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Self-dual projective toric varieties

Mathias Bourel, Alicia Dickenstein and Alvaro Rittatore

ABSTRACT

Let T be a torus over an algebraically closed field k of characteristic 0, and consider a projective
T-module P(V'). We determine when a projective toric subvariety X C P(V) is self-dual, in terms
of the configuration of weights of V.

1. Introduction

The notion of duality of projective varieties, which appears in various branches of mathematics,
has been a subject of study since the beginning of algebraic geometry [12, 16]. Given an
embedded projective variety X C P(V), its dual variety X* is the closure in the dual projective
space P(VV) of the hyperplanes intersecting the regular points of X non-transversally.

A projective variety X is self-dual if it is isomorphic to its dual X* as embedded projective
varieties. The expected codimension of the dual variety is 1. If this is not the case, then X
is said to be defective. Self-dual varieties other than hypersurfaces are defective varieties with
‘maximal’ defect.

Let k be an algebraically closed field of characteristic 0. Let T be an algebraic torus over k
and V a finite-dimensional T-module. In this paper, we characterize self-dual projective toric
varieties X C P(V) equivariantly embedded, in terms of the combinatorics of the associated
configuration of weights A (cf. Theorems 4.4 and 4.16) and in terms of the interaction of
the space of relations of these weights with the torus orbits (cf. Theorems 3.2 and 3.8). In
particular, we show that X is self-dual if and only if dim X = dim X* and the smallest linear
subspaces containing X = X4 and X* have the same dimension; see Theorems 3.3 and 3.7.

Given a basis of eigenvectors of V' and the configuration of weights of the torus action on
V, it is not difficult to check the equality of the dimensions of X and its dual (for instance,
by means of the combinatorial characterization of the tropicalization given in [6]). But the
complete classification of defective projective toric varieties in an equivariant embedding is
open in full generality and involves a complicated combinatorial problem. For smooth toric
varieties this characterization is obtained in [8]; the case of Q-factorial toric varieties is studied
in [2]. For non-necessarily normal projective toric varieties of codimension 2, a characterization
is given in [7]. This has been extended for codimensions 3 and 4 in [5].

For smooth projective varieties, a full list of self-dual varieties is known [9, 10, 16]. This list
is indeed short and reduces in the case of toric varieties to hypersurfaces or Segre embeddings
of P! x P~1 for any m > 2, under the assumption that dim X < 2dimP(V)/3 . This was
expected to be the whole classification under the validity of Hartshorne’s conjecture [10].
We prove that this is indeed the whole list of self-dual smooth projective toric varieties in
Theorem 5.8.
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There exist some classical examples of self-dual non-smooth varieties, as the quartic Kummer
surface. Popov and Tevelev gave new families of non-smooth self-dual varieties that come
from actions of isotropy groups of complex symmetric spaces on the projectivized nilpotent
varieties of isotropy modules [13, 14]. As a consequence of Theorem 4.4, it is easy to construct
new families of self-dual projective toric varieties in terms of the Gale dual configuration (see
Definition 4.1).

A big class of self-dual toric varieties are the toric varieties associated to Lawrence
configurations (see Definition 5.1), which contain the configurations associated to the Segre
embeddings. Lawrence constructions are well known in the domain of geometric combinatorics,
where they are one of the prominent tools to visualize the geometry of higher dimensional
polytopes (see [18, Chapter 6]); the commutative algebraic properties of the associated toric
ideals are studied in [1]. We show in Section 5 other non-Lawrence concrete examples for any
dimension bigger than 2 and any codimension bigger than 1.

We also introduce the notion of strongly self-dual toric varieties (see Definition 6.1), which
is not only related to the geometry of the configuration of weights but also to number
theoretic aspects. This concept is useful for the study of the existence of rational multivariate
hypergeometric functions [3, 11].

In Section 2, we gather some preliminary results about embedded projective toric varieties
and duality of projective varieties. In Section 3, we characterize self-dual projective toric
varieties in terms of the geometry of the action of the torus and we give precise assumptions
under which self-dual projective varieties are precisely those with maximal defect. In Section 4,
we give two (equivalent) combinatorial characterizations of self-duality. In Section 5, we collect
several new examples of self-dual (non-smooth) projective toric varieties. Finally, in Section 6
we study strongly self-dual toric varieties.

2. Preliminaries

In this section, we collect some well-known results and useful observations on projective toric
varieties and duality of projective varieties.

2.1. Actions of tori

Let T be an algebraic torus over an algebraically closed field k of characteristic 0. We denote
by X (T') the lattice of characters of T'; recall that k[T] = @, (7) kA. Any finite-dimensional
rational T-module V', dim V' = n, decomposes as a direct sum of irreducible representations

i=1

with ¢ - v; = A\(t)vi, Ay € X(T), for all t € T

The action of T on V canonically induces an action T'x P(V) — P(V) on the associated
projective space, given by ¢ - [v] = [¢-v], where [v] € P(V) denotes the class of v € V' \ {0}.
Recall that an irreducible T-variety X is called toric if there exists zg € X such that the orbit
O(z0) is open in X.

Let A = {A1,...,\n} (which may contain repeated elements) be the associated set of weights
of a finite-dimensional T-module V'; we call A the configuration of weights associated to the
T-module V. To any basis B = {v1,...,v,} C V of eigenvectors, we can associate a projective

toric variety by
Xyp=0 ([Z viD CB(V).
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Define by T~ = {3 p;v; € P(V) : [[ pi # 0}. The dense orbit O([>_ v;]) in Xy 5 coincides
with the intersection Xy, 5N T"~ 1. Observe that since dim Xy 5 is equal to dim O([Y v;]), it
follows that dim Xy g is maximal among the dimensions of the toric subvarieties of P(V'), that
is, those of the form O([v]) for some [v] € P(V).

Based on the decomposition (2.1), in [12, Proposition I1.5.1.5] it is proved that any projective
toric variety in an equivariant embedding is of type Xy, for some T-module V' and a basis of
eigenvectors B = {v1,...,v,} of V, in the following sense. Let U be a T-module and Y C P(U)
be a toric subvariety; then there exist A = {\1,..., Ay} C X(T) (with possible repetitions)
and a T-equivariant linear injection f: W := @?:1 kw; — U, t-w; = \;(t)w;, such that the
induced equivariant morphism f: P(W) — P(U) gives an isomorphism Xy g =Y. Moreover,
let W’ be another T-module, B’ = {w],...,w,} C W’ a basis of eigenvectors of W’ such
that ¢-w; = \i(t)w;, and consider f € Homp(W,W’) given by f(w;)=wj. Clearly, f is an
isomorphism of 7-modules, and its induced morphism f : P(W) — P(W’) is an isomorphism
such that f(XW’B) = Xw' -

In view of the preceding remark, the following notation makes sense.

DEFINITION 2.1. The projective toric variety X 4 associated to the configuration of weights
A is defined as

Xa=Xyp= m CB(V),

where V' is a T-module with A as associated configuration of weights.

We can make a series of reductions on A and T, as in [6]. First, the following easy lemma
allows to reduce our problem to the case of a faithful representation.

LEMMA 2.2.  Given a T-module V of finite dimension and A the associated configuration of
weights, consider the torus T" = Homy ((A)z, k*), where (A)z C X(T') denotes the Z-submodule
generated by A. The representation of T in GL(V) induces a faithful representation T' —
GL(V'), which has the same set theoretical orbits in V.

We can then replace T by the torus T”. It is easy to show that this is equivalent to the fact
that (A)z = X(T), which we assume from now on without loss of generality.

Next, we enlarge the torus without affecting the action on P(V); this will allow us to easily
translate affine relations to linear relations on the configuration of weights. If we let the
algebraic torus k* x T act on V by (t,t) - v = to(t - v), then the actions T' x P(V) — P(V') and
(k* x T) x P(V) — P(V) have the same set theoretical orbits. More in general, let A € X (T)
and A" = {A+ A1,..., A+ A\, }. Consider the T-action on V given by ¢ -y v; = (A + \;)(¢)v;. The
actions - and - coincide on P(V'), and the corresponding variety X 4/ coincides with X 4. Hence,
we can assume that there is a splitting of T'=k* x S in such a way that (¢, s) - v = to(s - v)
forallveV, ty ek and s € S.

In fact, the previous reductions comprise the following more general setting.

LEMMA 2.3 [12, Proposition I11.5.1.2].  Consider T, T’ two tori and two finite configurations
of n weights A = {A1,...,\n} CX(T), A" ={N\|,....,\,} C X(1"). Assume that there exists a
Q-affine transformation v : X(T) @ Q — X(1") ® Q such that ¢)(\;) =\, for alli=1,...,n.
Then XA - XA/.
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REMARK 2.4. (1) The dimension of the projective toric variety X 4 equals the dimension
of the affine span of A.

(2) Note that if A ={A1,...,\,} is contained in a hyperplane off the origin, then X4 =
P(V') precisely when dim T = n and the elements in A are a basis of X(T).

(3) If we denote by d the dimension of the affine span of A, then X4 is a hypersurface if
and only if n = d + 2. In this situation, either A coincides with the set of vertices of its convex
hull Conv(A) € X(T) @ R, or Conv(A) contains only one element A € A in its relative interior,
and A\ {\} is the set of vertices.

We end this paragraph by recalling some basic facts about the geometric structure of a toric
variety X 4.

LEMMA 2.5 [4]. Let A={)\,...,\,} C X(T) be a configuration, where {1, ..., A\s} is the
set of vertices of Conv(A). Set X; = Spec(K[Z1((A\j — Xi) : A\j € A)]),i=1,...,s. Then X; is
an affine toric T-variety, and there exist T-equivariant open immersions @; : X; < X 4, in such
a way that

Xa=Jei(Xi) = [ Spec(k[ZT(N; — A : A; € A)]).
i=1 i=1
In particular, X 4 is a normal variety if and only if ZT(\j — X; : Aj € A) = (RT(\; — \; :
N eANX(T) foralli=1,...,s.
Moreover, X 4 is a smooth variety if, for all i = 1, ..., s, there are exactly dim X 4 edges of
Conv(A) from X;, and the subset {\;, —X\; : h=1,...,dim X} is a basis of X(T'), where \;,
is the ‘first’ point on an edge from \;.

Proof.  See, for example, [4, Appendix to Chapter 3]. O

2.2. Configurations in lattices, pyramids and projective joins

Let M’ be a lattice of rank d — 1. We let M = Z x M’ and consider the k-vector space M) =
M ®z k. Recall that, given a basis {u1,...,uq} of M, we can identify M with Z? and M;
with k.

DEFINITION 2.6. A lattice configuration A ={\1,...,A\,} C M is a finite sequence of
lattice points. We say that a configuration A is regular if it is contained in a hyperplane
off the origin.

REMARK 2.7. Let T be an algebraic torus, and let A= {\,...,\,} CX(T) be a
configuration of weights. Then the following are equivalent.

(1) The configuration A is regular.

(2) Up to affine isomorphism, A has the form \; = (1, \;) for alli =1,...,n.

(3) There exists a splitting 7' =k* x S, such that under the identification X' (T) = Z x
X (S), the weights of A are of the form \; = (1,\}), i =1,...,n. See also the reductions made
before Lemma 2.3.

DEFINITION 2.8.  We denote by R4 C Z" the lattice of affine relations among the elements
of A, that is, (a1,...,ay) belongs to R4 if and only if Y. a;\; =0 and ), a; = 0.
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If A is regular, then R4 coincides with the lattice of linear relations among the elements of
A. Note that these (affine or linear) relations among the elements of A can be identified with
the affine relations among the elements of the configuration {\{,...,Al,} € M’. Thus, given
any configuration {\},..., A} C M’, we can embed it in M = Z x M’ via X' — (1, \) so that
affine dependencies are translated to linear dependencies. In fact, the map X — (1,)') is an
injective affine linear map. More in general, we have the following definition.

DEFINITION 2.9. We say that two configurations A; C X (7;),i = 1,2, are affinely equiva-
lent if there exists an affine linear map ¢ : X(7T1) @ R — X(T3) ® R (defined over Q) such that
¢ sends A; bijectively to As (in particular, ¢ defines an injective map from the affine span of
A; to the affine span of Aj).

So, if A; and As are affinely equivalent, then they have the same cardinal and, moreover,
Ra, = Ra,. Any property of a configuration A shared by all its affinely equivalent con-
figurations is called an affine invariant of A. In this terminology, Lemma 2.3 asserts that
the projective toric variety X 4 is an affine invariant of the configuration A.

DEFINITION 2.10. We say that A= {\,...,\,} C M is a pyramid/(or a pyramidal
configuration) if there exists an affine hyperplane H such that #{i/ )\, ¢ H} =1, that is,
if all points in A but one lie in H, or equivalently, if there exist an index ig € {1,...,n} and
an affine linear function ¢ : My — k such that ¢(\;) = 0 for all i # i and £()\;,) = 1.

More precisely, we say that A is a k-pyramidal configuration if, after reordering, there exists
a splitting of the lattice as a direct sum of lattices M = My & Mo, with A1 = {A1,..., A} a
basis of My and Ay = {\ry1,..., A\n} C My, with A not a pyramidal configuration of My ®z k.
In particular, the O-pyramidal configurations are the non-pyramidal configurations.

REMARK 2.11. Being a pyramid is clearly an affine invariant of a configuration. It is
straightforward to check that A is a non-pyramidal configuration if and only if there exists
a relation (p1,...,pn) € Ra with [[, p; # 0, that is, if R4 is not contained in a coordinate
hyperplane.

DEFINITION 2.12. Let Vi, V5 be two k-vector spaces of respective dimensions hy + 1, kg + 1
and X C P(11),Y C P(V2) be two projective varieties. Recall that the join of X and Y is the
projective variety

thhZ(X’ Y) = {[.’L‘ : y] : [x] € X, [y] € Y} C P(Vl X ‘/2),

that is, the cone over the join Jp, n,(X,Y) is the product of the cones over X and Y. We set
Tnone0,Y) = {03 .10 y] € (Vi x Vi), [y] € Y} € P(Va x Va).
hi+1

We define analogously Jp, n, (X, 0).

We define P* = P(k"*!). Observe that, for any Y C P2, Y = J,, ,,(0,Y) C Phathetl for
any hy € N. If X and Y are non-empty, then dim Jj, ,(X,Y) =dim X +dimY + 1.

Remark that given X; C P(V;), dimV; = h; + 1, i = 1,2, 3, we have

Jh1+h2+1-,h3 (Jh17h2 (XlaX2)7X3) = Jh17h2+h3+1(X17<]h2,h3 (X27X3)) - P(Vl x Vo x ‘/3>
We denote this variety by Jn, hg.hs (X1, X2, X3).
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Given two projective toric varieties X 4, and X 4,, their join is also a toric variety.

REMARK 2.13. (1) Let T'=S; x Sy be a splitting of T as a product of tori, and A; =
{AM, A CX(SY), Az = {Akt1, -+, An} C X(S2) be two regular configurations.

Let V7 = @le kv;, s1-v; = Ni(s1)v; for all 1 € 51, and V, = @?:k+1 kv;, s2 - v; = Ni(s2)v;
for all so € Sy. Then V =V x V5 is a T-module for the product action (s1,$2) - (w1, ws) =
(s1-w1,s2 - wg). Moreover, V' decomposes into simple submodules as V =&, k(v;,0) @
DBy K0, v,).

Consider the S;-toric varieties X4, C P(V;) (1 =1,2) and let A= A; x {0} U{0} x Ay C
X(S1) x X(S2) = X(T). The projective toric variety associated to A is then the join X4 =
Je—1n—k—1(Xa,,Xa,)-

(2) In the particular case when A C M = M; & M is a k-pyramidal configuration with
Ay C My, Ay C My as in Definition 2.10, let S7 = Homy(M7,k*), Sy = Homy (Mo, k*), T =
S1 x Sy and V as above. We then have that X4 = Jx—1n—r—1(P(V1), X 4,); that is, X4 is the
cone over X 4, with vertex P(V7).

Next, we describe the toric varieties associated to configurations with repeated weights.
Recall that a projective variety is called non-degenerate if it is not contained in a proper linear
subspace.

LEMMA 2.14. Let A={\1,...,A\1,..., A\n, ..., \n} C X(T) be a configuration of n weights,
with \; appearing k; + 1 times and \; # \; if i # j. If we set k=) k; =n — h, then the
smallest linear subspace that contains X 4 has codimension k.

In particular, X 4 is a non-degenerate variety if and only if the configuration A has no
repeated elements.

Proof. Let B={v11,...,V1 k1415, Un,1s- -5 Uhky,+1) b€ & basis of associated eigenvectors
of V, with t-vil%ji =N(t)v; 4, for all i=1,... h, j;=1,...,k + 1. Consider a hyperplane
I C (D, (D1 kvij,)) of equation

ji=1
E : Ci,jilijg; = 0,
1,515--:Jh

where z; ;, are the coordinates in the basis 5. Then X4 C I if and only if [t - > v; ;] C II for
allt € T. As [t-> v j.] =D Ni(t)vi ;] € 11, this is equivalent to the equalities

h k;+1

DY gty =0, teT.

i=1 j;=1

Since {A1, ..., A} are different weights, we deduce that ij;l ¢ij, =0foralli=1,..., h
It follows that the maximum codimension of a subspace that contains X 4 is Z?Zl ki = k.
On the other hand, clearly

X4 CH=, E X E U¢7jiixi€k R
i=1 =1

where the subspace H C P(V) has codimension k. O
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LEMMA 2.15. Let A={A1,..., A1, .., Any ..., An} C X(T) be a configuration of n weights,
with \; appearing k; + 1 times and \; # \; if i # j. Set k =, k; =n — h and let

h ki+1 h ki h
V=@ | Dk | = |D|Dkvisi | | @ | Dkvisers |
i=1 \ji=1 i=1 \ji=1 i=1

Wlltht'vi’ji = )\i(t)vi,ji forallteT, i=1,...,h,j;=1,... k; + 1.
Let C ={)\,..., A} and consider X¢ C ]P’(@?:l kvj j, ). Then X4 is isomorphic to the
cone Jk_l,h_l(@, X¢) over the non-degenerate projective toric variety Xc.

Proof. Let f:V — V be the linear isomorphism defined by

FU@i g im0 hgi=1, ki (Tigia, 41 )i=1,00) = (Zigs — Tige, 11 )i=1,o hogi=1,kss (Tigi, 11)i=1,..00)-

The associated projective map clearly sends X4 to the join Ji_1 4-1(0, X¢). O

In Proposition 2.17, we combine Remark 2.13 and Lemmas 2.14 and 2.15, in order to describe
a projective toric variety as a cone over a non-degenerate projective toric variety that is not a
cone (that is, the associated configuration is non-pyramidal).

REMARK 2.16. Let X C P* ! be a non-linear irreducible projective variety. Let H C P"~!
be the minimal linear subspace containing X, and let k be the codimension of H. Then H =
P"—*=1 and if X’ denotes the variety X as a subvariety of H, then X = Jj_1 ,_x_1(0, X’). Since
X" is non-degenerate, it follows that there exists Y € P! such that X’ = J,—1,m-1 (PP=1Y),
where n — k —1 = h + m — 1. Hence, we have an identification

X =Jh—th-1m1(0, P71 Y).

In particular, dim X = A +dimY.

Observe that Y C P™~! is a non-degenerate subvariety. Moreover, we can assume that Y is
not a cone. In this case, we define X4 = Y. Moreover, if X is an equivariantly embedded toric
variety, then we can choose X,q as X¢, in the following proposition.

When X is linear, X = H, m =1 and Y is empty.

PROPOSITION 2.17. Let A={\1,...,A1,..., A\n,..., \n} C X(T) be a configuration of n
weights, with \; appearing k; + 1 times and \; # \; if i # j. Set k = )", k; = n — h and assume
that C = {\1,...,An} is r-pyramidal. Then there exists a splitting T = Sy x Sy such that,
after reordering of the elements in C, it holds that C = Cy U Cy, where C; = {A1,..., A} Is
a basis of X(S1) and Cy = {A\ry1,...,A\n} C X(S2) is a non-pyramidal configuration, as in
Definition 2.10. Moreover, we have that

XA - kal,rfl,hfrfl((ba ]P)Tilv XCQ)'

In the special case when X 4 is linear, Cy is empty.

Proof. We set V = @?zl(@kiﬂ kov; j,), with t-v; 5, = XNi(t)vsj, forallt € T, i =1,...,h,

Jji=1
Ji = ]., .. .,ki + 1, and Wi = Vi k;+1-
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Assume that C is an r-pyramidal configuration, and let X¢o C ]P’(@?:l kw;). Then there
exists a splitting 7' = 57 X Sy such that, after the reordering of C, Cy = {\1,..., A} is a basis
of X(51) and Cy = {A\ry1,..., A} C X(S2) is a non-pyramidal configuration. Hence,

Xo=Jr—t,h—r-1(Xia,, Xcp) = Jrth—r—1 <]P’ (@ kvi,ki+1> ,Xc2> .
i1

By Lemma 2.15, we can assume that X4 = Jr_1,-1(0, X¢), and so

Xa=J-1,0-10,Jr-1,n—r-1(Xia,, Xcs))

=Jk-1,n-1 (Q,Jr1,hr1 <P <@ kvi,kiJrl) 7X02)>
i=1

= kal,rfl,hfrfl (Q,P <@kvi,ki+1> )X02> )

i=1

as claimed. 0

2.3. Dual of a projective toric variety

We recall the classical notion of the dual variety of a projective variety.

DEFINITION 2.18. Let V be a k-vector space of finite dimension and denote by V'V its
dual k-vector space. Let X C P(V) be an irreducible projective variety. The dual variety of
X is defined as the closure of the hyperplanes intersecting the regular part X,e; of X non-
transversally:

X" ={[fleP(VV):3z € Xieq, flr,x =0} C P(VY).

As usual, T, X denotes the embedded tangent space of X at z € Xicq.
Note that P(V)* = (. We set by convention 0* = P(V").

Self-duality is not an intrinsic property, it depends on the projective embedding. It can be
proved that X* is an irreducible projective variety and that (X*)* = X (see, for example, [12]).

For a generic variety X C P(V), codim X* = 1. If codim X* # 1, then it is said that X has
defect codim X* — 1.

DEFINITION 2.19. An irreducible projective variety X C P(V) is called self-dual if X is
isomorphic to X* as embedded projective varieties, that is, if there exists a (necessarily linear)
isomorphism ¢ : P(V) — P(VV) such that ¢(X) = X*.

A self-dual projective variety X C P"~! of dimension d — 1 < n — 1 (that is, which is not a
hypersurface) has positive defect n —d — 1. The defect of the whole projective space P"~1 is
n — 1.

REMARK 2.20. Recall that given a basis B = {v1,...,v,} of V, we can identify P(V') with
P(VY) by means of v; e~ v), where {vY,..., v} is the dual basis of B. Then, via the choice
of a basis of V, we can look at the dual variety inside the same projective space. Self-duality
can be reformulated as follows: X C P(V) is self-dual if there exists ¢ € Aut(P(V)) such that
o(X) = X*.
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Let V be a T-module of finite dimension n over a d-dimensional torus 7" and let A be the
associated configuration of weights. In view of the considerations of the preceding subsections,
we assume from now on and without loss of generality that A = {A1,..., A} C X(T) is a
regular configuration, possibly with repeated elements, such that (A); = X(T).

The regularity of A implies in particular the existence of a splitting T'=k* x S as in
Remark 2.7. Then X 4 is a (d — 1)-dimensional subvariety of the (n — 1)-dimensional projective
space P(V') and the lattice R 4 has rank n — d.

The dual variety X} has the following interpretation. For [£] € P(VY), let fe € k[T, fe(t) =
&(t- > wv;) € K[T]. Then X7 is obtained as the closure of the set of those [¢] € P(V") such that
there exists t € T with fe(t) = (0f¢/0t;(t)) =0foralli=1,...,n.

0 0 0
xi={ee R te a0 = 0 = S0 = .. = P ~o}.

In [6], a rational parametrization of the dual variety X was obtained. We adapt this result
to our notation. As before, B = {v1,...,v,} is a basis of eigenvectors, t-v; = \;(t)v;, and
Ba={u1,...,upn—q} is a basis of R4. We denote by R4y the (n — d)-dimensional k-vector
space R4 ®z k and we identify P(V') with P(V") by means of the chosen basis B of eigenvectors
(and its dual basis) as in Remark 2.20.

PROPOSITION 2.21 [6, Proposition 4.1]. Let T =k* x S,V, A, B, B4 as before. Then the
mapping P(Ra k) x S — P(V) defined by

([ay ... ap],s) — s- [Zaivi]

has image dense in X7 ; that is, the morphism

&)X T =B(V), (et) =t |3 coul

is a rational parametrization of X%, and

Xi= |J 0O@=T PRag).
PEP(R A k)

This last equality, which expresses the dual variety as the closure of the union of the torus
orbits of all the classes in the vector space of relations of the configuration A, is the starting
point of our classification of self-dual projective toric varieties, which we describe in what
follows.

3. Characterization of self-duality in terms of orbits

Let T be a torus of dimension d and V' be a rational T-module of dimension n with associated
configuration of weights A = {A1,..., A\, }. We assume that (A)z = X(T') and keep the notation
of the preceding section. Given p = [} p;v;] € T"™!, we denote by m,([> zvi]) = [> pizivi]
the diagonal linear isomorphism defined by p.

3.1. Non-pyramidal configurations

In this subsection, we characterize self-dual projective toric varieties associated to a configu-
ration of weights A which define a non-pyramidal configuration, in terms of the orbits of the
torus action.
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Note that the whole projective space P(V') can be seen as a toric projective variety associated
to a dim V-pyramidal configuration and its dual variety is empty. But we now show that,
for non-pyramidal configurations, the dimension of the dual variety X7 cannot be smaller
than the dimension of the toric variety X 4. This result has been proved by Zak [17] for any
non-degenerate smooth projective variety.

LeEMMA 3.1. If A is a non-pyramidal configuration, then dim X7} > dim X .

Proof. Indeed, if A is not a pyramidal configuration, then, by Remark 2.11, we know that
there exists p = ) p;v; € Rax such that p; # 0 for all ¢ = 1,...,n. Hence, if we identify P(V)
with P(V') by means of the dual basis, then

X4 =T -P(Ray) DO(p])=m, | O QZ UD =my(Xa).
Since p € T"~!, we have that dimm,(X4) = dim X4 and the result follows. |

We identify P(V) with P(V") by means of the chosen basis B of eigenvectors (and its dual
basis) as in Remark 2.20. The following is the main result of this subsection.

THEOREM 3.2. Let A C X(T) be a non-pyramidal configuration.
The following assertions are equivalent.

) The variety X 4 is a self-dual projective variety.
) There exists pg € P(Rax) NT" ! such that P(Rax) C O(po)-
) There exists pg € P(Rax) NT" ! such that X} = my,(Xa).

4) For all g € P(Rax) NT" 1, P(Rak) C O(q).
)

5) For all g € P(Rax) NT" 1, X3 = my(Xa).

1
2
3

(
(
(
(
(

Proof. We prove (1) = (5) and (2) = (4), the rest of the implications being trivial.
(1) = (5): By Proposition 2.21,

xXi= |J ow> U 0k 2 0(g) =me(Xa),

PEP(R A x) PEP(R 4 )NT—1

for all ¢ € P(Rax) NT" 1. Since dim X4 = dim X}, equality holds in the last equation.
(2) = (4): Let pg € P(Rak) NT" ! be such that P(Rax) C O(po). If g € P(Ray) NT" 1,
then g € O(py) N Tt = O(py). Then O(q) = O(py) and the result follows. O

The equivalence between (1) and (5) in Theorem 3.2 implies that as soon as the dual of an
equivariantly embedded projective toric variety of the form X 4 has the same dimension of the
variety, there exists a linear isomorphism between them.

THEOREM 3.3. Let A C X(T) be a configuration of weights that is non-pyramidal. Then
X 4 is self-dual if and only if dim X 4 = dim X7}.
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This result is not true in general for projective toric varieties not equivariantly embedded,
even for rational planar curves (for which the dual is again a curve, but not necessarily
isomorphic).

3.2. The general case

We now address the complete characterization of self-dual projective toric varieties associated
to an arbitrary configuration of weights A C X(T'). We keep the notation of the preceding
section.

We begin by recalling a well-known result about duality of projective varieties.

LEMMA 3.4 [16, Theorem 1.23]. Let X C P" be a non-linear irreducible subvariety.

(1) Assume that X is contained in a hyperplane H = P"~1. If X' is the dual variety of
X, when we consider X as a subvariety of P"~!, then X* is the cone over X'* with vertex p
corresponding to H.

(2) Conversely, if X* is a cone with vertex p, then X is contained in the corresponding
hyperplane H.

When X is linear, (X')* is empty.

As an immediate application of Lemma 3.4, we have the following characterization of self-dual
equivariantly embedded projective toric hypersurfaces. Note that the only linear varieties that
are self-dual are the subspaces of dimension k& — 1 in P?*~1. In particular, the only hyperplanes
that are self-dual are points in P!,

COROLLARY 3.5. Let T be an algebraic torus and A C X(T') be a configuration such that
X 4 is a non-linear hypersurface. Then X 4 is self-dual if and only if X 4 is not a cone.

Proof. Assume that X 4 is a cone. Then, by Lemma 3.4, it follows that X is contained in
a hyperplane, hence X 4 is not self-dual.

If X4 is not a cone, then A is non-pyramidal (see Remark 2.13), and it follows from
Lemma 3.1 that dim X% > dim X4. If dim X > dim X4, then X% =P(V) and hence X4 =
(X%)* =0, which is a contradiction. It follows that dim X% = dim X 4 and hence Theorem 3.3
implies that X 4 is self-dual. |

Applying Lemma 3.4, we can reduce the study of duality of projective varieties to the study
of non-degenerate projective varieties that are not a cone.

PROPOSITION 3.6. Let X C P"! be an irreducible projective variety. Let k — 1 be the
codimension of the minimal subspace of P"~' containing X. Then, with the notation of
Remark 2.16, the following assertions hold:

(1) If X = Jr—1k-1,m-1(0,PF=1 X,1q), with Xnq C P71 self-dual, then X is self-dual.

(2) If X is self-dual, then dim X, = dim(X,q)*, and h = k, that is

X = Jk*l,k*l,mfl(ma]P)kilaXnd)v (31)
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Proof. Let X = Jk—1.n—1,m—1(0,P"1, X1.q). Applying recursively Lemma 3.4 (see Remark
2.16), we obtain that

X*=Jecth1m1(0, P X0a)* = Jet hem—1(0, Tn—1.m—1 (P" 71, X0a))*
= Tt hem1 (PP 3 (PP X))
= Tk thtm-1 (P Tt m o1 (0, X9))
=Tt tmt (PP 0, X750) = Jhotk—1mo1 (0, PP X5 )

= Jn—1.k+m—1(0, kal,mfl(Pkila X))

In particular, dim X* =k +dim X,, and the maximal subspace that contains X* has
codimension h.

To prove (1), assume that h = k and X,q is self-dual. Then X* = Jp_1 x—1.m—1(0, PF=1 X7 ).
Since Xyq is self-dual, there exists an isomorphism ¢ : P! — P™~! such that p(Xua) = X5
It is clear that ¢ extends to an isomorphism ¢ : P*~1 — P"~! such that ¢(X) = X*.

In order to prove (2), assuming X is self-dual and writing X as in Remark 2.16, it follows
that h = k, and hence h + dim X,y = dim X = dim X* = k + dim X, 4. ]

In our toric setting, Proposition 3.6 can be improved, so that we obtain a geometric
characterization of self-dual projective toric varieties.

THEOREM 3.7. Let A be an arbitrary lattice configuration. Then X 4 is self-dual if and
only if dim X4 = dim X7} and the smallest linear subspaces containing X, and X have the
same (co)dimension.

Proof. By Proposition 2.17,
XA - Jk—l,h—l,m—l(ma ]Phila XCQ)a

where C5 C A is a non-pyramidal configuration without repeated weights. By Theorem 3.3,
Xeo, CP™ ! s self-dual if and only if dim X¢, = dim X¢,_. The result follows now from
Proposition 3.6. |

Combining Proposition 2.17 and Theorem 3.7, we obtain the following explicit combinatorial
description of self-dual toric varieties.

THEOREM 3.8. Let A ={A1,..., A1, 2,..., Aoy, Any oo, At C X(T) be a configuration
of n weights with each \; appearing k; + 1 times, \; # \; if i # j. Let C ={\1,..., \s} be
the associated configuration without repeated weights. Then X 4 is self-dual if and only if the
following assertions hold.

(1) The configuration C' is k-pyramidal, where k =n —h =>_ k;.

(2) There exists a splitting T = Sy x Sy such that, after reordering of the elements
in C, it holds that C' = CyUCs, where C1 = {\1,...,\;} Iis a basis of X(S1) and Cy =
{Nkt1s-- -5 A} C X(S2) is a non-pyramidal configuration, as in Definition 2.10. Moreover, the
Sa-toric projective variety Xc, C P(@?:m-l kw;), t - w; = Ni(t)w;, is self-dual.

It follows from Theorem 3.8 that if X 4 is a self-dual toric variety with A pyramidal, then
there are repeated weights in A. The converse of this statement does not hold. In the next
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example, we show a family of non-pyramidal configurations A with repetitions such that X4
is self-dual.

ExAMPLE 3.9. Let C ={ci,...,cs} CZ"! be any non-pyramidal configuration, such
that X¢ is self-dual. Then the configuration A = {ej,e1,(0,¢1),...,(0,¢5)} C Z™ has repeated
weights, and X4 is self-dual by Theorem 3.8. It is straightfoward to check that A is
non-pyramidal. Note that these configurations become pyramidal when we avoid repetitions.

4. Characterizations of self-duality in combinatorial terms

In this section, we characterize self-duality of projective toric varieties of type X4 in
combinatorial terms. We make explicit calculations for the algebraic torus (k*)¢ acting on k",
in order to give an interpretation of the conditions of Theorem 3.2 in terms of the configuration
A and in terms if its Gale dual configuration, whose definition we recall below.

We refer the reader to [18, Chapter 6] for an account of the basic combinatorial notions we
use in what follows.

4.1. Explicit calculations for (k*)* acting on k"

Let T = (k*)¢. We identify the lattice of characters X'(T) with Z?. Thus, any character \ €
X (T) is of the form A(t) = t™, where m € Z% and t™ = ¢]"* ... ¢]}". We take the canonical basis
of k™ as the basis of eigenvectors of the action of T’ that is, if A = {\;,...,\,} C Z%, T acts
on k™ by t-(21,...,2n) = (t*2y,...,t " z,) for all t = (t1,...,tq) € T; then

Xa=0(1:...:1))={[th:...:tM]: t € (k*)d} Cc P L.

By abuse of notation, we also set A € Mgy, (Z) the matrix with columns the weights A;. In
view of the reductions made in Section 2, we assume without loss of generality that the first
row of A is (1,...,1) and that the columns of A span Z<.

The homogeneous ideal T4 in k[zq,...,z,] of the associated projective toric variety X 4 is
the binomial ideal [15]

IA: <$a£L’bI a,bGN",iaiAi _ibl>w>
i=1 i=1

Thus, X4 = {[z] € P"~1: 2% = 2 V a,b € N" such that Aa = Ab}, and it is easy to see that

+

Xa={[z]eP" 1 : 2" —2¥ =0, Vo€ Ra},

where v;” = max{v;, 0}, v; = —min{v;,0} (and so v = v+ —v7).

For p € T"~! we then have

— - ot

my(Xa) =O0(p) = {[x] e P" " :p¥ 2" —p'a? =0, Ve Ral.

4.2. Characterization of self-duality in terms of the Gale dual configuration

If A is a non-pyramidal configuration, then Theorem 3.2 can be rephrased in terms of a
geometric condition on the Gale dual of A.

DEFINITION 4.1. Let A € Mgxn(Z) with rank d. Let B4 = {u1,...,up—qa} C Z"™ be a basis
of RA.
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We say that the matrix By € M, (n—a4)(Z) with columns the vectors u; is a Gale dual
matrix of A. Let G4 = {b1,...,b,} C Z"~? be the configuration of rows of B4, that is, By =

by
( : ) (observe that we allow repeated elements). The configuration G4 is called a Gale dual
bn

configuration of A. Remark that Y ;" | b; = 0.

REMARK 4.2. (1) Since R4 is an affine invariant of the configuration A4, it follows that two
affinely equivalent configurations share their Gale dual configurations.

(2) The configuration A is non-pyramidal if and only if b; # 0 for alli =1,...,n.

(3) When A is regular, R 4 is the integer kernel Kery(A) of the matrix A.

(4) For any Gale dual matrix of A, the morphism ~ : k"¢ — ]]5", v(s) = ({s,b1),...,(s,bn))

gives a parametrization of R 4k, where we denote (s, b;) = Ej:l 5;bij.

REMARK 4.3. By Theorem 3.2, X4 is self-dual if and only if there exists pg € P(R k) N
T"~! such that P(Rax) C O(po). By the remarks in Section 4.1, it follows that X 4 is self-dual
if and only if, for some such pg, we have that p%jfw”+ fpgﬂw”f =0 for all we R4y and
v ERA.

Assume that X 4 is self-dual. Then, given any choice of Gale dual configuration, we deduce
that, for all s € k»~¢\ {0} and j = 1,...,n — d, we have that

pg; (<57 b1>’ <5a b2>a EERR <57 bn>)u;— = pg;r«sv b1>a <Sa b2>a LR <Sv bn>)u7_7

for (some, or in fact all) pg € P(Ray) N T L.

Since this gives an equality in the polynomial ring k[si, ..., $,_4], both sides must have the
same irreducible factors. But (s, b;) and (s, by) are associated irreducible factors if and only if
b; and by, are collinear vectors. We deduce that, for any line L in B-space Z"~% and for all j,

STobiy=— D by

b;eL,b;; >0 b;eL,b;; <0

Hence, >, bij =0 forall j =1,...,n —d or, equivalently, >, -, b; =0.

In fact, this last condition is not only necessary but also sufficient. We give a proof of both
implications using results about the tropicalization of the dual variety X4 as described in [6].

First, we recall that given a dual Gale configuration G4 = {b1,...,b,}, and a subset J C
{1,...,n}, the flat S; of G4 associated to J is the subset of all the indices i € {1,...,n} such
that b; belongs to the subspace generated by {b; : j € J}.

THEOREM 4.4. Let A € Mgxn(Z) be a non-pyramidal configuration, and B, be a Gale
dual for A as in (4.1). Then X 4 is self-dual if and only if, for any line L through the origin in
7"~ we have that > p,erbi=0.

Proof. Since we are dealing with affine invariants, we can assume that A is a regular
configuration. By Theorem 3.3, we know that X4 is self-dual if and only if dim X4 equals
dim X}. Given a vector v € Z", we define a new vector o(v) € {0,1}" by o(v); =01if v; #0
and o(v); =1 if v; = 0.

If follows from [6, Corollary 4.5] that dim X 4 = dim X} if and only if, for any vector v € R4,
the vector (1,...,1) — o(v) lies in the row span F' of the matrix A. But since we are assuming
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that (1,...,1) € F, this is equivalent to the condition that o(v) € F. By duality, this is in turn
equivalent to the fact that, for any j = 1,...,n — d, the inner product

(o(v),u5) =Y bij = 0;
v;=0

that is to say, X 4 is self-dual if and only if, for any v € R 4, the sum Evi:() b; = 0. But the sets
S of non-zero coordinates of the vectors in the space of linear relations R 4 coincide with the
flats of the Gale configuration G4. So, X 4 is self-dual if and only if, for any flat S C {1,...,n},
the sum ), b; = 0. It is clear that this happens if and only if the same condition holds for all
the one-dimensional flats, that is, if, for any line L through the origin, the sum EbieL b, = 0.

The assumption that A is a non-pyramidal configuration in Theorem 4.4 is crucial, as the
following example shows.

EXAMPLE 4.5. Let A be a configuration such that R 4 has rank 1. Then R 4 is spanned by
a single vector, whose coordinates add up to 0. So, the condition in Theorem 4.4 that the sum
of the b; in this line equals 0 is satisfied. But by Corollary 3.5 if A is a pyramid, then X4 is
not self-dual.

4.3. Geometric characterization of self-dual configurations

In this paragraph, we characterize the non-pyramidal configurations A C Z? whose Gale dual
configurations are as in Theorem 4.4. We keep the assumptions that (A)z = Z¢ and that A is
non-pyramidal. We begin with some basic definitions about configurations.

DEFINITION 4.6. Given a = (a1,...,a,) € Rax, we call {i:a; # 0} the support of the
relation and define supp(a) = {i : a; # 0}. We say that A\; belongs to the relation if i € supp(a).

Recall that any affine relation a € R satisfies ) . a; = 0. It is said that a is a circuit if
there is no non-trivial affine dependency relation with support strictly contained in supp(a).
In other words, a circuit is a minimal affine dependency relation.

REMARK 4.7. Let C be a circuit of a configuration A and let F' be the minimal face of
Conv(A) containing C'. If d’ denotes the dimension of the affine span of F', then C' has at most
d’ + 2 elements.

DEFINITION 4.8. Two elements b, b’ of a configuration B are parallel if they generate the
same straight line through the origin. In particular, b # 0 and b’ # 0. The elements b, b are
antiparallel if they are parallel and point into opposite directions.

Two elements A\, \' of a configuration A are coparallel if they belong exactly to the same
circuits.

REMARK 4.9. (1) Coparallelism is an equivalence relation. We denote by cc(A) the
coparallelism class of the element A € A.
(2) Tt is easy to see that X\ and X are coparallel if and only if they belong to the same affine
dependency relations.
(3) The definition of coparallelism can be extended to pyramidal configurations as follows. If
A € A is such that it does not belong to any dependency relation, then ce(A) = {A}. Otherwise,
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cc(A) consists, as above, of all elements of A belonging to the same circuits as A\. The condition
that A is not a pyramid is then equivalent to the condition that |cc(A)| = 2 for all A € A.

LEMMA 4.10. Let G4 = {b1,...,b,} be a Gale dual of A. Then \; is coparallel to \; if and
only if b; and b; are parallel elements of G4.

Proof. Let Ba be the (n x (n — d))-matrix with rows given by G4 as in Definition 4.1. As
A is not a pyramid, no row b; of B4 is zero. Any element a € R is of the form B, - m for
some m € k"% Then ); is coparallel to A; if and only if, for any non-zero m € k"%, it holds
that (b;, m) # 0 precisely when (b;, m) # 0. It is clear that this happens if and only if b; = ab;
for a non-zero constant o € k, that is, if and only if b;,b; are parallel. |

DEFINITION 4.11. Let A = {\1,...,\,} C Z% be a configuration. A subconfiguration C’ C
A is called facial if there exists a face F' of the convex hull Conv(A4) C R? of A such that
C'=AnNF.

A subconfiguration C' C A is a face complement if A\ C is a facial subconfiguration of A.

REMARK 4.12. Let A={)\;,...,\,} CZ? be a configuration. A subconfiguration C' =
{ iy, -y N, } C Ais a face complement if and only if there exists a dependency relation such
that

h
Zrijbij =0, Ti; > 0.
Jj=1

Indeed, a dependency relation Z?Zl ri;bi; = 0 with all 7;;, > 0 can be extended with zero
coordinates to a relation r = (r1,...,r,) among by,...,b,. Thus, r lies in the row space of
A and so there exists ¢ = (¢1,...,¢4) such that r; = (¢, \;). It follows that the linear form
associated to ¢ vanishes on the complement of C, and all the points of C' lie in the same open
half-space delimited by the kernel of /.

LEMMA 4.13. Let A={)\;,...,\,} CZ? be a configuration. A coparallelism class
C={)\i,-.-,N\i,} C A is a face complement if and only if there exist j, k € {1,...,h} such
that b;; and b;, are antiparallel.

Proof. If C is a coparallelism class, then we know by Lemma 4.10 that all b;,,...,b;, are
parallel. It is then clear that a dependency relation r as in Remark 4.12 exists if and only if
two of the vectors b;;,b;, are antiparallel. ]

DEFINITION 4.14. Let A C Z? be a configuration and C' C A be a face complement. We
say that C' is a parallel face complement if C' and A \ C lie in parallel hyperplanes.
Note that in this case both C' and A\ C are facial.

EXAMPLE 4.15. In Figure 1, there are three configurations of six lattice points in three-
dimensional space (the six vertices in each polytope). The two vertices marked with big dots
in each of the configurations define a coparallelism class C. In the first polytope (1), C' is not
a face complement; in the second polytope (2), C is a face complement but not a parallel face
complement; in the third polytope (3), C' is a parallel face complement. The characterization
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(1) @) ®)

FIGURE 1. Only configuration (3) is self-dual.

in our next theorem proves that only the toric variety corresponding to this last configuration
is self-dual.

It is straightforward to check that if Aj, As are affinely equivalent configurations and ¢
is an affine linear map sending bijectively A; to As, then ¢ preserves coparallelism classes,
faces and parallelism relations. Indeed, all these notions can be read in a common Gale dual
configuration. Moreover, we can translate Theorem 4.4 as follows.

THEOREM 4.16. Let A C Z% be a non-pyramidal configuration. The projective toric variety
X 4 is self-dual if and only if any coparallelism class of A is a parallel face complement.

Proof. Let G4 be a Gale dual of A as in Definition 4.1. By Lemma 4.10, coparallelism
classes C' = {\;,,..., \;, } in A are in correspondence with parallel vectors b;,,...,b;, in the
dual space (that is, lines containing vectors of G4). But now, C' is a parallel face complement
if and only if there exists £ = (¢,...,£4) such that (¢,\;) =0 for all \; ¢ C' and (£, \;;) =1
for all j =1,..., h. Reciprocally, the sum of the vectors Z?:1 b;; = 0 implies the existence of
such an ¢ as in Remark 4.12. The result now follows from Theorem 4.4. |

We have the following easy lemma.

LEMMA 4.17. Assume that A is a non-pyramidal self-dual lattice configuration. Then,
for any p € A, the coparallelism class cc(u) has at least two elements and it is a facial
subconfiguration of A.

Proof. Tt follows from Definition 4.14 that there exists a linear function f taking value 0
on A\ cc(u) and value 1 on ce(p). Then ce(p) is the facial subconfiguration of A supported by
the hyperplane (f — 1) = 0. If cc (1) = {u}, then, by Theorem 4.16, {4} is a vertex, and hence
A would be a pyramid. It follows that so |cc(p)| > 2, for any p € A. O

We give in Lemma 5.4(2) an example of a self-dual lattice configuration A that contains an
interior point of Conv(A). However, this cannot happen if X4 is not a hypersurface, as the
following proposition shows.

PROPOSITION 4.18. Let A C X(T') be a configuration without repetitions such that X 4 is
self-dual, with codim X 4 > 1. Then, the interior of the convex hull Conv(A) does not contain
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elements of A and, for any facial subconfiguration C' of A, at most one point of C' lies in the
relative interior of Conv(C").

Proof. Since A= {A1,...,\n} C X(T) has no repeated elements, it follows from Theo-
rem 3.8 that A is non-pyramidal. Then, as X 4 is not a hypersurface, if follows from Remark 2.4
that n > d + 3, where d is the dimension of the affine span of A.

Assume that there exists p € A belonging to the relative interior of an s-dimensional face F' of
Conv(A). Therefore, 1 is a convex combination of the vertices of F', and thus cc(u) C F. But, by
Lemma 4.17, cc(p) is a facial subconfiguration of A, and thus a facial subconfiguration of F'N A,
which intersects the relative interior of F. Then cc(p) = F' N A. Let ce(p) = {p, A1, ..., A} We
claim that {\1,..., A} are affinely independent and thus cc(u) is a circuit. Indeed, for any
i=1,...,7r, cc(N\;) =cc(p) = FN A, and so there cannot be any non-trivial affine dependence
relation involving only {A1,..., A\ }. In particular, r = s+ 1, {\1,..., As41} are the vertices of
F and p is the only point in F'N A belonging to the relative interior of Conv(F).

Therefore, if the relative interior of Conv(A) contains one element p € A, it follows that A
is a circuit, and hence n = d + 2 (see Remark 4.7). That is, X4 is a hypersurface. O

ExXAMPLE 4.19. Consider the self-dual configuration A given by the columns of the matrix

111 0 0 0
000 1 11
A_012000
0 000 1 2

The associated toric variety has dimension 3 in P°, so it is not a hypersurface. No point of
A = Conv(A) N Z* lies in the interior, but there are two facial subconfigurations of A (namely,
the segments with vertices {(1,0,0,0),(1,0,2,0)} and {(0,1,0,0),(0,1,0,2)}, respectively)
which do have a point of A in their relative interior. Note that X4 = {(z1,...,z¢) € P?/23 —
T1T3 = x?l — z5x6} is not smooth. It is a complete intersection, but the four fixed points
(0,0,1,0,0,0),(1,0,0,0,0,0),(0,0,0,1,0,0), (0,0,0,0,0,1) are not regular, as can be checked
by the drop in rank of the Jacobian matrix. This could be seen directly in the geometry of the
configuration. The convex hull of A is a simple polytope (in fact, it is a simplex) of dimension
3 lying in the hyperplane H = {(y1,...,y4) € R*/y; + 32 = 1}, but fixing the origin at any of
the four vertices, the first lattice points in the three rays from that vertex do not form a basis
of the lattice H NZ*. Note that there is a splitting of the 4-torus T as a product of tori of
dimension 2 corresponding to the first three and last three weights in A.

We end this paragraph by showing another interesting combinatorial property of configura-
tions associated to self-dual toric varieties.

PROPOSITION 4.20. Let A= {\1,...,A\,} C X(T) be a non-pyramidal configuration such
that X 4 is self-dual and let D be an arbitrary non-empty subset of A. Then, either D is a
pyramidal configuration or Xp is self~dual and, moreover, D is a facial subconfiguration of A.

Proof. Assume that D = {\,...,\s} C A is non-pyramidal, and consider Rp C Z°. Tt is
clear that Rp x {0} C R4. Hence, if Bp is a basis of R p, then there exists a Q-basis of R4 ® Q
of the form Gp x {0} UC. Let B4 be a Z-basis of R4, and G4 = {b1,...,b,} be its associated
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Gale dual configuration. Then there exists an invertible Q-matrix M such that

by

Bp | C4 :

b

’ o s
B=|——"1"F—1|= by_y M

0|, :

bn

Since A is self-dual, it follows from Theorem 4.4 that the rows b; are such that the sum of
vectors b; in the same line through the origin is zero. Hence, the matrix B’ satisfies the same
property. As D is non-pyramidal, no row of Bp is zero. Therefore, (Bp,Cy), and hence Bp,
also satisfy the property that the sum of all its row vectors in a line through the origin is equal
to zero. Hence, Xp is self-dual. Moreover, the sum of the row vectors of Cy is zero, and it
follows from Remark 4.12 that D is facial. |

5. Families of self-dual projective varieties

In this section, we use our previous results in order to obtain new families of projective toric
varieties that are self-dual. In particular, we obtain many new examples of non-smooth self-
dual projective varieties. We also identify all the smooth self-dual projective varieties of the
form X 4. We retrieve in this (toric) case Ein’s result, without needing to rely on Hartshorne’s
conjecture.

5.1. Projective toric varieties associated to Lawrence configurations

DEFINITION 5.1. We say that a configuration A of 2n lattice points is Lawrence if it is
affinely equivalent to a configuration whose associated matrix has the form

(4 14 o

where Id,, denotes the n x n identity matrix. Equivalently, A is a Lawrence configuration if it
is affinely equivalent to a Cayley sum of n subsets, each one containing the vector 0 and one
of the column vectors of M.

Lawrence configurations are a special case of Cayley configurations (see [3]). The Lawrence
configuration associated to the matrix (5.1) is the Cayley configuration of the two-point
configurations consisting of the origin and one column vector of M. In the smooth case, Cayley
configuration of strictly equivalent polytopes correspond to toric fibrations (see [8]).

It is straightforward to verify that if A is Lawrence, then the following conditions hold:

(i) Ra={("9): veKerg(M)}; and
(ii) A is pyramidal if and only if M is pyramidal.

We immediately deduce from Theorem 4.4 the following result.
COROLLARY 5.2. If A is a non-pyramidal Lawrence matrix, then X 4 is self-dual.

EXAMPLE 5.3. The well-known fact that the Segre embedding of P! x P™~1 in P2m~1 s
self-dual follows directly from Corollary 5.2, the image of the Segre morphism

90(30,2/) = [yoxo “Y1To s D Ym0 F Yox1 - Y1Xy . ym$1]7
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where © = [zo, 1],y = [yo : y1 : ... : Ym], is a projective toric variety with associated matrix
Lo Qo O
0 e @ L 1
10 010 0
O w0 0
P00

001 001
The sum of the first two rows equals the sum of the last m rows. It is easy to see that A is
affinely equivalent to the configuration A’ with associated matrix

;[ 1d, Id,
A_<0...0 1...1)' (5:2)

The matrix A’ is a non-pyramidal Lawrence matrix, hence X4 = X4 is self-dual.

We finish this paragraph by proving that Segre embeddings of P! x P™~1 m > 2 are the
unique smooth self-dual projective toric varieties that are not a hypersurface. We begin with
an easy lemma that classifies all smooth hypersurfaces of the form X 4.

LEMMA 5.4. Let A be a lattice configuration such that X 4 is a smooth hypersurface. Then,
A is of one of the following forms:
(1) A consists of two equal points, and so X4 = {(1: 1)} = {(x¢ : 71) € P* /2y — 21 = 0};
(2) A consists of three collinear points with one of them the mid point of the others, and
s0 Xa = {(zo: 21 : 22) € P?/2? — 2929 = 0}; and
(3) A consists of four points a,b,c,d with a+c¢=b+d, and so X = {(xg,z1,22,23) €
P3/xox3 — 2179 = 0} is the Segre embedding of P! x P! in P3.

Proof. When X4 is a hypersurface, an equation for X4 is given by ba(x) =[], - xfi -
[y, <o x;bi, where the transpose of the row vector (b1, ..., b,) is a choice of Gale dual of A. The
cases (1)—(3) in the statement correspond to the row vectors (1,1), (1,—-2,1) and (1,—1,—1,1)
(or any permutation of the coordinates), and it is straightforward to check that X 4 is smooth.
It is easy to verify that in any other case, there exists a point € X4 where by and all its
partial derivatives vanish at x. |

We saw in Example 4.19 that a non-pyramidal self-dual lattice configuration A with
codim(X 4) > 1 can have a point in the interior of a proper face. Moreover, more complicated
situations can happen.

EXAMPLE 5.5. Consider the following dimension 3 configuration A C Z* A=
{(1,0,0,2),(1,0,0,0),(0,1,0,0), (0,1,0,2),(0,0,1,0),(0,0,1,1)}. Then, ZA =Z* and X4 is
self-dual because the following is a choice of Gale dual B € Z5*2:

1 0

-1 0

0 1

B = 0 -1
2 =2

-2 2

All the points in A are vertices of the polytope P := Conv(A), but A # P N Z*. Indeed, there is
a lattice point in the middle of each of the segments [(1, 0,0, 2), (1,0, 0,0)], [0, 1,0,0), (0, 1,0, 2)],
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which are faces of P. It is clear that X4 is not smooth (for instance, looking at the first lattice
points in all the edges emanating from (1,0, 0,0)), nor embedded by a complete linear system.

However, the following result shows that when X 4 is smooth and self-dual, the situation is
nicer.

LEMMA 5.6. Let A be a lattice configuration without repeated points such that X 4 is self-
dual and smooth. Then, unless X 4 is the quadratic rational normal curve in (2) of Lemma 5.4,
no facial subconfiguration C' C A contains a point of A in the relative interior of Conv(C').

Proof. Assume A = {\;,...,\,} has no repeated points and there exists ;€ A and a
proper face F' of Conv(A) containing p in its relative interior. Then F N A is not a pyramid,
and it follows from Proposition 4.20 that Xpna is self-dual. Since Xpn4 is also smooth,
Proposition 4.18 implies that X gn 4 is a hypersurface. We deduce from Lemma 5.4 that F' N A
has dimension 1 and consists (up to reordering) of three points {A1, Ag, A3} with A\j + A3 = 2),.
We can choose a Gale dual B of A of the form

B |

with By the 3 x 1 column vector with transpose (1, —2,1). We see that the coparallelism class
of each \; is contained in F'N A and no class can consist of a single element because A is not
a pyramid. Therefore, cc(\;) = FN A, i =1,2,3; that is, any two of the first three rows of B
are linearly dependent. We can thus find another choice of Gale dual B’ of A of the form

By |0

Then there is a splitting of the torus and X 4 cannot be smooth, with arguments similar to
those in Example 4.19, because A has no repeated points and so there is no linear equation in
the ideal I4. O

We now characterize the Segre embeddings P! x P™~! in P?"~! from Example 5.3 in terms
of the Gale dual configuration.

LEMMA 5.7. A toric variety X 4 C P2™~1 is the Segre embedding of P! x P~ if and only
if any Gale dual B € Z>™*" of A has the following form: r = m — 1 and, up to reordering, the
rows of by, ..., bay, of B satisfy det(by,...,bp—1) =1,b1 + ...+ by, =0 and by,4; +b; =0, for
allj=1,...,m.

Proof. Tt is clear that any Gale dual to the matrix A" in (5.2) is of this form. And it is also
straightforward to check that any matrix B as in the statement is a Gale dual of this A’. [

We can now prove the complete characterization of smooth self-dual varieties X 4.
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THEOREM 5.8. The only self-dual smooth non-linear projective toric varieties equivariantly
embedded are the toric hypersurfaces described in (2) and (3) of Lemma 5.4 and the Segre
embeddings P' x P! in P?™~1 for m > 3.

Proof. We proceed by induction in the codimension of A. By Lemma 5.4, the result is
true when X4 is a hypersurface. Assume then that codim(X4) > 1. Now, by Lemma 5.6, we
know that all the points in A are vertices of Conv(A). Let C' be a coparallelism class and let
D := A\ C. Then Xp is smooth and it is non-pyramidal. Indeed, we can choose a Gale dual
B of A of the form

b1
0
brl
B= — |,
br—i—l,l
.| Dy
bnl

where (b11,0),...,(bq1,0) correspond to the elements of C. If D is a pyramid, then it is easy
to show that at least one row of Dy must be zero, and it follows that the corresponding point
of the configuration belongs also to C', and thus is a contradiction.

Hence, it follows from Proposition 4.20 that X p is self-dual with codim(Xp) = codim(X4) —
1 < codim(X 4) and no point of D belongs to the relative interior of Conv(D). Therefore, by
induction, Xp is the Segre embedding of P! x P™ =1 in P2 =1 for m’ > 2 (including the
hypersurface case P! x P!). In particular, |D| = 2m/ is even.

Assume C = {p1,...,pur}. Let Bp € Z2™ X(m'=1) be a choice of Gale dual of D as in
Lemma 5.7, with rows e,....e/ , —¢},...,—e' , with {e},... ¢/, |} a basis of Z™ ~! and
el + ...+ e, = 0. Add another integer affine relation with coprime entries as the first column,
to form a matrix B’ whose columns are a Q-basis of relations of A of the form

By 0

B =
By | Bp

Now, each coparallelism class of any u € D (with respect to D) has two elements when
m’ > 2, and so it cannot be ‘broken’ when considering coparallelism classes in A, since it
is not a pyramid. Then, via column operations, we can assume that By is of the form
B =(0,...,0,a,0,...,0,—a), (a € Zxp). In case m’ =2, then B} = (1,—1,—1,1) and the
unique coparallelism class could be broken, but at most in two pieces with two elements each,
and again we have the same formulation for Bs. In both cases, if a = 0, then we have a splitting,
which implies that either there is a repeated point (if Bf = (1,—1)) or X4 is not smooth.
Then a > 1. Consider the subconfiguration F of A obtained by forgetting the two columns
corresponding to the rows m’ and 2m’ of Bp. Since the vectors b; with complementary indices
add up to zero, it follows that E is facial and again, Xg is smooth. We deduce that a = 1 and
B! = +(1,—1), which implies that X4 is the Segre embedding of P! x P/ +1 in p2m'+1 [

5.2. Non-Lawrence families of examples

We have the following obvious corollaries of Theorem 5.8.
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COROLLARY 5.9. Let A € Myx,(Z) with maximal rank d associated to a regular configu-
ration of weights and let X, C P"~1 be the projective toric variety associated to A. Assume
that X 4 is not a hypersurface, non-linear, smooth and self-dual. Then, n is even.

As the defect of the Segre embedding X,, = P! x P~ in P?"~! for any m > 2 equals
2m —2—m =m — 2 =dim X,,, — 2, we recover for smooth varieties X4 the following result
(see for instance [10]) for any projective smooth variety.

COROLLARY 5.10. If X, C P"! is a non-linear smooth projective variety such that
dim X < n — 2 with defect k > 0, then dim X = k(2).

We use the previous corollaries together with Theorem 4.4 to construct families of non-regular
self-dual varieties.

EXAMPLE 5.11. Consider the families of matrices {A,}, {Ba} for a € Z, a # 0, defined by

2
-
—

0
0
0
B,=| 1 1
1
1
1

O~ = =

-1 =

s

Q

I
cCo o~ M
O = O ==
= O O = =
OO0 = ==
oORQ OO+
O oo O

Clearly, B, is a choice of a Gale dual matrix of A,.

Observe that as a # 0, the configuration A, is not a pyramid and dim(X4_) = 4. Moreover,
it is easy to show that if « # o/, then X4_ and X A, are not isomorphic as embedded varieties
because they have different degrees. The degree of X 4, is the normalized volume of the convex
hull of the points in the configuration A, (see [15]) and it can be computed easily in terms of
the Gale dual configuration.

Since the conditions of Theorem 4.4 hold, it follows that X 4 is self-dual for all o € Z, « # 0.
Moreover, n =7 is odd and so we deduce from Corollary 5.9 that X4, is a singular variety.
The difference between its dimension and its defect is 4 — 1 =3 £ 0 (2).

We can generalize Example 5.11 in order to construct families of non-degenerate projective
toric self-dual varieties of arbitrary dimension greater than or equal to 3 and of arbitrary
codimension greater than or equal to 2.

EXAMPLE 5.12.  Families of self-dual varieties of any dimension at least 3 . Let any r > 2
and a, ..., a, be non-zero integer numbers satisfying Y ._, a; = 0. Consider the planar lattice
configuration

Go = {(1,0),...,(,0),(0,1),(0,-1),(1,1),(=1,-1)}.

Let A be any lattice configuration with Gale dual G,. Then A is not a pyramid and the
associated projective toric variety X4 C P"3 is self-dual by Theorem 4.4, with dimension
dmXs=(r+4)—-2-1=r+1.

When r = 2, the dimension of X4 is 3. The case aj,as = £1 corresponds to the Segre
embedding of P! x P? in P°. Already, for o, s = £2, the configuration A, does not contain
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all the lattice points in its convex hull. If we add those ‘remaining’ points to the configuration,
then the associated toric variety is no longer self-dual.

EXAMPLE 5.13. Families of self-dual varieties of any codimension at least 2 . Using the
same ideas of the previous example, we can construct pairs (A, B) with A a non-pyramidal
configuration, and B its Gale dual satisfying the hypothesis of Theorem 4.4, so that X4 is
self-dual, with arbitrary codimension m > 2.

For any r > 2 set n = 2m + r. As usual, eq,..., e, denotes the canonical basis in Z™. For
any choice of non-zero integers aq,...,a, with > !, a; =0, consider the following lattice
configuration in Z™:

Go :={a1e1,...,qpe1,69,—€2, ..., €m, —Cm, 1+ ...+ em,—(e1+...+em)}

For any lattice configuration A, C Z™ with this Gale dual, A, is not a pyramid and its
associated self-dual toric variety X4, C P has dimension m + r — 1 and codimension m.

6. Strongly self-dual varieties

We are interested now in characterizing a particular interesting case of self-dual projective toric
varieties.

DEFINITION 6.1. Let A be a regular lattice configuration without repetitions. We say that
the projective variety X4 C P"~! is strongly self-dual if X4 coincides with X% under the
canonical identification between P*~! and its dual projective space as in Remark 2.20.

We deduce from Theorem 3.2 the following characterization of strongly self-dual projective
toric varieties of the form X 4.

PRrROPOSITION 6.2. Let A be a regular lattice configuration without repetitions. Then X 4
is strongly self-dual if and only if P(Rax) C Xa.

Proof. If X4 is strongly self-dual, then the containment P(R k) C X7 implies that the
condition P(R 4 x) C X4 is necessary.

Assume that this condition holds and A has no repetitions. As we already observed,
Theorem 3.8 implies that A is not pyramidal. Then it follows from Theorem 3.2 that, for
any ¢ € P(Rax) NT" 1 C XaNT" 1 my(Xa) = X% But since g € O([1: ... : 1]), we deduce

that mg(X4) =O(q) = O([1:...:1]) = Xa, that is, X}, = X 4. O

Using the same notation of Theorem 4.4, we have the following theorem.

THEOREM 6.3. Let A be a non-pyramidal regular lattice configuration A of n weights
spanning Z% and let B4 be a Gale dual of A. Then :

(a) For any line L through the origin we have Z b; = 0.
bieL

X4 Is st ly self-dual < - y L
A 15 SLTORELY seidua (b) H b?f: Hbjib“, 1=1,...,n—d.
j=1 j=1

J
bji>0 bji<0
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In the above statement, we use the convention that 0° = 1.

Proof. Assume that X, is strongly self-dual. Then (a) holds by Theorem 4.4. By
Proposition 6.2, we know that P(Rax) N T" "1 C X4 N T"~1, and this last variety is cut out
by the (n — d) binomials

I 0% = ] (sib) ™%, Vi=1,....n—d. (6.1)

j=1 j=1
bj-;>0 bjz‘ <0
We get the condition (b) by evaluating, respectively, at s = eq,...,e,—q.

Conversely, condition (a) implies the equalities (6.1) of the polynomials in s on both sides up
to constant, as in Remark 4.3. Then condition (b) ensures that this constant is 1. Therefore,
P(Rak)N T ! c X,NT" ! and so X4 is strongly self-dual by Proposition 6.2. ]

EXAMPLE 6.4. Consider the matrix

100 0 0 0 O 1 1
01 000 0O 1 1
001 00 0 O 2 0
A=|(0 0 0 1 0 0 O 0 2
0000100 -2 =2
00 0O0O0T1O0 -1 0
00 00 0 01 0 -1

Observe that A is non-pyramidal. A Gale dual matrix B4 for A is given by the transpose of
the matrix (223241 1 1)
Clearly, B4 satisfies the conditions of Theorem 6.3 and hence X 4 is strongly self-dual. But

note that A is not a Lawrence configuration.

We conclude this section with the complete characterization of strongly self-dual varieties of
type X4, with A a non-pyramidal Lawrence matrix.

THEOREM 6.5. Let A be a non-pyramidal Lawrence configuration consisting of 2n points
in Z"*? as in (5.1). Then X 4 is strongly self-dual if and only if there exists a subset I of rows
of the lower matrix M = (myy,) such that ). mjy is an odd number for allk =1,...,n.

Proof. By Corollary 5.2, X4 is self-dual for any non-pyramidal Lawrence configuration
A. Thus, X4 is strongly self-dual if and only if condition (b) in Theorem 6.3 is satisfied. If
Gy ={c1,...,cn} C Z" 4 is a Gale dual configuration for M, then {—ci,...,—cp,C1,...,Cn}
defines a Gale dual configuration for A. Condition (b) is then equivalent in this case to the
equalities

(_1)Z?=1 Gi=0, i=1,...,n—d.
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This is in turn equivalent to the condition that, for all v € Ry, the sum Z?:l v; =0 (2).
But this is equivalent to the fact that the vector (1,...,1) lies in the row span of M when we
reduce all its entries modulo 2. Denoting classes in Zy with an overline, this condition means
that there exist ay,...,aq € Zo = {0,1} such that

d
(1, 1) = @i, . ) = Y (W1, ., ).
i=1

OL,;:l

It suffices to call T ={i € {1,...,d} : a; = 1}. O

EXAMPLE 6.6. The Segre embeddings in Example 5.3 have associated Lawrence matrices
as in (5.2), where M is a matrix with a single row with all entries equal to 1. They clearly
satisfy the hypotheses of Theorem 6.5. Then, for any m > 1, the Segre embedding of P! x P!
is a strongly-self-dual projective toric variety.
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