator

T¢ f(x) = sup |T{ f ()],
>0
stated in Theorem [I.3] whose proof is given in section

Theorem 1.3. For i € (—1/2,00)¢, the operator T! is of weak-type (1,1) and
strong-type (p,p) for p > 1 with respect to .

Corollary 1.4. For € (—=1/2,00)¢ and every f € L*(R%,~,),
lim T/ f = .e.
Jm T =1 0

This corollary is an immediate consequence of the first part of Theorem and
the fact that generalized Hermite polynomials are dense in L*(R%,+,), see [19].
Let us point out that Theorem [1.3| was proved in [2] for d = 1.

It is known that to study the weak formulation of a second order differential-
difference operator of type it is required to obtain the appropriate Sobolev
spaces associated with £,,. To define these Sobolev spaces we need to study the
boundedness of the Riesz and Bessel potentials defined respectively as:

I = (_‘Cu)_ﬁ7
and
Bg = (- Eu)iﬁa
for 5 > 0. Boundedness properties of these operators for © = 0 can be found in
[4,[5]. On the other hand, boundedness results for any x are given in Corollary [1.6]

which is a consequence of the hypercontractivity of T}* given in the following the-
orem.

Theorem 1.5. For i € (—1/2,00)%, the diffusion semigroup T} is hypercontrac-
tive.
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Corollary 1.6. For ju € (—1/2,00)%, the Bessel and Riesz potentials associated to
L, are of strong-type (p,p), 1 < p < oo, with respect to the measure Y-

As in the case of other orthogonal systems, one can study the heat—diffusion
semigroups associated to differential-difference operators whose eigenfunctions are
the functions associated with the generalized Hermite polynomials.

In the context of generalized Hermite polynomials there are at least two different
families of orthogonal functions. Namely, the one-dimensional generalized Hermite
functions introduced by M. Rosenblum in [16] and the one-dimensional generalized
Hermite functions introduced by G. Szegé in [21] problem 25, p. 380]. In the case
of u = 0 we have just one family of orthogonal functions, the so called Hermite
functions, and the behavior of the maximal operators associated with these function
expansions can be found in [20].

Here we are going to define directly d-dimensional Hermite functions as a tensor
product of one-dimensional generalized Hermite functions. For u € (—1/2,00),
n € N¢ and z € R? we define

1/2
My () L ugye—lel?/2

where n! = ny!l---ngl, and for | € Ny and v > —1/2, n,(1) is the generalized
factorial defined as

22mmIl(m + v + 3) Fm+v+3) T(3)

e A ()
- 22+ LI (m + v + 3) B Tm+v+3) T(3)
wmt ) = o e e T T

They are orthogonal with respect to the measure

d
pu (dz) H “’“d:r.

The other set of functions we can define is

d
~(z) H N
k=1
and they are orthogonal with respect to the Lebesgue measure

pf(dr) = da.
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These systems of generalized functions are respectively the eigenfunctions of the
following differential-difference operators:

d
1
HY = 2(2@@ — x|2>, (1.7)
k=1

e =L Ed: o2 2 (0 )| < (1.8)
i 2 M Tk 8Ik Hk ' '

k=1

Here and in the sequel, ¥ will denote either ¥ or . It can be proved that the
system {¥#} is an orthonormal basis on L?(R¢, pz), for the one-dimensional case
see [16] p. 13]. Also, by using the one-dimensional result in [16], (3.7.4)], we get

M0 (x) = —(In| + [l + d/2)95 (),

with [p] = p1 + -+ + pa.

For these systems we study problems associated with the initial value problem
similar to for the operators defined in and . We answer this in
theorems and corollaries

Let

T f(a) = sup [T} f ()],
>0
with /7 f(z) = emzf(x); then we have:

Theorem 1.9. (a) For u € (—1/2,00)¢, T is of weak-type (1, 1) and strong-type
(p,p) for p > 1 with respect to the measure p:/j.

(b) For pi € [0,00)%, TI? is of weak-type (1,1) and strong-type (p,p) for p > 1
with respect to the Lebesgue measure dz.

And as an immediate consequence of this theorem we have:

Corollary 1.10. With p € (—1/2,00)% for the system {¢*} and with p € [0, 00)?
for the system {pH}, we obtain for 1 < p < oo and every f € Lp(Rd,pZ),

lim T/ f=f ae.

t—0+

We will see that for 1 ¢ [0, 00)¢ the maximal operator associated with T}*¥ need

not be weak-type (1,1) (see comments after Theorem [[.11)). This behavior is also
present in one of the Laguerre function systems. For instance, Macias, Segovia
and Torrea in [I0] showed that the one-dimensional maximal semigroup associated
with the system {L%(2)x®/2e=%/2} on (0,00) for —1 < a < 0 fails to be weak-type
(1,1), and investigated in detail its boundedness properties on L? for a restrictive
range of p’s. Nowak and Sjogren in [I4] observe that in higher dimensions, by
using a simple argument, there is no weak-type inequality for this heat—diffusion
semigroup maximal operator either. In a recent work by Nowak and Sjogren in
[15] Theorem 1.3] they completely described the behavior of the maximal opera-

tor associated to the system of Laguerre functions {szl Lgt (xk)gczkpe_“m} in
higher dimensions for a ¢ [0, 00)9.
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In section [2] we will see the connection between the generalized Hermite polyno-
mials and Laguerre polynomials, and develop a transference method from general-
ized Hermite to Laguerre polynomials as the one introduced in [§] from Laguerre
to Hermite. From that it comes as no surprise that the boundedness properties
of the heat—diffusion maximal operator for the generalized Hermite functions {@#}
for ;1 ¢ [0,00)? are the same as the boundedness properties of the heat—diffusion
maximal operator associated with those particular Laguerre functions.

As we said before, for y ¢ [0,00)? the maximal operator associated with the
second system of generalized Hermite functions is not bounded on the whole range
of p’s. It will depend on the parameter . Let us set some notations before writing
the theorem. For u € (—1/2,00)? we denote by

D={1,2,...,d}, p=min{p,:keD},  du)=#keD: =}

For —1/2 < fi < 0 we set p1 = p1(fi) = —% and po = po(ft) = (p1) = 1iﬂ' Then
we get

Theorem 1.11. Ford > 1 and i € (—1/2,00)? such that —1/2 < ji < 0 we have
a) If d(p) = 1, then
i) TL"? is bounded on LP(dz) for po < p < p1.
ii) TL"? is of weak-type (p1,p1).
iii) TL¥ is of restricted weak-type (po,po).
b) If d(p) > 2, then
i) T% is bounded on LP(dz) for po < p < pi.
ii) For 2 <d <3, T satisfies the logarithmic weak-type (p1,p1) inequality

T f > N} < oL [log (2 42 )rm—l A>0
* T 1 £1lpx ’ ’
for f e LP(dx).
For d > 4, there exists an f € LP'(dx) such that

T2 f > A} = o0

for all X > 0. This function f can be taken in the smaller space LP1!(dx).
iii) For 2 < d < 3, Ti"¥ satisfies the logarithmic restricted weak-type (po,po)

inequality

|E| 1 2o (d(w)~1)
TH?xp > A < C— |log | 2+ — , A>0,
roxe > A < O [1os (24 757 )]

for all measurable sets E C R? of finite measure.

For d > 4, this inequality does not hold, even if the exponent of the loga-

rithmic factor is arbitrarily increased.

No boundedness holds for p ¢ [po, p1]. Indeed, as it was observed in [I5] p. 214],
in order to get the LP-boundedness of the Laguerre heat—diffusion maximal operator
associated with these particular Laguerre functions it is sufficient to look at it in
dimension d = 1 and with —1 < a < 0. In this case the boundedness occurs
precisely when po(a) < p < pi(e), with p1(a) = —2 and po(a) = p)(a). As we
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will see in the proof of Theorem this will occur in our case for —1/2 < u < 0

precisely when pg := po(21) < p < p1(2u) =: p1. TL"¥ is not strong-type (p1,p1)

nor weak-type (po, po). Besides, inequalities (b) (ii) and (iii) for d = 2,3 are sharp.
As an immediate consequence of this theorem we have:

Corollary 1.12. Let d > 1 and let p € (—1/2,00)? be such that —1/2 < i < 0.
Then for every f € LP(dx) with pg < p < p1, or f € LP'(dx) and d < 3 or
d(p) =1, or f € LPot log MW =V/Pr [ 4nd d < 3 or d(p) = 1, we have

lim /"¢ f(z) = f(z), a.e. x€ R

t—0t

Let us point out that the proof of Theorem follows basically the proof of
Theorem 1.3 from [I5].

2. PROOF oF THEOREMS [I.3] [I.5] AND COROLLARY [I.6]

For f € L?(R%,+,), taking into account that the family {H//|[H}|2,,} is an
orthonormal basis on L?(R%,+,), we have

(f, H i
TF f(z Z Iz M|| (z)e Inlt,
neNg 27#
with (f, H¥) fRd ’Yu (dy), and
|HM (3, = (H H") = 2Inl(n1)2 HZ:1 (s +1/2)
" (1) ’

. d
with um (’I”L) = Hk:l Ny (nk)

This series representing T} f converges on L%(RY, vu). However, the definition of
T} f for f € LP(R%,~,), p > 1, through generalized Hermite polynomial expansions
would be unsatisfactory since the series may diverge for 1 < p < 2 (see [12]).

Therefore, to avoid this kind of problems it can be proved that for f € L?(R?,~,),
T} f(x) can be written as an integral operator

T 5(@) = [ MEAw.9.) £5) )
with

MYz, y,t) = (1) H!M(z)HF (y)e~
R D TR

. 77#”) i —nit
71_[22"’“71]@ 2F2k+1/2>an( )H () .

k=1n;=0

(2.1)

But now this integral representation of T}" makes sense for every function f €
L”(Rd,'yu) with 1 < p < co.
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Now, the one-dimensional generalized Hermite polynomials can be written in
terms of the Laguerre polynomials. Namely, for n even (n = 2m)

m _ m I(p+1/2) u—1/2, 2
Hy,,(z) = (=1) (2m)!mLm / (z7)

)

and for n odd (n =2m +1)
I'(p+1/2)
© — (1™ | pn+1/20,.2

(see [16]), where LS stands for the one-dimensional Laguerre polynomial of degree
n and type a.

For @ > —1, the one-dimensional Laguerre polynomial of type « and degree
n € Ny is defined as

1 o dv
Lo(x) = aewx "‘dx—n(e Tt
for z > 0. Now, let a = (ay,...,aq) € (—=1,00)% be given; we define the d-
dimensional Laguerre polynomial L& of type « and degree |n| as
d
Ly(x) = [ Lok (an)
k=1

forx € R‘i and n € NZ. Properly normalized, these polynomials are an orthonormal
basis of L?(R%, \,), being

d

dx) = H xpke” Trdr.

Also, they are eigenfunctions of the Laguerre differential operator

2

d d d
© k=1 |:5L'k: 5Ii o+ mk)ﬁl”k

that is,
LL5(x) = =n|Ly ().

As with the generalized Hermite polynomials, in this context we have the diffusion
semigroup T¢ = e'* whose kernel in dimension 1 is

I'(k+1)

La LO& —kt
Gy a OB

for u,v € (0,00) and a > —1, cf. [ 2.
According to the Hille-Hardy formula [9] (4.17.6)], for u,v € (0,00) and o > —1

—t -5 eTt(vtw) Qe—t
My = 0 e <Vevu>
— €

I,, being the modified Bessel function of first kind and order «, cf. [9, Sec. 5.7].
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The symbol f < g for a non-negative f stands for f < Cg for some positive and
finite constant that usually will depend only on d and . We write f ~gif f <g
and g < f. From [12] we get the following estimate:

*t(v+u)

(1—et)y=a7le” 17 if Ve tou<l—et
M3 (v, u,t) =~

—a—1  —et(vtu 4e—tou
%e% if Vde—tou>1—et
(2.2)
for a > —1, u,v € (0,00).
The corresponding d-dimensional kernel associated with the Laguerre polyno-
mial expansions is

d
Mad SC y7 H Gt wknykat)a

for z,y € R‘_f_ and ¢t > 0.
Associated to this semigroup we have its maximal operator

TLf () = sup [T7 f(2)].
t>0

From E. Stein’s maximal theorem (see [18]), we know that T¢ is of strong-type
(p,p) with respect to A, for p > 1. The weak-type (1,1) of this operator was
proved by B. Muckenhoupt in [I2] for dimension 1 and by U. Dinger in [3] for
higher dimensions.

Let us go back to the kernel defined in . We want to relate this d-dimensional
Mehler-type formula with the one associated to the Laguerre polynomials. Let us
start with the one-dimensional Mehler-type formula associated to the generalized
Hermite polynomials, i.e.,

o0

M8 = 3 ot @ e

n=

for p > —1/2, x,y € R and ¢ > 0. Then,

oo

wn,1 _ W(Qm) /L 72mt
+ Z (2 4 1) Hhoy (@) HE, o (y)e” D!
— 22m+1 2m + 1)!21‘(” + 1/2) 2m+1 2m+1
= () + (11).
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1

Thus, by taking o = p — 3,

oo

SS_ 2l §) (D (Om)) T 1/2)?
2o P (@m) P+ 1)? Clmt o+ 1/2)2

> L,u—l/2(x2)L,u—1/2(y2)e—2mt

(1) =

2V, (2)e—m(20)

( Y7, 21),

and

o0

_ 22 HmIl(m +p+3)  (=1)™((2m+ DY (C(n+1/2))
D=2 i am+ DTG DF  (Cm 1 5 £ 32)
% xyL“m+1/2(x2)Lﬁl+1/2(y2)e_(2m+l)t

_ = F'(m+1) _
_ t Loz+1 2 La+1 2 m(2t)
T Y o e e e

:e_txyMgﬂl( Y2, 2t).

Therefore,
Mg (z,y,t) = Mg (2%, 4%, 2t) + e oy Mg (27, 4%, 2), (2-3)

for z,y € R, =R\ {0}.
According to ([2.3)),

d
Mgd(zy.t) = [[(Me*! (27,57, 2t) + e Ty Mg 01 (a3, 02, 2t)),  (24)
k=1

for x,y € R?, and with ap = pp —1/2 € (=1,00) for k=1,...,d.
Using (2.2)) we obtain that for u,v € (0,00) and o > —1,
Viae=tou MG (v, u,t) S ME (v, u, ).
Therefore,

M (v, u,t) + Ve touMe ™ (v, u,t) < ME (v, u,t). (2.5)

Proof of Theorem[1.3 Without loss of generality we may assume f > 0. According

to (2.4) we have

T/ f(x / H (M= (a7, vp, 2t) + e "oy Mot (27, 07, 20)) £(y) Yu(dy),
* k=1

with ap = pr—1/2and py, > —1/2for k = 1,...,d. From (22.5) plus d applications of
Tonelli’s theorem together with an easy change of variable on each one-dimensional
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integral, we get

T f(x)| S /RHM”"“ (i, y%, 2t) f(y) vu(dy)

¢ =1

B /Rd Mg (@?,9%,2) f(y) vu(dy) (2.6)

- / Mg (2%, y2,28) faly) Yu(dy),
Ry

with o = p— 2(1,...,1), 22 = (22,...,2%), and similarly for y?, being
fily) = Fly) + fooi(y)

and

Jer1(y) = fe(y) + fr o orp1(v),

for Kk =1,...,d — 1. Since we will need an explicit form of f; let us write some
notations. Let us recall that for k € D, oy, stands for the reflection with respect to
the k-th hyperplane {x) = 0}. Let () # A C D; we denote by o4 := [[,c 4 ox, and
the symbol [] represents the composition of the reflections indexed by A. Observe
that o4 is Well—deﬁned since opo; = o0y for all j,k € D; oy = identity map on
R¢. Also since ak_ = oy, forall k € D, 021 = 04. We define the A-th hyper-octant
as Oa = {oa(y) : y € RY } Thus for any measurable function f,

Fa@Wxeg () = > Floa®))xze () = Y flxa),
ACD ACD
with 24 = 04(y) and y € R%. If f > 0, taking into account that 7, (z4) = v, (y)
and dz s = dy, we have
I faxee 1, = D I(fae oa)xze liq, = D 1fx0allim = I1Fll1m.-
ACD ACD
Similarly, for 1 < p < oo,

274/ f|

v < Z 1fx0allp. < 2d‘|f||p77u‘

ACD
Let us make a change of variables in (2.6)). Set u = ¢(y) = y? for y € R%, then

DY = ||deRP

[ M0 20) falw) uldy) =27 [ M, 2) fa0 67 () Aan)
+ +

=271 %5, (fao ¢7)(2?).
Therefore, for every z € R?
T/ f(z) S T5(fac ¢~ )(¢(x)), t>0 (2.7)
and so
Tef(x) ST (fao ¢~ ) (o()),
with p € (=1/2,00)% and o = p — (1,...,1).
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To get the weak-type (1,1) of T%' it will be sufficient to prove the weak-type
inequality for T¢(fq0¢~1)(2?) with respect to 7,. Let 6 > 0 be given and let Ey =

{z e RY: T2 (faod™")(B(x)) > 0}; since T (faop™ ") ((0a(2))?) = TX(facd™ ") (2?)
for all A C D, then Eg NO4 = 04(Ey NRY 1). Thus

Yu Ee Z 'yﬂ Eg n OA Z ’VH(UA(EQ n Ri)) (2.8)
ACD ACD

But

(eaBo VRD) = [ ooy )3, (0)

*

= [ Xoumrs) (@a@)oat@) da

*

— [ et @) o
R4

*

= 7u(Eg NRY).
Therefore, taking into account , we have
T Eg) = 217, (By N L) = Aal0(By N RL)). (29)
On the other hand, ¢(Ey NRL) = {v € RY : T¥(fg0 ¢ 1)(v) > 6} and from [12]
and [3] we obtain
Aa(@(Es NRD) < Sl fao 67 o

Czd
7Hfd||w <5 ||f||1,m

And from (2.9)) together with (2.10) we get

C
(Eo) < M 11

The case p = oo follows immediately. And the strong-type (p, p), for p > 1, follows
from interpolation. O

(2.10)

In the previous proof we have just individuated the tools to prove Theorem
and its Corollary

Proof of Theorem[I.5 Since the Laguerre semigroup is hypercontractive (see, for
example, [7]), from (2.7) we can easily conclude that for all ¢ > 0 and p € (1, 00),
there exists a ¢ = ¢(p, t) such that

ITF Fll Loy S IZ5(fao ¢™) 0 dllLagy,)
= 2%/9)(35,(fa 0 67") 0 $)xma la(sy)
= (15, (fao ¢ Vlzarn) S Ifae ¢ e
= 27| faxga oo () S 1 lEr ()
and this concludes the proof. (]
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Proof of Corollary[1.6 The strong-type (p,p), for p € (1,00), follows from the
hypercontractivity of T}" and from P. A. Meyer’s multiplier theorem extended to
any hypercontractive and L?(dv) symmetric diffusion semigroup {7} } related to an
orthonornal basis {Ps}gena of L2(dv) by the relation T,Ps = e~ 1#I' Pg. O

3. ProoF oF THEOREMS [[.9] AnD [[.11]

Proof of Theorem[T.9. a) For ¢ > 0, the associated heatdiffusion semigroup T/**
is defined on L?(R%, p¥) by

TP fx) = Y e Ul r yimyi(z), e RY, f e LR, pl).
neNg

Though this series is convergent on L' (R?, p}f), we are going to consider the integral
representation of this semigroup on L!. Namely,

" 1212 +1y(2 Hy\ ,
T/ f(z) =e (‘”*d/z)t/ e M (@, y,t) fy) plh(dy).

Rd
From ([2.4]) together with (2.5) we obtain that
,d .d
[ Mg (2,y,1)| S Mg “(2*, 9%, 2t), (3.1)

with o = 1 — %(1, ..., 1), and therefore

[EILEIPICA
T )] et [ SR AR g2 0 | )] o)

*

‘62 2
=i [ AR 2 20) 1 11a) o)) 32)
Rd

— e [ GG 2,200 | 1laty) o),
R

+

where G* (v, u,t) = szl G (vg, ug, t), and

—t —t/2
Ga(f n t) — e*%ifzft (§+77)(e—t/2\/§)—ala 2e~"/ VEn
o 1—et 1_ et J
for &, € (0,00), a > —1, and I, stands for the modified Bessel function of the first
kind and order a, see [14].
Using again the change of variables u = ¢(y) = y? in (3.2) we get that

d
T f ()| < e (b / G (@?u,2t) (flae o™)(w) [T ui du.
]Ri k=1

Thus,
T8V fx) S GL(|flao o) (9(x)),
with

Gig(v) = sup

Sup G*(v,u,t) Huz"‘du v E }Ri,

Rd
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which, according to [I4], happens to be weak-type (1, 1) with respect to the measure
HZ:1 vp*dv.  Therefore, with a reasoning similar to the one done for getting the
weak-type (1,1) of the operator T", we obtain also the weak-type (1,1) for T4
with respect to the measure Hk 1 :rk”’“ dzx. On the other hand, G¢ g can be estimated
by a constant times Mgg, where Mg is the strong maximal operator with respect
to the measure szl vp*dv, see [13]; this implies the LP-boundedness of G¢ for
p > 1. In particular, we get boundedness on L*> of TH¥. For the other p’s the
result follows either from interpolation or by calculating out the LP-norm of T
and relating it with the LP-norm of G% with respect to the measure HZZI vpkdv.

b) For p € [0,00)% and ¢t > 0, the associated semigroup 7}*¥ is defined on
L?(R?, dx) by

T fe) =Y e I giyo(z), zeR?, f € LX(RY, dx),

neNd

whose integral representation, valid also for f € L'(R?, dz), is given by

_ 1212 +1y|2 Hy\
T f(z) =e (|u|+d/2)t/ e Mgg (2,y,t) H |28 |y f (y) dy
Rl (3.3)

- / K (2,9, 1) £ () dy.
Rd

From the boundedness results |j and 3.2 we get for a =y — %(17 1)

T S [ 6t o ) LT bl 217 |1

k=1
« 2 2 (3 4)
= [ 9% y%t) | flaly) dy,
Rd
+
with $% (v, u,t) = szlﬁa*’ (U, ug, t) = szl HP=2 (v ug, t), and
o e~ WHL/t _1agemt oy (o
SREN ) = T gre 2 e (65 (o=t fep)=(v=1/2) (3.5)
2e” t\/
X 1,12 ( — _gt) (Vén)"
et L1ge=2t oy 267t\/
_ — e—2t6 —31= 672t (5 W)Iy_l/ <1 — e—2t) ( / 77)1/2
e 2cotht(f—%—n) \/677
- I NO5T ) (\/€n)/? 3.6
2sinh¢ VY2 (sinht)( &) (3.6)

for £, € (0,00) and v > —1/2.
By using the estimates of I, _q,5 (cf. [12]), i.e

V2 0<az <1
I, q/9(z) >~ o ,
1/2() { ra r>1
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we get that
xu71/2
I,_19(2) < ——€"
12(2) S T

for £ > 0. Thus, taking into account , we obtain

et >V6 21 E—2t (5+77)+1 Efzt\/i \/577 v
1+

G2 1) < 2 (

1 _ g2t (1—e2t)1/2 2e—t\/En
1—e—2t
(3.7)
Then, it is easily seen that for v > 0,
572 Em 1) S o€ 1) (3.8)
with
67% i P17 (5+77)+ ¢ 5 VEN
a(&mt) = (1— e 2t)1/2

Now let us observe that for u € [0,00)¢, taking into account estimate (3.8)), we
get that

T8 f(z) < sup / Gi(.) |flaly) dy
t>0 ]Ri

2oyl 3.9
Sigg/ E47rs)d/2 [fla(y) dy (3.9)
< Mxas 1710)(@),
with & = (|z1], ..., |z4|), and
d e e (2P y ) 2 ey
H zk,yk, = , forzxz,ye R‘_f_,

(1 — e—2t)d/2

is the kernel defined in [20] which, as pointed out in that paper, is bounded by
the usual Gauss-Weierstrass kernel on R?. M represents the Hardy-Littlewood
maximal function which happens to be weak-type (1,1) and strong type (p,p),
p > 1, with respect to the Lebesgue measure. Let us see that M(XR1|f|d)(=’f)

satisfies also the weak-type (1,1) and the strong-type (p,p), p > 1, inequalities.
Indeed,

[ € BT : M(xga |£1,)(&) > M = 2%z € RL : M(xga |1],)(2) > M)
<2{a € RY : M(xae |f1)(@) > A}

C C
< Slxwe Iflalls = Sl

The boundedness on L*°(dz) is immediate, and for the other p’s follows from
interpolation. O
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Proof of Theorem[I.11 The proof of this theorem follows the ideas given in [I5] to
prove the boundedness of the heat—diffusion semigroup associated with a special
class of Laguerre functions: £{(z) = cx o L (2)2%/2e%/2, > 0,a > —1, k € Ny,
L (x) being the Laguerre polynomial of degree k and type «, and extended to Rff_
by tensor product.

We write here all the modified lemmas, propositions and theorems used in that
paper in order to obtain the results stated in Theorem [1.11

To agree with the notation of that paper for v > —1/2 we set

HPY(&m) = H""2(Em,t)

and HE (v,u) = HZ:1 Hi* (vg, uk), where now we redefine ay = 2puy, for all k =
1,...,d. Then, for z € R? and f >0,

T f(x) Ssup | M (@®,07) faly) dy =: HE fa(a®). (3.10)
t>0 JRY
By using (3.6) and the estimates of I,,_; /o we get for a = 2v

a | Dim) if /&y <sinht
rien = { el VS (3.11)

with
( V 5”)11/2 —1 cotht(&+n)

Ditem = sganpy@z®
1 (E-y?
e 2 sinh t _cosht—1 (£+n) )

ECL = 2sinh t

t (57 77) (Sinh t)l/g e
For the positive results we need the following lemma which is the substitute of
Lemma 2.1 from [I5], and its proof follows similarly.

Lemma 3.12. Fora > —1,

(VE=vm)? we . .
HE(En) S e 4 %6‘“ o if 0<t<1

(V/E)a/2e—<(+n) i1,

For the negative results we need the following lemma which is the substitute of
Lemma 2.2 from [I5, p. 221].

—c

(3.13)

Lemma 3.14. The following lower estimates hold:

a) For0<t<1/16, (4t)"" <& <4t™! and | —n| < ¢,
H (%) Z €.

b) For0<t<1,0<¢& <2t and 0 <n? <2t,

o ()2

HI(E %) 2 Vo
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Proof. From the assumptions of (a), we also have £ > 2, £/2 < 1 < 2§ and
V&N > €/V/2 > /2 >t ~ sinht, therefore

_1(=m?
€ 2 sinht __cosht—1

2, 2 _
H{(E0°) =~ B (&%, 1%) ~ —ap ¢ zamne (CH70) > 4712 > ¢

As for (b), we have 2 + n? St~ tanht = ——, and hence

a/2 2 o a/2
H?(£27,’72) ~ D?(£27 2) ~ (577) e—%cotht(g +1°) > (577)

(Ve (VA

3.1. Boundedness of T/"¥ on LP(dx) for pg < p < p;. We denote by My the
standard centered one-dimensional maximal operator in R‘j_ taken with respect to
the k-th variable.

Let us see the one-dimensional case first. Let & = a = 2v = 2p € (—1,0); we set
p=-2/a=—-1/pand po=p; =2/(a+2)=1/(n+1).

The following proposition is the substitute of Proposition 3.1 from [I5, p. 223]
and its proof follows similarly using Lemma [3.12] instead of their Lemma 2.1.

Proposition 3.15. Let d =1 and —1 < a < 0. Then there is a constant ¢ such
that for any suitable non-negative function g defined on (0,00) and x € Ry we have
foro<t <1,

2
e—ctﬁcleg(m) + e_C‘Tz.’L'_l/pl 191,

) z
e—cte Myg(z) + e~ g 1/Po l19lpo,1

Hi (2%, 9%) 9(y) dy S { (3.16)

Ry
Fort > 1, the same inequalities hold with t replaced by 1 in the right-hand sides.

Remark 3.17. Let us observe that throwing away the exponentials we obtain
immediately the weak-type (p1,p1) and restricted weak-type (po,po) for the one-
dimensional operator HS. By interpolation HS turns out to be bounded on LP(R.)
for po < p < p1. Now taking into account inequality we obtain the same
result for TH%.

For —1 < a < oo let us define the functions

(a) = -5 if -1<a<0
pta) = oo if a>0
and ,
= if -1<a<0
— — a+2 1
po(a) D1 (CL) { 1 if a Z 0

For y € (—1/2,00)¢ we set a = 2u € (—1,00)4, and if —1/2 < i < 0 then
a=2f € (—1,0). We also set p; = p1(&) and po = p}.

Theorem 3.18. Letd > 1, u € (—1/2,00)¢ and assume that —1/2 < ji < 0. Then
TL? is bounded on LP(dx) for po < p < p1.

Proof. Let us recall that T? f(z) < HE fa(2?) with a = 2u. So the result will
follow once we prove the LP-boundedness of HE.
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For oy, > 0 it is sufficient to justify the boundedness on L> and from L' into
L1°° since then the strong-type (p,p) is obtained by interpolation. The proof of
those boundedness results follows from the proof of Theorem (b) for d = 1.

For the other case, the proof is similar to the proof of Theorem 3.2 from [I5]
using

T f(x) S HE fa(a?)
SHI oo HY f(a?),
and the LP-boundedness of the one-dimensional operator. O

3.2. The endpoint p;. Let f be a non-negative measurable function defined on
R?, then as it was done in the proof of Theorem [1.3{ we get for 1 < p < oo,

27| flp,ax < lfaxze Ipae < 270 fllp,ao- (3.19)

Let us suppose first that d(x) = 1, then d(a) = 1 and —1 < & < 0. Without
loss of generality we may assume that & = «7 is the only minimal aj. Due to the
product structure of H& (22, y?) it is enough to use the strong-type (p1,p1) estimate
in the variables s, ..., x4 and then the weak-type (p1,p1) boundedness in the a;
variable. This takes care of item (a ii) of Theorem [I.11]

For proving the remaining cases we proceed as it was done in [I5]. We are going
to write all the theorems involved and give a sketch of the proofs following what
was done in [15].

3.2.1. All ag, are minimal. To prove this case we need the following theorem whose
proof is analogous to the proof of Theorem 4.1 from [I5].

Theorem 3.20. Assume oy = a € (—1,0) for all k. Then for d = 2,3 the operator
HE maps LP* (Rff_,dx) boundedly into the space weak LP! log(dfl)/p1 L, i.e., there
exists C > 0, such that

L ol T
|{x€R+.H*9($)>>‘H§C APt log 2+W ’
p1

for every A > 0 and g € LP*(R%).
If we assume that all pj, are minimal, using this theorem with o = 2, we get
{o € RY: T4 f(z) > A} < {z € RE: HE fa(2®) 2 A
=2%{z € RY : HY fa(a?) Z M}

d—1
| faxma IID:
< WXEL T g (2 — 2
AP1 HdeRi le

oo [ < . ﬂdl
~ Lllog 2+ ,
APL [1f1lp.

where we use (3.19) in the last equality. This proves item (b ii) of Theorem [L.1]]
for 2 < d < 3 and all pg minimal.

Rev. Un. Mat. Argentina, Vol. 54, No. 1 (2013)



100 L. FORZANI, E. SASSO, AND R. SCOTTO

3.2.2. Two minimal ay, in dimension 3. Theorem [3.20] takes care of all cases with
respect to the end point p; but one, when d = 3 and « has two minimal components.
Without loss of generality we may assume o = (a, a,b) with —1 < a < 0 and a < b.
In this case we have analogously to Theorem 4.4 of [I5] the following theorem.

Theorem 3.21. Let d =3 and a = (a,a,b) with —1 < a <0 and a <b. Then for
every g € LP' the distribution function of Hg satisfies

d . qqo (2 gl A
|{x€R+.’H*g(1’)>)\}|§C’)\pl log HW . A>0.
P1

Taking into account this theorem and that p has two minimal components which
we may consider to be u = (v,v, 8) with —1/2 < v < 0 and v < 3, then by setting
a = 2v and b = 283 we obtain

{z e R3: THef(z) > AY < [{z € R® : HO f3(22) > A}
=2°{z € R} : H f3(2%) 2 A}

Il f3xrs || A
< #]Og 24—

ST 1Foxes I
I £115 ( A )

~ log{2+—— ).
APL [1£1lp.

And with this we finish the proof of item (b ii) of Theorem for 2 <d < 3.

3.2.3. Counterexamples. To analyze the negative result at the end point p; for
d > 4 we cannot apply directly the results given in [15], though we take some ideas
from there. Assume now that d > 4 and p € (—1/2,00)% is such that i < 0 and

d(p) > 2.
For z,y € Ri we have

Mgy (x,y.t) 2 M (2% 5%, 20)
with 8 = pu — %(1, 1,...,1). Thus for z € R, f a suitable non-negative function
with supp(f) C R‘i we obtain the following inequality
1re i@ 2 [ M) ) d (322)
R+

with H& (22, y2) = [[¢_, HO* (22, 42), o = 2u, and we recall that for &7 € (0, 00),
Hi (&, m) = 97712 (&, 1) with a = 2v.
Now we state the negative result for p; with d > 4.

Theorem 3.23. Ford >4, i € (—1/2,00)¢ such that fi < 0 and d(fi) > 2, there
exists a function f € LP! such that

KT f > A} = oo,
for all A > 0.
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We will prove the theorem in the case when all yj are minimal. The same
reasoning works in the general case by including the variables corresponding to
non-minimal u; among the double-primed variables below.

Proof. We are assuming that all pg are minimal. The proof of this theorem fol-
lows the same steps of Theorem 4.6’s proof from [I5 p. 232]. There are some
modifications to be made. For d > 5, we can choose d’ so that d = d’ + d’ and
2 < d < d". Now for small ¢ the set E; in our context is By := {y € R 1 t < y? <
o for k < d';t7' <y < 2t7 ' for d < k < d}. Let fy = (V)@ ~4)/Pixp  which
has LP! norm essentially one. For x € Ri such that xi <tforl <k<d and
(4t)7! < 2 < 4t7! for d < k < d, and taking into account inequality , we
have
U fila) 2 HE fula®) = (VOO [ g (a? ) dy,
E;

with a = 2 and all a’s are minimal. Now we call with a all a;’s and recall that
p1 = —2/a.

For the = taken above we restrict the integration to the set F? := {y € E} :
lyw — x| < 1/xy for d < k < d} and apply Lemma [3.14] item (b) for the first d’
variables and item (a) for the remaining ones so that by setting []" = Hz;l and

1" = szd,_ﬂ we have

’ a/2 —-1/p
a2 oy s L (@kye) "roo_ H TkYk)
Hi(2%y") 2 (Ve LU= e o H Tk

/

(VI) N2 y eV s
S 2ot ) H = S IE RS T

Thus
TV fi(x) 2 H fi(a?) 2 (VO = (it o T a0 T e 17

7, !l
\/E)d /;D1H x, 1/171.

From now on we can follow what was done in the proof of Theorem 4.6 in [I5]
p. 233] with ¢ replaced by v/%.

To cover also the case d = 4, we now consider d’ with 2 < d’' =d"” = d/2.

For R > 6 we take the same set Er = {y € Ri 1l < yg < R,y;1 <
yp < 2y, " for k < d and yq/8 < yr < 8ya for d < k < d}. Then |Eg| ~
flR ycjdurdu_l dyq = log R, and we define fr = |Ep|~'/P'xg,, whose LP**'-norm is
essentially 1. For z € R?, such that 4 < xg < R—1,0 <z}, < xgl for1<k<d,
and x4/2 < xp < 2z4 for d' < k < d, we have

T fr(z) 2 HE fr(z?) 2 (log R)™YPr [ (22, y?) dy,
Er

with « = 2p and for all 0 < ¢ < 1.
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We choose ¢t = 93672 and take F, := {y € R‘_f_ : x;1/2 <y < x;l for1 <k <
d and |z — yx| < 1/xy for d' < k < d}; it is easily proved that for  prescribed in
the set above F,, C Fgr. Thus,

M fula) 2 (os B 7 [ e o) .

Now for y € Fy, yq ~ x4 and by applying items (a) and (b) from Lemma we
get

Hy 2 (2%,0%) 2 7y H TkYk) /H Tk
~ a:j (a+1) x;d’a/2H xz/2H T = x;d//p1+d/H

/ "
—1/p1
Ty I I Tk

From this,

/ ‘1! 17 , ,
/F ngg(x{yz) dy > x;d /p1+d H ZZI/MH o |Fy| = x;d /mH xktl/pl.

TV fr(e) 2 HE fr(e?) 2 (log B) Py /o [T/,

)
which is inequality (13) from [I5, p. 234] and from that point the proof follows
likewise. (]

3.2.4. Sharpness of the results. In Theorem (a i) and (b ii) the weak-type

inequality LP1-°° logf(d(”)fl) L is sharp in the following sense. There is a function
f € LP* (as a matter of fact we can take f bounded and with compact support)
such that for large A,

{z € RY : T f(z) > A} ~ AP [log(2 + \)]? (u) -1,

Let us take f = X(1/2,1y¢. And since T¢"? f(x) 2 H2 f(2?), the conclusion follows
from the subsection 4.4 Comment on sharpness in [I5, p. 234]; the only thing to
change is Lemma 2.2 (b) by Lemma (b).

The analysis done in that paper also shows that T/"¥ is not bounded on LP!
even if there is only one minimal p.

3.3. The endpoint py. Let E be a measurable subset of R? of finite measure.
According to the notation within the proof of Theorem we have

(Xm)a®)xzs (1) = D XB(@aW)Xre 1) = Y Xou(@rs ¥)-
ACD ACD
Let us observe that for every y € R%, (xg)a(y) = #{A C D : oa(y) € E} < 2%
Hence, (XE)dXRi < 2% p with F = {J 4 p(0a(E)NRY). On the other hand, there
exists A C D such that [E| < 2%o4(E) NRE|. Thus, 27 E| < |oa(E) NRY| <
|F| < ZAcD IUA(E) ﬂRﬂ = ZAcD ‘EmOA| = |E|
Let us recall that for u € (—=1/2,00)¢, a = 2, and = € R,

T f(z) S H f(2?).
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So if for every measurable subset E of ]Rff_ with finite measure we prove that
p ) |E| o (d(a)—=1)
{xER+:Haf(x)>)\}|§C’)\po<log<2—|—|E|>> , A>0,

then the same estimates hold for T£"%.
Indeed, let E C R? with |E| < oo; taking into account the above remarks and
the fact that d(a) = d(u), we have

{z e RY: T9xp(2) > M} S {o € RY: HY ((xp)axge ) (@) 2 A}
=2%{z € RE - H2 ((xp)axwa ) (2%) 2 A}
S Ho e RE : HY (xr)(2?) 2 A}

20 (d(a)—1)
|F| 1L\n
< 1 24—
S o 8 2T
|E| 1 20 (d(p)—-1)
~ — log (2 + ) .

We start with the case when there is only one minimal value «aj, which without
loss of generality we may assume to be a;. Then the maximal operator

K290 £ () = sup / e (02 a2) (4, D)
t>0 JRd

X f(x1,y2,. - ya) dyz - - dya

is bounded on L?(R%) for p in an interval strictly containing the point py = po(&) =
po(aq). By interpolation it is also bounded on the Lorentz space LPo-!(R% ). More-
over, the one-dimensional maximal operator H2* is of restricted weak-type (po,po)
(see Remark , and the same is true for the d-dimensional operator

Ko f (o /H (@2, 52) F(ys,m .. 2a) dys.

Since restricted weak-type (pg,po) means boundedness from LPo! into weak LPo
and

Hef(a®) < Ko K f(z), w € RY,
item (a iii) in Theorem follows.
Now the results for the end-point py follow using

(1) For all o, minimal: In this case d > 2, ap = a for all k and —1 < a < 0.
The critical exponents are p; = —2 and py = 725 Similarly to Theorem 5.1
from [I5] we have

Theorem 3.24. For 2 < d < 3 and « as described above, the operator HS
d—1
maps LP~'log »1 L into LP*>°, i.e., for every measurable set E C R‘i of
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finite measure

L0 (d—1)
o E| 1))
‘{xGRi:H*XE($2)>>\}‘§CE log 2+E )
for every A > 0.

(2) For two minimal ay, in dimension 3: For this case we may assume without
loss of generality that « = (a,a,b) with —1 < a < 0 and a < b. Then we
have similarly to Theorem 5.7 from [I5]

Theorem 3.25. For d = 3 and « as described above, the operator HS

maps Lpo’llotcsgl/’”1 L into LPo>>° j.e., there exists a constant C > 0 such
that

5 2 ] ol
. @ RN -
|{$€R+'H*XE(x)>A}|SCApo {10g<2+|E|>} ,
for every measurable E C Ri’_ of finite measure and every A > 0.

3.3.1. Counterexamples. As in the case of the endpoint p; we will find counterex-
amples in this case too by taking into account what was done in [15].

We know that for E C RY with |E| < co and p € (—1/2,00) we have

THxe 2 Hixe(z?),

with o = 2.

We will prove the following

Theorem 3.26. Let d > 4 and o with at least two minimal oy,. Then there are
neither C' > 0 nor v € R such that the inequality

3 .o 2 |E| 1 K
|{xeR+.’H*XE(x)>)\}|<C/\p0[log<2+E|>] , A>0,
holds for all E C Ri of finite measure.

Once this theorem is proved then item (b iii) for d > 4 follows due to the estimate
given at the beginning of this part.

Proof of Theorem[3.26 As before it is enough to prove this theorem when all oy, are
minimal. Let a, = a € (—1,0) for all k =1,...,d. For d > 5 we take 2 < d' < d"
and define

E={ye RS : H/ygl/pl > B,yr < Vtfor k <d', and
(V)L <yp < V2(VE) T for d' < k < d}.

Let us remark that E; is essentially the set E vt defined in [I5] p. 245] where 2 is

replaced by /2 in the double-primed coordinates. According to (18) from [I5] we

have
d —1

|Bil = |Eygl = B [1og (24 (VBT )| (VB
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with 3 chosen in such a way that (v/£)? 8”1 > 1 (see Lemma 2.3 (a) and (b) from
[15)).

We consider z € R such that 27 < ¢ for k < d and (4t)~! < 2 < 4t~ for
d < k <d, and estimate H%x 5, In the integral defining this operator we further
restrict the integration to the set

F2={y € Ey:|xy—yp| <1/xy for d <k <d}.
By Lemma 2.3 (a) and (b) from [I5] we have
, d'—1 1
Fel = 57 fog (24 (VO )| T
T
~ 1 \/‘E ~
According to items (a) and (b) from Lemma for t < (- we obtain that

T1H (@3, 97) 2 T1 (weyn) /P (VE)@/Pr =D and [T"He (23, y2) 2 1" v
Thus

r g " r
HfXEt ($2) 2 H Ly, 1/171(\/2)(2/1)1 Dd H Tk /Fu: H Yy, l/pldy
t

r_ , " ~
> H o] 1/171(\/%)(2/;01—1)(1 H z BBy
> (V)= (V)@= D (yd” g By
~ (VE) I BB 4,

which is inequality (19) with ¢ replaced by v/t in [15] p. 245]. And from now on we
follow the steps of that proof.
Now for d' = d"’ > 2 we take d = 4 and define Fiy = Ujvzz Ey; and 8 =

NP1 (\/f)=4/P1 with t = 277, As before we follow the steps of Theorem 5.9’
proof in [I5] p. 246] to get the conclusion of this theorem for the case d = 4. O

Taking into account that for x € R%
THe f(x) Z HEf(2?)

for any non-negative function f with supp(f) C REL and the comments on sharp-
ness on page 247 from [I5], we can conclude also in this case that in Theorem m
(a iii) and (b iii) the space

LPo,l IOgJ(H)*l/pl L = {f . / f*(S)Sl/po 10g(2 + 1/3)(J(IL)—1)/P1:| dS/S < OO} ,
0
being f* the decreasing rearrangement of f on R, is the best possible in the sense
of convergence at 0 of the above integral.

We obtain also from those comments that T£"? is not weak-type (pg,po) even if
there is only one minimal . (]
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