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1. INTRODUCTION

Let K be a number field with ring of integers O. Let I be an ideal in O
and let ,1 be characters of the abelian group O/I. We shall denote by
(O/I)” the character group of O/I.

We shall consider the following exponential sums: the generalized Kloos-
terman sums and the generalized Salié sums given respectively by

(1) S, D)= > ey

ze(O/I)*

(2) Tew. )= Y (7)e@v@a™)

ze(0/1)*

where (%) denotes the Legendre symbol in @. Thus the Salié sums are
tuisted Kloosterman sums.

The main purpose of this paper is to give methods for the evaluation of
these sums explicitly.

In [3], Theorem 1, we prove that (O/I)" is a cyclic O/I-module, in others
words there exist ¢ € (O/I)” such that any character v is of the form
Y(x) = (r)(x) = ¢(rz) for some r € O.

In the case of Kloosterman sums the main result is given in Theorem 3.3.
We evaluate sums of the form S(re, ¢, P™) for P an odd prime ideal and
m > 2. As usual, the case m = 1 resists any explicit evaluation. In Theorem
4.6 we evaluate Salié sums of the form T'(rp, 'y, I) for I an odd prime ideal
and (r', 1) = 1.

These results generalize to an arbitrary number field corresponding re-
sults on Salié sums and Kloosterman sums in the classical case, obtained by
Sarnak and Salié respectively (cf. [2], §4.3, 4.6).

This generalization is based on results obtained in [3], which allow us
to use the main ideas of the corresponding proofs in the classical case, as
presented by Iwaniec, in [2].
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We became interested in the evaluation of these sums because they are
useful to study the spectrum of adjacency operators of euclidean graphs
associated to finite rings of the form (O/I)". In fact, the eigenvalues of
these operators can be expressed in terms of Gauss sums and Kloosterman
sums, when n is even, and Salié sums, when n is odd. Explicit evaluations
of these eigenvalues are needed in order to decide when the algebra of all
operators of L?((O/I)™) which commute with the group of all isometries of
(O/I)™ is generated by a single adjacency operator. The knowledge of the
above sums is also important to decide which of these graphs are Ramanujan
graphs. Results in this direction will be the subject of a future publication.

2. PRELIMINARIES

2.1. Character groups of O/I. Any character ¢ of O/I can be seen as a
homomorphism from O to S! such that I C ker .

We proved in [3] Theorem 1, that there exist ¢ € (O/I)” such that
any character ¢ can be written in the form ¢ (z) = r¢(x), with r € O.
Characters ¢ with this property are called generators of (O/I)” and they
are characterized by the condition that no proper divisor of I is contained
in kerp. Moreover, 1 = ry is also a generator of (O/I)” if and only if
(r,I)=1.

2.2. Gauss sums. Our evaluations of Salié sums and Kloosterman sums
involve the following Gauss sums associated to an integral ideal I and ¢ €

(O/I):
(3) Glp, )= Y ola?).
z€0/1

Hecke, in [1], considers Gauss sums in a number field K associated to an
element w € K. Let 0 be the different ideal of K. So there exist a, b relative

prime integral ideals such that (w) = a%' The Gauss sum considered by
Hecke is
(4) C(w) — Z eZﬂ'iTr(w:rQ)'

z€0/a

Both definitions coincide in the following way: Given (w) = %, let I =a
and let » € (O/I)" be the character defined by p(z) = 2™T7(“s) Then
C(w) = G(p,I). Reciprocally, given an ideal I and an element w € 3, we
have (w) = D—[’a. The map 1, : z — 2T defines a character in O/I.
Moreover any character in O/I is of this form for some w. Choosing w such

that ¢ = 1, we have G(p,I) = C(w).

Now we describe the main properties of Gauss sums. In most of the cases
we refer to [1] for the proofs.



If I = AB with A, B coprime ideals then O/I ~ O/A x O/B (Chinese
remainder theorem); correspondingly any ¢ € (O/I)” is of the form ¢ =
1 X p2 where 1 € (O/A)” and o € (O/B)".

Lemma 2.1. If I = AB with A, B coprime ideals and ¢ = @1 X @2 then
G(p, 1) = G(p1,4) G2, B).

In a number field an integer ideal is said to be odd if it is coprime with
the ideal (2). We restrict ourselves to odd ideals.
For an odd prime ideal the Legendre symbol is given by (see [1] §54)
1 if  is a quadratic residue mod P.
(£> = ¢ —1 if z is not a quadratic residue mod P.
0 if (z, P) # 1.

The definition extends to any odd ideal I in the following way: If I =[] j P;lj ,
with P; prime ideals we define (%) = I1; (P%)a].

Lemma 2.2. Let P be an odd prime ideal and let ¢ € (O/P)" be non
trivial. Then

Ge.P)= > (F) @

ze(O/P)*
Proof. See (171) in [1].
Proposition 2.3. Let P be an odd prime ideal, and ¢ a non trivial character
if N(P)=1 (mod 4),

. 1
in O/P. Letep = {z if N(P)=3 (mod 4).

Then
G(p,P)=epN(P)2  or G(p,P)=—epN(P)z.
Proof.
Glp, P’ = > (%) (%) oz +y) =
z.ye(O/P)*
- ¥ (3) T w6
te(O/P)* ze(O/P)*

The inner sum is equal to N(P) —1if 1+¢ =0 (mod P), otherwise it is
equal to —1. Thus

G, P)? = (F)(N(P)-1) = > ().
t#£—1

In O/P there exists an equal number of quadratic residues and non qua-
dratic residues. Hence ZtE(O /Py (%) = 0 and therefore

G(p,P)? = (F) (N(P) = 1) + (F) = (F)N(P).



N(P)-1

Moreover () = (=1)" 2 (mod P). Then () =1 or —1 according
to N(P) =1 (mod 4) or N(P) =3 (mod 4).

Remark. We define the sign of the Gauss sum G(p, P), and denote it by s,
as the number 1 or -1 such that

G(p, P) = spep N(P)2.

We shall see in Corollary 2.6 that there exists a non trivial character ¢ such
that s, = 1.

Proposition 2.4. Let P be an odd prime ideal, k € N and ¢ a generator of
(O/PFY™~. We have
i) If k = 2m then G(p, P*) = N(P)™.
i) Ifk=2m+1, let p€ P~ P? and v = p*™¢ € (O/P)". Then
G(p, P*) = N(P)"G(4, P).

Proof. Let k > 2. If s (respectively ¢) runs through a complete system of
representatives of O/P*~1 (respectively P¥~!/P¥) then s+t runs through
a complete system of representatives of O/ P%. Thus,

G, PMY=" > () > p(2st)

s€0/Pk-1 tePk—1/pk

The map t — @(2st) defines a character of the group P*~1/PF. Tt is
the trivial character if and only if s € P. By the orthogonality relations in
P*=1/P* we have

Glp, P*)=N(P) > os).
seP/pPk—1

We fix p € P~ P2. The map u > pu defines an isomorphism of abelian
groups from O/P*~2 onto P/P*~1. Therefore

G(p,P")=N(P) > o@*u?)=N(P)G({p* e, P*?).
ue®/Pk=2
By repeated application of this formula we complete the proof of the

proposition.

For k odd and any character ¢ € (O/P*)™ we extend the definition of s,
given above:

G(p, P*)

® = GNP

By Propositions 2.3 and 2.4 we have s, € {1, —1}. Moreover if ¢) = Pl
with p € P ~. P? then S, = Sy



Proposition 2.5. Let ¢ be a generator of (O/I)~ and let r € O be relative
prime with I. Then

r
Proof. See Theorem 155 in [1].

Corollary 2.6. Let P be an odd prime ideal. Then there exists A a generator
of (O/P)”~ such that

G(\, P) =ep N(P)2.

Proof. If ¢ generates (O/P)” and satisfies G(¢, P) = —epN(P)/2, we
take A = a ¢ for any a, a non quadratic residue mod P. Then

G(ap, P) = (%) G(p, P) = epN(P)Y/2,

3. KLOOSTERMAN SUMS

Kloosterman sums have the following multiplicative property (see [3]):
Let I = P/ --- P/ and let ¢,9 € (O/I)". We write the characters ¢, in

r

the form ¢ = x7 ¢; and ¢ = x]1); where ¢;,1; € ((’)/Pjnj)A. Then

S, 4, 1) HS s, by, P™).

Therefore we may restrict ourself to evaluate Kloosterman sums of the
form S(p,1, P™) with P a prime ideal. In this section we shall consider the
case where P is an odd prime ideal and m > 2.

Lemma 3.1. Let P be an odd prime ideal, m > 1 and let ¢ be a generator
of (O/P?™)™. Then

S(¢, ¢, P*™) = 2N(P)" Re (¢(2)) .

Proof. (cf. [2], Lemma 4.1) If z runs through (O/P?™)* and y runs through
P™/P?™ then z(1+ y) runs, N(P)™ times, through (O/P?™)* . Moreover
1-—

in O/P?™ the inverse of z(1 + y) is the element 27 1(1 — y). Hence
S, PPy = > plwtah)
2€(O)P2m)*

=NE)y™ Y Y ell+y) +ai(1-y)

ze(O/P2m)* yepm/p2m

=N(P)™ Z oz +z71) Z p((z —2"y)

z€(0/P2m)* yepm /p2m

The character ¢ generates (O/P?™)™, then the ideals P/ with j < 2m
are not contained in ker ¢ (Proposition 2, in [3]). Thus by the orthogonality
relations between characters in the group P™/P?™, the inner sum is zero if
r—2 1 #0 (mod P™); otherwise it is N(P)™



If z € O/P?™ satisfies the equations zz~! =1 (mod P?") and z = z~!
(mod P™) then 22 =1 (mod P™). Since P is relative prime to (2), we have
that x =1 (mod P)™ or x = —1 (mod P)™. Thus z is of the form

r=1+1 or rx=—-1+1t

where ¢ is any element of P™/P?™. In this way we have

S(p, o, PP™) = > pleta™)= Y (p(2)+e(-2)
xe(O/PZ"L)* tePnL/PQm
z=z~! mod P™

= 2N(P)™ Re(p(2))

Lemma 3.2. Let P be an odd prime ideal, m > 1 and let A be a generator
of (O/P*™+1)™ such that sy = 1. Let p = r A, with (r,P) = 1. Then

S(p,, PP = 2 N(P)™ 2 (5) Re (ep 9(2)))

where ep was defined in Proposition 2.3.

Note. See (5) for the definition of s).

Proof. (cf. [2], Lemma 4.2) If  runs through (O/P?*"*1)* and y runs
through P™+1/P?m+1  then x(1 + y) runs through (O/P*™+1)* N(P)™
times. Thus

P2m+1) — Z QO(SU + 33—1)
z€(O) P2mt1yx
rz=z~! mod P™
In O/P?™*! the solutions of the equations zz=! =1 (mod P?™!) and
r =21 (mod P™) are of the form x = &1 + ¢ where t € P™T1/p2m+l,
We have (1+t)"'=1—t+t?and (—1+t) ' =—-1—-t—t2 Sox+a~!=
+(2 + t?). Therefore,

S(p.p, PP = Y o417 + (=2 + %))
tEPm/P2m+l

S(p, @,

=2Re |02 D )

tepm/P2m+l

Putting t = t; + to, with t; € P™/P™*! and t, € P™+1/P?™+1 we have
t2 =t? (mod P?"*1). Then

Yo e =NE)" Y et

tepm/PZerl tlEPm/Pm+1

This sum is a Gauss sum in O/ P, by any isomorphism P™/P™+l ~ O/P,
and it is equal to () epN(P)'/? because sy = 1 and ¢ = r X. Then

S(pr 0, PP) = 2N(P)" Re ((2) (F) epN(P)? )
= 2N(P)"™2 () Re (cp 9(2))..



Theorem 3.3. Let P be an odd prime ideal, m > 2, and let ¢ a generator
of (O/P™)™ with s, = 1. We denote

ep if mis odd
Em.P = .
' 1 if m is even
Let r,r" € O with (rr', P) = 1. Then
i) S(ro,r’'p, P™) =0 if r Z r'¢> (mod P™), for any ¢ € O.
ii) S(ro,rl2p, P™) =2N(P)% (£5) Re (e, pp(20)) .
Proof. 1) Let k € O. By Lemma 6 in [3] we have
S(p, kp, P™) = Z o(s + ks Z e ((1- ks_Q)t) .

SE(O/mel)* tepmfl/Pm

Hence L
S(o, ko, P"") =0 if | =) = —1.
(¢, ke, P™) i (P)

Furthermore if (%) =1 then k = ¢2 (mod P™) for some ¢ € O. In fact if k
is a residue quadratic mod P then k = s?+t (mod P™) for some t € P 1.
Thus k = (s +t)? (mod P™) where t € P™~! satisfies 2t =t (mod P™ 1),
Therefore S(rp, '@, P™) = S(p,rr'o, P™) = 0 if rr’ £ k? (mod P™) or
equivalently if 7 # 7/¢2 (mod P™), for any £ € O.
ii) We have S(ro,r0%p, P™) = S(rlp, rlp, P™). Hence the statement fol-
lows from Lemmas 3.1 and 3.2.

4. SALIE SUMS
In this section we study some basic properties of Salié sums and we also
give an explicit evaluation of T'(ro, ¢, I) for (2r',1) = 1.

Lemma 4.1. Let I be an ideal and r € O coprime with I. Let @, be
characters in O/I. Then we have:

1) T(SO,%I) = T(w7§071)

ii) T(ro, 9, 1) = (7) Ty, 1).

iit) T(p,v, 1) = (F) T, 1).

Proof. i) If we change the variable z by y = ! we have (%) = (%) and
then

T, ¢, )= Y (Pe@de)= Y (Dol ).
ze(O/I)* ye(O/I1)*
ii) As r is coprime with I we put y = rz. So,
Tro,, 1) = > (Hetra)p@ )= > (5)(He@vry™).
ze(O/I)* y€e(O/I)*

111) T(‘Pﬂ/’a—’) = T(—QO, _¢’I) = (%1) T(@ﬂﬁJ)



The following lemma establishes the multiplicative property of the Salié
sums.

Lemma 4.2. Let I = P" --- P an ideal in O, ¢, € (O/I)", p = x| ¢j,
and ¥ = X ; with j,; € (O/P")". Then

T(%Tﬂ,f) = HT(SOJij:Pnj)'

j=1
Proof. Ifd= (dy,---,d,) € O/I then

= () - ()

Now the proof follows in the same way as for Kloosterman sums. (Lemma
4, in [3]).

We denote by ® the Euler phi function and by 1 the trivial character.
Proposition 4.3. Let I = P[*--- P_*. Then

(1) ifri=(2) foralli,

0 otherwise.

T(1,1,1) = {

Proof.  f(I) = T'(1,1,I) is a multiplicative function. So we need only
consider the following cases.

Case I = P. In a finite field there exists an equal number of quadratic
residues and non quadratic residues. Thus Zte(o /P)* (%) =0.

Case I = P?**1. By definition we have (557) = (%)%Jrl = (%). Then

= @=> > H=> > &

deO/ P2kl s€O/P tepP/pP2k+l s€O/P teP/P2k+1

= NP Y (p) = NP f(P)=0.
s€eO/P

Case I = P2, As () = (%)™ =1, then f(P%) = &(P%),
Lemma 4.4. Let 0 <n <m and ¢, € (O/P™)". Then

m

T(oh, Py = D () e(s)0(s™) D ew(D (=1 s7vh).

se(O/Pn)* tepn/pm Jj=2
Proof. See the proof of Lemma 6 in [3].
Given ¢ € (O/P™)” we set N, = min{n >0 : P" C ker ¢}, that is Pév
is the largest power of P on which ¢ is trivial.

Corollary 4.5. Let ¢, € (O/P™)", r1,1m3 € O.



i) If Ny # Ny and max{N,, Ny} > 2, then T'(p,¢, P™) = 0.
ii) If N > 0 is such that N = m (mod 2) and Ny, Ny, < N < m, then
T(p,%,P™) = N(P)" N T(p, ¢, PY).
i) If (%) % (%) then T'(r1 @, 12 @, P™) = 0.

Proof. Parts i) and ii) follow from Lema 4.4 with the same proof as in the
case of Kloosterman sums (Lemma 7 in [3]). We need the condition N =m

(mod 2) in order to have (%)m = (%)N

iii) We take n =m — 1 in Lemma 4.4. Then
T(rip,r2p, P™) = Z (%)mW(ﬁS + 7”28_1) Z ¥ ((7‘1 - 7“28_2)15)
se(O/pm—1)x tepm-1/pm

The inner sum is zero unless r; — r9s 2 € P.

Theorem 4.6. Let I be an odd ideal, and ¢ a generator of (O/I)". Let
r,v € O, r' coprime with I. Then

/

Tirored) = (1) 6o X etz

y2=rr’ (I)

Proof. (cf. [2], Lemma 4.9) We define the following functions in O/I:

Flx)= Y (Pelrd+r'd®),  Fly)= Y Fla)p(-zy)

de(O/I)* zeQ/I

where d denotes the inverse of d module I. Then

Z Z o(rd +r'dz?)p(—zy)

2€0 /1 de(O/T)*

= > (Delrd) Y e(r'da® — ay)

de(0/I)* z€0/I
- Z (%)(P(?“J) Z @(r’d(x—ﬂy)2)¢(_my2)
de(O/1)* zeQ/I

The last identity follows by completing the square. The inner sum can be
written in terms of Gauss sums:

> elrd(z—27dy)?) = G(lde,T) = () Gle. ).

z€O/1

Hence



Using that (2r/, 1) = 1 we change the variable d’' = 47/d.
Fy) = (7)Ge 1) > el(ar’ =y d)

de(O/I)*
= (%)G(g@, I) S[4TT, - y27 07 I]

where S|a, b, I] denotes the Kloosterman sum S(a @, b, I).
By the decomposition formula for Kloosterman sums, given in [3] (Corollary
3), we have

S, =N{I) S N (),

J\I
JC ker nyp

where p denotes the Mobius function.
If J C ker ny then (n)J C ker ¢. So, (n)J C I since ¢ generates (O/I)".
Hence if I = JJ' then J' divides to (n). Therefore

S[(47“T'/—y2),0,[} = Z N(J) M(%)
J|(4rr’—y21)
We have
F(z) =N > Fy)e(zy)
yeO/I
=N Y ()G Y N u(h) elay)
yeO/I J|(4rr'—y2,1)

=N (F)Ge DN ) Y elay).
J\I yeO/I
y2=drr!(J)

If s (resp. t) runs through a system of representatives of O/.J (resp. J/I),
then y = s+t runs through a system mod I. We have (s+t)? = s? (mod J).

Thus
Yooy = > D> plas)elat).
yeo/I s€0/J  teJ/I
y2=drr! (J) s2=drr!(J)

If (z,I) = 1 then x ¢ defines a non trivial character of the group J/I, unless
J =1. Hence }_,c ;/; ¢(at) = 0. Therefore for any x coprime to I we have

Fo)=(57)Ge.0) Y ol
yeO/1
y2=drr' (1)

We evaluate in x = 1 and we obtain
Trer'e, 1) = (7)Ge D) Y ol2y).

yeO/I
y2=rr/(J)



The theorem is now proved.
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