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1 Introduction

A recent paper by S. Smale and D. X. Zhou [23] on Shannon sampling theorem deals with
reducing noise in the sampling data, using probability estimates and a measure of the richness
of the data. Related problems have also recently studied by S. Li and H. Ogawa [21], Y.
Eldar [14], O. Christensen and Y. Eldar [7] and Y. Eldar and T. Werther [15], among others.
In this note we show that the use of oblique projections in Hilbert spaces together with a
convenient modification of the measure of richness of the data used by Smale and Zhou,
give an error estimation which answer a question raised in their paper (see [23] Remark p.
303). Our method works as well for abstract Hilbert spaces as for reproducing kernel Hilbert
spaces.

Given a complete metric space X and a reproducing kernel Hilbert space H of function
defined on X, consider discrete subsets ¢, T of X and define, as Smale and Zhou, the closed
subspaces

H,, ¢ =span (ky: t €1) and Hy, z = span (k, : = € T).

of H, where k is the kernel of H. Suppose that {k;},c; is a frame for H,; ; and {k,},ez is
a frame for H;, 7 and let F, G be their synthesis operators. Denote Kz; = F*F, K*% =
GG* and K;; = Kg*j = G*F. Finally, let D, be the diagonal operator with respect to
the canonical basis of ¢?(T) defined by a sequence w = {w,},ez of positive numbers with
infw, > 0. Given f € H and y = {f(2)}sez (the sampling data) it is proved that the
solution of the minimization problem

fow=a1g min (D wilh(@) = F@) +allbl).
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.I.
18 foc,w = Zte{ La,w(y) (t) kta where La,w = (KZ,EDwKE,E + aKﬂf) Kf,wa-
In addition, if T provides rich data with respect to ¢ and w (see definition 4.1), then
[ K|
1/2 Hf”?‘(
Dy KE,Z) +a 7<KZ,E)

oo = flle < |[(1= Pog, J)|,,+ (av(

where D = (K**4+aPy, .)and Pp 3, . is the orthogonal projection onto H;, ; with respect
to the semi-inner product on H defined by D (see details in section 2).

2 Preliminaries

Let H be a separable Hilbert space, L(H) the algebra of bounded linear operators on ‘H and
L(H)™ the cone of positive (semi-definite) operators. For an operator A € L(H), we denote
by R(A) the range or image of A, N(A) the nullspace of A, o(A) the spectrum of A, A*
the adjoint of A, ||A]| the usual norm of A and, if R(A) is closed, AT the Moore-Penrose
pseudoinverse of A. Given a closed subspace S of H, we denote by Ps the orthogonal (i.e.
selfadjoint) projection onto S.

Angle between subspaces and reduced minimum modulus

We need the following two definitions of angles between subspaces in a Hilbert space; they
are due, respectively, to Friedrichs and Dixmier (see [12] and [16], and the excellent survey
by Deutsch [11]).

Definition 2.1. Given two closed subspaces M and N, the Friedrichs angle between M
and N is the angle in [0, /2] whose cosine is defined by

c[M, N :sup{Hx, yYl:rzeMoeMNN), ye Ne(MnN)and ||z = ||yl = 1}.
The Dizmier angle between M and N is the angle in [0, 7/2] whose cosine is defined by
o[ M, N]=sup{| (2, 9)|: € M, y €N and [lal| = [yl = 1}.

The next proposition collects the results on angles which are relevant to our work.
Proposition 2.2. Let M and N be two closed subspaces of H. Then

L cIMNj=¢g[MeMNN), N]=c¢[M,Nes(MnN)].

2. c[M,N]=c|[ M+ N*]

3. ¢c[M, N]<1 ifand only if M + N s closed.

4. H=M*++N* if and only if co[ M, N] < 1.



Definition 2.3. Given T' € L(H), the reduced minimum modulus ~(T) is defined by
WT) = inf{[| 7] : 2] =1, = € N(T)"} (1)

It is well known that y(7T") = (T™)

= ~(T*T)"2. Also, it can be shown that an operator T
has closed range if and only if v(7") > 0

. In this case, v(T) = ||TT|| L.
The next result has been proved in [2] (See also [5]).

Proposition 2.4. If A, B € L('H) have closed ranges, then
V(A (B) s[N(A), R(B)] <~v(AB) < [|[A||[|B]| s [N(A), R(B)] . (2)

In particular, AB has closed range if and only if s[N(A), R(B)] > 0.

D-selfadjoint projections and compatibility

Any D € L(H)™" defines a bounded, positive and sesquilinear form (§,n)p = (D&, n), &, n €
H. We say that C' € L(H) is D-selfadjoint if DC = C*D. Consider the set of D-selfadjoint
projections whose range is exactly S:

P(D,S)={Q € Q: R(Q) = 8,DQ = Q"D}.

A pair (D,S) is called compatible if P(D,S) is not empty. In this case, there exists a
distinguished projection Pp s € P(D,S) whose nullspace is D™'(S+) © (D71(S8+) N SH).

In the following theorem we present several results about compatibility, taken from [8] and

9].

Theorem 2.5. Given D € L(H)", let S be a closed subspace of H such that the pair (D, S)
1s compatible. Then

1. P(D,S) has a unique element if and only if N(D)NS = {0}.

2. Pp.s has minimal norm in P(D,S), i.e. ||Pps| = min{ [|Q| : @ € P(D,S)}.

The reader is referred to [8], [9] and [10] for several applications of Pp s (see also Hassi and
Nordstrém [17]).

Frames

We introduce some basic facts about frames in Hilbert spaces. For complete descriptions of
frame theory and applications, the reader is referred to the review by Heil and Walnut [18§]
or the books by Young [25] and Christensen [6].



Definition 2.6. Let H be a separable Hilbert space, W a closed subspace of H and F =
{fn}nen a sequence in W. The sequence F is called a frame for the subspace W if there
exist numbers A, B > 0 such that, for every f € W,

AIFIP < D1 f) P < BIFIP (3)

neN

The optimal constants A, B for equation (3) are called the frame bounds for F. F is a tight
frame if A= B, and it is a Parseval frame if A= B = 1.

Associated with F there is an operator T : > — H such that T'(e,) = f,, where {e, }nen
denotes the canonical basis of ¢2. This operator is called the synthesis operator of F. In the
case of finite dimensional frames we assume that the domain of the synthesis operator is C™
where m is the number of vectors of the frame. The adjoint T* € L(H, ¢?) of T, given by
T(f) = Z(f, fn)en, is called analysis operator of F, and the operator S = TT* is usually

neN

called the frame operator of F. Observe that
SF=> _{fifa)fu  fEW. (4)
neN

It follows from (3) that A.Py < S < B.Py, so that S|,,, is invertible in L(W).

3 Sampling in abstract Hilbert spaces

Throughout this section M and W denote closed subspaces of H, {f,} and {g,} are frames
for the subspaces W and M respectively, with synthesis operators F' and G. Finally {e,}
denotes the canonical orthonormal basis of £2.

The next notion is an extension of one introduced by Smale and Zhou [23] in reproducing
kernel Hilbert spaces.

Definition 3.1. We say that G provides rich data with respect to F if

inf  [|G*F(2)| > 0.

2EN(F)L

This notion is related to a decomposition of H as a sum of W+ and M
Proposition 3.2. The following statements are equivalent:

1. G provides rich data with respect to F.

2. G*F is a closed range operator and YW N M+ = {0}.

3. co [ W, M- <1,

4. c[WH M) <1 and W+ M =H.
Proof.



1 = 2 The condition of rich data implies that the restriction of G*F to N(F)t is injective,
so WN M+ = {0}. On the other hand, since N(G*F) = N(F), it also implies that
v(G*F) > 0. Hence G*F has closed range.

2 = 3 It is a direct consequence of Proposition 2.4.

3 = 4 By proposition 2.2, ¢y [W, ML} =c [W, ML} and ¢ [W, ML] =c [WL, ./\/l]
So, ¢ [W, ./\/lﬂ < 1. This in particular shows that W+ + M is closed. Therefore,
since ¢o [W, M*] < 1 also implies that W N M* = {0},

WEEM=WL+M=WnMH=H.

4 =1 Firstly, note that W N M+ = W+ + M)+ = {0}. Hence, N(G*F) = N(F). So, by
Proposition 2.4,

inf |[[G"F(2)| =(G"F) 2 7(G") 7(F) s[R(F), N(G)]

zeN(F)+
= Y(G*) y(F) s [W, M*] >0.
|

Remark 3.3. Note that the above proposition emphasizes the fact that the hypothesis of
rich data only depends on the subspaces and not on the particular frames chosen for each
subspace. A

The next result shows that D-selfadjoint projections, for a convenient D, play a relevant role
in certain minimization problems.

Proposition 3.4. Let f € H, y = {y.} = G*(f) the sampling data, and assume that G
provides rich data with respect to F'. Then, the solution of the minimization problem

‘ 2

fw arghme%;H L Gn) — Y

is given by fyw = Pac w(f). In particular

1w = Fll = 11 = Pag=w)(D)]| < s [W, (GG VI ] £l

Proof. First of all, note that

= I h n_n2
fw argg%;H . Gn) — Ynl

= F( n |G F(z) -y )

arg min ||G7F(2) — ],

:F( n |cF(z) - )
M N | E) ],




where we have used that N(G*F') = N(F') because G provides rich data with respect to F.
G'F(z) —y| , = (G"F)) = (G F)G'(f), we get

Since arg min
2€N(G*F)+

fw = F(GF)'G*(f). ()

Let Q = F(G*F)'G*. Tt is easy to see that @ is a projection whose range is WW. On the
other hand, as (G*F)" = (G*FF*G)TF*G,

(GGHQ = (GG F(G'FF*G) F*GG*

which shows that (GG*)Q is selfadjoint, and therefore @ is (GG*)-selfadjoint. Finally, since
NGEG)YNW = NG )NW = M+=nW = {0}, by Theorem 2.5, there exists only one
(GG*)-selfadjoint projection onto W. Hence, QQ = Pag+ w-

[

Now, we are interested in estimating the reconstruction error when we use a perturbed data
instead of the original one.

Proposition 3.5. Let y = {y,} = G*(f) and fw as in Proposition 3.4. Suppose that fW is
the vector obtained when we use §y = {y,} instead of the original data y = {y,}, then:

£ £

. o o o
1w = vl < WP Yy =1 < sl = 91 < oty gy = 91

Proof. 1t follows from equation (5), the definition of reduced minimum modulus, and Propo-
sition 2.4. ]

3.1 The weighted regularized case

Let o > 0 and {w,} a sequence of positive numbers bounded from above. In this subsection
D,, will denote the diagonal bounded operator on ¢* defined by D,(e,) = w, ¢,. Before
stating our first result, we need to modify the definition of rich data in the presence of the
diagonal operator D,,.

Definition 3.6. We say that G provides rich data with respect to F' and D,, if

inf || DY2G*F(2)| > 0.
2€EN(F)+
Remark 3.7. As in the non-regularized case, G provides rich data with respect to ' and D,,
if and only if ¢ [W, ML} < 1. However, if the operator D, is not invertible, the property

of having rich data depends not only on the subspaces YW and M, but also on the operators
G, F and D,,,. A

Now, we are ready to state the first result of this subsection:



Proposition 3.8. Let f € H andy = {y,} = G*(f) be the sampling data. Then the solution
of the minimization problem:

_ - a2 2
fwsais = arg min (;wnr (s ga) = yal® + o[BI, (6)
is given by fw,aw = Law(f), where Lq., is defined by
;
Low = F(F*GDWG*F + aF*F) F*GD,G".

In particular, if we assume that G provides rich data with respect to F' and D, we get the
following estimation of the reconstruction error:

17
7
FeraE ) MO
Remark 3.9. The first term appears if f does not belong to WW. On the other hand, the
17
t
e o (- g o

regularization. A

o = £11 2 1= Pacrsanpm) D] + (0= i

) | f]| tends to zero as @ — 0 and only depends on the

Before proving Proposition 3.8, we need the following norm estimation.
Lemma 3.10. Suppose that G provides rich data with respect to F and D,,. Then,

1
Y(D'2GF)2 + a 7 (F)2

[(Fen.crvarr) | <

Proof. Note that N(F*GD,G*F) = N(F*F) = N(F*GD,G*F — aF*F). Then

Y(F*(GD,G* + aPw)F) =~v(F*GD,G"F + aF*F)
> y(F*GD,G*F) 4+ v(aF"*F)
=(DPG*F)* + ay(F)*,

[
Proof of proposition 3.8. Let £ = (?> ® H and consider the operator T : (> — L defined by

T(z) = (Di/f/fFF ) (2) = (DY*G'F(2)) @ (a'2F(2)).

In term of the operator 7', using the fact that N(7T) = N(F'), the least square problem stated
in (6) can be rewritten in the following way:

P = axggin (3l (e gn) =l + all)

—F(arg win [|7(:) - (DY*(0) @0H>

zeN(T



Therefore, fiyaw = FTT(DL}/Q(y) ® 0). Using the identity AT =

TT — ((F*GDi/Q Oél/2F*> (

D(}J/QG*
o'?F

(A*A)TA*, we get

.I.
F>) <F*GD<£/2 Oél/zF*)

t
_ (F*GDWG*F+O<F*F> (F*GD}/? a1/2p*>.

Hence,

fW,a,w

- F(F*GDMG*F taF*

T
F(F*GDMG*F + aF*F) (F*GD&/2 a1/2F*) (DY?(y) & 0)

F)T

F'GD,G"(f) = Law(f)

T
Straightforward computations show that (F (F*(GDWG*—i—aPW)F) (F*(GD,G*+aPy)) =
PGcrtapy),w- Using this fact and Lemma 3.10 we obtain:

f

||fW,a,w -

+ H <F <F*(GDWG* +aPy)F

(I — P(GG*J,»QPW),W)(JC)

IN

(I = Pae=+apw),w)(f)

IA

(1 - P(GG*+an),W)(f)

As before, we also want an estimation of the error produced by a perturbation of the sampling

data.

(F(F*GD.G'F + aF F) FGD.G"

< ( (F (GD.,G* +aPW)F)

_|_

_|_

_|_

ol

<F(F* (GD.G* + aPy)F) F*GD,G" — I)(f)H

"P(GDLG + aPy)) — 1) (f)H

) arp) )|
(F “(GDG* + aPW)F>TaF*PW) (f)H
(7

T
r(en.6 +annF) | alIF 1)

||F||2
a 172
v(DJ“G*F

7W) 11

Proposition 3.11. Lety = {y,} = G*(f) and fwaw as in Proposition 3.8 and suppose that

W.aw is the vector obtained if we use y = {y,} instead of the original data y = {y,}. Then

n T
[Fwe = ol < [ (F(GD.G + amwF) 0D,

ly =¥l

IE [lwlloo [ EG]l

< y—y
<7(D3/2G*F) +a v(F)Q) Iy =3l



Proof. Note that
N * * t * A~
| = Swasll < || (F(F(GDLG" +aPw)F) F'GD.)(y - 5)
f .
< 1PN 1l el |(Fr(@D.G" + apw)F)' | Iy~

Therefore, the desired estimation follows by Lemma 3.10. |

4 Sampling in reproducing kernel Hilbert spaces

Let X be a complete metric space and K a Hilbert space. Given a function K : X — I, for
every 1 € K we define f,(xz) = (n, K(x)). Let H be the space of all the functions obtained
in this way. Defining T : K — H by

T(n) = (n, K(-)),

the space 'H may be endowed with the norm

[fll# = inf{fjo]] - f = Tv}.

In this way, T" becomes an isometry and H, with the inner product associated to the norm
| - |2, becomes a Hilbert space isomorphic to N(T)*. Let k : X x X — C be the kernel
defined by

k(xy,29) = (K (22), K(21)) -

Then:
o k() =k(-,z) € H for every z € X.
e For every x € X and every f € H the identity f(z) = (f, k)4, holds.

A Hilbert space of functions defined on a complete metric space with such a kernel is called
reproducing kernel Hilbert space (RKHS). It is well known that the existence of a reproducing
kernel is equivalent to the fact that every point evaluation be a continuous functional ([3]
[22]).

In this section we shall translate our results on sampling in abstract Hilbert spaces to RKHS.
Following Smale and Zhou’s notation, let ¢ and T be discrete subsets of X and define

Hy, 1 =span(k,: t€t) and Hy, z = span (k, : = € T).

We shall assume that {k;},c; and {k,},cz are frames for H, ; and H;, z respectively. If F
denotes the synthesis operator of {k;},c; and G denotes the synthesis operator of {k;},ez

we shall consider the following operators:
Ki; =I"F K> = GG* and K;7;=K;_ =G"F.

Finally, {w, }.ez is a sequence of positive numbers bounded from above, and D, the corre-
sponding diagonal operator with respect to the canonical basis of ¢*(T).
Let us begin with the notion of rich data in this setting:

9



Definition 4.1. We say that T provides rich data with respect to t and w if
inf || DYKy(:)] > 0.

ZEN(Kaz)L

Equivalently, if the operator D&/QKEE has closed range and Hy, N Hy, = = {0}.
Now, we are ready to rewrite Propositions 3.8 and 3.11 in this setting:

Proposition 4.2. Given f € H and y = {f(2)}zex (the sampling data), the solution of the
minimaization problem

fow = arg_min (warh F@)P + allal). ®)

hekg

s given by

:E:: l;a w kt7

tet
where Ly, : (?(T) — (%(t) is the operator defined by

T
Ly, = (Kf@Dme + aKz,%) K3 zD.,.

In particular, if we assume that T provides rich data with respect to t and w, we get the
following estimation of the reconstruction error:

|| K
oo =l < |1 = Po, D)+ (a T )> £l ()

where D = (K™% + aPy, ).

Proposition 4.3. Let y = {f(2)}rez and fo. as in Proposition 4.2. Suppose that ]/”;,w is
the vector obtained if we use Yy = {Y, tzez instead of the original data y = {f(2)}rez. Then:

HKzzH”QHWIIooHKmII ”
W(Df/QKf, )+ a (I

Hjlmw - f&¢u”7{ fg (:

EQ(I

Concluding remarks. As we have already mentioned in the Introduction, one of the
motivations of this work is a question posed in [23] by Smale and Zhou. In that paper,
they ask for an error estimation if the sampled vector does not belong to the subspace H, 7
Inequality (9) is a posible answer. Moreover, if f € H, 7, estimation (9) slightly improves

their inequality:
| K
[ faw = flln < { o——=7—— ] Iflx
1D Kg)

Note that in the general setting of the previous section, Proposition 3.8 answers an equivalent
question.

Observe also that in [23] the sequences {k;},c; and {k, }.cz are supposed to be Riesz bases;
however, in the sequel [24] Smale and Zhou weaken the hypothesis and the sequences are
supposed to be frames for the entire space; in the present approach both sequences only need
to be frames for the subspaces H,, 7 and Hj, z respectively. A

10
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