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Abstract  In this work an experimental device 
was designed and built to measure the coefficient of 
restitution of particles of different types and sizes. 
The aim of the study is to analyze the dependence of 
the coefficient of restitution with the impact velocity, 
the shape and mass of the particles. Three types of 
particles of different origin were used: lentils, urea 
granules and polyethylene pellets. Two impact mate-
rials were evaluated: steel and polycarbonate. Image 
processing software was used to obtain the position 
of the particle at the instants before and after the 
impact, so the velocities and the coefficient of restitu-
tion of particles were obtained. For the 120 studied 
cases, the tangential values of the coefficient were 
always higher than the normal values. The highest 

were found for the lower mass particles. Regarding 
the behavior on impact materials, steel was less elas-
tic than polycarbonate. 

Keywords  coefficient of restitution, particulate 
material, image processing. 

 

I. INTRODUCTION 
In recent years the technology of gas-solid separators 
has evolved to use them as dust classifiers and obtain 
particle separations with specific cut sizes, suitable for 
each industry requirement. The separation efficiency of 
the particulate material is related to operating variables 
of the process (concentration of solids in the feed, inlet 
velocity of the carrier gas, pressure drop, among others 
parameters), and to physical and morphological charac-
teristics of the particles, mainly their size, shape and co-
efficient of restitution. Therefore, the processes of sepa-
ration and classification of solids depend on both, mac-
roscopic aspect (or process variables) and microscopic 
parameters related to the properties of the particles. 

The coefficient of restitution (CoR) is a measure of 
the degree of conservation of kinetic energy in a parti-
cle-wall or particle-particle collision. It is a function of 
the velocity of the particle and can be calculated as the 
ratio between the velocity of the particle acquired after 
the impact and the velocity reached before the impact 
(Fernandez Llana, 2010). CoR is an important measure 

of energy dissipation in a wide variety of industrial pro-
cesses that involve a solid material and a fluid that 
transports it (gas or liquid). The interactions between 
particles, particles and the carrier fluid and particles 
with the walls of the equipment, constitute aims of study 
in fluidization, granulation, agglomeration and separa-
tion particles processes. These interactions are in con-
tinuous study and not totally understood at present (Ko-
toky et al., 2018). On the other hand, the CoR represents 
one of the fundamental properties of the particles, nec-
essary in simulations of computational fluid dynamic 
combined with the discrete element method (CFD-
DEM). The more accurate the input parameters for 
DEM, the more accurate the simulation will be (Liu et 
al., 2016). The same goes for other approaches, such as 
the Euler-Euler-CFD used for fluidized beds (Loha et 
al., 2014). 

There is an extensive amount of experimental work 
on the measurement of the coefficient of restitution of 
spherical and large particles such as tennis balls and 
golf balls (Colombo et al., 2016; McNally et al., 2016; 
Espinosa et al., 2016). Large spherical particles require 
simple measurement techniques. However, at present it 
is a real challenge to accurately measure the coefficient 
of restitution for small and irregular particles. Crüger et 
al. (2016) measured the CoR of glass particles of about 
1 mm in diameter on a wet surface, correlating the ex-
perimental values obtained with two theoretical models 
for the wet coefficient of restitution. Hastie (2013) 
measured the dry CoR for polyethylene pellets of 
around 4 mm in diameter, impacting on two different 
materials. 

The objective of this work is to design and build an 
experimental device to accurately measure the average 
coefficient of restitution of small, irregular and different 
types of particles. The variables analyzed were the type 
of particle, the impact surface and the height from 
which each particle is thrown. The obtained results con-
stitute an advance in the understanding of the depend-
ence of the CoR with the microscopic studied variables 
related to particle characteristics. These values of CoR 
could be useful to improve mathematical prediction 
models and adjust the current numerical simulations of 
gas-solid dust classifiers. 
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II. MATERIALS AND METHODS 

A. Materials 
Three types of particles of different origin and shape 
were used: lentils, urea granules and polyethylene pel-
lets. Lentils are for commercial food use, urea granules 
are a commercial fertilizer and the pellets are commer-
cial linear low-density polyethylene (LLDPE). The ge-
ometry of the urea granules is similar to small spheres 
(Fig. 1.a), while the lentils have an ellipsoidal shape 
(Fig. 1.b.1 and b.2) and the polyethylene pellets are 
small discs (Fig. 1.c.1 and c.2). The average mass of the 
urea particle was 0.0083 g, the lentil particle presented 
an average mass of 0.0602 g, while the mass of the pol-
yethylene pellet was 0.0453 g. For these measurements, 
an Alsep EX-2000A balance was used. 

To analyze the shape and size of the particles, the 
ImageJ software was used, processing and analyzing the 
images obtained in 2D with a Motorola XT1540 13MP 
camera. The Feret diameter was used to characterize the 
particles by size. This diameter represents the distance 
between two parallel lines that are tangential to the con-
tour of the projection of the particle. To classify them 
according to their shape, the circularity parameter (C) 
was used, which represents a measure of the approxima-
tion of the particles to a perfect circle (Takashimizu and 
Iiyoshi, 2016): 

                                  (1) 

where  is the projected area and  is the perimeter of 
the particle.  

B. Experimental Device 
The experimental device was designed in polycarbonate 
and consists of a structure with a closed rectangular 
prism shape, with an input through which the particles 
are introduced. The dimensions of the device are 60 cm 
wide, 40 cm high and 20 cm deep (Fig. 2). Each particle 
is dropped from a certain initial height without initial 
velocity (free fall). The particles were initially thrown 
from the different distances holding them with a metal 
clamp, starting from rest and in vertical position. Once 
the fall occurs, the particle impacts on a mobile surface 
inclined 45 degrees (Fig. 2).  

The surface materials, on which the particle impacts, 
were of two different types: steel 3 mm thick and poly-
carbonate 2 mm thick. 

     

      
Fig. 1. a. Urea granules. b. Commercial lentil particles: 
b.1.Upper view; b.2. Side view.  c. Commercial polyethylene 
pellets: c.1.Upper view; c.2. Side view. 

 
Fig. 2. Own design experimental device for CoR measure-
ments, built in polycarbonate. 

 
Fig. 3. Area of impact where the particle fall. Steel.  b. Poly-
carbonate. 

Figure 3 shows the area of impact where the parti-
cles fall, which constitutes the analysis sector of the de-
vice for the subsequent determination of the CoR. Be-
hind the impact surface, a sheet of graph paper was 
placed to measure, through the captured images, the dis-
tance traveled by the particles during the impact and re-
bound. 

C. Capture and Processing of Images 
Using a high-resolution SJCAM3000 camera, the trajec-
tories of the particles in the free fall and its impact on 
the inclined surface were filmed. The rotation of the 
particles during their free fall was not taken into account 
for this work. Results are reported for a resolution of 
720p and 120 frames per second (fps). The studied cases 
were also recorded with a lower number of frames per 
second, but the increase in the quality of the images did 
not allow capturing clearly the moment of the particle 
impact. To process the obtained videos, the VLC Media 
Player software was used, through which four frames 
were extracted per particle studied. Two of the frames 
correspond to the moment before the impact, and the 
other two immediately after the impact with the surface. 

With the free software Image J 1.50i, the obtained 
images were analyzed to determine the positions of the 
particle in each of the four selected frames. Considering 
these coordinates, the displacements in both axes  
(and ), before and after the impact, were calculated: 

       (2) 
          (3) 

Then, the displacement in module was calculated for 
both instants: 

      (4) 
Considering the time passed during a frame (

) and the displacement in modulus reached be-
fore and after impact,  y  (Eq. 4), the correspond-
ing velocities of the particle were calculated: 

         (5) 
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Fig. 4. Rotation of the reference system. 

        (6) 

The coefficient of restitution is a measure of the 
elasticity between the bodies that impact, and it is be-
tween 0 for perfectly plastic collisions and 1 for perfect-
ly elastic collisions. Considering the velocity before the 
impact (Vbi) and the velocity after the impact (Vai) of 
two bodies "1" and "2" that collide, the  can be de-
fined as (Hastie, 2013): 

         (7) 

that this surface is fixed as in the experimental device of 
this work (  = 0), the module of the coefficient 
of restitution ( ) is reduced to: 

    (8) 

To calculate the normal coefficient of restitution 
( ) and the tangential coefficient of restitution 
( ), the angle of inclination of the surface where the 
particle impacts is considered, and a rotation of the ref-
erence system is performed to find the new coordinates 
of the particle before and after the impact (Fig. 4). The 
new coordinates are: 

  (9) 

Considering the new coordinates, the tangential dis-
) and the normal displacement of the par-

') are calculated as previously (Eqs. 2 and 3): 
            (10) 
          (11) 

Taking into account the time passed during a frame 
( ) and the tangential displacement 
reached before and after the impact,  y  (Eq. 
10), the corresponding tangential velocities of the parti-
cle were calculated: 

        (12) 

       (13) 

Likewise, the normal particle velocities were calcu-
lated: 

        (14) 

       (15) 

From the tangential and normal velocities, before 
and after the impact, the corresponding tangential and 
normal restitution coefficients were calculated (  
and CoRN): 

 

 
Fig. 5. Binary images of the particles studied.  a. Urea gran-
ules.  b.1. Lentils, upper view.  b.2. Lentils, side view. c.1. 
Polyethylene pellets, upper view.  c.2. Polyethylene pellets, 
side view. 

    (16) 

    (17) 

 

III. RESULTS AND DISCUSSION 
Figure 5 (a, b.1, b.2, c.1 y c.2) shows the binary images 
of the particles processed with ImageJ software. 

Table 1 shows the average morphological character-
istics corresponding to the analyzed particles. It is ob-
served that the urea particles are smaller in size and 
mass than the lentils particles, but they have similar val-
ues of circularity, considering the upper view of the len-
tils. 

Figure 6 shows a sequence of frames corresponding 
to the instants before and after the impact of a urea par-
ticle, thrown from 2 cm, which impacts on the polycar-
bonate surface. 

Tables 2 and 3 show the experimental results for the 
studied cases. The reported values are the average of 10 
tests per case, so a total of 120 cases have been studied. 
Regarding the analysis of the launching heights, the par-
ticles thrown from 3 cm have greater velocity before the 
impact than the corresponding to 2 cm for all the ana-
lyzed cases. This behavior agrees with what is expected 
for particles accelerated in free fall. 

Respect to the different impact materials, the coeffi-
cient of restitution ( ) for the urea particles, that 
impact on polycarbonate surface, is greater than for 
those that collide with the steel plate in 10.7%. The 
same behavior is observed for lentil particles and poly-
ethylene pellets with an increase of 5.03% and 9.82% 
respectively (Table 2). In these cases, steel behaves as a 
less elastic material than polycarbonate. 

The values of the coefficient of restitution for urea 
particles are higher than for polyethylene pellets and 
lentil particles in all the studied cases. The highest value 
was obtained for study case 1 ( : 0.718), corre-
sponding to urea particles on polycarbonate. This be-
havior was expected due to the higher elasticity of poly-
carbonate against steel, and because urea is the material 
with the least mass. Regarding the type of particle, the 
shape influences notably on the values obtained of 
CoRm. Although the circularities for the top view of len- 
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Table 1. Morphological characteristics of the particles studied. 

Particle Mass [g]  
Circularity 

Max. Min. 
Urea 0.0083 0.273 0.229 0.874 

Lentil 0.0602 0.666 (UV*) 0.588 (UV) 0.894 (UV) 
0.644 (SV*) 0.318 (SV) 0.659 (SV) 

Polyethylene 0.0453 0.481 (UV*) 0.440 (UV) 0.874 (UV) 
0.483 (SV*) 0.275 (SV) 0.608 (SV) 

*UV: upper view. SV: side view. 

 
Fig. 6. Frames captured of a urea particle that impacts on polycarbonate surface. 

Table 2. Experimental result for the cases studied. 
Cases Particle Impact surface Launch height [cm] [cm/s] [cm/s] CoRm CoRmean 

1 Urea Polycarbonate 2 68.546 49.187 0.718 
0.702 

2 Urea Polycarbonate 3 81.509 55.885 0.687 
3 Urea Steel 2 82.667 54.982 0.667 

0.634 
4 Urea Steel 3 102.615 61.157 0.600 
5 Lentil Polycarbonate 2 68.761 46.377 0.678 

0.626 
6 Lentil Polycarbonate 3 80.982 46.061 0.573 
7 Lentil Steel 2 79.228 50.319 0.642 

0.596 
8 Lentil Steel 3 99.046 52.565 0.551 
9 Polyethylene Polycarbonate 2 70.659 49.642 0.704 

0.671 
10 Polyethylene Polycarbonate 3 91.390 58.155 0.638 
11 Polyethylene Steel 2 79.323 48.914 0.624 

0.611 
12 Polyethylene Steel 3 92.763 54.681 0.598 

 
tils and polyethylene pellets are similar, for the side 
view the value of circularity drops markedly, due to 
their ellipsoidal and discs shapes. This particularity of 
the particles causes the  value to vary depending 
on the surface (upper or side) with which it impacts. Be-
sides,  increases when the size of the particle de-
creases. These phenomena indicate a direct dependence 

of the  with the type, shape and size of the particle 
analyzed. 

Table 3 shows that the values calculated for the 
normal coefficient of restitution are less than the tangen-
tial ones, in all the studied cases. Furthermore, the high-
est values are obtained for the urea particles colliding on 
polycarbonate, as observed for . 

 
Table 3. CoRT and CoRN values obtain from studied cases. 

Cases Particle Impact surface Launch height [cm] 
1 Urea Polycarbonate  2 0.957 

0.938 
0.358 

0.375 
2 Urea Polycarbonate 3 0.901 0.393 
3 Urea Steel 2 0.865 

0.859 
0.283 

0.208 
4 Urea Steel 3 0.853 0.132 
5 Lentil Polycarbonate 2 0.855 

0.796 
0.400 

0.374 
6 Lentil Polycarbonate 3 0.736 0.347 
7 Lentil Steel 2 0.777 

0.730 
0.409 

0.373 
8 Lentil Steel 3 0.683 0.337 
9 Polyethylene Polycarbonate 2 0.891 

0.870 
0.365 

0.294 
10 Polyethylene Polycarbonate 3 0.850 0.222 
11 Polyethylene Steel 2 0.802 

0.783 
0.364 

0.350 
12 Polyethylene Steel 3 0.764 0.335 
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IV. CONCLUSIONS 
An experimental device of own design was constructed 
to measure the coefficient of restitution of small and ir-
regular particles. Three types of particles, two impact 
materials, and two different launch heights were tested 
on it. The dependence of the coefficient of restitution 
with the selected variables was determined by analyzing 
and studying 120 cases. The tangential values of the co-
efficient were always higher than the normal values for 
the studied geometry. In addition, the highest values for 
the coeff
the lower mass particles. The experimental values ob-
tained in this work constitute a starting point to improve 
the performance of the CFD-DEM simulations of bipha-
sic systems, providing useful information about the en-
ergy dissipation and a breakthrough in the study of gas-
solid flow phenomenon. 
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