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1 Introduction.

Let H be a complex Hilbert space, and let L(H) be the algebra of bounded linear operators on
H. Given T' € L(H), consider its (left) polar decomposition T' = U|T'|. In order to study the
relationship among p-hyponormal operators, Aluthge introduced in [1] the transformation
Aq3(-) 1 L(H) — L(H) defined by

Aipp(T) = [T1V201T[2.

Later on, this transformation, now called Aluthge tranform, was also studied in other con-
texts by several authors, such as Jung, Ko and Pearcy [15] and [16], Foias, Jung, Ko and
Pearcy [12], Ando [2], Ando and Yamazaki [3], Yamazaki [23], Okubo [17], Wang [21] and
Wu [22] among others.

In this paper, given A € [0,1] and T' € L(H), we study the so-called A\-Aluthge transform of
T defined by

A\(T) = TP U T,

This notion has already been considered by Okubo in [17]. For A = 0, |T'|* will be considered
as the orthogonal projection onto the closure of R(|T|). For A =1, Ay (T) = |T'|U, which is
known as Duggal’s transform of T'([12]), or hinge of T' ([19]).

The main tool we use to study the A\-Aluthge transforms is Young’s inequality (see, [4], [14]
or Section 2). Some results of this paper are devoted to the generalization of well known
properties of Aluthge transform to A-Aluthge transforms. For A € (0,1), we prove that
the map T +— A, (T') is continuous at every closed range operator 7' (see [15] for the case
A = 1/2). For every analytic function f defined in an open neighborhood of ¢ (T"), we show
that

LF A @I F AT L Ao < ADII,

(see [12] and [17]). When, dim’H = n < oo, we prove that the limit points of the sequence
{A%Y(T)} are normal matrices, from which we deduce Yamazaki’s spectral radius formula
p(T) = lim ||AY (7) || (only in the finite dimensional case), where p(7") denotes the spectral

radius of 7.

On the other hand, we show several results which are new even for the usual Aluthge
transform. Given 1< p < oo, we prove that the Schatten p-norms of the A\-Aluthge trans-
forms decrease with respect to the Schatten p-norms of the original operator. Moreover, if
1A (T) ||, = [|T||, < oo (for any fixed 1 < p < 00), then T" must be normal. This was proved
for A = 1/2 and p = 2 in [12]. In this case, we show the following estimation: if T" is a
Hilbert Schmidt operator, A € (0,1), and & = min {\,1 — A}, then

AT =T 15 <TG = 1A (T -

When dim’H = 2, Ando and Yamazaki proved that the sequence of iterated Aluthge
transforms {A}), (T)} converges (see [3]). Motivated by their ideas, we show that the se-
quence {AY (T')} converges for every A € (0,1) and every 2 x 2 matrix 7. Moreover, if



AP (T) = limy,—0o AY (T), we prove that the map 7' — A (T) is jointly continuous in
both parameters, A € (0,1) and T" € My(C).
Finally, we study some properties of the Jordan structure of the iterated Aluthge transforms.
Given T' € M,,(C) and p € o (T'), let ‘H, 1 denote the spectral subspace of T' associated
to the eigenvalue p (see 4.18 for a precise definition). We prove that given two different
eigenvalues of T', v and p, the angle between H,, ap () and H, am(z) converges to m /2, for
every A € (0,1). In other words
Pr Py
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where, for any subspace & C H, Ps denotes the orthogonal projection onto S. Concerning
the conjecture of the convergence of the sequence {AY (T')} for T € M, (C), we show a
reduction to the invertible case.

The paper is organized as follows: Section 2 contains preliminary results on Riesz’s functional
calculus, Schatten ideals, and a list of known inequalities which we use in the paper. Section
3 deals with the properties of A-Aluthge transform in the infinite dimensional setting. In
section 4 we study the finite dimensional case.

We wish to aknowledge Prof. G. Corach who told us about the Aluthge transform, and
shared with us fruitful discussions concerning these matters.

2 Preliminaries.

In this paper H denotes a complex Hilbert space, L(H) the algebra of bounded linear oper-
ators on H, GL(H) the group of all invertible elements of L(H), U(H) the group of unitary
operators, L(H)" the cone of all positive operators and Ly(H) the ideal of compact opera-
tors. When dimH = n < oo the elements of L(H) are identified with n x n matrices, and
we write M,,(C) instead of L(H). Given T' € L(H), R(T') denotes the range or image of T,
N(T) the null space of T', o(T") the spectrum of 7', p(T") the spectral radius of T, T* the
adjoint of T, and ||T'|| the usual norm of T' (also called spectral norm, we sometimes write
|7]],,); a norm ||| - ||| in M, (C) (or defined in some adequate ideal of compact opeators) is
called unitarily invariant if ||[UTV ||| = |||T]|| for unitary U, V. If R(T) is closed, T denotes
the Moore-Penrose pseudoinverse of T'. Given a closed subspace S C 'H, Ps € L('H) denotes
the orthogonal projection onto S.

Given T' € L(H), Hol (¢(T)) denotes the set of all complex analytic functions defined in an
open neighborhood of ¢ (7). In this set, we identify two functions if they agree in an open
neighborhood of ¢ (T'). If T'€ L(H) and f € Hol (o(T")), f(T) indicates the evaluation of f
at T', by using the Riesz functional calculus. The reader is referred to Brown and Pearcy’s
book [8] (see also [9]) for general properties of this calculus, and a proof of the following
statement.

Proposition 2.1. Given Ty € L(H) such that o (1y) is contained in an open set U C C,
let {fn} be a sequence of locally analytic functions on U converging to a limit fo uniformly

on compact subsets of U, and likewise let {T,,} be a sequence in L(H), converging to Ty (in

norm). Then, f,(T,) is defined for all sufficiently large n and f,(T}) LN Jo(To).



Given A € Lyo(H), si(A), k € N denote the singular values of A, arranged in non-
increasing order. If we denote by ¢r the canonical semifinite trace in L(H) then the Schatten
p-ideals (1< p < 00) are defined in the following way:

LP(H) ={T € Lo(H) : tr (|T|") < oo}.
Each LP(H), endowed with the norm
1/p
7, = ()" = (S sery) "
keN

is a Banach space. If p > 1, then LP(H)* = LI(H), where 1/p+1/q = 1.
In this rest of this section, we list some inequalities which will be useful in the sequel. We
begin with the following two versions of Young’s inequality.

Proposition 2.2 (Argerami-Farenick [4]). Let A € LP(H) and B € Li(H) be positive
operators and 1/p+1/q=1. Then, AB € L'(H) and
tr( AP tr( B9
() (B
p q
Moreover, equality holds if and only if AP = B9.

tr(|AB]) <

Proposition 2.3 (Hirzallah-Kittaneh [14]). Let A,B € L(H)", and let p, ¢ > 1 with
1/p+1/q=1. Suppose that A?, B € L*(H). Then AB € L*(H), and

2
IABII; + ||A” B; <

Y
2

v

where r = max{p, q}.

Now, we state a version of the well known Corde’s inequality [10], for unitarily invariant
norms. In the proof we use standard techniques and properties of the kth antisymmetric
tensor powers A" A, A € L(H) and majorisation, which can be found in B. Simon’s book
[20] or Bhatia’s book [6].

Proposition 2.4. Let A and B be positive compact operators. If p>1, then

k k
> si(JABP)< ) si(A’B”), keN. (1)
=1 =1

k
Sketch of proof. Fix k € N. Since || \* A|| = H s; (A), Cordes’ inequality

i=1
lCD|” < ||lcPDP||, €D € L(H)*

implies that

IA"4rBel| = ||( : AP\ By| = A" A A" B
IA"AB|" = [ A"1ABP" || -
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k k

Then, H‘Si |ABI|P) H s; (APBP), k € N, which implies inequality (1) . O
i=1 =

Finally, we include the next inequality, proved by Bhatia and Kittaneh [7]:

Proposition 2.5. Let A, B € M,,(C)*, and r € [0,1]. Then
A" = BT < 1A = Bl

for every unitarily invariant norm ||| - |||

3 A-Aluthge Transforms.

Definition 3.1. Let 7' € L(H), and suppose that 7' = U|T| = |T*|U is the polar decompo-
sition of T'. Then, for every A € [0, 1] we define the A\-Aluthge transform of 7" in the following
way:

A\(T) = TP U T

When A = 0, |T]* will be considered as the orthogonal projection onto R(|T']).

Remark 3.2. Let 7' € L(H) and let T = W/|T| be an arbitrary polar decomposition of
T. It was shown in [17] that Ay (T) = |[T*W|T|'=> for every A € [0,1) i.e., the A\-Aluthge
transform does not depend on the partial isometry for A € [0,1). We shall use this fact
repeatedly in the sequel. On the other hand, for A = 1, it is necessary to fix the unique

partial isometry U such that "= U|T| and N(U) = N(T). For example, if T' = ( 8 (1) ),

00 0 1) also satisfies

then U = T and |T| = 01 ) but the unitary matrix W = <
T = WI|T|, while A,(T) = |T|U = 0 £ |T|W = T~.
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In the next proposition, we describe some properties which follow easily from the defini-
tions.

Proposition 3.3. Let T € L(H) and A € [0,1]. Then:
1. AN(VTV*) = VAN (T)V* for every Ve U(H).
2 1AM <7
3. o (AN(T))=0(T).
4. If dimH < oo, then T' and Ay (T') have the same characteristic polynomial.

Proposition 3.4. Let T € L(H), A € [0,1] and let f be a function, which is locally analytic
in a neighborhood of o (T'). If T = U|T)| is the polar decomposition of T  then,

1. (T)U = UF(Ay(T)).
2. [TPF(T) = (A ()T



Sketch of proof. A simple induction argument proves the statement for f(¢) = ¢". This can
be extended to every polynomial by linearity. This can be applied to show the statement
for rational functions (with poles outside ¢ (7') ). Finally, using Runge’s theorem (see, for
example, Conway’s book [9]), the result generalizes to analytic functions. U

In [15], Jung, Ko and Pearcy proved that the Aluthge transformation is continuous at every
closed range operator, with respect to the norm topology, for A = 1/2. In order to generalize
this property for A € (0, 1), we need the following result. Recall that, if B € L(H) has closed
range, there exists a unique pseudo-inverse B of B such that BB and BB are selfadjoint
projections. BT is called the Moore-Penrose pseudo-inverse of B (see, for example, [5]).

Lemma 3.5. Let B € L(H), selfadjoint with closed range, and let {B,} be a sequence of
closed range selfadjoint operators such that B,, —— B in norm. If Prg,) — Pr(p) in

norm, then also B} —— BT in norm.
n—oo
Proof. Denote by P, = Pgp,) and P = Pgp). If P, —— P then there exists a sequence

{U,} of unitary operators such that U, —— 1 and U;PU,, = P,, n € N. Indeed, we can

n—oo

take U, as the unitary part in the polar decomposition of PP, + (1 — P)(1 — P,), which is
invertible for large n. Note that, if S,, = U, B, U}, then S,, —— B in norm, R(S,,) = R(B)

and S! = U,BIU*, n € N. Hence, it suffices to prove that SI —— Bf. But this is clear by
continuity of the map A — A~! (on the fixed subspace R(B) = R(S,), n € N). O

Theorem 3.6. Let T' be an operator with closed range. Then, for every A € (0,1), the
A-Aluthge transform Ay (+) is continuous at T

Proof. Let {T,} be a sequence of operators such that ||7,, — T'|| — 0. For each n € N,
let T,, = U,|T,| be a polar decomposition of T,,. On the other hand, take ¢ > 0 such
that o (|7']) € {0} U (2e,+00) and suppose, without loss of generality, that o (|7,,]) C
(—e,e) U (2¢,+00) for all n. Define, for n € N,

P, =T,|Er, (—c,e) and A, =U,P, (2)
Qn = |T0| Eir, (2, 400) and B, =U,Q, , (3)
where Ejr,, (/) denotes the spectral projection of |T},| corresponding to the interval I C R.

Note that A, + B,, = T, and (2) and (3) are polar decompositions of A,, and B,,, respectively.
Therefore

IAN(T) = Ax(To) | < NAN (An) [| + 1P Un Q|+
+||QA Un Py I+ AN (T) = A (Ba) || -

By Proposition 2.1, P, = |T,,|Eir,|(—¢, 5) |T|E’|T‘( ,€) =0. Then
1AX (An) || + |1 PaT, Ql A||+||C2A ULy —— 0.

On the other hand, |B,| = @, which have closed ranges. Since the maps x(—c.) and X(2: 4oc)
admit complex analytic extensions to the set {z € C: Re(z) € (—¢,¢e) U (2¢,+00)}, we can
apply Proposition 2.1, and obtain that

Il
PR(Qn) = E|Tn\(2€7 +OO) m E|T‘(2€, +OO) = PR(|T|)



Hence, |B,| —— |T'| and Pg(5,) —— Pg(r)), both in the norm topology. By Lemma 3.5,

we conclude that |B,|l —— |T|T in norm. Therefore
n—oo

1AN(T) = Ax (Bo) | = TP T(T[N) = |Bal* Bu(BI)M —— 0.,
which completes the proof. O]
Remark 3.7. Theorem 3.6 fails for A = 0 and A\ = 1, even in the finite dimensional
case. Indeed, take T = ( 8 (1) > and T,, = ( 1?71 (1) ), n € N. It is easy to check that

Ao(T,,) = T,, and Ay(T,,) = T, which do not converge to 0 = Ay(7T") = Ay(T). Compare
with Remark 3.2.

Schatten norms and ideals

In this subsection we characterize those operators in LP(H) which satisty [|Ax (T) ||, = ||T]],-
Naturally, the equality holds if 7" is normal, because T'= A, (7). It was proved in [16] that,
for the Frobenius norm and for A = 1/2, the equality holds if and only if 7" is normal. In the
following proposition we estimate from below the difference between the Frobenius norms of
T and A A (T)

Proposition 3.8. Let T € L*(H) and X € (0,1). If @ = min {\, 1 — A}, then
AT =T 1< ITIS = 1A (D)5 - (4)

Proof. Note that, if T = U|T| is the polar decomposition of T', then |T*|" = U|T|"U*, for
every r > 0. Then

IAN(T) 13 = tr (Ax (T) AN(T)") = tr (ITPUITPEVUH T
= tr (TP = TP T3

Using Hirzallah-Kittaneh’s inequality (Proposition 2.3) with A = |T|*, B = |T*|'*"*, p = AL,
g=(1-XN"1and a =min{\, 1 — A} = max{\71, (1 = A"}~ we get

IANT)Z + o T = [T <IN+ (1 =N < ITI
where the last inequality follows from the triangle inequality. O

Now, we prove that equality in other Schatten norms also implies that 7" is normal.

Theorem 3.9. Let A € (0,1), 1 <p < oo and T € LP(H). Then, A\(T) € LP(H) and
[AX(T) [l < [[T1[p-
Moreover, the equality holds if and only if T is normal.

In order to prove this result, we need the following lemma.



Lemma 3.10. Let A, B € L(H) and let B = U|B| be the polar decomposition of B. Then,
for every p > 0,

AB*[P = U ||Al|B| | U*

Proof. Let P = ||A||B] ‘2. Then, for every continuous function f defined on [0, +00) such
that f(0) =0,
fUPUY) = Uf(P)U". ()

In fact, since R(P) C R(|B|), and U*U is the orthogonal projection onto R(|B|), then
(UPU*)™ = UP"U*, for every n > 1. Therefore, by linearity, formula (5) holds for every
polynomial f such that f(0) = 0. On the other hand, given a continuous function f defined
in [0,+00) such that f(0) = 0, there exists a sequence {p,}nen of polynomials such that
pn(0) =0, n € N, and p, — f uniformly on o (P)U{0} = o (UPU*)U{0}. So, standard

limit arguments prove formula (5). Now, the result follows from the equality
2
|AB*|? = BA*AB* = U|B||A]?| B|U* = U‘|AHB|‘ U,

by applying the function f(z) = #/2 to both sides. O
Proof of Theorem 3.9: Let T" = U|T| be the polar decomposition of 7. Fix 1 < p < o0.
Then, using Lemma 3.10 with A = |T|* and B* = U|T|*~*, we get
tr[Ay (T) [P =t [|T T
Using Proposition 2.4 with A = |T|* and B = |T*|'7*, we get
tr ||T|>\ |T*|1—/\|p < tr| |7 |T*|p(1—)\)| _

Then, by Proposition 2.2, for the conjugate numbers A™! and (1 — \)™}

tr | Ay (T) P < tr| [T T PO
KM [TP + (1= A\t | TP = to [T .

Therefore, if ||Ay (T') ||, = ||T||p, then equality holds in Young’s inequality, and by Proposi-
tion 2.2, we conclude that |T'|P = |T*|P. Hence T is normal. O

Remark 3.11. Theorem 3.9 fails for A = 1. Take, for example, T € L*('H) with polar
decomposition T = U|T|, with U € U(H). In this case, ||A(T)]|, = ||T]|,- The following
example shows that Theorem 3.9 may be false for other unitarily invariant norms. In par-
ticular, for the spectral norm.

1 00 1 00
Let =10 0 1]. Then, Ax(T)= |0 0 0| for every A € (0,1), and therefore
0 00 0 00
L= [[Ax (D) llp < IT]l, = 27 but AN (T = (1T = 1.

The reader interested in the equality for the spectral norm is referred to [24]. In that work,
Yamazaki proves that ||[Ay (T') || = ||T]] if an only if 7" is normaloid, i.e., if p(T) = ||T"]|. A
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Remark 3.12. Using standard techniques of alternate tensor powers, it can be proved that
given T' € Lo(H) and A € [0, 1], then

k k

HSZ A)\ Hsz , eN.

i=1
This inequality says that the singular values of Ay (T') are log-majorized by the singular
values of T'. Hence, we can deduce that for every unitarily invariant norm ||| - |||, we have

that ||| Ax (T) [I| < [[IT]]]- A

Riesz’s functional calculus.

An interesting result proved by Foias, Jung, Ko and Pearcy [12] relates the Aluthge transform
with completely contractive maps by using Riesz’ functional calculus. Following similar
ideas, in this subsection we study the relationship between Riesz’s functional calculus and
A-Aluthge transforms. We begin with the following technical lemma.

Lemma 3.13. Let X € L(H), A € GL(H)* and X\ € [0,1]. Then, given n € N, and
fits -+ fan analytic functions defined in a neighborhood of o (X A), we have

Juscsa, <o, [ oo,

Proof. Let €1 denote the open subset of the complex plane defined by
Qo1 ={z€C: Re(z) €(0,1)}.

Given two unitary vectors © = (xy,...,x,), and y = (y1,... ,yn) belonging to H", define
Yy : 201 — C in the following way

If I,, denotes the identity operator on C", then
(fig(APXAT2) = (A7 [ (XA)AT7) = (A7 @ L) (f(XA)) (A7 & 1) .

Hence, it is easy to see that ¢, , is analytic in y; and continuous in §2o;. On the other
hand, since A% is unitary for every t € R,

[eay(it) = |( (o (A X A1) 2, )
= (4" © L) (£ (X)) ;(A" @ 1)) @, )
(fi(XA4)),,

N

Analogously
oy +i0)] = |( (fo(ATXA™) 2, y))

= [(((4" @ L) (f5(AX)) (A" @ 1)) @, )

(fi5(AX),;

N




Therefore, by the three lines theorem (see, for example, [18]), if A = Re(z),

1-X

(s a=) )| < (stax),, | ]| (sx ),

Taking supremum over all x,y € ‘H", we get the desired inequality. U

Lemma 3.13 allows us to give an alternative proof of Jung Ko and Pearcy’s result, which
also generalizes it for A € (0, 1).

Proposition 3.14. Let T'€ L(H), A € (0,1) and f € Hol(c (T)). Then

LAF AN < IFD and (| F(AL(T)] < FD)]-

2. LA AX@DI<IFALTDIM I (Ao(THIFA <A

Proof. The inequality ||f(A(T))|| < ||f(T)]] was proved by Foias, Jung, Ko and Pearcy in
[12], using Proposition 3.4. The inequality for Ay(T") can be proved by following exactly the
same lines.

In order to prove the inequality of item 2, Let T' = U|T| be the polar decomposition of T’

and E the orthogonal projection onto R(|T|). Note that (|T|+ n_l)/\ Il |T|’\ because

the sequence of functions f,(z) = (z + n’l))‘ (n € N) converges uniformly to f(x) =2* on

compact subsets. So, given f € Hol (¢ (7)), by Proposition 2.1 we have that
f<(|T| +n Y EU(T| + n—l)H> ,
f(E U(|T!+n‘1)>, and f((\TH—n_l)E U) are defined for all sufficiently large n. Moreover,
r(w(m+n)) L p (5 vpm)),
r((r1+n)EU) L f(T|E U) = (TIU), and

P10 B U] 407 ™) S F(TPUIT),

Using Lemma 3.13 and standard limit arguments, we get inequality 2. 0
Remark 3.15. Using Lemma 3.13, it can be proved that given n € N, and fi1,..., fun €
Hol (o (7)),

1-X

[ atan on, | <@, || oo,

It should be mentioned that H(fij(Ao(T)))in < |I(fi;(T)),

S

A

For T € L(H), we denote W(T) = {(Tz, x) : « € H, ||x|| = 1}, its numerical range. As a
corollary of Proposition 3.14, we obtain the next result about numerical ranges.

10



Corollary 3.16. Let T € L(H) and X € [0,1]. Then, for every complex analytic function f
defined in a neighborhood of o (T),

W (f(AN(T))) S W (f(T)) .

Proof. Indeed, by Proposition 3.14 (item 1), for every p € C it holds that ||f(A(T)) —
pl|| < || f(T) = pl||. So, if B(r,{) ={z € C: |z — (| <r}, using the well known formula

WT) = () BT = A, ),
AeC

we have that

W (F(AN(T)) = Muee BUFANT)) = pI], A)

€ Nuee BUIAT) = pIll, A) = W(f(T)) .
0

Remark 3.17. The above Corollary, was proved in [12], for A = 1/2, using that W(T) is
the intersection of all half-planes H containing W (T'), which are spectral sets for T". In [17],
Okubo obtains the same result for a polynomial function f, for every A € (0, 1). A

4 The finite dimensional case.

In this section, we study the A-Aluthge transformation in finite dimensional spaces. Given
T € M,(C) and X € (0,1), we denote by A} (7) the n-times iterated A-Aluthge transform
of T, i.e.,

AN(T)=T, and AY(T)=A,(AY'(T)) , neN.

The following proposition was proved, for A = 1/2, by Ando in [2], and by Jung, Ko and
Pearcy in [16].

Proposition 4.1. Let T' € M, (C). Then, the limit points of the sequence {AY(T)}nen
are normal. Moreover, if L is a limit point, then o (L) = o (T) with the same algebraic
multiplicity.

Proof. Let {AY* (T)}ren be a subsequence which converge in norm to a limit point L. By
the continuity of Aluthge transforms, AT (T) — Ay (L). Then

|8 (1), = Jim AR (T) [, = Tim 1A% (T)]],
= lim A (T) [, = |IZ]], -

Hence, by Theorem 3.9 L is normal. It only remains to prove that o (L) = o (T') with the
same algebraic multiplicity, or equivalently, that tr(7") = tr(L™) for every m € N. Indeed,

tr L™ = klim tr AV (T)" =txT™, meN,

because, for each k € N, o (A" (T')) = o (T') (with algebraic multiplicity), and therefore
tr AV (T)™ =tr T™. O

11



As a consequence of this result, we obtain Yamazaki’s spectral radius formula, for every
A € (0,1). It should be mentioned that Yamazaki’s formula holds for operators in Hilbert
spaces (with A\ = 1/2), but we can only prove the general case (A # 1/2) in the finite
dimensional case.

Corollary 4.2. Let T € M, (C) and X € (0,1). Then,
o(T) = Tim [1A%(T) |

Proof. Take a subsequence {AY* (T)} that converges to a limit point L. Since L is normal
and o (L) = o (T), it holds that ||L|| = p(L) = p(T"). Hence

Jim JA(T) || = [[L]] = p(L) = p(T).

Finally, since the whole sequence {||A% (7T") ||} converges because it is non-increasing, we
obtain the desired result. O

Analogously we can deduce the following result, proved by Ando in [2] for A = 1/2. We use
the notation co(X) for the convex hull of the set X.

Corollary 4.3. Let T € M, (C) and X € (0,1). Then,

co(o (T)) - f_ﬁ W (A (T))

Now we state the following result, which is a direct consequence of Theorem 3.6 and the fact
that the map 7" — |T|" is norm-continuous in M, (C).

Proposition 4.4. The map (A\,T) — Ax(T) from (0,1) x M,,(C) into M,,(C) is continuous
when M, (C) is endowed with the norm-topology and the interval (0,1) with the usual one.

Proof. Tt follows by a standard § -argument. O

The iterated Aluthge transforms in M,(C).

In this subsection we study the convergence of the sequence {A% (7))} when 7 is a 2 x 2
matrix. The convergence of this sequence for n x n matrices and A = 1/2 was conjectured by
Jung, Ko, and Pearcy in [15]. Although this conjecture is still open, there exists a result, due
to T. Ando and T. Yamazaki [3], which answers the conjecture affirmatively for 2 x 2 matrices
and A = 1/2. We generalize this result for arbitrary A € (0,1) and we also prove that the
map which assigns to each pair (A, 7") the limit of the sequence {A%} (T")} is continuous in
both variables 7" and A.

Lemma 4.5. Let T € My(C
Then, there ezists v(T, \) € (

S
IAX(T)" AX (T
1-

) and A € (0,1). Suppose that o (T) = {1, p2} with py # po.
0,1) such that, for alln € N,
) =

AX(T) AX(T) |, AT N T =TT,
A}, then we can take

202 | iy — pio !2)”2
2|y o] + || 7|2

Moreover, if &« = min{\ ,

)= (1-
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Proof. Denote T,, = A} (T'), n € N. In some orthonormal basis, which may be different for
each n € N, T}, has the form

fin i 1/2
= (“1 ) ;o with @ = (T3 = [ 1l + |p2f’]) 230

Hence a,,1 < an, n € N, by Theorem 3.9. Easy computations show that, if M = | py — po |?
then

| T:T, — T, To|?=2a2 (M+a2), neN. (6)
Therefore, for all n € N,

HT;-s-lTn—&-l - Tn+1T;+1||§ o a’721+1 (M + a721+1) a31+1

= < ) 7
IToT, — oI : (ta) S a )

Since a2 — a2, = ||Tu||? — ||T+1]|?, by Proposition 3.8 the following inequality holds for all
n n+1 2 +1li5
n €N,
@y _ Tl =N Tanally o Tl = IT31 1S
a, a, h a, '

On the other hand, if X € My(C)* and d = det(X)'/2, then it is known that

e Xtdl
2d + tr(X)

Hence, if we denote d = det(T*T},)"/? = det(T,,T)"/? = | det T| = |1 12|, we have that

17T — T T |12

T = 1T = , n€N.
’ 2d + || T3
Therefore, by equation (6), for all n € N,
a2y o1 o | TrT, — T, T L 202 (M + a?) o1 202 M (8)
a, ap(2d + || T,113) 2d+ || T,ll3 2d+ T3
Finally, taking (T ) O ”ﬁM'yﬂb tioms (7) and (8), we get
inally, takin A)=[(1———— , by equations an , we ge

1T 1 T = T Ty, <Y (T NTT - TG, n €N,
and the result is proved by iterating this inequality. Note that 0 < a? < 1/4 and
0<M=|pn—po [P<2|papo] + ] + ua* <2d + T3 -
Then 0 < (7T, \) < 1. O
Theorem 4.6. Let T' € My(C) and X € (0,1). Then, the sequence {A} (T)} converges.

13



Proof. Suppose that o (T') = {1, u2}. Since we have proved (see Proposition 4.1) that the
limit points of the sequence {A%} (T")} are normal, if y; = ps = ¢, then AY(T) —— cl.

n—oo

Thus, from now on we only consider the case in which p; # pe. As in the Lemma 4.5, we
denote T,, = A} (T).

Fix n>0. If T,, = U,|T,,] is the polar decomposition of T,,, then |T¥|* = U, |T,|°U, for every
s > 0. Therefore we obtain

(Tor1 = T)Uy - = [T MU T AUy — U To|U;;
= [T = T3] = (1T = [Ty I
Since ||AB||, < ||A]l,||B||, we can deduce that
| Tosr = Tall, < Tl = 1T - N2 < T = 1T P - 1T
Using Proposition 2.5 with A = TT,,, B =T, T and r = \/2, we get

| Tor = Tall, < T = 1T P, 0T 1
<@ TN NTT =TT

because ||L[|17? < 2. Let a = v(T,A\)V? < 1, where y(T,)) € (0,1) is the constant of
Lemma 4.5. Then

T = Tall, < @I T 1 I1T0T = T
a" 2| T TT = TT?).

Denote N(T,\) =2 || T ||*"* |T*T — TT*|}2. Then, if n,m € N, with n < m,

m—1
T = Toll, <D 1 Tksr = Tl
k=n

m—1
[ ,MM—00
which shows that the lim 7, = lim A (7") exists. O

n—oo n—oo

In order to state precisely the next results, we need the following notations:
Definition 4.7.

1. Given T' € My(C) and A € (0,1), denote A (T') = lim A} (7).

2. Consider the map I' : (0,1) x My(C) — My(C) defined by

T\T) = AL (T) , (A\T) € (0,1) x My(C) .

14



Theorem 4.8. Let A € (0,1) be fized. Then the map T'(X,-) : My(C) — My (C), given by
My(C) > T — A (T)

is continuous. Therefore AS° (+) is a continuous retraction from Ms(C) onto the space of
normal matrices in My(C).

Proof. Take T' € My(C) and A € (0,1). We shall consider two cases:
Case 1. Suppose that o (T') = {u}. Let S € My(C) with o (S) = {n1,m2}. Since AP (T') =
pul and A (S) is a normal operator with the same spectrum as S, then

1A (T) = A (S) 15 = I = m[* + |1 — el

Clearly, this implies that A% (+) is continuous at 7.

Case 2. Suppose that o (T) = {1, g2} with gy # s and let € > 0. Take 6; > 0 such that
for every matrix S satisfying ||T" — S|, < 01, the constant v(S, A) of Lemma 4.5 applied to
S satisfies v(S, \) <, for some r < 1. Indeed, note that the formula for (S, \) given in
Lemma 4.5 depends continuously on S (and its spectrum). Note that the constant N (S, \) =
41 S I |1S*S — SS*||M? is bounded on the set U = {S € M5(C) : [|[T — S|, <& }. Then,
by formula (9), we can deduce that there exists n € N, such that

£

A — A" < N Y kX/2 <
IAS(S) A9, (S, A) ;T 3

for every S € U. Finally, since the map A%Y(-) is continuous on My(C), we can take 0 <
dy < 07 such that, if |77 — S|, < s, then

IAX(T) = AXS)], <

ol ™

So, if || T"— S|, < 09, then
IAS(T) = AF (S) [, < 1A (T) = AX(T) [l, + AR (T) = A (S) [l +
AT (S) - A (S) [l <=
which completes the proof. O
Theorem 4.9. Let T € My(C) be fizred. Then the map I'(-,T) : (0,1) — My(C), given by
(0,1) 3 A = AZ (T)
is continuous. Moreover, if o (T) = {1, po} with |u1| = |pe|, then the map is constant.

Proof. The proof of the continuity is similar to the proof of the previous theorem (see also
Remark 4.10 below). Note that the constants (7, A) and N(7T, ) depend continuously
on both variables, in particular on A. Also, by Proposition 4.4, the map A — A} (T) is
continuous, for every n € N. Let T' € My (C) such that |p;| = |pa|. As Ando and Yamazaki
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pointed out in [3], without loss of generality we can assume that 7' = ( _(Z 2 ) € My(R),

with b > 0, and o (T) = {u + iv,u — v} with u® + v* =1 and v > 0. Then,

u v
L\T) = ( L u) , A€ (0,1).
Indeed, if AY(T') = CCL” cbln ), by Theorem 4.6 and some simple computations, we get
AX(T)"AX(T) — AR (T) AX(T) " =
. _(bn + Cn) An — dn
(b Cn)< tn—dy bt ) o O (10)

So, the sequences a,, and d,, converge to tr(7")/2 = u. On the other hand, following essentially
the same lines as in Ando-Yamazaki’s proof, we get 0 < m = inf,, (b, — ¢,)? = lim, (b, —
c,)?. Hence, b, — ¢, must converge to m!/? or —m!'/2. Moreover, since b, + ¢, —— 0 by

formula (10), then m'/? = 2uv, for each A € (0,1). Therefore

u v u o —v
F\T) = ( v u ) =I1(1/2,T) or TIT'\T)= ( ; " ) .
But I' is continuous on A, so I'(A\,T") = I'(1/2,T) for every A € (0, 1). O

Remark 4.10. With similar arguments to those used in the proofs of the previous two
theorems, it can be proved that the map I is jointly continuous.

Example 4.11. If T € M3(C) has eigenvalues with different moduli, then the map A —
3

AS° (T) does not seem to be constant, in general. For example, if 7" = < 9 1

) , numerical

computations show that

o o 222738 0.973807 |
A0'3(T)_(0.973807 1.77262) while

oy o 137162 —0.777907
Bor(l) = ( —0.777907  2.62838 )

Nevertheless, for many other matrices T° with different modulus eigenvalues, the map A —
AS° (T) seems to be constant. A

The Jordan structure of Aluthge transforms

In this subsection, we study some properties of the Jordan structure of the iterated Aluthge
transforms. We show a reduction of the conjecture on the convergence of the sequence
{AY(T)} for T € M,,(C), to the invertible case. We also study the behavior of the angles
between the spectral subspaces of iterates of the Aluthge transform for 7' € M,,(C).

The following result states a simple relation between the null spaces of polynomials in
T and in A,(T). This relation has some consequences regarding multiplicity and Jordan
structure of eigenvalues of 7" and Ay (7). We denote by C[z] the set of complex polynomials.
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Lemma 4.12. Let T' € M, (C) and X € (0,1).
1. Given p € Clz], then dim N (p(T)) < dim N (p(Ay (T))).
2. Forn €N, n>2, dim N(T") = dim N (A, (T)" ).
Proof. Assume first that p(0) # 0. In this case N(T) N N(p(T)) = {0}. Hence
dim [T} (N (p(T))) = dim N (p(T)) ,

because N(T) = N(|T|) = N(|T|*). Using Proposition 3.4, we know that p(Ay (T))|T]* =
|T1*p(T), so that

TN (p(T)) S N(p(Ax(T)) -
If p(0) = 0, Note that N(T) C N(p(T)) and also N(T) € N(p(Ax(T))). Denote by
S = N(p(T)) © N(T). Then dim|T|*S) = dimS and |T]* (S) C (T)L. On the other
hand, we get that |T|*(S) € N(p(Ayx (T))) as before. Then

dim N(p(T)) =dim N(T) + dimS
= dim N(T) +d1m|T| (S)
= dim [N(T) @ |T|*(S)] <dim N(p(Ay (T))).

Finally, note that if n > 2 we have
N(AN(T)"HTP) = N(ITPT™) = N(T™).

Let S = N(Ay (T)" )& N(T). Since |T|* operates bijectively on N(T')*, there is a subspace
M C N(T)* such that dim M = dim S and |T|*(M) = S. Hence

N(AA(T)"_1|T\’\):{:CE(C”:]T|()GN(AA ”1 } N(T)® M.
So that dim N (A, (7)) = dim N (A, (T)" ' |T]}) = dim N (T™). 0
Definition 4.13. Let 7' € M,,(C) and p € o (T'). We denote
1. m(T, u) the algebraic multiplicity of the eigenvalue p for T'.
2. mo(T, p) = dim N(T — pl), the geometric multiplicity of the eigenvalue u for T.

3. 7(T, ) = min{k € N : dim N(T — pl)* = m(T,u)}, usually called the index of p.
Note that (7', ) is the size of the biggest Jordan block of T" associated to p.

We say that the Jordan structure of T' for the eigenvalue p is trivial if m(T, u) = mo(T, ),
or equivalently, if »(T, u) = 1. A

Proposition 4.14. Let T € M,,(C) and X € (0,1).
1. Suppose that 0 € o (T'). Then
m(T,0) = mo(AYTO71(T) | 0) = dim N (A0 (1),

Therefore, after r(T,0) — 1 iterations of the Aluthge transform, we get a matriz whose
Jordan structure for the eigenvalue 0 is trivial.
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2. If we o(T)/{0}, then
Mo (T> :u’) < mO(A/\ (T) ) :U’) and T(T, ,LL) 2 T<A)\ (T> nu) :

Proof. 1. Denote r(T,0) =r. If r > 2, by Lemma 4.12,
m(T,0) = dim N(T7) = dim N (A, (1)) = dim N(A2 (7)) = ...
.- =dim N(A}2(T)%) = dim N(AL 1 (T)) .
If r =1, then A} (T) = A (T) = T by definition, and

m(T,0) = mo(T,0) = dim(A}, ™ (T)).

2. Consider P,,(x) = (x — p)™, m € N. Taking m = 1, by Lemma 4.12,
mo(T, p) = dim N(T — pl) < dim N (A (T') — pd) = mo(Ax (1) , ).
Taking m = r(7, ), again by Lemma 4.12, we have that

m(T,p) =dim N((T — M[)T(T,M))
<dim N((Ay (T) = pI)" @) <m(Ay (T) )

Since m(A\(T') , u) = m(T, ), we get that (T, u) = r(Ax(T), p).
UJ

Remark 4.15. In particular, Proposition 4.14 shows that if 7T is nilpotent of order n then
A1 (T) = 0. This result was proved by Jung, Ko and Pearcy in [16].

Corollary 4.16. Let A\ € (0,1). If the sequence {AY (S)} converges for every invertible
matriz S € M, (C) and every n € N, then the sequence {AY (T')} converges for all T €
M, (C) and every n € N.

Proof. Let T € M,,(C). By Lemma 4.14, we can assume that m(7,0) = mg(7,0). Note that,
in this case, N(A,(T")) = N(T), because N(T') C N(A, (7)) and mo(Ax(T),0) = m(T,0).
On the other hand, R(A, (7)) € R(|T|) so that R(A, (7)) and N(A, (7)) are orthogonal
subspaces. Thus, there exists a unitary matrix U such that

. (S 0
oan - (39
where S € M,(C) is invertible (s = n — m(7,0) ). Since for every m > 2

AT (T) = U* (ATJ (%) 8) U,

the sequence { A" (T')} converges, because the sequence { A}~ (S)} converges by hypothesis.
U
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Remark 4.17. If T € M,,(C) is invertible, then |T'|* is invertible for every A € (0,1), and
ANT) =T T|T| (11)

Therefore, T and AY* (T') are similar matrices, for every m € N. That is, Ay (7)) and T
have the same Jordan structure. This shows that the geometric multiplicity of non-zero
eigenvalues do not increases in general. On the other hand, Proposition 4.14 implies that
for non-invertible operators T, A,(7T") and T" may be not similar. In particular, the Jordan
structure of 7" and Ay (T') may be different.

Numerical experiences show that the rate of convergence of the sequence {AY (T')} is
smaller for non-diagonabilizable T', than for diagonabilizable examples. A

Definition 4.18. Let T' € M,,(C) and p € o (T)).

1. Denote H,r = N((T — uI)"™#). Note that C" = @ Hyr .

2. Denote Q,r € M, (C) the oblique projection with

R(Qur)=H,r and N(Qur)=EPH.r .

YFER

Proposition 4.19. Let T € M,,(C) and X € (0,1). Then, for every u € o (T) ,

Proof. Let f, € Hol (1) be an analytic map which takes the value 1 in a neighborhood of
i, and the value 0 in a neighborhood of o (T') \ {x}. Then it is known that f,(T) = Q.1
Moreover, since o (A" (T')) = o (T), we have that Q, apr) = fu(AY(T)), meN, p €
o (T). Then, by Proposition 3.14,

1Quaym I 2 1Quaptipll, meN, pea(T) .

On the other hand, there exists a subsequence AY™* (T') g L for some normal matrix
—00

L e M, (C), with o (L) = o (T'). Then, by Proposition 2.1,

1@y, a7y | = (A (TDI ——— I ful D] = @]l = 1,

because the spectral projections of normal operators are selfadjoint (i.e., orthogonal). O]

Remark 4.20. Given two subspaces M and N of C" such that M NN = {0}, the angle
between M and N is the angle in [0, 7/2] whose cosine is defined by

c[M, N =sup{|{z,y)]|: €M, yeNand |z] = |y| =1}

— IPu Pyl . (12)
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where Py, denotes the orthogonal projection onto M. The sine of this angle is s [ M, N'| =

S\ 1/2
<1 —c[M, N ) . MON =C" and Q is the oblique projection with range M and
null space N, it is known that

/2 —-1/2

QI = (1= 11Pw Byl?)

= (1—0[./\/1,./\/]2)
=s[M, N .

For proofs of these results, the reader is referred to Gohberg and Krein [13], Deutsch [11],
or Ben-Israel and Greville [5].

Now we can see that Proposition 4.19 is equivalent to the following statement: given p €
o (T), the angle between the spectral subspaces H,,, Ay (r) and N, = @# . Hy,am(r) converges
to 7/2. Given p # v € o (T), since H, an(r) € N, it is easy to see that

¢[Huapa), Hoapm) | < ¢ [Huapm), Nu] —— 0.
Therefore, also the angle between HMAT(T) and H%AT(T) converges to m/2. Another descrip-
tion of this fact is that

PH P’H — 0.

m m
AT 7AY(T) m—oo

This also follows from equation (12). A
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