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A Two-Dimensional Linear
Assumed Strain Triangular
Element for Finite Deformation
Analysis

An assumed strain approach for a linear triangular element able to handle finite defor-
mation problems is presented in this paper. The element is based on a total Lagrangian
formulation and its geometry is defined by three nodes with only translational degrees of
freedom. The strains are computed from the metric tensor, which is interpolated linearly
from the values obtained at the mid-side points of the element. The evaluation of the
gradient at each side of the triangle is made resorting to the geometry of the adjacent
elements, leading to a four element patch. The approach is then nonconforming, never-
theless the element passes. the patch test. To deal with plasticity at finite deformations a
logarithmic stress-strain pair is used where an additive decomposition of elastic and
plastic strains is adopted. A hyper-elastic model for the elastic linear stress-strain rela-
tion and an isotropic quadratic yield function (Mises) for the plastic part are considered.
The element has been implemented in two finite element codes: an implicit static/dynamic
program for moderately non-linear problems and an explicit dynamic code for problems
with strong nonlinearities. Several examples are shown to assess the behavior of the
present element in linear plane stress states and non-linear plane strain states as well as

in axi-symmetric problems. [DOI: 10.1115/1.2173674]

1 Introduction

For practical industrial applications in the finite strain range,
low order elements are almost exclusively used, specially in prob-
lems including contact. Also elements including only physical de-
grees of freedom are normally preferred. For two-dimensional
problems these two aspects restrict the choice to linear triangles
and bilinear quadrilaterals.

If only elements with translational degrees of freedom are con-
sidered, the linear triangle (constant strain triangle with six de-
grees of freedom) is not a good choice because it requires very
fine meshes to obtain results of engineering precision, and also
because it locks for quasi-incompressible problems, e.g., material
models including J, plasticity or rubber-like materials in plane
strain.

From the point of view of the present techniques for finite ele-
ment development, the bilinear quadrilateral shows much more
possibilities. Important efforts have been made in the past
30 years to obtain efficient and robust quadrilaterals which do not
lock in the incompressible limit, or have a good performance in
bending-dominated problems even with coarse meshes. Different
practical approaches and their theoretical basis have been pro-
posed in this direction, from the addition of incompatible modes
to improving bending behavior or selective integration of the
volumetric response to avoid locking, to the present more refined
techniques of assumed strain and enhanced strain finite elements
(see, for example, Refs. [1,2} and references listed therein).

From the point of view of industrial applications, the use of
triangular elements is more convenient. This is mainly associated
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with the fact that mesh generators using triangles are more effi-
cient and robust than those using quadrilaterals. This facility is
especially important in processes in which large distortions of the
original mesh are expected leading unavoidably to remeshing
and/or to adaptive refinement.

These reasons have led to the developments of triangles with
degrees of freedom that are not strictly displacements, including
mixed or hybrid elements on one side and elements with drilling
rotations or displacement derivatives on the other side. The extra
degrees of freedom in mixed/hybrid (assumed stress) approaches
have no associated mass, requiring special time integration tech-
niques [3] when explicit integrators are used. This aspect is im-
portant in problems including strong nonlinearities, in which ex-
plicit integrators are more robust and preferred. Besides, the
standard algorithmic framework for non-linear solid mechanics is
typically strain driven and, from a practical perspective, algo-
rithms for assumed stress elements are more involved. Elements
with drilling freedoms are less common, and have been restricted
to plane stress problems [4]. More recently an F-bar method
(volumetric strain averaging) [5] that alleviates volumetric tock-
ing and an application of sub-grid scales in mixed elements [6]
that avoids pressure oscillations were proposed, but none of them
improve the poor in-plane behavior of the constant strain triangle.

In this paper a triangular element defined by only three nodes
and with only translational degrees of freedom is presented. For
the computation of the strains a four element patch including the
three adjacent elements is used. This approach has a geometric
definition similar to that used in Ref. [7] for the evaluation of the
curvatures in a shell element and shares some aspects with the
subdivision approach recently proposed for surfaces [8]. The pro-
posed approach linearly interpolates the metric tensor evaluated at
the midpoint of each side. The present development is intended to

deal with elastic-plastic models at finite strains.

The outline of the paper is as follows. In Sec. 2, the essential
governing equations for non-linear solid mechanics relevant to
this work are presented. The next two sections are devoted to the
finite element approximation: in Sec. 3 the original approach to
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the evaluation of the deformation gradient and the metric tensor is
presented, while in Sec. 4 the stiffness matrix necessary for im-
plicit algorithms is derived. Section 5 describes the element per-
formance in linear plane stress problems, and Sec. 6 shows pre-
liminary results for plane strain and axisymmetric problems in the
non-linear range. Finally, some conclusions are drawn in Sec. 7.

2 Solid Kinematics

The most relevant aspects associated with the kinematic re-
sponse of solids are initially presented. More detailed develop-
ments can be found in the literature devoted to the field [9].

Consider a solid with reference configuration Q° in R® at the
initial time 7=0. Let us then denote with X € Q0 the position
vector of a material point that transforms to a point x at a time ¢,
both referred to a fixed set of axis.

At each point X the deformation gradient is defined as

X X X
X, 3X, 3X,

The definition of the Lagrangian tensor C=FF=U? (with U
the right stretch tensor, and C the right Cauchy-Green tensor,
respectively) allows the introduction of the covariant metric tensor
at each point

FX) = [

Ca,Bz (Uz)aﬁzaa . aﬁ=aaﬂ (2)
One advantage of the Lagrangian strains is that they are re-

ferred to material fibers leading to a simple handling of aniso-
tropic materials. With U? it is possible to define different Lagrang-

ian strain measures. With this objective the spectral
decomposition is performed as
3

U= D\ r,®r, 3)

a=1
where A\, and r, are the eigenvalues and eigenvectors, respec-
tively, of the right stretch tensor U.

To deal with plasticity at finite deformations an adequate stress-
strain pair must be used. Here a logarithmic (Hencky) strain mea-
sure is adopted that, restricted to two-dimensional problems, can
be explicitly expressed as

ey & 0 3
Ep=|gn &n 0 [=2 \Jr,®r, 4)
0 0 &3] !

The conjugated stress measure T is used consistently. Besides
this, in the framework of a total Lagrangian formulation, it may be
convenient to work with the second Piola—Kirchhoff stress tensor
(S) for the residual force evaluation. The relation between the

stress T and the stress S results from the definition of the rotated
tensors

T, =R]TR, (5)

S, =RISR; (6)

where R; is the material rotation tensor associated with the prin-
cipal stretches (eigenvectors of U)

R, =[r; r;r;] (7

The relations between these rotated stress measures are

1
[SL]aa = )\_lzl[TL]cmr (8)
[Si)ap= M[TL]QB )
LSRRV

They allow to compute
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With the previous definitions, the weak form of the equilibrium
equations in the reference configuration can be written as

Sl = f [éEGLZS]dQO + 5Hext =0 (1 1)
ol
where Eg; are the Green—Lagrange strains conjugated to S
’ 1 1
EGL=EE(Xi—l)ra®ra=E(U2—1) (12)
a=1

Note that the stress-strain pair S—Eg; is used only to write the
equilibrium equations in the reference configuration. Alterna-
tively, an equivalent formulation to Eq. (11) using the spatial
Kirchhoff stress tensor 7 on the actual configuration can be devel-
oped.

The constitutive model used in the numerical experiments be-
low corresponds to an elastic-plastic material associated with a
ductile metal. For this kind of material, where elastic strains are
small and a logarithmic strain measure is used, it seems reason-
able to adopt an additive decomposition of elastic and plastic
strains Ej =E;,—Ef | where plastic strains may be associated with
a plastic deformation gradient F? through

Ep = In(FP"F?)'? (13)

usually associated with a stress free intermediate configuration.
For moderately large shear plastic strains, the results obtained
with the additive formulation are similar to those obtained with
the multiplicative decomposition of F. See Ref. [10] for a com-
parison of results for both approaches. An associative Mises yield
function (J,) with non-linear isotropic hardening is considered.
Also an anisotropic Hill-type function can be easily defined since
the elastic strains are computed on the material axis. The elastic-
plastic constitutive equations are integrated using a standard re-
turn mapping algorithm.

For the elastic part, a linear relation (constant) between stresses
and elastic strains is also adopted. The constitutive relation is split
into its deviatoric and volumetric componénts and in the numeri-
cal implementation the volumetric part is averaged at the element
center to avoid volumetric locking.

3 Mapping Functions and Gradient Evaluation

In this approach we start from a three-node triangular finite
element mesh of the domain. But in contrast with standard finite
elements, for the evaluation of the deformations at an element, we
resort also to the geometry of the adjacent elements to the triangle
being considered (see Fig. 1(a)). A quadratic geometry is thus
defined by the position of the six nodes

6 6
X=2N1XI X=EN[X1

I=1 I=1

(14)

In the parametric space (master element) we keep the vertex
positions, nodes 1-3, of the central or main triangle (standard
linear triangle) which occupy the positions (see Fig. 1(b)).

(€,7)=00,0), (&7)=(1,0), (& 7)=(0,1)

while the three extra nodes forming the patch, denoted as 4-6,
occupy the positions

(64’774)=(171)v (55’775)=(~1’1)a (56,776)2(1,‘ 1)

The following set of shape functions can be defined over this
quadratic non-standard six node triangle (with {=1-£&~7%)

N'={+én N=¢+nml N=n+(¢

_e Eee _ -
N'=2@-1) NM=2(-1) NM=(n-1) (15
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Fig. 1 Patch of elements (a) in spatial coordinates, (b) in natu-
ral coordinates

The aim of this mapping is the computation of the metric tensor
at selected points in the central element to generate an assumed
strain approach. For a linear interpolation in local natural coordi-
nates three values are needed. The points used for evaluation are
located at the middle of each side of the reference triangle (M in
Fig. 1(a)). They are indicated as Gy, G, and G5 in Fig. 1(b). This
choice has the following properties:

* The gradient computed at each mid-side point depends ex-
clusively on the positions of the nodes associated with the
two elements adjacent to the side. This can be immediately
checked by differentiating the shape functions and evaluat-
ing at the middle of each side.

¢ When the deformation gradients are computed at the com-
mon side of two neighbor triangles, the same four nodes will
be used. Thus, at each side of the mesh, a unique deforma-
tion gradient exists.

The deformation gradient is then determined by the coordinates
of a patch of four elements, which includes the element under
consideration (M in Fig. 1(a)) as the central one. Note that the
present approach is nonconforming because the quadratic geom-
etry computed from two adjacent triangles is different along the
common side.

Once the deformation gradient has been defined the derivation
is standard, and some details are given in the sequel. We will
denote by t; and t, the two orthogonal unit vectors in a local
Cartesian system conveniently selected (e.g., the orthotropic prin-
cipal directions of the constitutive material). The natural deriva-
tives of the reference coordinates allow to compute the Jacobian
matrix of the isoparametric mapping J and the Cartesian deriva-
tives of the shape functions N|Nj. With them the deformation
gradient at the deformed configuration (respect to the original Car-
tesian system) can be computed as

[xrl»er]:[Xr&X/r;]Jil (16)
and the (in-plane) covariant metric tensor
ap; ap XX X0 X))
c=[ ] =[ 0Ky XX, } )
az axn XX X20X)p

and finally any in-plane desired Lagrangian strain measure. For
example, the Green—Lagrange strain tensor
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II:X/I'X/I_I X, X2 :l 1|:a11_1 ap :|
EgL=73 =5
2l x0°%, X X,p-1 20 ay  ap-—1
(18)

An element that has a side along the boundary does not have an
adjacent element on this side. In this case the deformation gradi-
ent at this side is computed as the gradient of the central element
using the standard linear interpolation. Once the metric tensor (C;)
is computed at each mid-side point /, the element can be classified
as an assumed strain element if the metric tensor is interpolated
as a function of the computed values at the sides. This allows to
associate a theoretical basis to the present approach.

Cl&n=01-20C;+(1-29C,+(1-29C3  (19)

4 Stiffness Matrix

The derivative of the weak form (Eq. (11)) is needed for most
of the implicit predictor-corrector algorithms. As usual, for non-
linear problems, the material and geometric parts are considered
separately. The material part is almost standard and does not offer
difficulties, it is the result of the integral

Su'K ,Au = du” f B’DBdAAu (20)

A

where matrix B results from the evaluation of the variation of the
Green-Lagrange strain tensor (Eq. (18)). In the numerical imple-
mentation, adequate changes must be introduced for elements on
the boundary. Matrix D is the tangent elasticity matrix or, in
elastic-plastic problems, the tangent/algorithmic constitutive ma-
trix Dep,.

The geometric part turns out from

d
Su'K;Au= f ;l—(bE(T;LS)AudA (21)

A

which can be obtained by adding the contributions from the three
mid-side points (written in matrix form):
l:S n S }
Sa1 S»

(22)

344

where index K=1,3 is the side and N' are the shape functions
restricted to the four contributing nodes at each point (I,J=1,4).

In the numerical comparisons we denote by TR3 the present
element when three points are used to integrate the deviatoric
forces and corresponding stiffness matrix. And by TR1 when only
one integration point is used, equivalent to averaging the metric
tensors computed at each side. The latter is the usual case because
it needs less storage for internal variables; it is more competitive
for explicit codes and does not have spurious modes.

For the TR1 version the computational cost is slightly above the
standard constant strain triangle (CST). Two aspects must be con-
sidered: (a) the evaluation of the internal forces, (b) the computa-
tions associated to the stiffness matrix. For codes with explicit
integration of the momentum equations only the former is con-
cerned, while for implicit integrators the latter is the most rel-
evant. For the evaluation of the internal forces the differences with
the CST amount to the computation of the average metric tensor
(or the deformation gradient) than can be made quite efficiently.
The same also applies to the stiffness matrix evaluation. It must be
noted that also a slightly wider bandwidth will be obtained leading
to higher CPU times to solve the equations systems.
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Fig. 2 Membrane patch test

5 Linear Numerical Examples

In this section and the next, a summary of the numerical ex-
periments performed to assess the behavior of this element is pre-
sented. In this section linear problems in plane stress state are
considered. An implicit static/dynamic program for moderately
non-linear simulations developed by the author is used. For com-
parisons, the results obtained with other elements are included,
namely: the constant strain triangle (CST), the linear strain tri-
angle (LST) and three three-node triangles (ALL-31, BER-85 and
CF-OPT) with three degrees of freedom per node (both displace-
ments and the drilling rotation) obtained with different formula-
tions as reported in Ref. [4]. With ALL-31 we denote the element
developed by Allman [11] integrated with three inner points; with
BER-85 we denote the element developed by Bergan [12] using
the free formulation and with CF-OPT we denote the element
developed by Felippa and Militello based on the ANDES scheme
[13] optimized to reproduce exactly constant bending states.

5.1 Membrane Patch Test. As the present approach is non-
conforming, one of main aspects to be considered is the satisfac-
tion of the patch test. To assess this a square domain of unit side
subjected  to nodal forces associated with a uniform unit stress
state (both Cartesian directions and shear) have been used. Two
possible patches of elements are shown in Fig. 2. In the first patch,
the loads necessary to obtain a uniform stress state S,,=S,,=S,,
=1 are shown. In the second patch, only the loads corresponding
to a uniform traction in the direction x are depicted. For both
meshes unitary stresses are obtained at all elements, using one or
three integration points.

Two very important things may be noted in this simple ex-
ample. First, in the second case, note that the nodal forces are the
loads associated with the linear triangle and not to the quadratic
one. This has important implications in problems including con-
tact, where the use of the standard LST implies non-uniform
equivalent nodal forces for a uniform pressure leading to the well-
known problems of quadratic elements in contact simulations.
Second, note that the element patches used for gradient computa-
tions at each element are quite distorted. In the first mesh the
element patch used to compute strains at element * is shaded as an
example. A LST element defined with the same six points will
show a very strong sensitivity to such distortion leading to unpre-
dictable results.

5.2 Short Cantilever Under Uniform Shear. This example
(see Fig. 3), taken from Ref. [4], is used to assess the behavior and

Y
!
X '12 C l P
—-— 48 ————

Fig. 3 Shear loaded short cantilever: no contraction allowed
at the root. E=30,000, »=0.25, h=1.
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Fig. 4 Tip deflections for short cantilever under end load. (a)
=1, (b) v=2, (¢) y=4.

convergence properties of elements under bending and shear when
the element aspect ratio is increased. Shear load is parabolically
distributed according to beam theory. All displacements are con-
strained at the root, not allowing Poisson’s contraction. A numeri-
cally converged solution of the deflection at point C of
=0.35601 is used for normalization. Mesh units are formed by
four half-thickness overlaid triangles to avoid orientation influ-
ence. Along direction y (beam height) 2, 4, 8, 16, and 32 mesh
units are considered while along direction x mesh is defined by
element aspect ratio values y=1, 2, and 4.

The results for the vertical displacements of point C are plotted
in Figs. 4(a)-4(c) for the three element aspect ratios and for all the
elements described above. In all the cases the best results are
obtained with the linear strain triangle while the constant strain
triangle is notoriously overstiff. The performance of elements with
drilling freedom deteriorates as the aspect ratio increases, spe-
cially Allman’s triangle. Present element fully integrated (TR3
converges rapidly and is less sensitive to aspect ratio than ele-
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Fig. 5 Cook’s membrane problem. Geometry and load.

ments with drilling freedoms. Present element with only one inte-
gration point (TR1) is slightly more flexible but converges to the
correct solution.

5.3 Cook’s Membrane Problem. One of the main targets of
this proposal is to obtain a membrane approach with a behavior
similar to the linear strain triangle in arbitrary domains. Such
capacity is studied in this example [14], corresponding to a prob-
lem with an important amount of shear energy involved, intended
also to assess the ability of the element to distort. Figure 5 shows
the geometry of a tapered panel clamped on one side and with a
uniformly distributed shear load on the opposite side. In Fig. 6 the
vertical displacement of point C (midpoint of the loaded side) for
the uniformly refined meshes considered are plotted as a function
of the total number of degrees of freedom.

For the present element with three integration points, it can be
seen that for the coarsest mesh (two linear elements), the mea-
sured displacement is slightly superior than the constant strain
triangle; but when the mesh is refined, the values computed rap-
idly catch up with those obtained with the linear strain triangle.
For the elements with drilling freedoms, the trends of the previous
example are reverted. The more general Allman’s element has a
better performance than the other two (optimized for uniform
bending) which give similar values and converge slower. The
present element with only one integration point (TR1) shows ex-
cellent predictions for coarse meshes and fast convergence prop-
erties.

6 Nonlinear Numerical Examples

In this second part of the numerical experiments, examples in
the geometric and material non-linear range are discussed. Due to
the characteristics of the problems modeled, including strong non-
linearities and contact with friction, a program with explicit inte-
gration of the governing equations was used [15]. This program

o | ,Z%”’ 0
5 ,// -
i %
18 x
gl L ——~--csT
« 16 4 —t— LST
g | P ——TR3
B 14 ! == «== TR-1
- —o— ALL3I
12 e --—@=--— CF-OPT
7 ——&—- BER-85
10 I L i MR | L L L T S S Y
10’ 10°

10°
NDOFs

Fig. 6 Cook’s membrane problem. Vertical deflections of point
C (plane stress).
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Fig. 7 Cook’s problem in plane strain. Convergence of finite
element solutions. (a) quasi-incompressible finite elasticity. (b)
Finite Strain J, flow theory.

allows to obtain pseudo-static solutions using dynamic relaxation.
The problems analyzed in this second part are in plane strain or
axisymmetric states. Special emphasis is placed in detecting if the
element is capable of handling elastic-plastic problems with iso-
choric plastic flow or quasi-incompressible elastic problems.

6.1 Cook’s Problem in Plane Strain. The same geometry
considered in Sec. 5.3 is used, but here in a state of plane strain.
Two different materials are considered. First, a quasi-
incompressible linear elastic material defined by a shear modulus
u=280.1938 GPa and three possible values of the bulk modulus
K4;=401.0X10° GPa, Kz=40.1X10°GPa and K:=4.01
X 10° GPa in correspondence with three values of the Poisson
ratio v=0.4999, 0.4990, and 0.4900, respectively. Second, an
elastic-plastic material defined by the elastic constants u
=80.1938 GPa and K=164.21 GPa and J, plasticity with non-
linear hardening defined by the yield stress o,(e”)=0.450

+0.12924¢P+(0.715-0.450)(1 — ¢~ '693¢") [GPa]. The applied load
is 100 kN for the elastic case, and 5 kN in the elastic-plastic case.

Figure 7 plots the vertical displacement of the upper corner
versus the number of elements per side of the mesh. Figure 7(a)
cotresponds to the quasi-incompressible elastic case using one
integration point for present element. Results are shown for the
three bulk modulus considered, denoted as TR-A, TR-B, and
TR-C. Curve TR-A (Poisson’s ratio v=0.4999) shows clearly a
slow convergence. For a Poisson’s ratio of »=0.4990 convergence
is reasonably good, while for the lowest considered value of v
=0.4900 convergence is very good, similar to that obtained in the
plane stress case. For comparative purposes, results for the highest
Poisson’s ratio obtained with two four node quadrilaterals are in-
cluded. Q1PO0 [16] is a mixed element equivalent to integrating the
volumetric part with one point and the deviatoric part with four
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Fig. 8 Stretching of circular sheet with a hemispherical punch

points; Q1EA is an enhanced strain element [17]. Both quadrilat-
erals show a better performance than the proposed triangle (TR1)
for this type of quasi-incompressible elastic problem.

Figure 7(b) corresponds to the elastic-plastic material. Results
for the two versions (one and three integration points) of the
present element and the two quadrilaterals mentioned in the pre-
vious paragraph are included. In this case, TR3 shows a stiffer
behavior than quadrilaterals, but there is no locking. While the
element version TR1 converges faster than both quadrilaterals
used for comparison.

6.2 Stretching of a Circular Sheet With a Hemispherical
Punch. The last example considered is an axisymmetric problem
with moderately large strains. This benchmark was proposed in
Ref. [18] and has been widely used to test two-dimensional solid
elements. The simple geometry of this test is shown in Fig. 8. The
sheet thickness is 1 mm and the material is defined by the elastic
constants £=69.004 GPa and v=0.3, and J, plasticity with an
isotropic hardening law ¢,=0.589(107*+¢”)*16 GPa. Contact be-
tween the tools and the sheet is modeled using penalization and
the friction coefficient adopted is u©=0.3. A uniform mesh of 28
elements in direction r and four elements in the thickness was
used (28 X4 X2 TRI elements).

Figure 9(a) plots the force on the punch versus the punch travel
along the process. These values are in agreement with most of the
simulations where solid elements (as opposite to shell elements)
have been used, as they can deal with local effects associated with
shear distortion due to the small radius of the die and to the
frictional contact with the tools [16]. Figure 9(b) shows the thick-
ness along the radius for different punch travels, and Fig. 9(c) the
effective plastic strain on the middle surface of the sheet for dif-
ferent punch travels. These results agree quite well with most of
the data published for this benchmark including solid [16] and
shell elements [7].

7 Conclusions

A triangular finite element for the simulation of two-
dimensional solids has been presented. The geometry is defined
by three nodes and only translational degrees of freedom are used,
which makes the element convenient for implementation in codes
with explicit integration of the governing equations for problems
including contact and adaptive remeshing. The element is noncon-
forming but satisfies the patch test and the numerical test com-
puted did not show problems.

In uniform bending plane stress states, the element displays a
reasonable behavior. For more general problems including a mas-
sive discretization, the element shows a performance similar to the
linear strain element. Thus the element turns out to be an excellent
candidate for the membrane part of a shell element [19], specially
if it is oriented to sheet metal forming, where the membrane be-
havior is of utmost importance and requires a detailed discretiza-
tion of the domain.
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Fig.9 Stretching of circular sheet with a hemispherical punch.
(a) Punch force vs punch travel. (b) Thickness ratio along the
radius for different punch travels. (c) Equivalent plastic strain
along the radius for different punch travels.

For plane strain and axisymmetric states with finite strains in
the plastic range, the element performance is very good, similar to
the enhanced strain quadrilaterals. For quasi-incompressible elas-
tic problems the element is rather stiff for Poisson’s ratio greater
than 0.4999 but is quite good for Poisson’s ratio below 0.4990

A more detailed assessment of the element must be performed.
In particular the behavior in problems including very large strains
(exceeding 1) and the convergence properties in complex domains
and meshes where large gradients of the element size exist.
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