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ABSTRACT. In this article we study symmetry properties of the extremals for
the Sobolev trace embedding H!(B(0, 1)) — LI(0B(0,u)) with 1 < q¢ <
2(N —1)/(N —2) for different values of pu. These extremals u are solutions of
the problem

Au=u in B(0, p),
g—g = Au|?2u on OB(0, ).

We find that, for 1 < ¢ < 2(N —1)/(N — 2), there exists a unique normalized
extremal u, which is positive and has to be radial, for x small enough. For the
critical case, ¢ = 2(N—1)/(IN—2), as a consequence of the symmetry properties
for small balls, we conclude the existence of radial extremals. Finally, for
1 < g £ 2, we show that a radial extremal exists for every ball.

1. INTRODUCTION.

The aim of this article is to study of the following problem: Given a ball of radius
w, B(0, ), in RN, N > 3, decide wether or not there exists a radial extremal for
the embedding

HY(B(0, ) — LU(dB(0, ).

First, let us introduce our motivation. Let 2 C RY be a bounded smooth do-
main. Relevant for the study of boundary value problems for differential operators
are the two following Sobolev inequalities. For each 1 < ¢ < 2(N—-1)/(N —2) = 2,,
we have a continuous inclusion H!(Q2) — L7(9Q), and for each 1 < p < 2N/(N —
2) = 2%, H}(Q2) — LP(Q), hence the following inequalities hold:

Sllulliooa) < lulfn@), — Sllulirq) < lullfq)-

These inequalities are known as the Sobolev trace theorem and the Sobolev embed-
ding theorem respectively. The best constants for these embeddings are the largest
S and S such that the above inequalities hold, that is,

/ |Vo|? + |v|* dz
Q

inf
veH (Q)\H}(Q) 2/a
(/ |v|qda>
o0
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/|Vu|2dm
(1.2) S = inf e ——

veHgl(%)\{o} 2/p’
(/ [v|? dz)
Q

Along this paper, we denote by dz (do) the N dimensional (N — 1 dimensional)
Hausdorff measure.

The main difference between these two quantities, is the fact that S is homo-
geneous under dilatations of the domain, that is, if we define Q) = {pz| z € Q},
taking v(z) = u(ux) in (1.2) and changing variables we get

S(uQ) = M(PN—QP—QN)/PS_’(Q)_

On the other hand, S is not homogeneous under dilatations. In fact we have

/ p 2| Vo2 + v dz
Q

inf
vEHL(Q)\HL () 2/q
(/ lv|? da)
a0
where § = (Ng — 2N + 2)/q.

For1 < ¢ < 2,and1 < p < 2* the embeddings are compact, so we have existence
of extremals, i.e. functions where the infimum is attained. These extremals are weak
solutions of the following problems

(13) Su = S(ue2) =

)

Au=u in Q,
(1.4)
gu = Aul|™2u on 09,
n
where a% is the outer unit normal derivative, and
—Au = Nu|P2u in Q,
(1.5)
u=0 on 0f).

The asymptotic behavior of S(uf?) in expanding (1 — o0) and contracting do-
mains (¢ — 0), was studied in [4] and [6]. In [4] it is proved that for expanding
domains and ¢ > 2, S(u2) — S(RY). In [6] it is shown that

im S _ [ .
p—0+ pf 002/

The behavior of the extremals for (1.1) in expanding and contracting domains
is also studied in [4] and [6]. For expanding domains, it is proved in [4] that the
extremals develop a peak near a point where the mean curvature of the boundary is
a maximum. For contracting domains, we have that the extremals, when rescaled
to the original domain as v(x) = u(px), x € Q, and normalized with ||v||L«20) = 1,
are nearly constant in the sense that

(1.6)

lim v = in H'(Q).

b

1—0 |01/

Another big difference between the Sobolev trace theorem and the Sobolev
embedding theorem arises in the behavior of extremals. Namely, if €2 is a ball,
Q= B(0, ), as the extremals do not change sign, from results of [7] the extremals



SYMMETRY PROPERTIES 3

for (1.2) are radial while, if g exceeds 2 and p is large, extremals for (1.1) are not,
since they develop a peaking concentration phenomena as is described in [4].

The above discussion leads naturally to the purpose of this article: the study of
the symmetry properties for the extremals of the Sobolev trace embedding in small
balls. We find that the symmetry properties of the extremals depend on the size of
the ball. Our main result describes when there exists a radial extremal.

Theorem 1.1. Let 2, =2(N —1)/(N — 2) be the critical exponent for the Sobolev
trace immersion. Concerning symmetry properties of the extremals for the embed-
ding H*(B(0, 1)) — LY(0B(0, ) there holds,

(1) Let 1 < g < 2. For every pu > 0 there exists a radial extremal.

(2) Let 2 < g < 2,. There exists ug > 0 such that for every p < pg there is
a unique positive extremal, u, normalized such that |[u(px)| La@B(0,1)) = 1,
moreover this extremal is a radial function. However, for large values of
there is mo radial extremal.

(3) Let ¢ = 2. There exists pg > 0 such that for every pu < po there is a
positive radial extremal.

The main ingredient of the proof of the symmetry result for small balls is the
implicit function theorem. We remark that the moving planes technique cannot be
applied to obtain symmetry results in this case, as the extremals for large p are not
radial.

For the critical exponent 2, = 2(N —1)/(NN —2), we prove existence of extremals,
which turns out to be radial functions, for small balls. We remark that the exis-
tence of extremals for the critical exponent is not trivial, this is due to the lack
of compactness. This result has to be compared with the case of the immersion
HY(B(0,p)) — L*> (B(0,)) where it is well known that, by Pohozaev identity,
there is no positive solution of (1.5) regardless the size of the ball for the criti-
cal exponent 2* = 2N/(N — 2). However, there exist solutions for topologically
nontrivial domains.

For the existence of extremals in this critical case for general domains (2, see [3].

The rest of the paper is organized as follows: in section 2 we prove our symmetry
result for small balls and subcritical ¢. In section 3 we find a bound on the critical
radius below which there exists radial extremals. In section 4 we deal with the
existence of radial extremals with critical exponent and finally in section 5 we
prove that there exists a radial extremal for every ball if 1 < ¢ < 2.

2. SYMMETRY FOR SMALL BALLS AND SUBCRITICAL q.
In this section we use the implicit function theorem to show that there exists a
unique minimizer for p small.

As observed in the introduction, making the change of variables v(z) = u(ux),
we get

/ p 2 Vol + |v]? dw
— B B(0,1)

— inf

w=H ueHl(B(o,lu)a)\Hg(B(o,m) 2/q
/ |v|? do
9B(0,1)

)
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where 5 = (¢N — 2N +2)/q. As g < 2, the extremals exists and are solutions of

AU — #27} in B(O7 1)’
(2.1)

% _ M%Mq’zv on 0B(0,1).
We denote

S:{veHl(B(O,l)); / v|qd0:1}.
8B(0,1)

Let us consider the functional
F:8x[0,1] — (H'(B(0,1)))*
given by

F.0) =

S
VoV ds + p? / vpdr — > =L v g do.
B(0,1)

B(0,1) Hﬁ 8B(0,1)

This functional F is continuous and C! with respect to v.

‘We observe that 1

vy = 9B, 1)/ €S

and satisfies )

v (aB<o,1>|1/q’°> =0

We want to use the implicit function theorem to show that there exists a unique
solution, v = v(u) to the equation F(v,u) = 0, defined for small values of u near
1

Y0 = 3B, /e

To this end we state the following lemmas.

Lemma 2.1. The tangent space to S at vy is given by

Ty (S) = {z € H'(B(0,1)); /aB(O , zdo = 0} :

Proof. First let us prove that

T, (S) C {z € H(B(0,1)); /83(0 ., zdo = 0} :

Each curve v : (—1,1) — S with v(0) = vy satisfies

JARRCICI s
8B(0,1)

Differentiating at ¢t = 0 we get

df AT Od =l [ e =0
8B(0,1) 0B(0,1)

Now let us prove the reverse inclusion

Ty (S) D {z € HY(B(0,1)); /BB(O 1)zda = 0}.

Let z be such that

/ zdo =0,
8B(0,1)
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and consider the following curve

vy + tz
’V(t> = 1/q°
/ |vg + tz|?do
8B(0,1)
This curve verifies y(¢t) € S, v(0) = vg, 7/(0) = z. This ends the proof. O

Lemma 2.2. Let

A={pe (H'(B(0,1)))": {p,1) =0}
The derivative of F with respect to v at the point (vo,0) is given by

oF
%(U0,0) . T’U[)(S) — A
oF
%(va)(w)(qﬁ) = /B(o,l) VwVodx.

Proof. The result follows directly from the fact that

F(v,0)(¢) = / VoV d.

B(0,1)
O
Next we prove that %—f(vo, 0) has a continuous inverse.
Lemma 2.3. Given ¢ € A there exists a unique w € T,,(S) such that
/ VwVedr = (¢, d), V¢ € HY(B(0,1)).
B(0,1)
Moreover the map ¢ — w is continuous.
Proof. Observe that Ty, (S) is a Hilbert space with the inner product given by
(u,v) = / VuVvudz.
B(0,1)
Then the lemma follows from the Riesz representation Theorem. (I

Theorem 2.1. Suppose that 1 < q < 2,. There exists po > 0 such that for every
W < o there exists a unique positive extremal, u, for the embedding H'(B(0, it)) <
L%(0B(0, 1)) normalized such that ||u(pz)||LaoB(0,1)) = 1. Moreover this extremal
s a radial function.

Proof. From the previous lemmas we get that F' verifies the hypothesis of the
implicit function theorem, see for example [1]. Hence there exists o such that for
every p1 € [0, po] there exists a unique solution v = v(u) of

Fo,u) =0

with v near vg. Therefore there exists a unique weak solution of (2.1) near vy for
small values of p. By the results of [6] the extremals are weak solutions of (2.1) that
converges, as 1 goes to zero, to vy in H'(B(0,1)), the uniqueness of the extremal
follows.

Now take an extremal w; in B(0,u) and let R be any rotation, then ug(xz) =
u1 (Rx) is also an extremal. Since there is a unique extremal we must have u; = ug
and we conclude that the unique extremal must be a radial function. (I
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Remark 2.1. This method also works for any domain 0 and hence there exists
o > 0 such that for every p < pg there exists a unique positive extremal, u, for
the embedding H'(p€) < L9(0pSY) normalized such that |[u(px)||psa0) = 1.

Remark 2.2. Once we know that the extremals are radial we can obtain some
monotonicity properties expanding them as power series. Indeed as radial extremals
can be written in terms of Bessel functions, they have an expansion in powers of u,
[e%S) 27 . . oo
o(r) = 327 a;(r)p®. As an immediate consequence, we get some monotonicity
properties for small values of u, the normalized extremals are strictly decreasing as
functions of u, that is, if u1 < p2 then vy, > vy, in B(0,1). Moreover, S, /u’ is
decreasing as a function of u, that is, if py < pe then Sm/,uf > Sﬂz/ﬂg.

Remark 2.3. In the case N = 2, Theorem 2.1 holds for 1 < q < co.

3. ESTIMATE FOR THE CRITICAL RADIUS.

Theorem 2.1 says that for small balls (u small) the extremals are radial, while
the results of [4] say that this is not the case for large balls. Therefore we can define

(3.1) to = sup{p : there exists ug a radial extremal in B(0,0), V8 < u}.

This value pg is the critical size where we pass from radial extremals to nonradial
ones. Our next result is an estimate on the value of g

Theorem 3.1. The critical radius o defined by (3.1) verifies
0B(0, )|V [&

3.2 >

2 SONIER PSS

where
/ |Vo|? do
B(0,1)

”UHQL?*([}B(OJ))

(3.3) & =inf . v e HY(B(0, 1)),/ vdo =0, 3 >0.

dB(0,1)
Moreover, the set of parameters (i, q) such that there is no radial extremal is open.

Proof. From now on we use the notation

/ 12 Vol + [of? da
B(0,1)

2/q
/ |v]? do
8B(0,1)

for v € HY(B(0,1))\ H(B(0,1)), x>0 and 1 < g < 2,.
Let us look at the linear part of the problem near any positive solution v of (1.4).
The kernel of the linear part are the solutions of

Qv, 1, q) =

)

AZZ/LQZ in B(071)7
(3.4)

BBt e ono
with

/ zdo = 0.
9B(0,1)

Let us look for a bound on the value i such that (3.4) has a nontrivial solution.
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This value fi can be estimated as follows, multiply by z (3.4) and integrate by
parts to get

S
/ |Vz|*dx + ,u2/ 22 dr = /,LQ—Z(q - 1)/ 017222 do.
B(0,1) B(0,1) H 8B(0,1)

Now, by Holder’s inequality,

S —2
Vz2dq:+u2/ 22dr < P (q - 1)|jv||%, z||2, .
/ o7 p TORV O ey

We define ¢; = ¢1(q) as

/ |Vo|? da
B(0,1)

c1(q) = inf 5
101 Za050.1)

: veHl(B(O,l)),/ vdo =0, »,
8B(0,1)

and we get
S
ai(q) < MQ/TZ(Q - 1).
Also we have that, by [6] and Remark 2.2,
S, _ 1B,
W = 10B(0, P/
Then, if
1B(0,1)| (g—1)
B0, D7 17
we can not have a nontrivial solution v. Therefore we get that

__ 10BO,D]Y [ei(g)
P=TBo, e -1

We observe that ¢;(q) > ¢1(2.) = ¢1.

c1(q) > p?

To finish the proof of the estimate it remains to show that g < .

Assume that p9 < fi. Then, there exists a sequence p,, € R and v,, € H*(B(0,1))
such that ju, — po < fi, v, is an extremal for S, with ||v,||La(B(0,1)) = 1. Then,
it follows that ||v,||z1(B(0,1)) < C and so, there exists a subsequence (that we still
call v,) and a function v € H(B(0, 1)) such that

(3.5) v, — v weakly in H'(B(0,1)),
(3.6) v, — v in L*(B(0,1)),
(3.7 v, — v in LY(0B(0,1)).

Let us see that v is an non-radial extremal for S,,. By (3.7), ||v|[za(aB(0,1)) = 1 s0
v # 0.

Now, if v is a radial function, as there exists a unique radial solution of (1.4),
(v, o) must be a bifurcation point from the branch that starts with (vg,0) which
contradicts the definition of fi, then v is not a radial function.

By (3.5)-(3.6), we have

Qo) = [ Vo + [of do < limind Q(vn, s 0).
B

)
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Also, if there exists a function ¥ € H(B(0,1)) with Q(7, uo,q) < Q(v, po,q), we
get a contradiction from the fact that Q(0, pn,q) < Q(vn, ttn,q). Therefore, the
limit v must be a non-radial extremal.

By the implicit function theorem, and by our assumption i < pg there exists
a branch of non-radial solutions, v,, of (2.1) that passes through v and verify
lvullLeamo,)) = 1. Therefore, ||v.||g1(B(0o,1)) is uniformly bounded, hence the
branch cannot go to infinity for 4 < i and cannot go to zero. The only possibility
that remains is that for every 0 < p < po there exists a nonradial solution of (2.1),
but this is a contradiction with the results of section 2 that proves that the unique
solution of (2.1) must be radial for x small enough.

To finish the proof of the Theorem, it remains to show that the set of parameters
where the extremals are non-radial functions is open.

Let us define the set

A ={(u,q): there is no radial extremal of (1.1)}
We denote by H! ,(B(0,1)) the set of radial functions in H'(B(0,1)). Let

rad

(0, 90) € A. We have that

inf 5 10, < inf s 1405 q0)-
UeHllgfle(OJ))Q(” 1405 qo) veH! HEB(OJ))Q(U 10, q0)

rad

Now, if (p, q) is close to (uo, qo) by continuity of @, we get that

inf S, q) < inf Sy Q).
veHll(nB(O,l))Q(U ) veHgalﬁB(o,n)Q(v )

Hence (p,q) € A for every (u,q) close to (p0,qo) and the result follows. O

4. EXTREMALS FOR THE CRITICAL EXPONENT.

In this section we focus on the existence of extremals for the critical exponent
2, =2(N-1)/(N —2).

Theorem 4.1. For every p small enough there exists a radial extremal for the
1MmMersion

H'(B(0,p)) — L*(9B(0, ).

Proof. From (3.2) we get that there exists p; such that for every p < pp the
extremals are radial for every 2 < ¢ < 2,. In order to prove existence of extremals
in the critical case, the main idea is to take the limit as ¢ / 2, of a sequence of
radial extremals for H!(B(0,u)) < L4(0B(0, u)).

Let p < p1 be fixed, g; < 2, be any sequence such that ¢; 2, and let v; a
radial extremal defined in B(0,1). These v; are solutions of

Av; = v; in B(0,1),
(4.1)

v; = [0B(0,1)| 7"/ on &B(0,1).
As the boundary values converges uniformly

vj lop(o,)=10B(0,1)| "% — [0B(0,1)|*/*

we get that the sequence v; converges strongly in H'(B(0,1)) and uniformly to
some function v*.

We claim that v* is an extremal for 2,. In fact, assume that there exists w €
H(B(0,1)) such that Q(w,u,2,) < Q(v*,p,2.). We arrive at a contradiction
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noticing that, v; — v* and ¢; — 2, imply, by the continuity of Q, Q(w, i, q;) <
Q(vj, 1, q;) for j large enough. O

5. SYMMETRY OF EXTREMALS FOR 1 < g < 2.

Let us see that if there exists a radial extremal for some ¢; then there exists a
radial extremal for every 1 < g < ¢;.

Theorem 5.1. If there exists a radial extremal of the embedding H*(B(0, 1)) —
L1 (0B(0, 1)) and 1 < q < q1, then there exists a radial extremal for H'(B(0, 1)) —
L1(0B(0,1)). Moreover, these extremals are multiples of each other.

Proof. From Hoélder’s inequality

1/q1 L, 1/q2
(/ u|q1da) < oot (/ |uq2d0)
o0 o0

L

for 1 < g1 < g2, we get that Sg, < Sq1|8Q\ifq2.
Now assume that there exists a radial extremal, u,., for ¢ = go. Using that u, is
constant on the boundary 9B(0, y)

/ |Vur|2 + |ur\2dx
_ JBOu)

92 2/(12
/ |y |9 do
0B(0,p)

|V, |? + |u|? do

1 _ 1 Jp(o,
= [0B(0, )| 7 =204

2/q1
/ fuy | do
0B(0,u)

/ |V, [* + |u,|? da
B(0,p)

2/q1 —
/ || do
oB(0,p)

This finishes the proof. (I

a1
< [0B(0, )™ 52 Sy, .

Therefore

q1-

Now we prove that for every u the extremal is radial for ¢ = 2, see also [8] for a
proof of this fact for the immersion W1 (B(0, 1)) — LP(0B(0, i)).

Lemma 5.1. Let q = 2, then for every > 0 there exists a radial extremal for the
immersion H*(B(0,pu)) — L2(0B(0, i1)).

Proof. Tt follows easily from the fact that the eigenfunctions of

Au=u in B(0, u),
(5.2)
%Z = \u on 0B(0, u),

can be expanded in terms of spherical harmonics. In fact, the eigenfunctions are
given by

wkj (@) = Cglo"™% T nyo-a(lo)Yig <||) ’
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where CY; is a constant; I, and Y}; stand for the modified Bessel function of first
kind and order v and for any spherical harmonic of degree k. Here j labels the
spherical harmonics of degree k. For a review on special functions, see [2, 9].

The eigenvalues of (5.2) are given by

_ 1-— N/2 n I]/C+N/2_1(:u)
1% Iy nja—1(p)
The eigenfunctions uy; belongs to the eigenvalue A.

As I (a)/I,(a) increases when v increases, the smallest eigenvalue is Ag that has
associated a radial eigenfunction. ([

Ak

Hence we get the following result.

Corollary 5.1. For every q < 2 and every p > 0 there exists a radial extremal for
the embedding H'(B(0, 1)) — LI(0B(0, ).
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