SOLVSOLITONS ASSOCIATED WITH GRAPHS

RAMIRO A. LAFUENTE

ABSTRACT. We show how to associate with each graph with a certain prop-
erty (positivity) a family of simply connected solvable Lie groups endowed
with left-invariant Riemannian metrics that are Ricci solitons (called solvsoli-
tons). We classify them up to isometry, obtaining families depending on many
parameters of explicit examples of Ricci solitons (of arbitrarily large dimen-
sion). A classification of graphs with up to 3 coherent components according
to positivity is also given.

1. INTRODUCTION

An important conceptual contribution of Ricci flow theory has been the notion of
Ricci solitons, which generalize Einstein metrics, and are precisely the fixed points
of the flow up to scaling and pull-back by diffeomorphisms (see [C, Ch. ] for further
information). The main object of this paper is to give, in any dimension, explicit
continuous families of homogeneous Ricci solitons all diffeomorphic to the Euclidean
space, which can be easily constructed starting with a graph. The geometry (e.g.
curvature, geodesics, isometries, convergence issues, etc.) of these metrics may
be computed in terms of the graph, providing a good framework to test general
conjectures and open questions on Ricci solitons.

In the homogeneous case, all known examples of nontrivial Ricci solitons are solv-
solitons, i.e. simply connected solvable Lie groups endowed with a left invariant
metric g whose Ricci operator satisfies Ric(g) = ¢I + D, for some ¢ € R and some
derivation D of the Lie algebra. Such metrics are called nilsolitons in the nilpotent
case, and have been extensively studied because of their interplay with Einstein
solvmanifolds (i.e. Ric(g) = ¢I). The existence of continuous families of Einstein
solvmanifolds (or equivalently, of nilsolitons) was first proved in [H] as deforma-
tions of rank-one noncompact symmetric spaces. Explicit examples of such families
later appeared in [GK] (a 2-parameter family of 9-dimensional, 2-step nilpotent
Lie algebras); [L2] (a curve of 7-dimensional, 6-step nilpotent Lie algebras, which
is the lowest possible dimension for a continuous family); [K] (2-parameter fam-
ily); [N] (several families of filiform Lie algebras); [J] (continuous families of 2-step
nilpotent Lie algebras, of arbitrarily large dimension); [A] (filiform Lie algebras of
dimension 8). All this is in clear contrast to the compact homogeneous case, where
the existence of continuous families of Einstein metrics is still an open problem
(see [BWZ]). It should also be noticed that all the continuous families mentioned
above vary the nilradical. In this paper, we vary instead the subspace of symmetric
derivations of a fixed nilradical in order to get continuous families of solvsolitons.

Concerning solvsolitons, it was proved in [L4] that, up to isometry, any solvsoli-
ton can be obtained via a very natural construction from a nilsoliton together with
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any abelian Lie algebra of symmetric derivations of its metric Lie algebra. More-
over, two of such abelian subalgebras give rise to homothetic solvsolitons if and only
if they are conjugate by an orthogonal automorphism. The following uniqueness
result is also obtained in [L4]: a given solvable Lie group can admit at most one
solvsoliton up to isometry and scaling. In this way, solvsolitons provide canonical
metrics on solvable Lie groups, where Einstein metrics may not exist.

Recently, in [Wi], it has been shown that the set of homothecy classes of solv-
solitons associated to a given nilsoliton is parameterized by the quotient of a Grass-
mannian over a finite group, and a classification of solvsolitons in dimension < 7 is
given, where many explicit families of non-Einstein solvsolitons appeared.

In this paper, we consider certain nilsolitons attached to graphs found in [LW]
and apply the construction mentioned above to obtain families, depending on many
parameters, of explicit examples of solvsolitons. Given a graph G, a 2-step nilpotent
Lie algebra ng can be naturally defined, which admits a nilsoliton metric if and only
if G is positive; namely, a certain uniquely defined weighting on the graph is positive.
For example, graphs with at most five vertices (excepting only one), regular graphs
and trees without any edge adjacent to four or more edges are positive (see [LW]).
We prove that for any positive graph G with p vertices and ¢ edges, the set of
(r + p+ q)-dimensional solvsolitons associated to ng, up to isometry and scaling, is
parameterized by the quotient

Gr,(RP)/ Aut(G),

where Gr,.(RP) is the Grassmannian of r-dimensional subspaces of R? and Aut(G)
is the automorphism group of the graph G acting naturally as permutations on R?
(see Theorem 4.5 for a more precise statement). In this way, as Aut(G) is a finite
group, one obtains a family depending on r(p — r) parameters of solvsolitons on
each dimension r 4+ p+ ¢q. There is a single element in this family which is Einstein.

In Section 5, we exhibit new examples of positive and nonpositive graphs by giv-
ing a complete classification for graphs having at most three coherent components.

Acknowledgements. 1 am very grateful to my PhD advisor, professor Jorge Lauret,
for introducing me to these topics, and for his help while developing this work. I
would also like to thank David Oscari, for his useful comments on a preliminary
version of this article.

2. PRELIMINARIES

2.1. Homogeneous Ricci solitons. We begin by giving a brief review about Ricci
solitons on homogeneous manifolds, following [L4].

A complete Riemannian metric g on a differentiable manifold M is said to be a
Ricci soliton if its Ricci tensor ric(g) satisfies

(1) ric(g) =cg+Lx g, for some c € R, X € x(M) complete,

where Ly is the usual Lie derivative, and x(M) is the space of all differentiable
vector fields on M.

We see that Ricci solitons are very natural generalizations of Einstein metrics
(i.e. ric(g) = cg). However, the main significance of the concept is that g is a Ricci
soliton if and only if the curve of metrics in M

(2) g9(t) = (=2¢t + 1)¢j g,
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is a solution to the Ricci flow
0
3) Solt) = —2xie(g(0),
for some one-parameter group ¢; of diffeomorphisms of M.
In this work we will only be interested in homogeneous Ricci solitons (i.e. those
defined on homogeneous manifolds).

Remark 2.1. It is worth pointing out that even Einstein metrics on homogeneous
manifolds are still not completely understood. For a recent account of the theory
in the noncompact case we refer the reader to [L3] and the references therein, and
for an update in the compact case we refer to [BWZ] and the references therein.

As we have mentioned, all known examples so far of nontrivial homogeneous
Ricci solitons are isometric to a left-invariant metric g on a simply connected Lie
group G, and can be obtained in the following way: we identify ¢ with an inner
product on the Lie algebra g of G, and let us suppose that

(4) Ric(g) =l + D, for some ¢ € R, D € Der(g),

where Ric(g) denotes the Ricci operator of g (i.e. ric(g) = g(Ric(g)-,-)). Then g is
a Ricci soliton (see [L4] for more details).

Remark 2.2. Tt is an open question whether every left-invariant Ricci soliton metric
satisfies (4), and concerning existence, up to now all nontrivial examples are on
solvable Lie groups. However, it is worth mentioning that in the nilpotent case,
every left-invariant Ricci soliton metric must satisfy (4) (see [L1])

Definition 2.3. [L4] A left-invariant metric g on a simply connected solvable
(nilpotent) Lie group is called a solvsoliton (nilsoliton) if the corresponding Ricci
operator satisfies (4).

We will identify such a metric with the corresponding inner product on the Lie
algebra of the group.

Recall that a simply connected Lie group endowed with a left-invariant Rie-
mannian metric is called a solvmanifold if it is solvable, and nilmanifold if it is
nilpotent.

2.2. Solvsolitons built up from nilsolitons. The following construction from
[L4] shows how, in a very natural way, solvsolitons can be obtained from a nilsoliton.

Proposition 2.4. [L4] Let (n,(-,-)1) be a nilsoliton Lie algebra, say with Ricci
operator Ricy = ¢l + Dy, ¢ < 0, Dy € Der(n), and consider a any abelian Lie
algebra of (-,-)1-symmetric derivations of (n,(-,-)1). Then the solvmanifold S with
Lie algebra s = a ®n (semidirect product) and inner product given by

(s Maxn = ()1, (a,n) =0, (A A) = —%trAQ, VA € q,
is a solvsoliton with Ric = ¢l + D, where D € Der(s) is defined by D|, = 0,D|,, =

Dy —ad H|, and H is the mean curvature vector of s.

From now on, when there is no ambiguity, we will speak about nilsolitons or
solvsolitons instead of nilmanifolds or solvmanifolds, often referring to the Lie al-
gebra of the group endowed with the corresponding inner product. We see that the
construction above may lead to different solvsolitons, depending on the algebra of
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derivations a chosen. Two questions arise naturally at this point: whether every

solvsoliton can be constructed in this way, and when two of them are isometric.
The answer to the first question is known to be affirmative. The following result

is given as a corollary to the structure theorem on solvsolitons [L4, Theorem 4.8]:

Theorem 2.5. [L4] Up to isometry, any solvsoliton can be constructed as in Propo-
sition 2.4.

Concerning the second question, we cite the following proposition, which gives
us the equivalence relation to be considered in order to study solvsolitons up to
isometry.

Proposition 2.6. [L4] Let (n,{-,-)1) be a nilsoliton and let us consider two solv-
solitons S and S’ constructed as in Proposition 2.4 for abelian Lie algebras

a,a’ C Der(n) Nsym(n, (-,-)1),

respectively. Then S is isometric to S’ if and only if there exists h € Aut(n) N
O(n, (-,-)1) such that «’ = hah™'.

2.3. The Lie algebra associated with a graph. Here we show how to associate
a Lie algebra to a graph, and we describe conditions on the graph such that the
resulting Lie algebra admits a nilsoliton inner product. This construction was first
considered in [DM], where the automorphisms group of the Lie algebra is studied,
and then in [LW], where necessary and sufficient conditions for the Lie algebra to
admit a nilsoliton inner-product are obtained.

Let G = (S, E) be a (finite, undirected) graph, with set of vertices S = {v1,...,v,}
and edges E = {l1,...,lq}, li, = v;v; for some 7, j. We associate to it the Lie algebra
ng = (R", [-,-]), n =p + ¢, with

[e_ e_]: €ptks iflkZ’Ui’Uj,’L'<j;
B 0, otherwise (i < j),

where {e; }7, is the standard basis for R”. We will often identify the vertices of the
graph with the vectors e;’s, 1 < i < p, and the edges with the ex’s, p+1 < k < p+q.
Then the bracket between two vertices v; and v; with ¢ < j is the edge that joins
them, if it exists, and zero otherwise. To obtain a well defined bracket we add the
assumption that no two edges join the same pair of vertex.

The Lie algebra ng so obtained is clearly 2-step nilpotent, and it was proved by
M. Mainkar that it is closely related to the starting graph, in the sense that two ng
of those are isomorphic as Lie algebras if and only if the corresponding graphs are
isomorphic as graphs.

Remark 2.7. The mapping that takes graphs onto 2-step nilpotent Lie algebras
is not surjective: there are for instance continuous families in the space of 2-step
nilpotent Lie algebras up to isomorphism (starting with dimension 9), whereas there
are only finitely many of the graph-kind in each dimension.

The following result describes the condition that a graph Lie algebra must satisfy
to admit a nilsoliton inner product, in terms of the graph.
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Proposition 2.8. [LW] ng admits a nilsoliton inner product if and only if there
exist weights c1,...,cq € R for the edges such that

Bert+ > em =1, Vk=1,...,q,
L~

c, >0, Vk=1,...,q,

where the first sum is over all edges l,,, that share a vertex with ly, and v > 0 is
any real number.

A graph satisfying this property is called positive. If we consider the line graph
L(G) of G (i.e. the graph that has one vertex for each edge of G, and an edge
between two of them if and only if the corresponding edges of G are adjacent), the
first condition above may be written in terms of its adjacency matrix Adj L(G) as

C1 1
(5) (3]+AdjL(g))[§]—V[:].

Cq 1
Recall that the adjacency matrix of a graph with n vertices labeled as {v1,...,v,}
is a (symmetric) n x n matrix with 1 on its ¢j entry if v;v; is an edge, and zero
otherwise. It can be proved that the matrix 37 + Adj L(G) is positive definite, thus
given v > 0 the above system has always a unique solution. And since v > 0, the
condition about the positivity of the c¢; is just to say that the following vector

1
(31 +AdjL(G))! l : ]
i
has positive entries.

This property will be discussed with more detail in Section 5. However, it is
worth mentioning now that we don’t know of existing techniques from graph theory
that help us determine whether a graph is positive or not.

Let us see now, for further reference, how to calculate the nilsoliton inner product
on ng. Let (cx) be the solution to (5) with ¢, > 0 Vk and > 7_, ¢, = 1. Let us
define the operator g in ng whose matrix in the standard basis is

Ver 0
_| I 0 _

0 Ve

Then the nilsoliton inner product (-,-); on ng is given by the formula

€ RPXP,

1 0
e R, Ip:[
0 1

(7) (z,wh = (972,97 'w), Vz,weng

where (-, -) is the canonical inner product on R™; see [LW] for further details.

The standard basis ey, ..., e, is orthogonal (although not necessarily orthonor-
mal) with respect to this new inner product. If V' is the vector space generated by
the vertices of G (i.e. by e1,...,¢ep), we can easily see that the nilsoliton restricted
to V x V is precisely the canonical inner product there. From now on, for every
subspace of ng we will call (-,-) the canonical inner product there, to distinguish
from the restriction of (-,-); to that subspace.

Remark 2.9. From the uniqueness of the nilsoliton weights, it is easy to see that if
o : G — G is a graph automorphism of G, then the weights that make the graph
positive are invariant by o (i.e. if [ = v;v; and I, = o(v;)o(v;), then ¢, = ).
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2.4. Coherent decomposition of a graph. Here we introduce the notion of
coherent components of a graph, which will be very useful when studying the Lie
algebra associated with it. Let G = (S, F) be a graph, and let us define for each
aes

Q(a)={weS:waeE} and Qa)=Q(a)U{a}.
Now consider the equivalence relation ~ in S defined as follows:
a~ f ifand only if Q'(a) C Q(B) and Q'(8) C Q(«),

i.e. two vertices are related by ~ if and only if they have the same neighbors’.
Let A = A(S, E) be the set of equivalence classes in S with respect to ~; for each
A € A we call Sy C S its equivalence class. The subsets Sy, A € A, are the coherent
components of (S, E); they form a partition of the set S.

This decomposition was considered in [DM], where the following properties are
also mentioned:

o If the graph (S, F) is not connected and has no isolated vertices, its coherent
components are just the set of the coherent components from each of its connected
components. On the other hand, if it does have isolated vertices, all of them conform
one coherent component, and the rest of the graph is decomposed as above.

e Given G = (S, E), with Sy, A € A its coherent components, it is easy to see
that if for a given A € A there exist a, 8 € Sy such that o € E, then &n € E
V¢, n € Sy. This implies that a coherent component is on its own either a complete
graph or a discrete one.

e To generalize the previous item let us assume that, given A\, u € A, there exist
o € Sy and 8 € §, such that a8 € E. Then it is easy to see that {&n € E for
all £ € S\, n € S,. Therefore, given two coherent components Sy and §,,, either
they are not adjacent at all, or every possible edge between them is present in E.
To sum up, let us define a set of unordered pairs £ in such a way that Ay € £ if
and only if the components Sy and S, are "adjacent’. We call (A, £) the coherence
graph associated with (S, E). Let Ag C A be the subset of coherent components
Sy such that (S, F) restricted to it is a complete graph, and furthermore let us
consider a set M = {my : A € A} C N. From the properties mentioned above it is
clear that the coherence graph (A, &) together with Ag and M fully determine (up
to isomorphism) the graph (S, E): given a, 3 € S, say o € Sy, 8 € S, aff € E if
and only if A =y € Ag or A\ € €, and given A € A, the correspondent coherent
component Sy is a graph with m) vertices that is complete if A € Ag, and discrete
otherwise.

These properties give us the following useful result on the weights of a positive
graph. We call two edges similar if they join the same pair of coherent components.

Proposition 2.10. Let G = (S, E) be a positive graph, with weights (c¢;)?_, for
some v > 0 fized. If l;,1; are two similar edges, then c¢; = c;.

Proof. By Remark 2.9 it suffices to prove that there is a graph automorphism
interchanging I; and [;. Let us write [; = vqup, l; = vevq, With ve,v. € Si,
U, Vg € S, We define o : S — S by 0(vq) = ve, 0(ve) = va, 0(vp) = va, 0(vqg) = s,
and o(v) = v otherwise. From the properties of the coherent components it is clear
that o is a graph automorphism of G, and it interchanges [; with [;. 0
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3. SYMMETRIC DERIVATIONS AND ORTHOGONAL AUTOMORPHISMS OF ng

We have shown how to associate solvsolitons to a positive graph. Following the
discussion in 2.2, it is clear that in order to classify solvsolitons up to isometry we
have to solve the following problem:

Problem 3.1. To describe the set of all abelian Lie algebra of symmetric deriva-
tions of ng up to conjugation by an orthogonal automorphism of ng.

Recall that the notions of symmetric and orthogonal here are with respect to the
nilsoliton inner product (-,-); on ng.

3.1. Derivations of a 2-step nilpotent Lie algebra. Let n be an arbitrary 2-
step nilpotent Lie algebra, and let us consider a vector space V' complementary to
[n, n].

Given 0 € Hom(V,[n,n]) we define Dy € End(n) as Dy(€) = 6(w(£)), where
m :n — V is the canonical projection. Since n is 2-step nilpotent, we see that
Do(&,m) = O(x(&,m)) = 6(0) = 0 = [Do€.n] + [€, Don], then Dy € Dex(n).
These derivations form a Lie subalgebra of Der(n), which we call u. Moreover, let
t={D € Der(n) : D(V) C V}, another Lie subalgebra of Der(n).

Proposition 3.2. Der(n) = ud t, as vector spaces.

Proof. Tt is clear that unt = 0. Now if D € Der(n), let ¢ € Hom(V,V), ¢ €
Hom(V, [n,n]) such that D(v) = ¢(v) + ¢(v) for all v € V. Let Dy € u be the
derivation associated with ¢». Then D — D, € Der(n) and (D —Dy)(v) = ¢(v) € V,
hence D — Dy, € t. O

About t we can say that, since [V, V] = [n,n], its elements are clearly determined
by their restrictions to V, g = {D|y : D € t}, a Lie subalgebra of gl(V'). If we call
T the subgroup of automorphisms of Aut(n) that leave V invariant, these are also
clearly determined by its restrictions to V. Let G C GL(V) be the Lie subgroup
consisting of restrictions of elements of T" to V; it is clear that g is the Lie algebra
of G. We will mention some of the properties of this Lie algebra, which have been
studied in [DM].

3.2. Symmetric derivations of ng. Suppose now that ng is the Lie algebra as-
sociated with a positive graph G = (9, E). In this case, V becomes the vector space
spanned by ‘the vertices’, and [ng,ng] = [V, V] is the one spanned by ‘the edges’.
We have the following information about g.

Proposition 3.3. [DM] Let A be the set of coherent components of the graph (S, E),
and for each \ € A let Sy, be the corresponding coherent component. Finally, let V)
be the subspace of V' spanned by Sy. Then,

g=qom

where q = @y, End(V)), viewed as a Lie subalgebra of End(V') via the canonical
embedding, and m is a nilpotent ideal in g. Furthermore, the elements of A can be
enumerated as A1, ..., A\ so that EBKj WV, is D-invariant, for each D € g and each
ji=1,... k. B
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Actually, we can see from the proof of the above proposition that

m C @ Hom(Vy,, Vi,).

i<j

If we fix the canonical basis for ng, choosing an ordering for its elements so that
vertices of the same coherent component are consecutive (and also taking into
account the enumeration Aq, ..., A\r from above), the proposition implies that the
matrices of the elements of g are ‘block-triangular’:

A A % * ..k

)\2 0 A2 * e *
(8) A3 0 0 A4

Al L0 00 0 ... A

with A; € End(Vy,), i =1,...,k. The blocks A; represent the component in ¢, and
the % the component in m.

Now take D € Der(ng) such that D is (-, -);-symmetric. From Proposition 3.2 we
have that D = D,, + D;, with D,, = [Dou 8] cu, Dy = [DOU Dozz] € t as matrices,
where the blocks are defined according to the decomposition ng = V & [V, V].
Since the chosen basis is (-, -)1-orthogonal, it is clear that D,, = 0. The component
D, is determined by its restriction to V', Di;, and the fact that (-,-)1]y is the
canonical inner product there, implies that D;; is a symmetric matrix. Using that
Dy; € g, we look at its matrix as in (8)and we see that it is block-diagonal, with
A; € sym(Vy,, (-, ) for all i. This suggests us the following result.

Proposition 3.4. Let V. = @, , Vi be the decomposition of V with respect to
the coherent components of the graph. Every (-,-)1-symmetric derivation D of ng
leaves V' invariant, and is determined by its restriction D|y. If we call gsym =
{D|v : D € Der(ng) Nsym(ng, {-,-}1)} € End(V), then

8eym = D sym(Va),

AEA

where the symmetry is defined according to the canonical inner product in Vy, and
sym(Vy) := sym(Vy, (-,-)) is viewed as a subspace of End(V) wia the canonical
embedding.

Proof. According to the previous discussion, we only need to prove that if Di; €
@D ,cpsym(Va) and D = [ D3 D022] is the derivation associated with it, then D is
(-, -)1-symmetric, i.e.

(9) <D€Z‘76j>1 = <€i,D6j>1 Vi7j€ {1,7TL}

The properties we have mentioned about (-,-}; imply that (9) holds in the case
i, € {1,...,p} (as Dy is symmetric), and also if i € {1,...,p}, j € {p+1,...,n}
((-,-)1-orthogonality of the basis). It then suffices to prove (9) for e;,e; such that
ei = leq, €], €j = [ec, eq], with a < b,c < d, a,b,c,d € {1,...,p}. If D, , are the
entries of the matrix of D in the chosen basis, we use the definition of the bracket
in ng, the (-, -);-orthogonality of the basis, and the fact that D is a derivation, to
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obtain the formula
Dd,b+Dc,a7 a:Cab:d;

Dy, a=cb+#d,
(Dleq, €], [ec;eal)1 ) De.a, b=d, a# ¢
|| [eca ed]”l Dc,b, a = d,
Dd,aa b=c;
0, otherwise;

where ||v]|; = (v,v)}/z. An analogous formula for W

changing the roles of a, b with ¢, d respectively. Since D ; is symmetric as a matrix

we obtain at once that

(10) <D[ec7 ed]7 [ea7 6b]>1 — <D[€a, eb]7 [6(;7 ed]>1
[ ea, en]ll2 I ec ealllr

can be obtained

In the cases ‘a = ¢,b = d’ or ‘otherwise’ we obtain immediately (9). The statement
is also trivial if (Dle., eq],[eq,€p])1 = 0. Suppose then that we have b = ¢ and
(Dlec, €d, [€a;s €b])1 7 O (the rest of the cases are similar). This amounts to say that
Dgq # 0. Since D13 € @)\GA sym(Vy), a and d are vertices of the same coherent
component. Then ab and cd join the same pair of coherent components Sy and S,,.
Finally, Proposition 2.10 and formula (7) imply that (-,-); restricted to [V),V,] is
a multiple of the canonical inner-product there, therefore || [eq, ep]l|1 = || [ec, €alll1-
Hence (10) implies (9) and we are done. O

3.3. The group Aut(ng) N O(ng). Following [DM] we write
Aut(ng) =T x U,

where U = {7 € Aut(ng) : 7 = [I(j’loq} ,0 € Hom(V,[V,V])}, and T = {7 €

Aut(ng) : 7(V) = V}, identifying matrices with operators using the canonical
basis of ng fixed, ordered as in (8) (this decomposition is analogous to the one
in Proposition 3.2 for Der(ng)). Take 7 € Aut(ng) N O(ng), 7 = 197y with 79 =
[Ie”g} € U (0 € Hom(V,[V,V])) and 77 = [7* 2] € T. We see that 7 =

T22
[ 711 O

9711 oo }, hence the orthogonality condition, together with the fact that the basis
is (-, -)1-orthogonal and that 711, 722 are invertible, imply § = 0. We therefore have

(11) Aut(ng) NO(ng) C T.

Recall the discussion after Proposition 3.2: using (11), it restricts our attention
to the Lie subgroup G = {7|y : 7 € T}. We know that an element of G determines
a unique extension to Aut(ng), and for this to be (-, -);-orthogonal it is necessary
that the former belongs to O(V, (-, -)). In spite of the fact that this condition is not
sufficient, we shall show that actually it is, in some special cases.

For each epyp € [V, V], if I = eje; with 1 <4 < j < p, we define the n x n
antisymmetric matrix J(ep4x) = F; ; — E;;, where Eq; is the matrix with its a, b-
entry equal to 1, and zeroes otherwise. By linearity we can define J(z) for every
z € [V, V]. Then the canonical inner product in [V, V] is given by the formula

<z,w>:f%trJ(z)J(w), z,we [V, V].
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Moreover, these matrices help us relating the Lie bracket with that inner product,
via the following identity

([v,w], z) = (J(2)v,w), v,weV, ze[V,V].

Remark 3.5. These maps were introduced in [Kp], and turned out to be very useful
in the study of the geometry of 2-step nilmanifolds (see also [E]).

Lemma 3.6. Given A GNO(V, (-,-)), A=r7|y withT € T, we always have that
7 € O(ng, (,-)). And 7 € O(ng, (-,-)1) if and only if T commutes with g*> (where
g 1s the matriz defined in (6)). In particular, this happens if A leaves the coherent
components invariant.

Proof. Take A and 7 as in the statement. Via identification of 7 with a matrix, we
see that the first p x p block of it is precisely A. From

(J(T'2)v,w) = ([v,w], 7(2)) = (t[v,w], 2) = ([Tv, TW], 2) =
= (J(z)Tv,Tw (' J(2)Tv,w), Yv,w eV, z€[V,V]

)=
we have that J(tt2) = 7tJ(2)7, where the transposes are with respect to (-,-). If
A= [ ] this implies J(7%z) = A*J(z)A. And since A is (-, -)-orthogonal we have

1 1
Iz)? = —3 trJ(2)? = ~5 trJ(1'2)? = ||7t2||?, Vz €[V, V]
hence 7! is orthogonal, and so is .
We now turn to the case of (-,-);-orthogonality. Let us suppose first that
commutes with g2; this amounts to say that 7tg=27 = g~2 since we have already

proved that 7 is (-, -)-orthogonal. Hence,

-2

(Tz,TW)1 = (g_17'27g_17'u)> = (Ttg TZ,w) =

= (g‘%,w) = (g_lz,g_1w> = <va>1’ Vz,w € [V7 V]

and consequently 7 € O(ng, (-,-)1). Conversely, if 7 is (-, -);-orthogonal then

<Ttg_272,w> = (rz,Tw); = (z,w); = (g_Qz,w>, Vz,w € [V, V]

thus 7tg~27 = ¢~ 2 and therefore 7 commutes with g2.

In order to prove our last assertion suppose that A has the given condition, and
let us rewrite the identity 7¢? = ¢?7 as Ti’j(gﬁi — 932'71') =0, Vi,j € {1,...,n},
which is equivalent to

(12) Tp+ivp+j(ci_cj) 207 Vl,] € {1a7q}

Now take 4,7 such that 7,4 ,4; 7# 0. Since A leaves the coherent components
invariant, 7 must ”preserve similarity” (that is, if Sy, S, are two coherent compo-
nents, Ey , # 0 is the set of edges between those components, and W) , is the
vector space spanned by the basis elements in E ,,, then 7 leaves W), ,, invariant).
But 744 p+; is the component of 7e,4 s in the basis element e, ;, and it is nonzero,
hence we have that e, ; belongs to the same "edge component” Ej , as epq; (i.e.
they are similar). Hence from Proposition 2.10 we have that ¢; = ¢;, so (12) holds,
and this finishes the proof. O

In [DM] a characterization for G°, the identity component of the Lie group G,
is given, according to the one obtained in Proposition 3.3 for its Lie algebra g.
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Proposition 3.7. [DM] Following the notation from Proposition 3.3, we have that

G = ([ et (vn)- M
AEA

where, for each A € A, GLT(V)) denotes the subgroup of GL(Vy) consisting of
elements with positive determinant (the product is viewed as a subgroup of GL(V)
via the canonical inclusion) and M is a closed, connected, normal, nilpotent Lie
subgroup of Go. Furthermore, the elements of A can be enumerated as A1, ..., Ak
so that @z‘gj Va, is GO-invariant, for every j =1,... k.

As in (8), we see that the canonical matrix representations of the elements of G°
are block-triangular:

A\ B1  x * .. *

)\2 0 B2 * *
(13) A3 0 0 Bs

Al o 0 0 ... B

where B; € GLT(V3,),i=1,...,k.

It is clear now that for an element of GV to be (-,-)-orthogonal it is necessary
that its M-component be trivial, and that B; € O(Vi,, (-,-)) Vi. Since det(B;) > 0
the last assertion is equivalent to B; € SO(Vy,, (-,-)). Conversely, it is easily seen
that these conditions are sufficient, hence

k
(14) GO NOV. () = [[s0Wa. ()

i=1

Let 9y € GL(V) be the set of operators whose canonical matrix representations
are diagonal; it is easy to check that 9y C G. Since we are mainly interested in
the orthogonal elements, we define DY/ = oy NO(V, (-,-)) = {A € oy : (A)y €
{-1,1} Vi=1,...,p}.

Finally, let 3(S, E) be the set of graph automorphisms of (S, F). By linearity,
every element of 3(S, FE) can be uniquely extended to an operator in GL(V'), and
this operator can be extended to an element in Aut(ng); we also call (S, F) the
discrete subgroup of GL(V') thus obtained. Since a permutation is orthogonal, we
have that (S, E) CGN OV, (-, ).

We conclude this section with the main theorem about (-, -);-orthogonal auto-
morphisms of ng.

Theorem 3.8. Aut(ng) N O(ng, (-,-)1) = T N O(ng, (-,-)1), where T is the set of
automorphisms of ng =V + [V, V] that leave V invariant. Fvery element of T is
determined by its restriction to V; we call G the set of those restrictions. For G,
the subgroup of G consisting of restrictions of elements from TNO(ng, {-,-)1) to V,
the following properties hold:
(i) If G° is the identity component of G,
k
GO N O(‘/: <'7 >) = H SO(VAN <'7 >) - Gora
i=1

(ii) Gor contains DY and (S, E) as subgroups.
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(iii) Gor also contains the operators that act (-,-)-orthogonally on the coherent
components of (S, F), i.e.

k
H O(Vii, () € Gor,
i=1

where each SO(Vy,, (-, ) and O(Vy,, (-,-)) is viewed as a subgroup of GL(V') via the
canonical embedding.

Proof. The first identity is (14). In order to prove the inclusion, we notice that an
automorphism 7 obtained from an element of H§:1 SO(Vy,, (-, -)) leaves the coherent
components invariant. Hence (i) follows from Lemma 3.6.

An element from D{/ gives rise to a (canonical basis) diagonal automorphism,
which obviously commutes with g2, and then by Lemma 3.6 it is (-, -);-orthogonal.
To see that (S, E) C Gy, first take an automorphism 7 obtained from an element
o € X(S, F). From Lemma 3.6 it is sufficient to prove that 7,4, p4;(c; —¢j) = 0,
Vi,j =1,...,q. Let us take 7,j and suppose that 7,y; ,+; 7 0. Since 7 is also a
permutation, we have that 7(e,y;) = e,4,. This implies that there exists a graph
automorphism of (S, E') that maps the edge I; to the edge [;. Therefore, by the
uniqueness of the weights {c,} that make the graph positive, we must have that
¢; = ¢; and our identity holds.

Finally, let us write DY/ = Hle Dy, . Then by (i) and (ii),

k
[1 D% SO(Wa,. () € Gor.
=1

The subgroup SO(Va;, (-, -)) of O(Va,, (-, -)) has index 2. Since DY, € SO(Vy,, (-, -))
this forces Dy, SO(Va,, (+,-)) = O(Vy,, (-, ), and the conclusion follows. O

4. DESCRIPTION OF SOLVSOLITONS ASSOCIATED WITH POSITIVE GRAPHS

We are now in a position to approach Problem 3.1. Let a C Der(ng) be an abelian
Lie subalgebra of (-,-);-symmetric derivations of ng. According to Proposition
3.4, the elements of a leave V invariant, and are determined by their restrictions
to that subspace. Furthermore, if b = {7y : 7 € a} C gsym, we know that

b C @le sym(Vi,, (,+)). Let us call b; = {Aly, : A€ b}, i=1,...,k Then we
have the decomposition b = @?:1 b;. Also, let 9y, = d(ng) C End(ng) be the Lie
algebra of (canonical basis) diagonal operators on ng.

Proposition 4.1. Every abelian Lie algebra a of (-,-)1-symmetric derivations of
ng is equivalent (in the sense of Problem 3.1) to a Lie algebra a’ C 0.

Proof. Fix i € {1,...,k}. Since b; is a set of (,-)-symmetric, pairwise com-
muting operators, it is simultaneously diagonalizable, meaning that there exists
r; € O(Va,, (+,-)) such that r;b;r;* C dy,,. Now let r € Hle OV, (+,+)) given by

T1 0 ... 0

0 T2 ... 0
r =

00 ..

It is clear that rbr—! C 0y,. According to Theorem 3.8, there exists h € Aut(ng) N
O(ng, (-,-)1) such that h|y = r; the proof is completed if we show that hah ™! C 0y,
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Take D € a. Then since h is a Lie automorphism, hDh ™! is also a derivation. And
this, together with the fact that (hDh~')[y = r(D|v)r~" is diagonal, imply that
hDh~! is also diagonal (in the canonical basis). This completes the proof. ([l

Remark 4.2. The fact that h is an (-, -);-orthogonal automorphism implies that the
Lie algebra a’ = hah™! is also abelian, and consists of (-, -);-symmetric derivations
of ng.

This reduces our problem to classify subalgebras of 9, since every equivalence
class has a representative of that kind. Then we have to restrict our attention to
the operators h that conjugate 0,, onto itself. Thanks to the following lemma, we
can assume that h is a permutation operator (that is, an operator that transforms
the ordered basis {e;}j-; into {e,(;)}j=;, for some permutation o € S,,).

Lemma 4.3. Let a; C 0y, be an abelian Lie algebra of (-, -)1-symmetric derivations
of ng. If h € Aut(ng) N O(ng, (-,-)1) is such that ay = hath™ C 0y, then there
exists a permutation P € Aut(ng) N O(ng, (-,-)1) such that az = Pa; P71,

Proof. The group H = {h € Aut(ng) : h* € Aut(ng)} is a real reductive algebraic
group (see [W, Ch. 2], or [Kn, Ch.VIIL, §2]). The Cartan decomposition of its
Lie algebra h = {A € Der(ng) : A® € Der(ng)} is given by h = € @ p, where
t = Der(ng) N so(ng,(-,-)1) and p = Der(ng) N sym(ng, (-,-)1). The subgroup
K = Aut(ng)NO(ng, (-, -)1) is a maximal compact subgroup of H, with Lie algebra
t. It is clear that 9y := 0,, N b (which by Proposition 3.4 equals 9,, N Der(ng))
is a maximal abelian Lie subalgebra of p, and by Proposition 4.1 every such Lie
subalgebra is obtained by conjugacy of dy. If we fix 0y, then the restricted roots,
the Weyl chambers and the Weyl group W = Nk (0y)/Zk (0y) are defined. W is
a finite group, and acts simply transitively on the set of Weyl chambers. We also
know that if two Lie subalgebras a;,a; C 0y are conjugate by an element of K,
then they are also conjugate by an element of W (see [He, Ch.VII, Prop. 2.2]). The
proof will be finished if we show that W is contained in the group of permutations
that are in K (we are using here that a; and ay are actually subalgebras of 9y).
This will be done by working with the restrictions to V. Indeed, from Proposition
3.4 we have that the elements of 9y leave V' invariant, are determined by their
restrictions to that subspace, and the set of those restrictions is precisely dy (i.e.
every diagonal operator on V may be extended to an element of 95). An element
of Zk (0y) also leaves V invariant, hence by the previous observation its restriction
to that subspace must be diagonal. Therefore, it is clear that Zx (9p) is the set of
diagonal automorphisms of ng obtained by extending the elements of D¢/ = {T €
End(V) : T diagonal, Te; = +e;}. On the other hand, the restrictions to V of the
operators in Nk (dy) are contained in No(v,(...y)(dv), which is known to be equal to
P(V) x DY (here, P(V') denotes the set of permutation operators on V'). Hence,
Wiy :={T|v : T € W} CP(V), so every element of W is a permutation operator
on ng. Since W C K, this completes the proof. ([l

Not every permutation P is a (-,-);-orthogonal automorphism of ng. The fol-
lowing lemma gives us the conditions P must satisfy.

Lemma 4.4. Given a permutation P € End(ng), we have that P € Aut(ng) N
O(ng, (-,-)1) if and only if P leaves V invariant, and acts on the canonical basis of
that subspace as a graph automorphism.
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Proof. By definition of the Lie bracket in ng, the necessity is clear. On the other
hand, the converse is precisely Theorem 3.8, (ii). O

We are now in a position to prove the main result of this paper. To simplify
notation, we call diag(v) = diag(v1, ..., vy ) the operator in End(R™) whose matrix
in canonical basis is diagonal, and its diagonal entries are the v;. It is clear that
diag : R™ — 0, is a linear isomorphism. Also, if 0 € S,; and v € R™, we
denote 0(v) = (Vy(1);-- -, Vs(m)). Clearly, diag(o(v)) = P diag(v)P~', where P €
End(R™) is the permutation operator associated with o.

Theorem 4.5. Given a positive graph G = (S, E) with p vertices and q edges, the
solvsolitons associated with it are parameterized by the vector subspaces of RP, and
two such subspaces S, 8" give rise to isometric solvsolitons if and only if there exists
o € Aut(G) such that o(S) = S'. The parametrization is according to the following
construction:

Ifng is the 2-step nilpotent Lie algebra associated with G, in which a unique (up to
orthogonal automorphisms and scaling) nilsoliton metric {-,-}1 can be defined, then
for each subspace S C RP we define a solvsoliton S with Lie algebra s = a@®ng as in
Proposition 2.4, where a is the abelian Lie algebra of (-, -)1-symmetric derivations
of ng obtained from b = diag(S) = Uyes diag(v) C End(V).

Proof. Given the Lie algebra a, using Proposition 4.1 we may suppose without any
lose of generality that a C 0,,,. a is determined by the restrictions of its elements
to V, and this set of restrictions b C 0, is in itself a Lie algebra of operators of
End(V). It is clear that b = diag(S), for some subset S C RP. Since diag is a linear
isomorphism, S is a vector subspace.

Now if a,a’ C 0y, are two Lie algebras of (-,-);-symmetric derivations of ng,
from Proposition 2.6 they give rise to isometric solvsolitons if and only if there
exists h € Aut(ng) N O(ng, (-,-)1) such that a = hah~!. Using Lemmas 4.3 and
4.4 we may suppose that h = P,, where P, is a permutation associated to a graph
automorphism o. We write a = diag(S), o’ = diag(S’), and then the conjugacy
condition is rewritten as o(S) = &’. The proof is now complete. g

FEzample 4.6. We end this section by developing in detail all what has been seen in
this paper for the following graph G:
e

€6 €s
€1 €3 €4

We have labeled the vertices and edges according to the elements they repre-
sent in the canonical basis of R®. The graph G is clearly positive, with weights

That is, ¢ = (é, %, %, %) is a solution to (5) with Z?Zl ¢; = 1 (¢; represents the
weight corresponding to the edge e;14). Therefore we can construct a nilsoliton

ng = (R8[-,-],(-,-)1) associated with G. According to (6), the nilsoliton inner



RAMIRO A. LAFUENTE 15

product (-, )1 is given by
(x,2)1 = 23 + 23 + 23 + x5 + 622 + 622 + 322 + 322, r € RS,

It is easy to see that the coherent components of the graph are precisely S; =
{e1,ea2}, S2 = {es}, S3 = {es}, and that the automorphism group is Aut(G) ~ Z
(we can only interchange e; and eg).

Regarding the nilsoliton ng, we have the following information: Der(ng) can be
decomposed as u @ t, according to Proposition 3.2. Clearly, u ~ End(R*), and t is
determined by (and isomorphic to) the Lie algebra g, restricting the operators to
V. Fixing the ordered basis {e4, e1, 2, e3} for V, it can be seen that

a1 O 0 0 0 ai2 a13 aia

_ 0 a2 a3 O o 0 0 O asa| . ..

gi {|: 0 aszz azz O :| : aZJ ER} & {|:0 0 0 assa 'alj ER )
0 0 O aga 00 0 O

is the decomposition g = q & m from Proposition 3.3. It is now clear that the set
Osym, that determines the (-, -);-symmetric derivations of ng, is precisely

all 0 0 0
Osym = {{ g G2 a2 0 ] taij € R a9 = a32},
0 0 0 aq4

as stated in Proposition 3.4. Similarly, we can compute the automorphism group
Aut(ng). We know from Section 3.3 that Aut(ng) = T x U, with U ~ End(R*).
Moreover, T ~ G (taking restrictions to V'), and in terms of the basis previously
fixed for V' we see that

110 0 1 aiz a13 aia

G = {{ 0 B 0 ] :a117a447é0,B€GL(2,R)} X {|:8 (1J (1J Z?4j| L Qg ER},
0 0 aq4 34
00 0 1

hence

Gnow, () ={[% %8} Janau € {£1},B €02, R)},

so using Theorem 3.8 we can conclude that G,. = GNO(V, (-, -)).

In order to study solvsolitons obtained from the nilsoliton ng we would have to
find the abelian Lie algebras of (-, -};-symmetric derivations of ng. And to classify
them up to conjugation by an (-, -};-orthogonal automorphism of ng, in the light
of Theorem 4.5 we are reduced to consider the vector subspaces of R* modulo Zs
(with Zs acting on the subspaces of R* by permutating the first two coordinates,
taking {e1, es, €3, e4} as the ordered basis).

For instance, if dima = 1, we have to consider one-dimensional subspaces S of
R*. We may write S = Ru, for some v € R*. v gives rise to a symmetric derivation
A of ng whose matrix with respect to the canonical basis is diag(v1, va, vs, v4, V2 +
v3, U1 +v3, V1 +v2,v3+v4). The solvsoliton thus obtained is s = RA®ng (semidirect
product), where the bracket is extended by letting ad A act as A on ng. The inner
product is defined according to Proposition 2.4.

In the case dima = 2, the isometry classes of solvsolitons associated with G
are parameterized by Gry(R*)/Zs; we obtain thus a 4-parameter family of non-
isometric solvsolitons (recall that dim Gry(R™) = k(n — k)). As in the first case,
given S € Gry(R*) we take a basis {vy,ve} of it, and v; determines a diagonal
derivation A; of ng. The solvsoliton is then s = RA; @RA2®ng, with ad A;|n, = A;.

Finally, the case dima = 3 is very similar to those mentioned before. And the
cases dima = 0 or 4 give rise to a unique solvsoliton (up to isometry) each, since
we have no choice for the subspace.
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5. SOME EXAMPLES OF POSITIVE GRAPHS

The object of this section is to classify connected graphs with up to three coher-
ent components, according to positivity. As a consequence, we obtain many new
examples of positive graphs, leading to examples of solvsolitons as well. For other
examples of positive and non-positive graphs we refer the reader to [LW].

This classification relies mainly on Proposition 2.10, and on the idea of repre-
senting a graph by its coherence graph. For example, let G be a connected graph
having one coherent component. According to the properties mentioned about the
coherent components, we see that G is a complete graph. Then it is clearly positive,
a solution to (5) being the vector (1,...,1). Moreover, (1,...,1) is a solution to
(5) if and only if every edge of the graph has the same number of adjacent edges,
that is, its line graph is a regular graph.

We represent a graph via its coherence graph. Each circle represents a coherent
component, being black if the correspondent component is a complete graph, and
white if it is discrete. The existence of an edge joining two circles represents the
fact that every edge joining vertices between those coherent components is present
in the original graph. Finally, the natural number near to each coherent component
is the number of vertices that it contains.

5.1. Two coherent components. We have the following cases:

51.1. r © O g

This is the case of a complete bipartite graph. It is positive for every r, s, since
its line graph is regular.

51.2. r O ®

We denote S7, Sy the coherent components with r, s vertices, respectively. By
Proposition 2.10, there are only two possibly different edge weights in this case: a,
for the edges joining S; with S, and b, for the edges inside Ss. In the system (5),
equations corresponding to similar edges are identical. Hence we can rewrite (5) as

{ (r+s+la+(s—1b=v
2ra+ (2s—1)b=v

If we call A the matrix of the system, we have det(A) > 0 for every r, s. Fix any
v > 0. The solution is given by

- L

and a, b are positive if and only if 1 —r 4+ s > 0. Therefore, G is positive if and only
if s >r.

Remark 5.1. Note that to avoid repetition we omit the case ‘black-black’, since
those graphs actually have one coherent component. For the same reason, we will
also omit many cases when studying the case of 3 components.

Remark 5.2. There is an ambiguity in the definition of the color of a coherent
component with only one vertex. In that case, we always define it to be white (thus
a black component has always two or more vertices, so we always have edges inside
that component).
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5.2. Three coherent components. Working in a similar way we obtain neces-
sary and sufficient conditions, in terms of the number of vertices of the coherent
components, for a graph of this kind to be positive. We present here only one case,
of a total of six, the others being completely analogous.

t

5.2.1. i
T S

Let us call S1, S3, S3 the coherent components with r, s, ¢ vertices, respectively.
This case has four different weights, a,b,c,d, corresponding respectively to the
edges joining S7 and Sy, S5 and S3, and to the edges in the components S7 and Ss.
Simplifying (5) we obtain

(r+s+la+th+(r—1)c=v
ra+ (s+t+10)b+(t—1d=v
2sa+ (2r — l)c=v
2sb+ (2t —1)d=v
hence the matrix of the system is
r+s+1 t r—1 0
A r s+t+1 0 t—1
o 2s 0 2r —1 0
0 2s 0 2t —1
and then the solution is the vector
a t24+r(=1+s+t)
b | v 2+ (=147 +s)t
c | det(4) | A4+r—s+t)(—1+s+2t)
d (—14+2r+s)(1+r—s+t)

Since det(A4) > 0 in any case, we have that a,b,c,d > 0 if and only if r +¢ > s.

We thus obtain the classification of connected graphs with at most 3 coherent
components. Concerning the non-connected graphs with that number of coherent
components, we have to say that the problem is reduced to study each connected
component, which have less coherent components and therefore lie in the cases we
have already considered. There is an exception to this, and it is the case of a
discrete and isolated coherent component. However, we do not mention it in the
classification because these cases have no edges, and so no system (5) to solve (still,
they are positive). To summarize, we present the obtained information in Table 1.
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