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ABSTRACT

Numerical simulations of flow patterns at ultra-low Reynolds numbers over rigid and flexible airfoils and
the influence of flexibility on main aerodynamic properties, are presented and discussed. Typical unsteady
flights like heaving and flapping are, in terms of Reynolds and Strouhal numbers, reduced frequencies and
FSI (Fluid Structure Interaction) factor, are valuated. It has been found that for some flexibility levels, the
aerodynamic forces and propulsive efficiency are enhanced if compared with a rigid airfoil. The mathe-
matical technical approach used to solve the laminar-incompressible flow equations coupled with structural
algorithms, is described.

Keywords: Aerodynamic wing sections, CFD, Fluid structure interaction, Unsteady flows, Low Reynolds,
Flexible airfoil, Partitioned method, Finite element method.

NOMENCLATURE

c chord
c convective velocity
CD drag coefficient
CL lift coefficient
CP power coefficient
CT thrust coefficient
c̄x generic average coefficient
e structural thickness
E Young modulus
fh heaving frequency
fα pitching frequency
ha heaving amplitude
I Inertial moment
k reducy frequency, iteration
L lift
M Mach number
P input power
p fluid pressure
Re Reynolds number
U reference velocity
St Strouhal number
t time
T Thrust
u fluid velocity

us interface structural velocity
u f interface fluid velocity
um mesh velocity
û fractionary velocity
w transversal structural displacement
w̃ interface displacement
α angle of attack
δ∗ flexibility
δ tip displacement
∆t time step
η propulsive efficiency
µs structural mass per unit length
ρ f fluid density
ρs structural density
ρ∗ density relation
Σ FSI intensity factor
σ̄ fluid stress tensor
φh test elemental function
χα pitching phase
χh heaving phase
ψh test elemental function
ω relaxation Aitkens factor
Ω analysis domain

1. INTRODUCTION

The importance of ultra-low Reynolds flows lies in
technological applications like MAVs (Micro Air
Vehicles). They are flying systems with maximum
dimensions of 0.15[m] that can lead to revolutio-

nary improvements in remote sensing and informa-
tion gathering capabilities both in military as well
in civilian applications Radmanesh et al. (2014).
In many cases, an in depth study of phenomena
observed in flight is necessary to obtain maximum
propulsion with the highest efficiency.



Because of Reynolds number effects, aerodynamic
characteristics such as lift, drag and thrust of a
flight vehicle change considerably between MAVs
and conventional manned air vehicles. In fact, in
the nature, birds or insects flap their wings interac-
ting with the surrounding air to generate lift to stay
aloft or producing thrust to fly forward. The main
powered flights are: heaving and flapping (flights
with free stream) and hovering (flight without free
stream).

Unsteady aerodynamic mechanisms such as the
generation of a leading edge vortex (LEV), wing-
wake interaction, and three-dimensional flow fea-
tures, such as tip vortex-vortex interactions, all sig-
nificantly affect the aerodynamic force generation.
Another remarkable mechanism that the biological
flyers seem to be using is the wing flexibility. Stu-
dies have been performed to shed light on the in-
terplay between the structural flexibility and the re-
sulting aerodynamic forces.

Much research in this broad area have been made.
The most significant that can be named are: Guer-
rero (2008) carried out unsteady aerodynamic stu-
dies at ultra-low Reynolds in 2D and 3D configu-
rations built using the NACA 0012 wing section;
Combes and Daniel (2005) have shown that a varie-
ty of insects exhibit anisotropy in their wing struc-
tures based on static response tests.

Experimental and numerical studies Kang and Shyy
(2012), Kang et al. (2011), Aono et al. (2009)
have shown that the chordwise flexibility affects the
distribution of the resulting aerodynamic forces in
lift and thrust directions. For example, if the plate
shape undergoes deformation then the camber of
the plate may change, leading to an effective geo-
metry modification, wich combined with the pit-
ching angle the direction of the net force can be
adjusted in favor of the thrust generation. Further-
more, for a range of spanwise flexibility, deformed
airfoil shapes along the spanwise and the correct di-
rection of the motion, are seen to enhance the thrust
of a plunging wing.

Zhu (2007) showed numerically that the thrust and
the propulsive efficiencies increased more for a
plunging chordwise flexible airfoil in water than
immersed in air. Hence it is seen that the flexibility,
including the density ratio can be utilized to control
resulting aerodynamic forces. However the precise
underlying physics of aeroelastic coupling for flap-
ping wings and its applicability to the MAV designs
are yet to be understood.

The aerodynamic force generation caused by struc-
tural flexibility, is definitely essential to change lo-
cal behaviors in thrust and propulsive efficiency.
Studies like Olivier (2010), Heathcote and Gursul

(2005), Chandar and Damodaran (2009), Naderi
et al. (2016) analized flexibles and rigid airfoils
under sinusoidal flapping motion (or combined pit-
ching and heaving) of flexible insect wings un-
der realistic flight conditions such as forward flight
and/or rapid maneuvering.

Ranges of non-dimensional numbers found rele-
vant to unsteady flights of biological ”flappers”, are
also considered valid for MAVs. A characteristic
one for flapping motions is the Strouhal number
St = 2 fhha/U , where fh is the frequency and ha the
amplitude of motion. Therefore, the Strouhal num-
ber expresses the ratio between the flapping wing
velocity and the reference velocity U . The reduced
frequency given by k = π fhc/U is another parame-
ter that can be interpreted as a measure of unsteadi-
ness comparing the wave length of the flow distur-
bance to the chord c. Then the fundamental aero-
dynamics parameters are computed by:

CL(t) =
L(t)

1
2 ρ fU2c

(1)

where CL is the lift coefficient. Then the thrust co-
efficient is:

CT (t) =−CD(t) =
T (t)

1
2 ρ fU2c

(2)

where T =−D. and the input power coefficient is:

CP(t) =
P(t)

1
2 ρ fU3c

(3)

The thrust efficiency is:

η =
T̄U
P̄

=
c̄t
c̄p

(4)

where c̄t and c̄p are the average thrust and power
coefficents respectively.1

The dimensionless parameters of the flexible flap-
ping wing sections problem are Olivier (2010):
flexibility,

δ
∗ =

ρ f ( fhha)
2c3

EI
(5)

wich relates the dynamic pressure with structural
stiffness and the FSI intensity factor is defined by,

Σ =
ρ f ha

ρse
(6)

1The average coefficents are computed by: c̄x =
1
T
∫ t+T

t CX (t)dt where T is the period of the induced oscillatory
motion and CX (t) can be P(t), T (t), CL(t), CT (t), etc.
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wich represent the relation between structural iner-
tial forces and aerodynamic pressure. Density rela-
tion is:

ρ
∗ =

ρs

ρ f
(7)

2D unsteady flow sinusoidal kinematics are given
by the equations:

h(t) = hasin(2π fht +χh) (8)

α(t) = αasin(2π fαt +χα) (9)

where χh and χα are the phases angles.

2. NUMERICAL METHOD

2.1 Fluid Module

The two-dimensional time-dependent Navier-
Stokes equations are solved using the finite
element method, assuming incompressible-laminar
flow which is justified since the Mach number
of a MAV flight is M << 0.3 and the Reynolds
number Re < 10000. To represent the unsteady
flow, the Navier-Stokes equations are solved in
a fixed inertial reference frame incorporating
a moving mesh with velocity um following the
Arbitrary Lagrangian Eulerian (ALE) formulation
Donea and Huerta (2003). Conservation of mass
and momentum in a Ω analysis domain with
boundaries Γu

⋃
Γσ, with (t0, t f ) time interval of

analysis, are described by:

∇.u = 0 (10)

∂(u)
∂t

+(c.∇)u+
1

ρ f
∇p−ν∇

2u− fe = 0 (11)

The u is the two-dimensional flow velocity vector,
ρ f the constant density, ν the kinematic viscosity, p
the pressure, fe the external forces and c = u−um
is the convective velocity that represent the diffe-
rence between fluid velocity and mesh velocity. In
the present work, the algorithm of mesh movement
is based in operations of optimal smoothing, deve-
loped by Canann et al. (1998).

The equations previously presented can not be
solved by a numerical standard form because in-
compressibility gives raise to a flow field restric-
tion. There are several algorithms to deal with this
difficulty and the Fractional Step method used here
is one of them. The method meets the LBB con-
dition Babuska (1971) through the use of same or-
der of approximation for velocity and pressure. To
apply the Fractional Step algorithm the momentum

equation 11 without mesh movement um = 0 is di-
vided in two parts,

ûn+1 = un+

δt
[

un+θ.∇un+θ + γ
1

ρ f
∇pn−ν∇

nun+θ + fn+θ

]
(12)

un+1 = ûn+1− δt
ρ f

(∇pn+1− γ∇pn) (13)

In the Eq. 12 the fractionary velocity û is intro-
duced and used in Eq. 13. If the divergence of Eq.
13 is taken and the continuity equation is applied,
results:

∇
2(pn+1− γpn) =

ρ f

δt
∇.ûn+1 (14)

Through this equation the pressure is calculated. In
addition, γ is a numerical parameter such that its
values of interest are 0 and 1. The θ parameter de-
termine the kind of temporal approximation.

Then the Finite Element Method is used to dis-
cretize the govern equations and it provides an ap-
propriate resolution procedure Lohner (2001). The
resultant scheme is of first order (γ = 0) and the
temporal discretization (θ = 0) results in Euler for-
ward. The test functions (ψh,φh) ∈ Ψh ×Φh are
used such as:

1
δt
(ûn+1

h ,ψh) =
1
δt
(un

h,ψh)− (un
h.∇un

h,ψh)−

ν(∇un
h,∇ψh)− (fn

e ,ψh) (15)

(∇pn+1
h ,∇φh) =

ρ f

δt

[
(ûn+1

h −un
h,∇φh)− (∇un

h,φh)
]

(16)

(un+1
h ,ψh) = (ûn

h,ψh)−
δt
ρ f

(∇pn+1
h ,φh) (17)

where subindex h means it is applied on one ele-
ment. The last equations system is semi-implicit
because Eqs. 15 and 17 are explicit (lumped mass
matrix) and Eq. 16 for the pressure computation is
implicit 2.

The discretization of convective terms yields nu-
merical instabilities, therefore stabilization me-
thods must be used. In this work the Orthogo-
nal Subgrid Scale (OSS) algorithm is applied Co-
dina (2000b), Codina (2000a), Principe and Codina

2The notation used in the equations means: (a,b) =
∫

a.bdΩ
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(2009). The expresion for the convective stabiliza-
tion term ST Bu is:

ST Bu = τ1(un
h.∇un

h−π
n
h,u

n
h∇ψh) (18)

where πn
h is the convective term projection and it is

defined in Eq. 23. This equation add to momentum
Eq. 15 and it is evaluated in tn, therefore it remains
explicit.

The term stabilization of pressure ST Bp to be added
to the Eq. 16 is:

ST Bp =−(τ2(∇pn−ξ
n
h),∇φh) (19)

where ξn
h is the gradient pressure term projection

and it is defined in Eq. 24. In addition, it is evalua-
ted in tn, therefore it remains explicit.

The final complete stabilized scheme with mesh
movement um is obtained:

1
δt
(ûn+1

h ,ψh) =
1
δt
(un

h,ψh)− (cn
h ·∇un

h,ψh)

−ν(∇un
h,∇ψh)− (fn

e ,ψh)

− (τ1(cn
h ·∇un

h−π
n
h),∇cn

h ·∇ψh) (20)

(∇pn+1
h ,∇φh) =

ρ f

δt + τ2

[
(ûn+1

h −un
h,∇φh)− (∇un

h,φh)
]

+
τ2

δt + τ2
(∇ξ

n
h,∇φh) (21)

(un+1
h ,ψh) = (ûn

h,ψh)−
δt
ρ f

(∇pn+1
h ,φh) (22)

(πn
h, ψ̃h) = (cn

h.∇un
h, ψ̃h) (23)

(ξn
h, ψ̃h) = (∇pn

h, ψ̃h) (24)

where ψ̃h ∈ Ψ̃h and τ1, τ2 are stabilization coeffi-
cents. The system of equations of Eqs. 20, 22, 23,
24 are solved in explicit form with lumped mass
matrix and the system resultant of Eq. 21 is solve
in explicit form through of conjugate gradients with
diagonal pre-conditioner.

It is noted that the formulation of the scheme isn’t in
the ALE framework. To account the mesh velocity
it is necessary to introduce the convective velocity
c in convective and stabilization terms.

Finally the boundary conditions in viscous tensor
and velocity are:

• Imposed velocity: u = uc

• No slip: u = 0

• No traction: n.σ̄.n = 0

where σ̄ is the fluid stress tensor and n a normal
surface versor.

2.2 Structural Module

The govern equation of the structural model is:

∂2

∂x2

(
EI

∂w2

∂x2

)
=−µs

∂w2

∂t2 +q(x) (25)

where w is the transverse displacement, µs is the
mass per unit length, E Young’s modulus, I inertial
moment and q(x) a distributed transverse load.

Computations done for a flexible airfoil composed
of a rigid teardrop and elastic flat plate at higher
Reynolds number and for various motion frequen-
cies, Kang et al. (2011) showed that a linear Euler-
Bernoulli beam is sufficient for the analysis of the
fluid-structure interaction.

The Euler-Bernoulli beam model has been incorpo-
rated to solve Eq. 25 using a finite element (FE)
representation. The structural damping is not con-
sidered in this study and two degree of freedom,
i.e. displacement and bending, are allowed at each
node. The FE solution approach Cook et al. (2001),
Wright and Cooper (2007) is given by the following
steps:

• Determine the dynamic properties of each ele-
ment in the form of element stiffness and mass
matrices. In order to write the strain energy
and the kinetic energy terms for the element,
the variation of displacement within the ele-
ment will need to be expressed as a function of
the nodal displacements. It is assumed that the
variation of the transverse displacement along
the beam elements can be expressed as a cubic
polynomial.

• Assemble all the elements to form global mass
and stiffness matrices from which modes and
responses may be determined. The assem-
bly process satisfies exact compatibility of dis-
placements/rotations between elements. The
advantages of the finite element method are
that more elements may be used in regions
where the displacement and/or stress is ex-
pected to vary more rapidly and that more
complex geometries and problems may be
handled. The general equation to solve is:

Mr r̈+Krr = R (26)

where Mr is the global mass matrix, r is the
displacements vector, Kr is the global stiffness
matrix and R is the external forces vector.
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• Solve the general eq. 26 via damped Newmark
time integration scheme.

2.3 Coupling Strategy

The fluid-structure interaction is based on a time-
domain partitioned solution process, in which the
partial differential equations governing the fluid
and the structure are solved independently and spa-
tially coupled, through the interface between the
fluid and the structure Degroote (2010). At each
time step the fluid F and structural S solvers are
called one after the other, until sufficient conver-
gence on the displacements on the shared boundary
surface are reached in an inner-iteration before ad-
vancing to the next time step.

Since both fluid and structure have been mode-
led with continuous theory, the treatment of the
fluid-solid interface makes no exception. Only the
mass conservation and the momentum conservation
equations are considered as the other physics prin-
ciples are not required to describe elastic solid and
nearly incompressible flows. Therefore, the mo-
mentum and mass conservation at the FSI interface
yields the following conditions Olivier (2010):

us = u f
σ̄ f ·n = σ̄s ·n

(27)

which means that the fluid ( f subindex) and struc-
tural (s subindex) velocities and normal loads, are
equals in the interface. These conditions are imple-
mented in the code following the method presented
in Maza et al. (2012).

In this work, the strong coupling block Gauss-
Seidel partitioned method with relaxation Vazquez
(2007), Kuttler and Wall (2008) has been imple-
mented. Starting from known values of fluid struc-
ture and mesh in time tn, a scheme of the coupling
algorithm is presented in Fig. 1.

3. VERIFICATION OF NUMERICAL CODE

3.1 Verification of Baseline Solvers

As a verification case of the fluid solver, a rigid
NACA 0012 airfoil in flapping motion is analyzed.
The following parameters are considered: pitching
and heaving frequencies fα = fh = 0.225Hz, re-
ducy frequency k = 0.7096, maximum heaving am-
plitude ha = 1, phase angle χα = 90◦, Strouhal
number St = 0.45 and the variable parameter is the
pitching amplitude αa.

In the Table 1 a comparison of maximum lift coef-
ficient CLm and average thrust coefficient c̄t is pre-
sented. It can be concluded that the results obtained
in this work compare well with those given by Pe-
dro et al. (2003) and Guerrero (2008).

Advance time step: tn+1 =
tn + ∆t. Set iteration k = 1.

Structural predictor Neumann-
Dirichlet (Order 2): Find the
interface displacement w̃n+1

k
from structural solver S with

a predicted external force
given by a fluid pressure load:
pn+1 = 2pn− pn−1 to n ≥ 2.

Iterate the coupled FSI problem

Mesh movement: Transfer w̃n+1
k

to the mesh solver. Find the
aerodynamic nodal displacements

and mesh velocities um
n+1
k .

Solve the fluid-dynamic equa-
tions (F): Transfer the mesh

velocities um
n+1
k to fluid solver

F. Solve the fluid-dynamic
problem and find the fluid ve-

locities un+1
k and pressures pn+1

k .

Solve the structural equations
(S): Transfer the aerodynamic σ̄

and inertial loads to structural code.
Solve the structural problem and

find the beam displacements wn+1
k+1 .

Relaxation fase: Compute optimal
relaxation parameter ωk via

Aitken’s method. Relaxation of
predicted interface position with,
w̃n+1

k+1 = (1−ωk)w̃n+1
k +ωkwn+1

k+1 .

Increment
iteration
k = k+ 1

Check con-
vergence.

Go to next
time step

no

yes

Fig. 1. Chart of fluid-structure interaction cou-
pling algorithm.
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Table 1 Comparison of average thrust
coefficient c̄t and maximum lift coefficient CLm

in flapping motion for rigid NACA 0012.
Pedro et al. Guerrero P. Work

αa c̄t CLm c̄t CLm c̄t CLm
5◦ 0.43 8.33 0.42 8.08 0.43 8.21
10◦ 0.65 7.48 0.66 7.17 0.66 7.24
15◦ 0.82 6.63 0.84 6.54 0.82 6.39
20◦ 0.93 5.82 0.94 6.11 1.00 5.51
25◦ 1.00 5.06 0.96 5.61 1.09 4.99

Fig. 2. Comparison of tip displacement of beam
with prefixed displacement.

As a case for validating the solid module, a vibra-
ting cantilever beam model with prefixed displace-
ment is analyzed. This problem were solved by
Han et al. (1999) with four differents theoretical
models (Euler-Bernoulli, Shear, Rayleigh and Tim-
oshenko), through the method of eigenfunction ex-
pansion.

The beam properties are: length L = 1m, tubu-
lar section: internal ratius ri = 0.15m, external
ratius re = 0.16m, section area A = 0.0097389m2,
area inertial moment I = 0.0001171m4 and density
ρs = 7830kg/m3. Twenty finite unidimensional e-
lements along the beam were used. The function of
initial transversal displacement w(x,0) is:

w(x,0) = (1.667x3−5x2)10−3 (28)

where x is the coordinate along beam.

The tip displacements of the beam due to differents
methods are presented in the Fig. 2. The agreement
with the analytic results can be observed.

3.2 Verification of FSI Solver

The present FSI solver is verified with a slender
flexible structure fixed at the downstream end of a
bluff body. The body generates vorticity wich in-
duces oscillations in flexible structure. This prob-
lem was proposed originally by Wall and Ramm
(1998). The domain and boundary conditions are

Fig. 3. Problem FSI domain specifications (out of
scale).

Fig. 4. Comparison of tip displacement of flexible
structure fixed at bluff body.

presented in Fig. 3. The material properties of
the structure are density ρs = 0.1Kg/m3 and Young
modulus E = 2.5e6. The flow properties are den-
sity ρ f = 1.18e− 3Kg/m3, dynamic viscosity µ =
1.82e − 4Kg/m.s and free stream velocity U =
51.3m/s. The Reynolds number is Re = 333 with
the side length of the square rigid body used like
caracteristic length Lb = 1m. The fluid-structure
interaction is strong with a the density relation of
ρ∗ = 84.74.

Table 2 Comparison for FSI problem
P. Work Kassiotis Valdez Wall

f f s[1/s] 3.186 3.175 3.125 3.071
err f [%] - 0.352 1.940 3.700

δ[m] 0.998 1.031 0.997 1.328
erra[%] - 3.200 0.10 24.80

The fluid-dynamic mesh domain has 24745 ele-
ments and the structural mesh has 40 unidimen-
sional elements. The Fig. 4, shows the periodic
states obtained by different authors Wall and Ramm
(1998), Kassiotis et al. (2011), Vazquez (2007) in
comparison with the present work. In this work, the
periodic state is assumed when the difference be-
tween maximums amplitudes is lower than 0.05. A
close agreements are observed between the present
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Fig. 5. Average thrust coefficient c̄t and propulsive efficiency η for rigid airfoils in heaving motion (NACA
0004, 0006 and 0012).

Fig. 6. Velocity contours for rigid NACA 0004 (a,b,c,d) and NACA 0012 (e,f,g,h) in heaving motion
(St = 0.3).

Fig. 7. Average thrust coefficient c̄t and propulsive efficiency η as function of αa in flapping motion of
rigid airfoils (NACA 0004 and 0012).
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computed results and the numerical values of the
authors, mentioned above.

To complete the analysis in Table 2 a comparison
between response frequencies f f s and maximum tip
displacements δ with respective errors are listed 3.

4. NUMERICAL RESULTS

The fundamental parameter of unsteady analysis is
the Strouhal number, defined as St = 2 f ha/U . Tay-
lor et al. (2003) and Triantafyllou et al. (1993)
performed a study of wing frequencies and ampli-
tudes, and cruise speeds across a range of birds, in-
sects, fishes and cetaceans, to determine Strouhal
numbers in “cruising” flight. They found 75% of
the 42 species considered fall within a narrow range
of 0.19 < St < 0.41 Guerrero (2008). Therefore, a
similar range of Strouhal numbers in this work has
been selected.

4.1 Heaving motion of rigid airfoils

The first analysis is a heaving motion with kine-
matic described by Eq. 8. The analysis is applied
to NACAs four digits (0004, 0006 and 0012) sym-
metrical rigid airfoils. The kinematics parameters
are: heaving frequency fh = 1Hz and a variable
Strouhal number throughout the heaving amplitude
0.1 < ha < 0.5 and Re = 1100. The average thrust
coefficient c̄t and propulsive efficiency η = c̄t/c̄p
in terms of the Strouhal number are presented in
Fig. 5. Note that the numerical results obtained by
Guerrero (2008) are added. It can be seen in Fig.
5 that thrust and propulsive efficiency increase with
airfoil thickness.

Comparisons between velocity contours of NACA
0004 and NACA 0012 airfoils at differents times
Fig. 6, helps to understeand the simulation results
shown in Fig. 5. Times in Figs. 6 (a) and (e) is
t = 0.45s, (b) and (f) t = 0.86s, (c) and (g) t = 1.29s
and (d) and (h) t = 1.64s. The formation of leading
edge vortices (LEV) and its convection toward the
wake, can be detected. With NACA 0004 the LEV
remains longer time at the nose that it does with
NACA 0012, and the low pressure created there de-
lays convection of th vortex toward the wake and
therefore affecting the propulsive and its efficiency.

4.2 Flapping motion of rigid airfoils

The second analysis is the flapping motion. The
name flapping is applicable to a combined motion
of heaving and pitching, consequently the kinema-
tics relations given by sinusoidal Eqs. 8 and 9 are
simultaneously applied.

In Fig. 7 are shown average thrust coefficients c̄t

3The error was calculated like err f =
fp− fr

fr
where fp is the

present work frequency and fr the referenced frequency. To the
max. tip displacement errors the same form is applied.

and propulsive efficiencies η applicable to NACA
symmetric rigid airfoils 0004 and 0012, as func-
tion of the pitching angle 5◦ < αa < 25◦ with fα =
fh = 0.3, ha = 0.5m, χα = π/2 and St = 0.3. The
thrust and efficiency are positives in all cases ob-
tained and greater than obtained in heaving motion
for rigid airfoils. Both geometries show a similar
c̄t curve although NACA 0012 is somewhat more
efficient than NACA 0004. In Fig. 8 are shown
average thrust coefficients c̄t and propulsive effi-
ciencies η applicable to NACA symmetric rigid air-
foils 0004 and 0012, as function of the heaving
amplitude 0.025 < ha < 0.5 (0.05 < St < 1) with
fh = fα = 1, αa = 15◦ and χα = π/2. The c̄t coeffi-
cient always increases with the heaving amplitude.
The efficiency shows a tendency to increase up to
ha = 0.1 (St = 0.3) and then decreases for larger
amplitudes.

4.3 Heaving motion of flexible airfoils

An analysis of the influence of flexibility δ∗ (Eq.
5) and fluid-structure interaction intensity factor Σ

in two symmetric airfoils NACA 0012 and NACA
0004 in heaving motion, is performed. The same
sinusoidal kinematic and parameters of rigid air-
foils are used. The Strouhal number is fixed to
St = 0.3 (maximum efficiency obtained in rigid
airfoils). The variable parameters through Young
modulus E are 8.707e− 6 < δ∗ < 8,707e− 3 and
through structural density ρs, 0.217 < Σ < 1.783.

The average traction coefficient c̄t and the efficien-
cy η are presented in Figs. 9 (NACA 0012) and
10 (NACA 0004). It can be seen the same be-
havior in both airfoils, although little higher va-
lues for NACA 0004. When the structural flexi-
bility is lower than δ∗ > 1e− 3, the coefficients
are almost equals to the rigid airfoils (the defor-
mation is very small). When the flexibility δ∗ >
1e− 3, c̄t increases to a maximum value and then
decreases. When the FSI intensity factor Σ is di-
minished (structural density ρs is increased), c̄t is
increased. Note that efficiency η is dependent of
c̄p, that it presents a high decrease with δ∗.

As in the analysis of rigid airfoils, a comparison at
different times of velocity contours between flexi-
bles NACA 0004 and NACA 0012 (Fig. 11) helps
to understand the results of the simulations. The
case selected is δ∗ = 2,64e−003 and Σ = 0,26168.
Times in Fig. 11 are the same used with rigid air-
foils. These are (a) and (e) is t = 0.45s; (b) and
(f) t = 0.86s; (c) and (g) t = 1.29s and (d) and (h)
t = 1.64s. In both airfoils the leading edge vortexes
are convected faster than rigid airfoils. A low pres-
sure region is generated in the lower surface du-
ring the upstroke and in the upper surface during
the downstroke. In addition, the flexion of airfoil
increases the low presion and improves the convec-
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Fig. 8. Average thrust coefficient c̄t and propulsive efficiency η as function of ha in flapping motion of
rigid airfoils (NACA 0004 and 0012).

Fig. 9. Thrust coefficient c̄t and propulsive efficiency η in heaving motion for flexible NACA 0012.

Fig. 10. Thrust coefficient c̄t and propulsive efficiency η in heaving motion for flexible NACA 0004.
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Fig. 11. Velocity contours for flexible NACA 0004 (a,b,c,d) and NACA 0012 (e,f,g,h) in heaving.

Fig. 12. Thrust coefficient c̄t and propulsive efficiency η in flapping motion for flexible NACA 0012.

Fig. 13. Thrust coefficient c̄t and propulsive efficiency η in flapping motion for flexible NACA 0004.

10



tion of LEV toward the trailing edge and its cou-
pling with the wake. The consequence is a increase
in c̄t and η like the results are showing.

4.4 Flapping motion of flexible airfoils

4.41 Sinusoidal kinematic

The next analysis applies to flapping motion on
flexible airfoils. The kinematics are sinusoidal and
the parameters of motion are St = 0.3 (ha = 0.15),
Re = 1100, fh = fα = 1, αa = 10◦ and χα = π/2. It
is observed in Figs. 12 and 13 that in both airfoils,
c̄t has increased with respect the value obtained in
heaving motion. Maximum c̄t from flapping are
limited to the interval of flexibility 1e− 3 < δ∗ <
1e− 2, and this interval is the same for maximum
c̄t produced in heaving motion.

Note that greater c̄t values are for minimum Σ or
higher ρs values. If the efficiency η is compared
with the results obtained in flexible airfoils in hea-
ving motion, the difference found between maxi-
mums values of c̄t are not big, it can be concluded
that in certain cases the structural flexibility can re-
place rotations mechanism in MAVs, saving some
weight.

4.42 Alternative kinematic

A third analysis of flexible airfoils in flapping mo-
tion with an alternative kinematic is performed.
This kinematics is characterized by Eqs. 29 and 30:

h(t) =
ha

sin−1(0.8)
sin−1 (0.8 sin(2π fht)) (29)

α(t) =
αa

tanh−1(3)
tanh−1 (3 sin(2π fαt +χα)) (30)

The model takes the wing kinematic used in the
Robofly model of Dickinson et al. (2004) and Bos
et al. (2007). Based on observation of true insect
flights, it was accepted that the wing maintains a
constant velocity and angle of attack during most of
the stroke, with a relatively strong linear and angu-
lar acceleration during stroke reversal. This results
with typical “sawtooth” displacement and “trape-
zoidal” angle of attack pattern of the Robofly kine-
matic model, are illustrated in Fig. 14. The pa-
rameters of kinematic are the same used in sinu-
soidal kinematic, St = 0.3 (ha = 0.15), Re = 1100,
fh = fα = 1, αa = 10◦ and χα = π/2.

In the Figs. 15 and 16 the average thrust c̄t and ef-
ficiency η are presented. In both airfoils is detected
an increase in the thrust respect to the sinusoidal
kinematic, and the maximum values are between
1e− 4 < δ∗ < 1e− 3. The greater c̄t values (mini-
mum Σ) are given by the NACA 0004 airfoil. In the

Fig. 14. Alternative kinematic.

alternative kinematic, the angle of attack remains in
its position of maximum amplitude for longer time,
because of its “trapezoidal” pattern (Fig. 14). This
implies that vortices generated at the trailing edge
(TEV) are more intense, as a results high speed
there is in the wake. Therefore, in the leading edge
exist a high suction during more time in compari-
son with sinusoidal kinematic wich allows better
convection of generated (LEV). Since both edges
in NACA 0004 are sharper than in NACA 0012, the
convection is even more intense.

The propulsive efficiency presents a different be-
havior respect to the sinusoidal kinematics and the
maximums values are between 1e−4< δ∗ < 5e−3
, however it depends of average power coefficient
c̄p.

5. CONCLUSIONS

In heaving motion studies, rigid and flexible sym-
metrical wing sections are considered. Average
thrust coefficients and propulsive efficiencies for
selected motion frequencies are numerically simu-
lated, and the results plotted in terms of a Strouhal
number determined using the heaving amplitude.
As a help to better understand the simulation re-
sults, velocity contour pictures allowing compari-
son between wing sections at prescribed identical
times, are built and shown. Based on these pic-
tures, generation and displacement of vortexes as
the wing section executes the heaving motion are
described, and justifications about why an airfoil
has better performances than other one when exe-
cuting such motion, are given. Studies related to
the influence of flexibility and FSI intensity fac-
tor on thrust coefficients and propulsive efficiencies
in heaving motions, are made. From comparisons
with rigid data it is concluded that for some flexi-
bility values, improvements are feasible.

Combinations of pitching and heaving motions
(flapping) for rigid and flexible wing sections, have
also been simulated. Like in rigid airfoils, the ma-
ximum pitch angle and vertical displacement am-
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Fig. 15. Average c̄t, c̄p and η coefficients in alternative flapping kinematic (NACA 0004).

Fig. 16. Average c̄t, c̄p and η coefficients in alternative flapping kinematic (NACA 0012).
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plitudes are taken as plotting variables. It is found
that for given pitch angles a maximum propulsion
value exist, and this maximum increases when the
heaving amplitude of the flapping motion, is also
increased. With flexible airfoils, a comparison be-
tween two flapping kinematics is performed. In
both kinematics, the influence of flexibility and
FSI intensity factor on propulsion and its efficiency
are studied. Between the sinusoidal kinematic and
heaving motion, a similar behavior is found. There-
fore, the possibility exist of somehow using wing
flexibility (passive pitching) to replace pitching mo-
tion hardware in MAV applications and so, the
weight can be reduced.

The Finite Element software here used can in run
time, build moving grids needed to perform nume-
rical simulations of unsteady motions like heaving
and flapping with rigid as well as with flexible 2D
wing sections. For dealing with flexible wing sec-
tions, an appropriate structural module and algo-
rithms to compute fluid-structure interactions (FSI),
are implemented. In addition, and to handle com-
plex geometries, more elements are created in re-
gions where it is expected that displacements and/or
strains vary rapidly.
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