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Abstract

Let A € (0,1) and let T be a r X r complex matrix with polar decomposition T'= U|T|.
Then, the A- Aluthge transform is defined by

A\ (T) = |[T]UIT|' .

Let AY(T) denote the n-times iterated Aluthge transform of T, n € N. We prove that
the sequence {A%Y(T')}nen converges for every r x r diagonalizable matrix 7. We show
regularity results for the two parameter map (A, 1) — A (T), and we study for which
matrices the map (0,1) 3 X\ — A (7)) is constant.
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1 Introduction.

Let H be a complex Hilbert space, and let L(#) be the algebra of bounded linear operators
on H. Given T € L(H), consider its (left) polar decomposition 7' = U|T|. In order to study
the relationship among p-hyponormal operators, Aluthge introduced in [I] the transformation
Ay (0) : L(H) — L(H) defined by

Ay (T) = |T]V2U T2,

Later on, this transformation, now called Aluthge transform, was also studied in other contexts
by several authors, such as Jung, Ko and Pearcy [14] and [15], Ando [2], Ando and Yamazaki
B3], Yamazaki [20], Okubo [16] and Wu [19] among others.

In this paper, given A € (0,1) and T' € L(H), we study the so-called A-Aluthge transform of T
defined by
AN(T) =T U T

This notion has already been considered by Okubo in [16] (see also [4] and [13]). We denote by
A" (T') the n-times iterated A-Aluthge transform of T', i.e.

AN(T)=T; and AY(T)=A\(AY(T)) neN (1.1)

In a previous paper [5], we show that the iterates of usual Aluthge transform A?p (T') converge
to a normal matrix A‘1’72 (T) for every diagonalizable matrix 7" € M,.(C) (of any size). We also
proved in [5] the smoothness of the map T+ AC1’72 (T') when it is restricted to a similarity orbit,
or to the (open and dense) set D} (C) of invertible 7 x r matrices with r different eigenvalues. The
key idea was to use a dynamical systems approach to the Aluthge transform, thought as acting
on the similarity orbit of a diagonal invertible matrix. Recently, Huajun Huang and Tin-Yau
Tam [13] showed, with other approach, that the iterates of every A-Aluthge transform A% (T')
converge, for every matrix 7' € M, (C) with all its eigenvalues of different moduli.

In this paper, we study the general case of A\-Aluthge transforms by means of a dynamical
systems approach. This allows us to generalize Huajun Huang and Tin-Yau Tam result for every
diagonalizable matrix T' € M, (C), as well as to show regularity results for the two parameter
map (A, 1) = A (T') = limpen A} (7).

Now we briefly describe the dynamical point of view of the problem: For every A € (0,1)
and any invertible matrix 7', it holds that Ay (T) = |T|* T'|T|~*. So the A\-Aluthge transform of
T belongs to the similarity orbit of T". This suggests that we can study the Aluthge transform
restricted to the similarity orbit of some invertible operator. From that point of view, the
diagonalizable case has a better dynamical behavior, as detailed in [5]. If 7" is diagonalizable,
the similarity orbit of 1" coincides with the similarity orbit of some diagonal operator D, which
we denote S (D). The unitary orbit of D, denoted by U (D), is a compact submanifold of S (D)
that consists of all normal matrices in S (D). Hence U (D) is fixed by the Aluthge transform
and, as it was shown in [4], all the limit points of the sequence {AY (T')},en belong to U (D).

As it was shown in [5] for A\ = 1/2, we show that for any N € U (D) there is a local
submanifold W5  transversal to U (D) characterized as the set the matrices (near N) that
converges with a exponential rate to N by the iteration of the A-Aluthge transform. Moreover,
the union of these submanifolds form an open neighborhood of U (D) (see Corollary B.2.2). Thus,



since the sequence {AY (T)}nen goes toward U (D), for some ng large enough the sequence of
iterated Aluthge transforms gets into this open neighborhood and converge exponentially.
These results follow from the classical arguments of stable manifolds (first introduced inde-
pendently by Hadamard and Perron, see Theorem .13} for details and general results about
the stable manifold theorem, see [I1] or the Appendix of [5]). In order to use the stable manifold
theorem, we show previously that the derivative of the A\-Aluthge transform in any N € U (D)
has two invariant complementary directions, one tangent to U (D), and other one transversal to
it where the derivative is a contraction (see Theorem [B.2.T]). Using these techniques we prove
that A% (7') — A (T) € U(r), for every r x r diagonalizable matrix 7'. We also prove that

the two parameter map Ao (X, 1) = AS®(T) is of class C*°, when restricted to (0,1) x D;(C)
and to (0,1) x §(D) for a diagonal matrix D € M,.(C).

We also study for which matrices T' the map (0,1) > A — Rp(A) = A (T') is constant.
Some partial results are obtained, in particular that Ry is not constant for most diagonalizable
matrices T. We also show that Ry is constant for every T in the similarity orbit of a diagonal
matrix D if o(D) = {d;1,da2} with |d1| = |da|. We state and discuss the following conjecture:
this is the unique case where Ry is constant for every T in the similarity orbit of D.

The paper has a structure very similar to [5] because, at any step of the dynamical systems
argument, we need to state results which differ slightly of those results of [5]. The proofs of these
results are omitted or just sketched. The paper is organized as follows: in section 2, we collect
several preliminary definitions and results about the the stable manifold theorem, about the
geometry of similarity and unitary orbits, and about known results on A-Aluthge transforms.
In section 3, we prove the convergence results. In section 4 we study the smoothness of the
two parameter map (A, 7T") — AS°(T") and we study the behavior of the limit function AS® (T)
with respect to the parameter A. The basic tool for these results, in order to apply the stable
manifold theorem to the similarity orbit of a diagonal matrix, is the mentioned Theorem B.2.T]
whose proof, somewhat technical, is done in section 5.

2 Preliminaries.

In this paper M,.(C) denotes the algebra of complex r x r matrices, Gl,.(C) the group of all
invertible elements of M,.(C), U(r) the group of unitary operators, and M”"(C) (resp. M**(C))
denotes the real algebra of Hermitian (resp. anti Hermitian) matrices. Given T € M, (C),
R(T) denotes the range or image of T, ker T' the null space of T', o(T') the spectrum of T,
rk T = dim R(T) the rank of T', tr(T) the trace of T, and T* the adjoint of T. If v € C", we
denote by diag(v) € M, (C) the diagonal matrix with v in its diagonal. We shall consider the
space of matrices M,.(C) as a real Hilbert space with the inner product defined by

(A, B) =Re (tr(B*A)).

The norm induced by this inner product is the so-called Frobenius norm, denoted by || - ||, .

On the other hand, let M be a manifold. By means of TM we denote the tangent bundle of
M and by means of T, M we denote the tangent space at the point x € M. Given a function
feC" (M), where r = 1,...,00, T, f (v) denotes the derivative of f at the point = applied to
the vector v.



2.1 Stable manifold theorem

In this section we state the stable manifold theorem for an invariant set of a smooth endo-
morphism (see below). We refer to [5] for a detailed description of these type of results.
Let M be a smooth Riemann manifold and N C M a submanifold (not necessarily compact).
Throughout this subsection T, M denotes the tangent bundle of M restricted to INV.

Definition 2.1.1. A C" pre-lamination indexed by N is a continuous choice of a C" embedded
disc B, through each x € N. Continuity means that N is covered by open sets U in which
r — B, is given by

B, = o(x)((—¢,)")

where o : U N N — Emb"((—¢,¢)¥, M) is a continuous section. Note that Emb"((—¢,¢e)*, M)
is a C" fiber bundle over M whose projection is 5 — 3(0). Thus o(x)(0) = z. If the sections
mentioned above are C*, 1 < s < r, we say that the C" pre-lamination is of class C*. A

Definition 2.1.2. Let f be a smooth endomorphism of M, p > 0, and suppose that f|y is a
homeomorphism. Then, N is p-pseudo hyperbolic for f if there exist two smooth subbundles of
T, M, denoted by £° and F, such that

1. TyM =&°® F;

2. TN = F;

3. Both, £° and F, are T f-invariant;

4. T f restricted to F is an automorphism, which expand it by a factor greater than p.

5. T.f & — 5;(1,) has norm lower than p. A

In this case, the stable manifold theorem assures that for any point € N it is possible to
find an f—invariant submanifold transversal to N tangent to £° and characterized as the set of
points with trajectories asymptotic to the trajectory of x. We shall state the following particular
version of this theorem. For a proof, see Theorem 2.1.4, Corollary 2.1.5 and Remark 2.1.6 of [5].

Theorem 2.1.3 (Stable manifold theorem for a submanifold of fixed points). Let f be a C”
endomorphism of M with a p-pseudo hyperbolic submanifold N with p < 1. Assume that any
point p in N is a fixed point. Then, there is a f-invariant C"-pre-lamination W?* : N —
Emb"((—1,1)*, M) of class C* such that, for every z € N,

1. W3(x)(0) = =,
2. Ws = Ws(z)((—1,1)%) is tangent to £ at every z € N,
3. There exists an open neighborhood U of = (open relative to M) such that

W,NU = {y e U : dist(z, f"(y)) < dist(z,y) p"}. (2.1)

4. lf y € N, x #y, then W NW, = 2.



5. There exists v > 0 such that
B(z,y)c |Jws .

rEN
This implies that U W, contains an open neighborhood W(N) of N in M.
rEN
6. The map
p:W(N)— N givenby pla)=z if aecWi(x), (2.2)
is well defined and it is of class C". |

2.2 Similarity orbit of a diagonal matrix
In this subsection we recall some facts about the similarity orbit of a diagonal matrix.

Definition 2.2.1. Let D € M, (C) be diagonal. The similarity orbit of D is the set
S(D)={SDS™' : S€Gi,(C)}.

On the other hand, U (D) = { UDU* : U € U(r) } denotes the unitary orbit of D. We donote
by 7, : Gl,.(C) — S (D) € M,(C) the C* map defined by m,(S) = SDS~!. With the same
name we note its restriction to the unitary group: 7, : U(r) — U (D). A

Proposition 2.2.2. The similarity orbit S (D) is a C*° submanifold of M,.(C), and the projec-
tion 7, : G1,(C) — S (D) becomes a submersion. Moreover, U (D) is a compact submanifold of
S (D), which consists of the normal elements of S (D), and 7, : U(r) — U (D) is a submersion.
In particular, the maps 7, have C* (similarity and unitary) local cross sections. |

For every N = UDU* € U (D), it is well known (and easy to see) that
T,S(D)=T,(rn)(M(C)) ={[A,N]=AN —NA: Ac M,(C)}.
In particular

T,S8(D)={AD - DA: Ae M,(C)}
={X e M,(C): X;; =0 for every (i,j) such that d; = d;}. (2.3)

Note that,

T,S(D)={[A,N] = AN — NA: A€ M,(C)}
— {(UBU*UDU* — UDU*(UBU*) : B € M,(C)}

= {U[B,D|U* = BD — DB : B e M,(C)} = U<TD S (D) >U* . (2.4)
On the other hand, since T, U(r) = M3 (C) = {A € M,(C) : A* = —A}, we obtain

T, U (D) =T,(rp)(M(C))={[A,D] = AD —DA: Aec M)} and
T, U (D) ={[A,N] = AN — NA: Ae M(C)} = U(TDU(D) >U* . (2.5)



Finally, along this paper we shall consider on S (D) (and in U (D)) the Riemannian structure
inherited from M, (C) (using the usual inner product on their tangent spaces). For S,T € S (D),
we denote by dist(S,7T) the Riemannian distance between S and T' (in S (D) ). Observe that,
for every U € U(r), one has that US (D)U* = S (D) and the map T +— UTU™* is isometric,
on S (D), with respect to the Riemannian metric as well as with respect to the || - ||, metric of

M,(C).

2.3 A-Aluthge transforms

Definition 2.3.1. Let T' € M,.(C), and suppose that 7" = U|T| is the polar decomposition of
T. Let A € (0,1). Then, we define the A-Aluthge transform of 7" in the following way:

AN(T) = |T]*U T
We denote by A% (T') the n-times iterated A-Aluthge transform of T', i.e.
AN(T)=T; and AY(T)=A,\(AY (7)) neN.

The following proposition contains some properties of A-Aluthge transforms which follows easily
from its definition.

Proposition 2.3.2. Let '€ M, (C) and A € (0,1). Then:
1. Ay (cT) = cA)(T) for every c € C.
2. AN(VTV*) =VAN(T)V* for every V € U(r).
3. If T=T)&T, then Ay (T) = Ax(T1) & Ay (T2).
A [AX (), < 1T,
5. T and Ay (T') have the same characteristic polynomial.
6. In particular, o (A (7)) = o (T).
The following theorem states the regularity properties of A-Aluthge transforms.

Theorem 2.3.3. The A-Aluthge transform is continuous in M, (C). Moreover, the map (0,1) x
Gl (C) > (\T) — A)(T) is of class C.

Proof. The continuity part was proved in [4] (see also [10]). If T' € GI,.(C), then
A(T)=|TPTIT7, Xe(0,1).
This clearly implies regularity, since the map
(0,1) x GI,(C) 3 (\,T) +— |T]* = (T*T)»? = exp(\/2 log T*T)

is of class C°° . [ |

The following result is proved in [4]:



Proposition 2.3.4. Given T' € M, (C) and A € (0,1), the limit points of the sequence
{AY (T)}nen are normal. Moreover, if L is a limit point, then o (L) = o (T') with the same
algebraic multiplicity. In particular, for each A € (0, 1), one has that Ay (7') = T if and only if
T is normal.

Finally, we mention a result concerning the Jordan structure of Aluthge transforms proved in
[4]. We need the following definitions.

Definition 2.3.5. Let 7' € M, (C) and p € C. We denote

n

1. m(T, ) the algebraic multiplicity of p for T, i.e. the maximum n € N such that (z — )
divides the characteristic polynomial of 7.

2. mo(T, p) = dimker(T — pl), the geometric multiplicity of p. A

Observe that Proposition says that m(T, u) = m(Ax (T, p) for every p € C.
Proposition 2.3.6. Let T € M, (C).

1. If 0 €0 (T), then, there exists n € N such that

m(T,0) = mo(AY (T"),0) = dimker(AY (7).

2. For every € o(T), mo(T, p) <mo(Ax (T) , ).

Observe that this implies that, if T is diagonalizable (i.e. mo(T, ) = m(T, ) for every u), then
also Ay (T) is diagonalizable.

Remark 2.3.7. Let T € Gl,(C) with polar decomposition T"= U|T|. The Duggal or 1-Aluthge
transform of T' is A(T) = |T|U. It is easy to see that the map A; : GI,.(C) — Gi,(C) is
continuous and that Ay(7") = T if and only if 7" is normal. Observe that U € U(r), so that
A(T) = UTU*, and the distance of A1(T') to the normal matrices is the same as the distance
of T' to the normal matrices. All these facts imply the iterated Duggal transforms A} (7") can
not converge, unless 7' is normal. A

3 Convergence

In this section, we prove the convergence of iterated \- Aluthge transforms for every diago-
nalizable matrix and A € (0,1). Throughout the next subsections, a diagonal matrix D =
diag(dy,...,dn) € Gl,.(C) is fixed. For every j € {1,...,n}, let d; = ei‘gﬂ'|dj| be the polar
decomposition of d;, where 6; € [0, 27].

3.1 Reduction to the invertible case

We claim that the proof of the convergence of iterated A- Aluthge transforms can be reduced to
the invertible case. Indeed, let ' € M,.(C) be a a diagonalizable matrix with polar decomposition
T = U|T|. As R(T) is a (oblique) complement of ker T = ker [T'|* and R(U|T|'*™*) = R(T), it
holds that

R(Ax (T)) = R(TP U [T = R(T)).



On the other hand, it is easy to see that ker Ay (T) = ker |T|'~* = ker |T'|, which is orthogonal
to R(|T']). By Proposition 2.3.6] after one iteration we get that

1L
T 0) ker T’ (3.1)

AA(T):<0 0) kerT

where T} is invertible and diagonalizable on ker 7. By Proposition 2.3.0] again,

n—1
Ay (1) 0> ker I+ for every n € N .

AT = < 0 0) kerT °

Hence, the convergence of {A} (T')},en is equivalent to the convergence of {AY (T7)}nen -

3.2 Main Theorem

Reduced the problem to the invertible case, the key tool, which allows to use the stable manifold
theorem 2.1.3], is Theorem [B.2.T1below. The proof of this theorem is rather long and technical, for
this reason, we postpone it until section bl and we continue in this section with its consequences.

Theorem 3.2.1. Let A € (0,1). The A-Aluthge transform Ay (+) : S (D) — S (D) is a C* map,
and for every N € U (D), there exists a subspace £° in the tangent space TS (D) such that

N,

1. T,8 (D) = EvnoeTyu (D);
2. Both, &°

N,A

and T, U (D), are Ty Ax-invariant;
3. HTN A)\|g;)\ H < kD,A < 1, where

|dj " [ + |di] Ay (0,6,
k_, =max< max ,max [A(e!@ %) — 1) + 1|3 < 1.
o {di#dn |di| + |d;] eﬁéej‘ ( )+l

4. If U € U(r) satisties N = UDU*, then £ = U(E; | )U*.

In particular, the map U (D) > N > &} | is smooth. This fact can be formulated in terms of
the projections Py | onto £ | parallel to T U (D), N € U (D).

N,
Proof. See Section [0 [ |

Corollary 3.2.2. Let D = diag(dy,...,d,) € M,(C) be an invertible diagonal matriz and
A€ (0,1). Let &, and kp as in Theorem [3.21. Then, in S (D) there exists a Ax-invariant
C*-pre-lamination {Wn}neu) of class C* such that, for every N € U (D),

1. Wy is a C™ submanifold of S (D).

2. TyWNa =&, -

3. If kp <p <1, then dist(AY (T') — N) < dist(T, N)p", for every T € Wy x .
4. If N1 # Ny then Wy, AN Wh, A = @.
5

. There exists an open subset W(D) of S (D) such that



a. UD)CWD)S |J Wua, and
NeUu(D)
b. The map p: W(D) = U (D), defined by p(T) = N if T € Wy », is of class C*.

Proof. By Theorem B21] for every kp < p < 1, U (D) is p-pseudo hyperbolic for Ay (see
Definition 2.1.2]), and it consists of fixed points. Thus, by Theorem 1.3l we get a C*° and
Aj-invariant pre-lamination of class C°°, {Wy 1} ~Neu(p) Which satisfies all the properties of our
statement. |

3.3 Convergence for fixed ).

Using the previous results, we can apply exactly the same techniques as in our previous work
[5], and to obtain for every A € (0,1) the same results about A) (:) as those obtained for the
classical Aluthge transform A/, (). We state these properties in the following Theorem. The
basic idea is to apply Proposition 2.3.4] in order to assure that the iterations go into the open
set W(D), where the smooth projection p can be used. Although the proof of this theorem is
omitted to avoid repetitions, Proposition below gives a detailed proof.

Theorem 3.3.1. Let A € (0,1):

1. Given a diagonalizable matrix 7" € M,.(C), the sequence {AY (T)},en converges and its
limit will be denoted by AS(T).

2. Let D € M,(C) be diagonal. Then the sequence {A%},cn, restricted to the similarity
orbit S (D), converges uniformly on compact sets to the map AS® : S (D) — U (D), which
is of class C*°. In particular, AS® is a C™ retraction from S (D) onto U (D).

Remark 3.3.2. Let D € M,.(C) be diagonal. For every N € U (D) and X € (0,1), denote
Wi\ ={TeSD): A (T)=N } .

Since T'— AP (T) is a C*° retraction from S (D) onto U (D), each W]J\r, ) is a C*° submanifold
of §(D); and S (D) stands as the (disjoint) union of these sheets. On the other hand, the
submanifolds W]J\r, y are prolongations of the sheets Wy ) of Corollary Indeed, for every
N €U (D) and A € (0,1),

Wya CWi,  and  W(D) N Wy, =W(D) WY,

by Corollary Then Ty Wy, = Ty W =E5 . A

4 Regularity properties of A% (T')

As in section 3, we fix D = diag(di,...,d,) € GI,(C). Observe that, using the continuity of
A (+) with respect to A (Thm. 2:333)), and the fact that the convergence of its iterations to the
limit map A () is uniform on compact subsets of S (D) (for each \), one can show that the
map

0,1) x S(D) > (\T) — A (T)

is continuous. The purpose of this section is to prove that this map is smooth. Firstly we shall
analyze the invertible case. Then, in subsection 4.2 we shall see that the invertibility hypothesis
on D can be dropped.



4.1 On the orbit S (D).
Denote by S (D) = (0,1) x §(D) and U, (D) = (0,1) x U (D). Consider the map
A:Sp(D)— S, (D) given by ANT)=(MNANT)), (\T)eSL(D) . (4.1)

Remark 4.1.1. Using Theorems 2:3.3] B.2.T] and B3] and Proposition [Z3.4], one can deduce
easily the following properties:

1. St (D) is a C* manifold, and Uy, (D) is a submanifold of Sg, (D).
2. The map A is of class C'*°.
3. The submanifold Uz, (D) coincides with the set of all fixed points of A.
4. For every (\,T) € S, (D), it holds that
AMNT) = (NAY(T)) —— (N AS(T)) . (4.2)

n—so0
5. For every N € U (D) and A € (0,1), one can describe the tangent spaces as
TuxnUL (D) =T, UD)®R, and
T, xSL(D)=T,S(D)eR=E aTU(D)eR=E T, U (D),
where the spaces & If, , are those of Theorem B.2.T1

6. By Remark 5.2.2] the projections @ , = P, , + Pr onto £ parallel to T, UL (D),
given by the above decomposition, satisfy that the map

(0,1) xU (D) > (A\,N) — Qunx
is of class C'°. A

Proposition 4.1.2. The iterates A™ of the map A : Sp (D) — S (D) defined in Eq. (A1)
satisfy
A"\ T) — A®(N\,T)  for every (N\T)eS.(D)

where A% : S, (D) — Ur, (D) is a C* retraction.
Proof. Fix (Ao, Tp) € Sz (D). Let 0 < Ay < Mg < A2 < 1, and consider the submaniflods
So (D)= (A1, ) xS (D)C S (D) and U, (D)= (N, o) xU(D) .

Observe that S, (D) is open in Sz, (D), it is A invariant, and its fixed points coincide with
U, (D), which is also open in Uy, (D). Fix p € (0,1) such that the constants (of Theorem [B.2.1])
k., < pfor every A € (A1, A2). Observe that, for every (A, N) € U, (D),

TomA|, = TvA, C&, ST nSeD) .

(AN)
N, N,

Using this fact, and items 5 and 6 of Remark LTI one can assure that U, (D) is p-pseudo
hyperbolic for A : S, (D) — S, (D) (see Definition 2.T.2)) consisting of fixed points. Thus, by
Theorem RT3 we get a C* and A-invariant pre-lamination {W n)}, n)eu, () of class C™
such that, for every (\,N) € U, (D),

10



L. Wi ny is a C* submanifold of S, (D).
2. T, o Woun) = &

AN

3. dist(A" (u, T)— (N, N) ) < pdist((u, T), (A, V) ), for every (u, T) € Wy ). Observe that
this implies that,
if (1, T) € Wiy, then =X . (4.3)

4. If (/Ll,Nl) 75 (,UQ,NQ) then W(m’Nl) N W(H27N2) = J.
5. There exists an open subset W(D) of S, (D) such that
a. U, (D) CW(D) C U Wiy -

(\N)eU(D)
b. The map p: W(D) — U, (D), defined by

p()‘7T) - ()‘7 N) if ()‘7T) € W()\,N) )
is well defined and of class C°°.

By item 2 of Remark [ 1.1} the map A and its iterations are C'°° functions. Hence, there exist
an open set U C S, (D) and k € N such that (Ao, 7p) € U and A*(U) C W(D). By the regularity
the projection p, one can deduce that the map S, (D) > (A\,T) —— p(AF(N\,T)) is of class C>
on U. Now, if A*(\,T) € W, ny then

p(AF(A,T)) = N = lim A"(\,T),

n— o0

by item 3. Hence A is well defined and of class C°. |
Theorem 4.1.3. Let D € D,(C) be invertible. Then the map
Ax:(0,1) xS(D) = U(D) given by Axc(\T)=A(T), (\T)eSL(D)
1s of class C'™°.
Proof. Let A% : S, (D) — Ur (D) be the C* retraction of Proposition LT.21 By Eq. (£2),
A®NT) = (N, Ax(N\,T) ) forevery (N\T)eS, (D) .
This implies that also the map A, is of class C°. |

Remark 4.1.4. Observe that Proposition and Eq. (£2), before taking the limit, also
show Theorem B3] whose proof was omitted. On the other hand, they also shows that the
map A : g, (D) — Ur (D) given by A®(X,T) = (X, A° (7)) is a C™ retraction from Sy, (D)
onto Uz, (D). Therefore, for every (A, N) € Uz, (D), the set W(J;\ Ny = (A>)~L()\, N) is a smooth
submanifold of Sz, (D). Observe that, by Remark B32] Eq. ([@2]) and (43), we have that
W&N) ={\} x W;\:N and

Wouwy = WD) WG vy = WD) N ({0} x Wiy ) = A} x W

where VV/J\r y are the sheets described in Remark[3.3.2] and W) n are those sheets which appear in
Corollary B.2.21 This can be described as the fact that “the submanifolds W) y move smoothly
with \”. A
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4.2 The not invertible case

As in section 3, all the results of this section still hold if the diagonal matrix D € M, (C) is not
invertible. Indeed, suppose that tk D = s < r, and fix T € S (D) and X € (0,1). By Eq. 1)),

_(Ty O ker T+
AA(T)_<0 0) ket T

where T} is invertible and diagonalizable on ker 7 . The same happens for every matrix
S € §(D). Denote by P = Py and U (P) = {UPU* : U € U(r)} its unitary orbit. Consider
the map

QS(D)_)U(P) given by Q(S):PkerS:PkorAA(S)7 SGS(D) :

This map takes values in U (P) because rtk Q(S) = rk P = s for every S € S(D). Also,
Q is of class C°, since S — A, (S) is smooth, and Ay (S) = Pra,(s) is polynomial. By
Proposition 2.2.2] there exist an open set YW C U (P) which contains P, and a C'* local cross
section o : W — U(r), in the sense that o(R)Po(R)* = R for every R € W. Let V C S (D) be
an open set such that 7' € V and Q(V) C W. Denote by n =0 0@ : V — U(r). Then 7 is also
of class C. So, for every A € (0,1) and S € V, there exists v(S,\) € L(ker T) such that

v(S, \) 0) ker T+

sy a8y ) = (G 1) Wl and (s, € S(T) € Lher )

Therefore, using that Ay (UTU*) = UA, (T') U* for every U € U(r), we obtain

- i
AT (v(S,A)) 0> ker T for every S € W .

AX(5) = Ad,q) O< 0 0) kerT

Then the regularity of (X, S) — A (S) can be deduced from the regularity of the maps (0,1) x
V> (NS) = (S, A) and (0,1) x S(T1) > (A\,A) — A (A). Hence, the reduction to the
invertible case is proved.

4.3 Different eigenvalues.

Let D} (C) be the set of diagonalizable and invertible matrices in M,.(C) with r different eigen-
values (i.e. every eigenvalue has algebraic multiplicity equal to one). Observe that D}(C) is an
open dense subset of M, (C) and it is invariant by the Aluthge transform.

Theorem 4.3.1. The map A : (0,1) x Df(C) — U (D) given by
As(A\T) =AF(T) , (AT) € (0,1) x DI(C)
is of class C°.

Proof. Tt follows from a straightforward combination of the techniques of section 3.2 of [5] and
those of the previous sections. We omit the details. [ |
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4.4 The map A — A (T) for fixed T.

Definition 4.4.1. Let T' € M, (C) be a diagonalizable. We call Ry : (0,1) — M, (C) the map
given by Rp(\) = AL (T), for A € (0,1).

The following question arises naturally: Is the map Rr constant for every diagonalizable matrix
T € M,(C)?. Numerical examples shows that the question has a negative answer in general.

Indeed, taking the 2 x 2 matrix T = < 3

9 1 ), numerical computations show that

[ 22273 0.97380 [ 137162  —0.77790
Rr(03) = ( 0.97380 1.7726 > and Rr(0.7) = ( —0.77790  2.62838 >

Nevertheless, it was proved in [4, Thm. 4.9] that, if D = diag(dy,ds) € Mo(C) and |di| = |d2],
then Ry is constant for every 1" € S (D). Our next result shows that, for a diagonal matrix
D = diag(dy, ..., d,) € M,(C), this may happen only if |di| = ... = |d,|.

Proposition 4.4.2. Let D € M, (C) be diagonal and invertible. If D has two eigenvalues with
distinct moduli, then there exists T € S (D) such that the map Ry is not constant.

The proof of Proposition [£.4.2] follows directly from the next two Lemmas. But let us make first
some comments about this problem:

Remark 4.4.3. Despite Proposition £.4.2], given D = diag(d; ,...,d,) € M,(C) with |d;| # |d;|
for some i,j € {1,...,r}, the similarity orbit S (D) may contain (non normal) matrices T" for
which the map Ry is constant. In fact, consider the following example: let D = diag (1,—1,2) €

M3(C), take Dy = diag(1,—1), Ty € S(D;) and T = ( 1(;1 (2) > € §(D), then
Rp(\) = A (T) = < Az O(Tl) (2) > = ( RTB()\) (2) > , for every A € (0,1) .

But the map Ry, is constant by [4, Thm 4.9] (see also Proposition below). Observe that
this example includes several cases where T ¢ U (D) (otherwise, the map would be trivially
constant). On the other hand, Proposition is not longer true if D is not invertible. This
fact can be immediately tested by taking D with o (D) = {0,1} (i.e., if D is a projection). A

Lemma 4.4.4. Let D € M, (C) be diagonal and invertible. If the map Rr is constant for every
T € S (D), then the distribution of subspaces

(0,1) 5 A — 5;)\
given by Theorem [3.21] must be constant for every N € U (D).

Proof. Using the notations of Remark [3.3.2] and Corollary 3.2.2] each submanifold W]J\r, , consist
of those matrices 7" such that Ry (\) = AS® (7)) = N. But if all the maps A$® (-) are the same on
S (D), then the submanifolds W]J\r, , must agree for different lambdas. Finally observe that, by

Remark and Corollary B.2.2] £}  is the tangent space of Wi at N, for every N € U (D)
and every A € (0,1). [ |

Lemma 4.4.5. Let D = diag(d;,...,d,) € M,(C) be diagonal and invertible. Then the
following conditions are equivalent:
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1. The distribution of subspaces (0,1) > X\ = &7 given by Theorem [3.2.1] is constant for
every N e U (D).

2. |d;| = |d;| for every 1 <14, j <r.
Moreover, in this case, £ = [TDU (D)]J‘ for every X € (0,1).

Proof. Since the proof uses several results and notation from section 5, we postpone it until that
section. See Remark B.2.11 [ |

Now, the natural question is, what happens if D has all its eigenvalues of the same modulus?.
We first study a particular case:

Proposition 4.4.6. Let D € M, (C) be diagonal such that (D) = {dy ,ds} with |di| = |da]| .
Then the map Ry is constant for every T € S (D).

Proof. Let T € S (D). Denote S; = ker(T — d;I) for i = 1,2, and by @ the oblique projection
onto 81 given by the decomposition C" = §; & S2. Then T' = d1Q + do( — Q). Assume that
k=dimSy; > n = dimS; . In matrix terms, there exists A € L(Sll , S1) such that

(T AN S (AT (di—d)A S
Q‘(o 0>51l and T‘( 0 dyI st

We can assume that S = { € C" : z; = 0 for ¢ > n}, by a unitary conjugation, which
commutes with AS®. In this case, A € M, ;(C). By the decomposition in singular values
of B = (di — d3)A, there exist U € U(n) and V € U(k) such that UBV* = 3(B), where
X(B) = (X0(B),0) € M,, (R) with Xo(B) = diag (s1(B),...,sp(B)) € M,(R), and we add a
n X (k —n) block of zeros on the right. If W =U & V € U(r), then

WTW* = ( dBI Eﬁ) > gk | 0 da1, 0 cr
2 0 0 dol,, | Cko

Moreover, there exists a permutation matrix S € U(r) which rearranges the entries of WTW*
in such a way that

d1 SZ(B)

M:SWTW*S*:@< 0 4
2

i=1

> @d2 Ik—n .

As before, it suffices to show that the map Rjs is constant. But now Proposition 2.3.6] assures
that

Ry (V) = AF (M) = P A < o Sifl? ) ©dy I for every A€ (0,1) .
i=1

d1 SZ(B)

Finally, it was proved in [4, Thm. 4.9] that each map A — A ( 0 d
2

) is constant. M
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Remark 4.4.7. The case D = D* in Proposition L.4.6] is particularly interesting, because in
this case all iterated A-Alutge transforms (and the limit) can be explicitly computed for every
E € §(D), even in the infinite dimensional case: Let H be a Hilbert space and D € Lg,(H)
such that o(D) = {1,—1}. Observe that if E € S (D), then E? = E. The geometry of S (D)
has been widely studied (see [I7], [6] and [7]). Given E € S (D), observe that, if L = |E|,
then |E*| = L~!. Therefore, if E = RL is the polar decomposition of E, with R € U(r), then
RL = E = E~! = L7'R*. But the right polar decomposition is E = |E*|R (with the same R),
so that R = R™! = R* is a unitary reflection and RL = L™'R. Moreover, R € U (D), because
E=RL=L"Y?RLY2

The map E +— R is the retraction p : S (D) — U (D) deeply studied in [I§]. We claim that
p=21()=A () for every A € (0,1). Indeed, observe that

Ay (E) = LY2RLMV? = LMPL7V2R =R

and, for every A € (0,1), Ay (F) = LARL*™ = RL'7?} so that A2 (E) = RLO-2Y since
Ay (E) = RL'™?* is the polar decomposition of Ay (E). Inductively, for every n € N,

AY(E) = RLU™2V" 5 R= A (E) |

since |1 —2A| < 1. Then the map A — Rg(\) = A (F) is constant, but the rate of convergence
is very different for each A, being slower when A tends to 0 or 1. On the other hand, the sheets
WE y of Remark [3.3.2] can be characterized as

Wiy={RM : McGl(H)" and RM=M'R}.
The geometry of these hyperbolic manifolds is also deeply studied in [7]. A

If D has all its eigenvalues of the same modulus and o (D) has more than two elements, we do
not have an answer to the above question, but we have made several computational experiments.
In all the tested examples, the map Ry fails to be constant for some 7" in the orbit, even if D
satisfies some algebraic condition such as D? = I. This suggests the following conjecture :

Conjecture. Let D € M,(C) be diagonal and invertible. Then the map Rp is constant for
every T' € S (D) if and only if o(D) = {dy ,d2} with |d;| = |da] . A

Remark 4.4.8. Observe that it would be sufficient to consider the 3 x 3 case, because we can
use a similar reduction to the one used in Remark EZ.31 A

Example 4.4.9. Let a, b, ¢ € R" such that abc = 1, and let T be the 3 x 3 matrix defined by

0 0 1
T=11 00
010

o O Q

00
b 0] =U|T|.
0 c

Computing its spectrum, one shows that 7' € S (U). On the other hand, since U is a permutation
matrix, for every diagonal matrix D € M3(C) both UDU* and U*DU are also diagonal matrices.
In particular, |T%| = U|T|U* is diagonal and commutes with |T'|. Let A € (0,1). Then

A\(T) = TP U T = U(UH(ITPIT ' U) = UlAN(T) ]
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where the last equality holds by the uniqueness of the polar decomposition. Note that ‘A A (T) |
is diagonal with det |A, (T) | = 1. An inductive argument shows that A} (T) = UD,, for every
n € N, where each D, is a positive diagonal matrix. AsT € S (U), then A (T") e U (U) C U(r).
Hence D, — I and AP (T) = U. The same happens for any A € (0,1), therefore, the

function Ry () is constant. This example does not contradicts the Conjecture, because all the
matrices studied satisfy that |T'| and |T™| commute, so that they are not dense in S (U). A

5 The proof of Theorem [3.2.71

As in Section 3, in this section we fix an invertible diagonal matrix D € M, (C) whose diagonal
entries are denoted by (di,...,d,). For every j € {1,...,n}, let d; = ei9j|dj| be the polar
decomposition of d;, where 6; € [0, 27].

5.1 Matricial characterization of TnxA,

Definition 5.1.1. Given A, B € M,(C), Ao B denotes their Hadamard product, that is, if
A = (A;j) and B = (Byj), then (Ao B);j = A;jB;; . With respect to this product, each matrix
A € M, (C) induces an operator ¥4 on M, (C) defined by V4(B) = Ao B, B € M,(C).

Remark 5.1.2. In what follows, we shall state several definitions and results taken from Section
4 of our previous work [5]:

1. By Eq. (23], the tangent space T, S (D) consists on those matrices X € M, (C) such that
Xi;j =0if d; = d;. Then T, S (D) reduces the operator ¥ 4, for every A € M,.(C). This is
the reason why, from now on, we shall consider all these operators as acting on 7,8 (D).
Restricted in this way, it holds that

[Wall = sup{[|Ao B, : BeT,S(D) and ||B|, =1} = max | Aijl
i 7

since W4 is a diagonal operator on the Hilbert space (T,S (D) , |- ||,)-
2. Let P,, and P, be the projections defined on 7,,S (D) by

B+ B*
=2 ad B,

_ B- B

(B) (B)=—5—

BeT,S(D) .

That is, P, (resp. P, ) is the restriction to T,,S (D) of the orthogonal projection onto

the subspace of hermitian (resp. anti-hermitian) matrices.

3. Observe that, for every K € M (C) (i.e., such that K* = —K) and B € M,(C) it holds
that
K o P]Re (B) = P

Im

(KoB) and KoP (B)=P,(KoB). (5.1)
4. Denote by @, the orthogonal projection from 7,8 (D) onto (T, U (D))*.

5. Let J, K € M,(C) be the matrices defined by

’d] —d,\sgn(j—i) if dl #dj
Kij = X
0 if dl = dj
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5y = {(dj —di)K;' it di # dj

1 ifd; =d;’
for 1 <4,5 <r. Then

(a) For every A€ M,(C), AD—DA=JoKoA.
(b) It holds that Q, =¥, P, ¥,

Im

(c) If H € M(C) (i.e., if H* = H), then Q, Yy = ¥yQ, .

6. Let A € (0,1) and N € U (D) and let @, be the orthogonal projection from 7, S (D) onto
(T U (D) )J'. Then T, Ay has the following 2 x 2 matrix decomposition

because T, Ay acts as the identity on T,U (D).
7. Let A€ M,(C) and let v: R — L(H)" be the curve defined by
Y(t) = (4 Det4Y* (M4 Det4) = e~tA" Pret” td petd.
If R, T and T~ € M,(C) are defined by R;; = 2d,d;, T-er = |d;|* + |d;|* and T; =
|dj|2 —|d;|?, 4,7 €1, then

Y(0)=(R—T")o B, (A)+T oP, (A). (5.3)

The following classical result, proved by Dalekiii and Krein in 1951 ([8] and [9]) will be useful
in the sequel (see also the book [12]).

Theorem 5.1.3. Let I,.J C R be open intervals and let v : I — M”(C) be a C' curve such that
o(y(t)) C J forevery t € I. Let f: J — R be a C! map. Suppose that (tg) = diag (a1, ..., a,)
for some tg € I. Then

(f o) (to) = My o7 (to) ,
where My € M, (R) is defined by

o) fla) 4,
7 7
(Mf)ij = , for i, 7 €1, .
f'(as) if a; = a;
Corollary 5.1.4. Let A and ~y be as in[] of Remark[ZL3, and let X € (0,1). Then (v?)(0) =
My /2 0v'(0), where M) o € M,(C) is the matriz given by

— = ifldi] # |dj]
(M)\/2)ij = s 7 s j S Hr . (54)

Ma i || = |d)
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A
Proof. Apply Theorem B.I3lto f(t) =t>. Use that v(0) = diag (|d1[%,...,|d.[*). [

Recall that @,, denotes the orthogonal projection from 7,8 (D) onto (T,,U (D) )l.
Proposition 5.1.5. Fiz A\ € (0,1). Then there exists a matriz H(\) € M,(C) such that
Qp (TDAA)QD =Gy \I’PRSH(A) Qp and

([_ QD)(TDA)\)QD = ([_ QD) \I/PHmH()\) QD-
The entries of Hi(\) = P, H(X) are the following: for every 1 < i,j < r, denote by A;; =
| [P=Ad; | — |di P~ dj [ and Bij = |dj " dif '~ — |dgFA|d; | Then

Azy + ei(@j—ﬁi)Bij
| * — |dil?

if |di| # |d;]
Hi(N)ij = "
A(e®=0) —1) +1 if |d;| = |dy

The proof of this proposition follows the same steps as the proof of of [5, Prop. 4.1.5], but using
now Corollary 5.1.4] and items [B] and [ of Remark For this reason we shall give only
and sketched version, pointed out the main differences and the technical difficulties that appear
when we loose the symmetry of the case A = 1/2.

Sketch of proof. Fix X = AD — DA € TpS (D), for some A € M,(C). Then

d -
Ty A (X) = = A, (e De”™ )| .
t=0

Let y(t) = (e Det4)" (et De~t) = et D*e!A"etADe~t4. In terms of 7, we can write the
curve Ay (etADe_tA) in the following way

Ay (etADe_tA) _ ’)/)\/2(t)(etADe_tA)’y_)\/2(t).

Since 4242 = I, then (y~M2)(0) = —y~2(0) (v*?)'(0) v~*2(0). Using this identity, easy
computations show that

T, 80 (X) = ((*/2)/(0) D = D (/%) (0))|D| ™ + |D(AD — DA)| D™

If we define the matrices L,N € M,(C) by N;; = |d;|~* and L;; = |d;|}|d;|~* and take
J, K € M,(C) as in Bl of Remark [.T.21 Then

T, Ay (X) = No(Jo Ko (V2)(0) + Lo (Jo K o 4).
Using Corollary 5.1.4] and [ of Remark B.1.2] we get
T,A\(AD = DA)=NoJoKoMypo|(R=T)o P, (4)+T 0P, (4)]
+LoJoKoA.

where R, T and T~ are the matrices defined in [7 of Remark 5.1.2, and M, /2 is the matrix
defined in Eq. ([&.4]) of Corollary 5141
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Now, we shall express T\, Ay (AD — DA) in terms of AD — DA = J o K o A. Following the same
steps as in Proposition 4.1.5 of [5], we arrive to the formula

T, 0 (AD = DA) = (W) Q, + (I = Q) ) (AD = DA) ,
where H(A\) = My, 0 No(R—T%)+ L. Given X € R(Q,), then 7 1(X) € M¥(C) and

Qp (Tr20)Q,(X) = Q,(H(N) 0 X) = (V,P,, U5 ) (H(N) 0 X)
=Jo (pﬂm (H(\) o w;%x*))
= % Jo (H(/\) oW N (X) + HN) o m;l(X))
=Jo P H(\) o U (X) = P, HN) o X =Q,¥p, nn(X) .
Analogously, one shows that (I —Q,)(T,A)Q,(X) = (I — @p)¥p, m(n(X). In order to prove
Eq. (B3), recall that H(\) = M)\/g ONO(R—T+)+L. Hence, H()\)Z] = (M)\/2)ij <|dj|_)‘ (Z(Zidj —

(|d;|> + |dj|2))> + |d;|*|d;|=* . Suppose that |d;| # |d;j|. Straightforward computations, using
Corollary 514l show that

1 (2|d;[*di|* + 2did; — 2d;d;|di|M|dy| > = |di]* — |d;]>
P H(N)ij = 9 ( \dj|? — |d;]2 +
1 (20> ;N + 2did; — 2did;|dy | di| —* — |dj|* — |dif?
2 |di|* — |d;]?
Aij + Ci(ej_ei)Bij

|djl* = di>

where A;; and B;; are those of the statement. If |d;| = |d;|, then
A a2 2oy (i(0,—0) i(6,-6;)
HOg = G172 (JdiP2(e 070 = 1)) 41 = A@@ % — 1) 41,

So that H(N)ij = H(\)ji = By, H(\)ij = Hi(\)i; = M(e'®=0) — 1) + 1.
Remark 5.1.6. Using the notations of Proposition 515, let Ho(\) = P, H(\).

1. If |d;| = |d,|, as we observed at the end of the proof of Proposition 5.5, H(\);; = H(\);i.
Hence, Hy(X);; = 0.

|d;]

2. If |d;| # |d;|, denote a = ]

# 1 and o = €"%=%)_ Then one can show that

Hy(\)jj = (a—a™ )™ [ ad M+t ra(2-ad M) —a—a! ]

while Hy(\);j = (a — a1t [ al=r — Ml 4 a(a’\ - a_’\) ] . A
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Corollary 5.1.7. Given N € U (D), consider the matrix decomposition

_ Auv()‘) 0 QN
TNA)\_<A2N()‘) I> I_QN ’

as in BEq. B2). Then ||A, (V|| <k, , where

d,l—)\d,)\ d: 1—)\d,)\ .
k:DA:maX{ max | =21 \” + \dil =] | ,max|)\el(€]_9i)+1—)\|}<1.
' |di|#1d; | |di| + |dj]| 6,70,

Proof. As in the proof of Corollary 4.1.6 of [5], it holds that ||A,, (A)|| = [|4,,(A)]|| for every
N € U (D). On the other hand, by Proposition and its notations, we get that

40 I < W, 00l = mace [F (W)

? J

If |d; d;|, denote a = ld;| # 1. As in Proposition B. 1.5 we denote
! |d;i]

Aij = | P = 1Py = [y ] (@' = a*7h) and
Bij _ |dj|1+)‘|di|l_)‘ o |di|1+)\|dj|1—)\ — |dj| |d2| (a)\ o a—)\) ]

Observe that A;; and B;; have the same sign. So |A;; + Byj| = +(A4;; + B;j) and

[H1(N)ij| =

|dj? = |di* | 7 [1d;[* — |di]?
_ |dj|_|di| J1=A) 72 N ES YN
- ‘dj’2 _ ’di‘Q <|d]| |d2| + |dz| |d]| )
1 A + i dy )
|d;| + |di

Aij — 1069 Bz’j‘ _| Ay + By

This quantity is strictly lower that one (as observed in [13]) because
(1] + 1dil) = (|dsI"Mda* + |dal' A ds 1Y) = (1 = [dal*) (|| = |dif ') > 0.
On the other hand, if |d;| = |d;| but 0; # 6, , using the triangle inequality we obtain that
\Hi (V)] = ‘)\(ei(ef_ei) — 1)+ 1‘ - ‘Aei((’f—(’i) +(1- A)( <1.
In consequence, the bound for ||A,, (A)| is proved. [

5.2 The proof

Now, we shall restate and prove Theorem B.2.1k

Theorem. The A-Aluthge transform Ay (:) : S(D) — S (D) is a C* map, and for every
N €U (D), there exists a subspace £ | in the tangent space T\, S (D) such that

1. T,8(D) = &, & T,U (D);
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2. Both, 8; , and T\ U (D), are Ty A-invariant;

H < kp, <1, where k , is the constant of Corollary 5.1.71

4. It U € Z/[(r) satisfies N = UDU™, then £ = U(E? | )U*.

In particular, the map U (D) > N — &} A is smooth. This fact can be formulated in terms of
the projections Py , onto &7  parallel to T U (D), N € U (D). [ |

The proof of this theorem follows exactly the same steps as the proof of Theorem 3.1.1 of [5],
but now using Corollary B.1.7] item [l of Remark [.1.2] and Proposition [B.1.5] of this work. For
this reason, we shall only give a sketch of the proof.

Sketch of proof. Fix N = UDU* € U (D). By the statement and the notations of Corollary

BIT [|A,x (M) < 1. So the operator I — A, () acting on R(Q, ) is invertible. Let £F  be the
subspace defined by

o= (oo L oy)-1y) * 7 R@}

Now, following the same steps as in the proof of Theorem 3.1.1 of [5] (with minor changes in
order to adapts it to our case) we can see that the following properties hold:

e The operator Py, € L(TyS (D)) given by the matrix

I 0 Q,
PN7A - <_A2N ()‘)([ - AlN()\) )_1 0> I— QN (56)

is the projection onto £, , parallel to T),U (D). Therefore we have the identity T\, U (D) =
Exae T U(D).

e Since Ty Ay = Ad, (Tp AA)Adrjl, then
Py, =Ad, (P, )Ad' and P, (TyA)) = (T APy, - (5.7)
e & =U(&],)U" and both, &y | and T, U (D), are invariant for T); A .

° H (TNA)\)

s = ||(T,Ax)|zs ||. So it suffices to show item 3 for N = D.
gN)\ b SD,A

o Let Y = 4 > € &p ., for some y € R(Qp). Then

<_A2D ()‘)([ - AlD ()‘) )_ly
12
T, A0 Y3 = 1A, Nyl + [[ 4, Ny = Ay (VT = A, (A) ™y
212
< k;)\ ”y”i + H_A2D ()\)AlD ()‘)([ - AlD()\)) lyH2
where the inequality holds because || A, (\)|| <k, , , by Corollary B.I.7

e By item [l of Remark [5.1.2] and Proposition [5.1.5], we obtain that

= Asp A, N = Ay )| <82 |- Auy N — 4, (0)
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o |(T,AN)Y]? < k%’k Hy”?—kkéA H—Aw()\)(I —A,(\) 1yH2 = kiAHYHS . Therefore we
have that (T, A)

€5, has norm lower or equal to k, ,

The smoothness of the map U (D) > N ~— &7 | follows from the existence of C° local cross
sections for the map 7p : U(r) — U (D), stated in Proposition 22221 For example, if op : V —
U(r) is such a section near D, then by Eq. (5.7),

P Ad P, Ad

N A o P oA e NeV. (5.8)
This completes the proof. |
Remark 5.2.1. Using the notations and the proof of the Theorem, one can see that the signi-
ficative parts of the projections Py , are
(I QN) N)\QN = ()‘)(I - AlN()\) )_1
-1
_([ - QN)TNA)\QN (QN - QNTNA)\QN)

When N = D, by Bl of Remark and Proposition [0 and using that the matrices {1 —
Hi(\)ij}ij and {(1 — Hl()\)ij)_l}ij are selfadjoint, we have that

(I - QD) DAQD =—(- QD)\IlHQ QD(Q - QD\I"Hl()\ QD)_l
—(I = Qp) V0 (I = Py n) ‘Q, (5.9)
= (I - QD)\IJG()\) QD )

where G(\) € M (C) has entries G(\);; = —Ha2(\)ij (1 — Hi(\);;)~!. Now, using Remark
B8, we have the following properties, which have been announced in Proposition

1. If ’dz’ = ‘dj’, then G()\)Z] = 0.

2. Suppose that all the eigenvalues of D have the same moduli. Then, using Eq. (5.6]) and

Eq. 1), we get that Py, = Q (ie., & = [T U (D)]J‘) for every A € (0,1) and every
N eU (D).
3. If [di| # |djl, a = |](cii ‘| # 1 and B = €% %) then
XA A1 N T N N S L
_Gij()\):a +a " +6(2-a a\ ) —a—a _ 2(N\) . (5.10)

a— a—l _ (al—)\ _ a)\—l) _ B(a)\ - a—)\) b()\)

Observe that b(A\) —— 0, while z(\) = B(a +a~t —2) # 0. Therefore, we have that
—

A—0
A)ii — 00.
G(N)ij 0 S

4. Suppose that D has at least two eigenvalues d; and d; such that |d;| # |d;|. Then, by the
description Qp = ¥, P, V! given in[of Remark[5.1.2}, and the fact that G(\) € M%(C)
(which implies that P, 6\110( » = Yo P,,), we have that

(I-Q,) Va0 Qp =V sP, UauP, V' =V, Uqm B, U5 .
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Since G € M%(C), then el = ¥em) P, |- Hence

Then the map A — P

1Poll 2 1T = @) Pos@ull = %60 | 2 1G] — oo

>, can not be constant. A

Remark 5.2.2. Note that, using Eq. (0.8, Remark 5.2.1] (particularly Egs. (59]) and (&.10) ),
and the notations of the Theorem, we can conclude that the map

(0,1) xU (D) 5 (A N) — Ad,_, P, Ad_ . =P,

is of class C*°. Another way to prove it is using that the map (A, N) — T, Ay is smooth, and

then to apply Egs. (52]) and (5.6]). A
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