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ABSTRACT

We study the behavior of the best simultaneous approximation
to two functions from a convex set in Lp spaces, 2 < p < ∞,
on a �nite union of intervals when its measure tends to zero. In
particular, we give su�cient conditions over the di�erentiability
of two functions to assure existence of the best simultaneous
local approximation from the class of algebraic polynomials of a
�xed degree. These conditions are weaker than the ordinary dif-
ferentiability given in previousworks. More precisely, we consider
di�erentiable functions in the sense Lp.
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1. Introduction

Let xj ∈ R, 1 ≤ j ≤ k, k ∈ N, and let Bj be disjoint pairwise closed intervals

centered at xj and radius r > 0. Let M0 be the space of equivalence class of

Lebesgue measurable real functions on I := ∪k
j=1Bj.

Let 2 < p < ∞ and Lp(I) be the space of functions h ∈ M0 such that∫
I |h|

p 1
|I| < ∞, where |I| is the Lebesgue measure of I. If h ∈ Lp(I), we consider

the Lp norm

‖h‖p :=

(∫

I
|h|p

1

|I|

) 1
p

.

For each 0 < ǫ < 1, we also put ‖h‖p,ǫ = ‖hǫ‖p, where h
ǫ(t) = h(ǫ(t−xj)+xj),

t ∈ Bj. Therefore,

‖h‖p,ǫ =

(∫

Iǫ

|h|p
1

|Iǫ |

) 1
p

,

where Iǫ =
⋃k

j=1 Bj,ǫ with Bj,ǫ =
[
xj − rǫ, xj + rǫ

]
.

Let K be a closed convex subset of Lp(I), and let f1, f2 ∈ Lp(I). A function

hp,ǫ = hp,ǫ(f1, f2) ∈ K is called the best simultaneous approximation (b.s.a.) to

f1 and f2 from K in Lp(Iǫ) (L
p-b.s.a.), if

Ep,ǫ := inf
h∈K

(
‖f1 − h‖

p
p,ǫ + ‖f2 − h‖

p
p,ǫ

) 1
p

=
(
‖f1 − hp,ǫ‖

p
p,ǫ + ‖f2 − hp,ǫ‖

p
p,ǫ

) 1
p
.
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Existence and uniqueness theorems for the b.s.a. are given in [20, Corollary 3.5].

If the net {hp,ǫ} has a limit in K as ǫ → 0, this limit is called the best

simultaneous local approximation (b.s.l.a.) in Lp to f1 and f2 fromK on {x1, . . . , xk}

(Lp-b.s.l.a.).

For n ∈ N ∪ {0}, we will denote by 5n the class of algebraic polynomials of

degree at most n.

In 1934, Walsh proved in [21] that the Taylor polynomial of degree n for an

analytic function f can be obtained by taking the limit as ǫ → 0 of the best

Chebyshev approximation from 5n to f on the disk |z| ≤ ǫ. The concept of

best local approximation has been introduced and developed by Chui et al. in

[4] for a single function. Later, several authors [2, 3, 12, 16, 22] have studied this

problem.

On the other hand, the subject of simultaneous approximation also has been

extensively treated. Existence, uniqueness, and characterization theorems can

be seen in [11, 15, 19].

In [13], the authors proved that the L2-b.s.a. to two functions is identical with

the best L2-approximation to the mean value of the functions. It is well known

that the Lp-b.s.a., in general, does not match with the best Lp-approximation to

the mean of the functions [14]. However, it is useful to know whether they are

close when we have a small enough domain.

In [10], the authors have studied the asymptotic behavior of a net of b.s.a. on

the intervals [−ǫ, ǫ] to N functions from 5n, respect to the norm
∑N

j=1 ‖fj −

h‖p,ǫ , 1 ≤ p < ∞, as ǫ → 0. They showed that if the functions fj are su�ciently

di�erentiable, the set of cluster points of the net is a convex compact set and it is

contained in the convex hull of the Taylor polynomials of the functions at zero.

The problem of best simultaneous Lp-approximation to two functions from

5n it was considered again in [6, 7]. The authors proved that the Lp-b.s.a. to

two functions on an interval converges to the Taylor polynomial of degree n

of the mean value of functions when the measure of interval tends to zero.

Best simultaneous Lp-approximation for many intervals was also considered in

[7, 8]. In these papers, interpolation theorems for the Lp-b.s.a. to two functions

were given. As a consequence, they obtained that a net of Lp-b.s.a. is uniformly

bounded on compact sets, when the measure of the domain tends to zero.

Moreover, the authors proved that the set of cluster points of the net is contained

in the set of solutions of a discrete minimization problem. More results about

these topics can be seen in [9]. In all these works, the ordinary di�erentiability

of functions is assumed.

In this paper, we generalize several results presented in [6]–[10] relative to

b.s.l.a. We study the asymptotic behavior of a net of b.s.a. to two functions from

a convex set in Lp(I), 2 < p < ∞, as ǫ → 0. In the particular case, where

K = 5n, we given some results about the existence and characterization of the

b.s.l.a. in Lp to two functions, under weaker conditions of di�erentiability. More

precisely, we consider di�erentiable functions in the sense Lp.
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We remark that it is important to �nd the limit of the b.s.a., since as such

it provides useful qualitative and analytic information concerning the b.s.a. on

small regions, which is di�cult to obtain from a strictly numerical treatment.

2. Asymptotic behavior of the b.s.a. from a convex set

In this section, we study the asymptotic behavior of the net {hp,ǫ} of L
p-b.s.a. to

two functions f1 and f2 from a convex set K on I, as ǫ → 0.

We consider the function Gp : R → R and Hp : R2 → [0,+∞) de�ned by

Gp(t) = |t|p−1sgn(t) and

Hp(x, y) =





|x|p−2 1 −
∣∣ y
x

∣∣p−1
sgn(x)sgn(y)

1 −
∣∣ y
x

∣∣ sgn(x)sgn(y)
if |x| > |y|,

∣∣y
∣∣p−2

1 −

∣∣∣xy
∣∣∣
p−1

sgn(x)sgn(y)

1 −

∣∣∣xy
∣∣∣ sgn(x)sgn(y)

if |x| ≤ |y|, x 6= y,

∣∣y
∣∣p−2

(p − 1) if x = y.

(1)

It is easily seen that for all x, y ∈ R,

Gp(x) − Gp(y) = (x − y)Hp(x, y). (2)

Let αp,βp : [0, 1] → [0,+∞) be given by

αp(t) =





1 − tp−1

1 − t
if t 6= 1

p − 1 if t = 1
and βp(t) =

1 + tp−1

1 + t
.

A trivial veri�cation shows that

1 ≤ αp(t) ≤ p − 1 and
1

2
≤ βp(t) ≤ 1, t ∈ [0, 1]. (3)

To prove the next lemma, we use the following property of real numbers.

|x + y| + |x − y| = 2max{|x|, |y|}, x, y ∈ R. (4)

Lemma 2.1. It veri�es that

1

2

(∣∣∣∣
x + y

2

∣∣∣∣+
∣∣∣∣
x − y

2

∣∣∣∣
)p−2

≤ Hp(x, y) ≤ (p − 1)

(∣∣∣∣
x + y

2

∣∣∣∣+
∣∣∣∣
x − y

2

∣∣∣∣
)p−2

,

x, y ∈ R. (5)

Proof. From (1) and (3), we have

1

2
max{|x|, |y|}p−2 ≤ Hp(x, y) ≤ (p − 1)max{|x|, |y|}p−2.

So, (5) it is valid by (4).
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The following theorem is an immediate consequence of [18, Theorem 1.6].

Theorem 2.2. Let K be a closed convex subset of Lp(I). Assume f1, f2 ∈ Lp(I) such

that Ep,ǫ 6= 0 for some ǫ. Then hp,ǫ is the unique element in K satisfying

∫

Iǫ

(∣∣∣∣
f1 − hp,ǫ

Ep,ǫ

∣∣∣∣
p−1

sgn

(
f1 − hp,ǫ

Ep,ǫ

)
+

∣∣∣∣
f2 − hp,ǫ

Ep,ǫ

∣∣∣∣
p−1

sgn

(
f2 − hp,ǫ

Ep,ǫ

))

× (hp,ǫ − h)
1

|Iǫ|
≥ 0, h ∈ K.

For Ep,ǫ 6= 0, we will denote by vp,ǫ the weight function given by

vp,ǫ :=
1

E
p−2
p,ǫ

Hp(f1 − hp,ǫ , hp,ǫ − f2). (6)

We consider the seminorm on Lp(I) de�ned by

‖h‖vp,ǫ :=

(∫

Iǫ

|h|2
vp,ǫ

|Iǫ|

) 1
2

, h ∈ Lp(I).

Given g, h ∈ Lp(I), we will denote by γ +
vp,ǫ

(g, h) the one-sided Gateaux

derivative of the seminorm ‖ · ‖vp,ǫ at g in the direction h, i.e.,

γ +
vp,ǫ

(g, h) =

∫

Iǫ

gh
vp,ǫ

|Iǫ|
.

Lemma 2.3. It veri�es that

∥∥vp,ǫ
∥∥ p

p−2 ,ǫ
≤ (p − 1)2

(p−2)2

p . (7)

Proof. By the monotonicity of norm ‖ · ‖ p
p−2 ,ǫ

, Lemma 2.1 and the Minkowski

inequality, we have

E
p−2
p,ǫ

∥∥vp,ǫ
∥∥ p

p−2 ,ǫ
≤ (p − 1)

∥∥∥∥∥

(∣∣∣∣
f1 + f2

2
− hp,ǫ

∣∣∣∣+
∣∣∣∣
f1 − f2

2

∣∣∣∣
)p−2

∥∥∥∥∥ p
p−2 ,ǫ

= (p − 1)

∥∥∥∥
∣∣∣∣
f1 + f2

2
− hp,ǫ

∣∣∣∣+
∣∣∣∣
f1 − f2

2

∣∣∣∣
∥∥∥∥
p−2

p,ǫ

. (8)

By the inequalities of Minkowski and Clarkson, respectively, we have
∥∥∥∥
∣∣∣∣
f1 + f2

2
− hp,ǫ

∣∣∣∣+
∣∣∣∣
f1 − f2

2

∣∣∣∣
∥∥∥∥
p,ǫ

≤

∥∥∥∥
f1 + f2

2
− hp,ǫ

∥∥∥∥
p,ǫ

+

∥∥∥∥
f1 − f2

2

∥∥∥∥
p,ǫ
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≤

(
2p−1

(∥∥∥∥
f1 + f2

2
− hp,ǫ

∥∥∥∥
p

p,ǫ

+

∥∥∥∥
f1 − f2

2

∥∥∥∥
p

p,ǫ

)) 1
p

≤
(
2p−2

(
‖f1 − hp,ǫ‖

p
p,ǫ + ‖f2 − hp,ǫ‖

p
p,ǫ

)) 1
p

= 2
p−2
p Ep,ǫ . (9)

From (8) and (9), we obtain (7).

We observe that if Ep,ǫ = 0, then f1 = f2 on Iǫ , and hence hp,ǫ is the best

approximation to
f1+f2
2 in the Lp norm on Iǫ .We can now establish a relationship

between the b.s.a. to two functions and a weighted best approximation to the

mean value of the functions whenever Ep,ǫ 6= 0.

Theorem 2.4. Let K be a closed convex subset of Lp(I). Assume f1, f2 ∈ Lp(I) such

that Ep,ǫ 6= 0. Then hp,ǫ is a best approximation to
f1+f2
2 from K with respect to

‖ · ‖vp,ǫ , i.e., ∥∥∥∥
f1 + f2

2
− hp,ǫ

∥∥∥∥
vp,ǫ

≤

∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
vp,ǫ

, h ∈ K.

Proof. Let h ∈ K. According to (2), the de�nition of vp,ǫ , and Theorem 2.2, we

get

γ +
vp,ǫ

(
f1 + f2

2
− hp,ǫ , hp,ǫ − h

)
=

∫

Iǫ

(
f1 + f2

2
− hp,ǫ

)
(hp,ǫ − h)

vp,ǫ

|Iǫ|

≥

∫

Iǫ

1

2E
p−2
p,ǫ

(
Gp(f1 − hp,ǫ) − Gp(hp,ǫ − f2)

)
(hp,ǫ − h)

1

|Iǫ|

=

∫

Iǫ

(
Gp

(
f1 − hp,ǫ

Ep,ǫ

)
− Gp

(
hp,ǫ − f2

Ep,ǫ

))
(hp,ǫ − h)

Ep,ǫ

2|Iǫ |

=
Ep,ǫ

2

∫

Iǫ

(∣∣∣∣
f1 − hp,ǫ

Ep,ǫ

∣∣∣∣
p−1

sgn

(
f1 − hp,ǫ

Ep,ǫ

)

+

∣∣∣∣
f2 − hp,ǫ

Ep,ǫ

∣∣∣∣
p−1

sgn

(
f2 − hp,ǫ

Ep,ǫ

))
(hp,ǫ − h)

1

|Iǫ|
≥ 0. (10)

Now, the proof immediately follows from (10) and Theorem 2.2.

The following result provide us a useful and important property for a red

{hp,ǫ} of b.s.a. to two functions from a convex set in Lp(Iǫ). It will be used to

study the asymptotic behavior of the net of b.s.a.

Theorem 2.5. Let K be a closed convex subset of Lp(I). Assume f1, f2 ∈ Lp(I) such

that Ep,ǫ 6= 0. Then

∥∥h − hp,ǫ
∥∥
vp,ǫ

≤ (p − 1)
1
2 2

(p−2)2

2p

∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
p,ǫ

, h ∈ K.
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Proof. Let h ∈ K. From (10), we have
∫
Iǫ

(
f1+f2
2 − hp,ǫ

)
(hp,ǫ − h)

vp,ǫ
|Iǫ |

≥ 0, and

so

∥∥h − hp,ǫ
∥∥2
vp,ǫ

≤

∫

Iǫ

(
f1 + f2

2
− h

)
(hp,ǫ − h)

vp,ǫ

|Iǫ|
.

By the Hölder inequality, it follows that

∥∥h − hp,ǫ
∥∥2
vp,ǫ

≤

∫

Iǫ



∣∣∣∣
f1 + f2

2
− h

∣∣∣∣
v
1
2
p,ǫ

|Iǫ |
1
2




(h − hp,ǫ)

v
1
2
p,ǫ

|Iǫ|
1
2




≤

∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
vp,ǫ

∥∥h − hp,ǫ
∥∥
vp,ǫ

. (11)

Since 2
p +

p−2
p = 1, applying the Hölder inequality, we obtain

∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
2

vp,ǫ

=

∫

Iǫ

∣∣∣∣
f1 + f2

2
− h

∣∣∣∣
2 vp,ǫ

|Iǫ|
=

∫

Iǫ

(∣∣∣∣
f1 + f2

2
− h

∣∣∣∣
2 1

|Iǫ |
2
p

)(
vp,ǫ

|Iǫ |
p−2
p

)

≤

∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
2

p,ǫ

∥∥vp,ǫ
∥∥ p

p−2 ,ǫ
.

In consequence, from (11) and Lemma 2.3, we see that

∥∥h − hp,ǫ
∥∥
vp,ǫ

≤

∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
vp,ǫ

≤ (p − 1)
1
2 2

(p−2)2

2p

∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
p,ǫ

.

An immediate consequence of this result is the following corollary.

Corollary 2.6. Let K be a closed convex subset of Lp(I). Assume f1, f2 ∈ Lp(I)

such that Ep,ǫ 6= 0, 0 < ǫ < ǫ0. If there are c ∈ N ∪ {0} and h ∈ K such that∥∥∥ f1+f2
2 − h

∥∥∥
p,ǫ

= O(ǫc) as ǫ → 0, then
∥∥h − hp,ǫ

∥∥
vp,ǫ

= O(ǫc) as ǫ → 0.

Remark 2.7. We observe that if f1 = f2 on Iǫ0 for some 0 < ǫ0 < 1, then f1 = f2

on Iǫ and hp,ǫ is the best approximation to
f1+f2
2 in the Lp norm, 0 < ǫ ≤ ǫ0.

In consequence, if there are c ∈ N ∪ {0} and h ∈ K such that
∥∥∥ f1+f2

2 − h
∥∥∥
p,ǫ

=

O(ǫc), then
∥∥h − hp,ǫ

∥∥
p,ǫ

= O(ǫc), as ǫ → 0.

Next, we give a result about behavior of the error. The proof is mutatis

mutandis the same as for [9, Theorem 4.1].
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Theorem 2.8. Let K be a closed convex subset of Lp(I). Assume f1, f2 ∈ Lp(I). If

there are c ∈ N ∪ {0} and h ∈ K such that
∥∥∥ f1+f2

2 − h
∥∥∥
p,ǫ

= O(ǫc) as ǫ → 0,

then

Ep,ǫ = 2
1
p

∥∥∥∥
f1 − f2

2

∥∥∥∥
p,ǫ

+ O(ǫc) as ǫ → 0.

Furthermore, Ep,ǫ = O(1) as ǫ → 0.

Next, we state our main result about asymptotic behavior of the net {hp,ǫ} of

Lp-b.s.a., as ǫ → 0.

Theorem 2.9. Let K be a closed convex subset of Lp(I). Assume f1, f2 ∈ Lp(I).

If there are c ∈ N ∪ {0} and h ∈ K such that lim inf
ǫ→0

ǫ−c
∥∥f1 − f2

∥∥
p,ǫ

6= 0 and
∥∥∥ f1+f2

2 − h
∥∥∥
p,ǫ

= O(ǫc) as ǫ → 0, then

(∫

Iǫ

∣∣h − hp,ǫ
∣∣2 ∣∣f1 − f2

∣∣p−2 1

|Iǫ |

) 1
2

= O

(
ǫc
∥∥f1 − f2

∥∥ p
2−1

p,ǫ

)
as ǫ → 0.

(12)

Proof. We claim that

∫

Iǫ

∣∣h − hp,ǫ
∣∣2
∣∣∣∣
f1 − f2

2

∣∣∣∣
p−2 1

|Iǫ|
≤ (p − 1)2

(p−2)2

p E
p−2
p,ǫ

∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
2

p,ǫ

. (13)

Indeed, since lim inf
ǫ→0

ǫ−c
∥∥f1 − f2

∥∥
p,ǫ

6= 0, there exists ǫ0 > 0 such that Ep,ǫ 6= 0

and
∥∥f1 − f2

∥∥
p,ǫ

6= 0, 0 < ǫ < ǫ0. From Lemma 2.1 and Theorem 2.5, we obtain

(∫

Iǫ

∣∣h − hp,ǫ
∣∣2 1

2E
p−2
p,ǫ

∣∣∣∣
f1 − f2

2

∣∣∣∣
p−2 1

|Iǫ |

) 1
2

≤
∥∥h − hp,ǫ

∥∥
vp,ǫ

≤ (p − 1)
1
2 2

(p−2)2

2p +1
∥∥∥∥
f1 + f2

2
− h

∥∥∥∥
p,ǫ

,

and so we get (13).

By Theorem 2.8, we have
Ep,ǫ

‖f1−f2‖p,ǫ
= O(1) as ǫ → 0. Now, according to (13)

and the hypothesis, we complete the proof of (12).

Remark 2.10. Corollary 2.6 and Theorems 2.8 and 2.9 remain valid if O(ǫc) is

replaced by o(ǫc−1) as ǫ → 0, everywhere.
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3. Existence of b.s.l.a. in Lp spaces from5
n

In this section, we study the behavior of net {hp,ǫ} of b.s.a. to two functions f1
and f2 in Lp(Iǫ) when K = 5n, n ∈ N∪ {0}, as ǫ → 0. We will show that under

some suitable conditions on smoothness of f1 and f2, the b.s.l.a. exists, is unique,

and is characterized as the solution of a certain optimization problem involving

only the values of the functions and its derivatives up to a order depending on

n and k at the points x1, . . . , xk.

We recall the following pointwise smoothness condition which was intro-

duced by Calderón and Zygmund in [1]. Let m ∈ N ∪ {0}, f ∈ Lp(I) and let

a be an interior point of I. We say that the function f ∈ t
p
m(a) if there is h ∈ 5m

for which
(

1

2ǫ

∫ a+ǫ

a−ǫ

|f − h|p
) 1

p

= o(ǫm) as ǫ → 0. (14)

The number h(m)(a) ∈ R is called the m-th Lp-derivative of f at a and denoted

by f
(m)
p (a). Whenm = 0, then h = h(a) is also called Lp-limit of f at a. If f

(m)
p (a)

exists, then it is unique. Moreover, all the derivatives f
(s)
p (a), 0 ≤ s ≤ m, exist,

and

 1

2ǫ

∫ a+ǫ

a−ǫ

∣∣∣∣∣f −

s∑

r=0

f
(r)
p (a)

r!
(· − a)r

∣∣∣∣∣

p



1
p

= o(ǫs) as ǫ → 0, 0 ≤ s ≤ m.

(15)
To prove the next lemma, we use the following property of real numbers.

∣∣|x|q − |z|q
∣∣ ≤

{
|x − z|q if 0 < q ≤ 1

q|x − z|||x|q−1 + |z|q−1| if 1 < q < ∞
, x, z ∈ R. (16)

Lemma 3.1. Let m ∈ N ∪ {0} and f ∈ t
p
m(a). The following conditions are

equivalent.

(a) (i) m = 0 or (ii) m > 0 and f
(i)
p (a) = 0, 0 ≤ i ≤ m − 1;

(b) 1
2ǫ

∫ a+ǫ

a−ǫ

∣∣∣∣
∣∣f
∣∣q −

∣∣∣∣
f
(m)
p (a)

m!
(· − a)m

∣∣∣∣
q∣∣∣∣ = o (ǫmq) as ǫ → 0, for all q ∈ R, 0 <

q ≤ p;

(c) lim
ǫ→0

1
2ǫ

∫ a+ǫ

a−ǫ

∣∣∣ f
ǫm

∣∣∣
q

= |y|q, for all q ∈ R, 0 < q ≤ p, where y = (mq +

1)
− 1

q
f
(m)
p (a)

m!
.

Proof.

(a) ⇒ (b) Let q∈R be such that 0< q≤ p, and we write Ba,ǫ = [a−ǫ, a+ ǫ].

From (15) and Lemma [17, Lemma 1.12.3], it follows that
(

1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣f −
f
(m)
p (a)

m!
(· − a)m

∣∣∣∣∣

q) 1
q

= o(ǫm) as ǫ → 0. (17)
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If 0 < q ≤ 1, from (16), it follows immediately that

1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣

∣∣∣∣
f

ǫm

∣∣∣∣
q

−

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q∣∣∣∣∣

≤ ǫ−mq

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣f −
f
(m)
p (a)

m!
(· − a)m

∣∣∣∣∣

q)
,

and so (b) holds by (17). Now assume 1 < q < ∞. According to (16), theHölder

inequality and the Minkowski inequality we have

1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣

∣∣∣∣
f

ǫm

∣∣∣∣
q

−

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q∣∣∣∣∣

≤
1

2ǫ

∫

Ba,ǫ

q

∣∣∣∣∣
f

ǫm
−

f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

∣∣∣∣∣∣

∣∣∣∣
f

ǫm

∣∣∣∣
q−1

+

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q−1
∣∣∣∣∣∣

≤ q

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣
f

ǫm
−

f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q) 1
q

×




1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣∣

∣∣∣∣
f

ǫm

∣∣∣∣
q−1

+

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q−1
∣∣∣∣∣∣

q
q−1




q−1
q

≤ q ǫ−m

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣f −
f
(m)
p (a)

m!
(· − a)m

∣∣∣∣∣

q) 1
q

×



(

1

2ǫ

∫

Ba,ǫ

∣∣∣∣
f

ǫm

∣∣∣∣
q
) q−1

q

+

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q) q−1
q


 .

Since

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q) 1
q

= (mq + 1)
− 1

q

∣∣∣∣∣
f
(m)
p (a)

m!

∣∣∣∣∣ = |y|

and

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣
f

ǫm

∣∣∣∣
q
) 1

q

≤ ǫ−m

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣f −
f
(m)
p (a)

m!
(· − a)m

∣∣∣∣∣

q) 1
q

+ |y|,
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there is ǫ0 > 0 that satis�es
(

1
2ǫ

∫
Ba,ǫ

∣∣∣ f
ǫm

∣∣∣
q) 1

q
< |y| + 1, 0 < ǫ < ǫ0. Therefore,

1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣

∣∣∣∣
f

ǫm

∣∣∣∣
q

−

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q∣∣∣∣∣

≤ 2 q(1 + |y|)q−1ǫ−m

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣f −
f
(m)
p (a)

m!
(· − a)m

∣∣∣∣∣

q) 1
q

,

0 < ǫ < ǫ0, and thus (b) holds by (17).

(b) ⇒ (c) It is clear from the inequality
∣∣∣∣∣

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣
f

ǫm

∣∣∣∣
q
)

− |y|q

∣∣∣∣∣

=

∣∣∣∣∣

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣
f

ǫm

∣∣∣∣
q
)

−

(
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q)∣∣∣∣∣

≤
1

2ǫ

∫

Ba,ǫ

∣∣∣∣∣

∣∣∣∣
f

ǫm

∣∣∣∣
q

−

∣∣∣∣∣
f
(m)
p (a)

m!

(· − a)m

ǫm

∣∣∣∣∣

q∣∣∣∣∣ .

(c) ⇒ (a) Suppose m > 0. By the hypothesis
(

1
2ǫ

∫
Ba,ǫ

∣∣f
∣∣p
) 1

p
= o(ǫm−1) as

ǫ → 0. Therefore, from (15), we have f
(i)
p (a) = 0, 0 ≤ i ≤ m − 1.

From now on, by simplicity, we put r = 1 and we make the assumption

n + 1 = kc + d, c ∈ N ∪ {0}, 0 ≤ d < k.

Lemma 3.2. Let m ∈ N∪ {0} be such that m ≤ c. Assume f ∈ t
p
m(xj), 1 ≤ j ≤ k.

The following conditions are equivalent.

(a) (i) m = 0 or (ii) m > 0 and f
(i)
p (xj) = 0, 0 ≤ i ≤ m − 1, 1 ≤ j ≤ k;

(b) lim
ǫ→0

ǫ−m‖f ‖p,ǫ =
(mp+1)

− 1
p

m!k
1
p

(
k∑

j=1

∣∣∣f (m)
p (xj)

∣∣∣
p
) 1

p

=: 3.

Proof. We observe that

ǫ−m‖f ‖p,ǫ =
1

k
1
p




k∑

j=1

1

2ǫ

∫

Bj,ǫ

∣∣∣∣
f

ǫm

∣∣∣∣
p



1
p

.

(a) ⇒ (b) From Lemma 3.1 we deduce that limǫ→0
1
2ǫ

∫
Bj,ǫ

∣∣∣ f
ǫm

∣∣∣
p

= (mp +

1)−1

∣∣∣∣
f
(m)
p (xj)

m!

∣∣∣∣
p

, and so (b) holds.
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(b) ⇒ (a) Supposem > 0. By the hypothesis ‖f ‖p,ǫ = o(ǫm−1) as ǫ → 0. So,

(
1

2ǫ

∫

Bj,ǫ

∣∣f
∣∣p
) 1

p

≤




k∑

j=1

1

2ǫ

∫

Bj,ǫ

∣∣f
∣∣p



1
p

= o(ǫm−1) as ǫ → 0.

In consequence, from (15), we obtain f
(i)
p (xj) = 0, 0 ≤ i ≤ m−1, 1 ≤ j ≤ k.

As an immediate consequence from Lemma 3.2 and Theorem 2.8 we have the

following remark.

Remark 3.3. Let m ∈ N ∪ {0} be such that m ≤ c. Assume f1, f2 ∈ t
p
m(xj),

1 ≤ j ≤ k. If (i) m = 0 or (ii) m > 0 and (f1 − f2)
(i)
p (xj) = 0, 0 ≤ i ≤ m − 1,

1 ≤ j ≤ k, then Ep,ǫ = O(ǫm) as ǫ → 0.

For h ∈ 5n and f1, f2 ∈ t
p
m(xj), 1 ≤ j ≤ k, we write

dmp,j(f1, f2, h) := min
g∈5m−1

2∑

l=1

∫

Bj

∣∣∣∣∣
(fl − h)

(m)
p (xj)

m!
(· − xj)

m − g

∣∣∣∣∣

p

.

Here, 5−1 = {0}. We consider a basis of 5n, {usv} 1≤v≤k
0≤s≤c−1

∪ {we}1≤e≤d which

satis�es

u(i)
sv (xj) = δ(i,j)(s,v), w(i)

e (xj) = 0, 0 ≤ i ≤ c − 1, 1 ≤ j ≤ k,

where δ is the Krönecker delta function. Let A be the cluster point set of the net

{hp,ǫ}.

Theorem 3.4. Let m ∈ N ∪ {0} be such that m ≤ c. Assume f1, f2 ∈ t
p
m(xj),

1 ≤ j ≤ k. If (i) m = 0 or (ii) m > 0 and (f1 − f2)
(i)
p (xj) = 0, 0 ≤ i ≤ m − 1,

1 ≤ j ≤ k, then A is contained in the set M(f1, f2) of solutions of the following

minimization problem:

min
h∈5n

k∑
j=1

dmp,j(f1, f2, h) := E

with the constrains h(i)(xj) =
(f1+f2)

(i)
p (xj)

2 , 0 ≤ i ≤ m − 1, 1 ≤ j ≤ k.

(18)

If m = 0, no constrain on 5n is assumed.

Proof. Let h0 ∈ A, then there exist some sequence ǫ ↓ 0 such that hp,ǫ converges

to h0. Set 1 ≤ j ≤ k and 1 ≤ l ≤ 2. From the Minkowski inequality, we have


 1

2ǫ

∫

Bj,ǫ

∣∣∣∣∣∣
hp,ǫ −

m∑

i=0

(
fl
)(i)
p

(xj)

i!
(· − xj)

i

∣∣∣∣∣∣

p


1
p
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≤

(
1

2ǫ

∫

Bj,ǫ

∣∣fl − hp,ǫ
∣∣p
) 1

p

+


 1

2ǫ

∫

Bj,ǫ

∣∣∣∣∣∣
fl −

m∑

i=0

(
fl
)(i)
p

(xj)

i!
(· − xj)

i

∣∣∣∣∣∣

p


1
p

. (19)

We observe that
(

1
2ǫ

∫
Bj,ǫ

∣∣fl − hp,ǫ
∣∣p
) 1

p
= O(Ep,ǫ). If (i) or (ii) holds, according

to Remark 3.3, we get Ep,ǫ = O(ǫm) as ǫ → 0. In consequence, (15), (19) and

the change of variable x − xj = ǫ(y − xj), y ∈ Bj imply that



∫

Bj

∣∣∣∣∣∣
hǫ
p,ǫ −

m∑

i=0

(
fl
)(i)
p

(xj)

i!
ǫi(· − xj)

i

∣∣∣∣∣∣

p


1
p

= O(ǫm), as ǫ → 0.

From the equivalence of the norms on 5n, there exists a constantM′ > 0 such

that max
0≤i≤n

|h(i)(xj)| ≤ M′
(∫

Bj
|h|p

) 1
p
, h ∈ 5n. Hence

∣∣∣
(
fl − hp,ǫ

)(i)
p

(xj)ǫ
i−m

∣∣∣ =

O(1) as ǫ → 0, and so

h
(m)
p,ǫ (xj) = O(1) and

(
fl − hp,ǫ

)(i)
p

(xj) = O(ǫm−i),

0 ≤ i ≤ c − 1, as ǫ → 0. (20)

Since

(f1 − f2)
(i)
p (xj) = 0, 0 ≤ i ≤ m − 1, (21)

we deduce that limǫ→0

(
fl − hp,ǫ

)(i)
p

(xj)ǫ
i−m = dij, 0 ≤ i ≤ m − 1, for some

subsequence, which we again denote in the same way. Thus,

lim
ǫ→0

m∑

i=0

(
fl − hp,ǫ

)(i)
p

(xj)

i!
ǫi−m(· − xj)

i =: hlj, uniformly on Bj, (22)

where hlj =
(fl−h0)

(m)
p (xj)

c! (· − xj)
m +

m−1∑
i=0

dij
i! (· − xj)

i. Expanding (hp,ǫ)
ǫ by its

Taylor polynomial at xj up to orderm − 1, we obtain

ǫ−m
(
fl − hp,ǫ

)ǫ
(t)

= ǫ−m
(
fl
)ǫ

(t) −

m−1∑

i=0

h
(i)
p,ǫ(xj)

i!
ǫi−m(t − xj)

i −
h

(m)
p,ǫ (ξj(t))

i!
(t − xj)

m

= ǫ−m
(
fl
)ǫ

(t) −

m∑

i=0

(
fl
)(i)
p

(xj)

i!
ǫi−m(t − xj)

i
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+

m∑

i=0

(
fl − hp,ǫ

)(i)
p

(xj)

i!
ǫi−m(t − xj)

i

+
h

(m)
p,ǫ (xj)

m!
(t − xj)

m −
h

(m)
p,ǫ (ξj(t))

m!
(t − xj)

m, (23)

t ∈ Bj, where ξj(t) ∈ Bj,ǫ . Set

λlǫ =




k∑

j=1

∫

Bj

∣∣∣∣∣∣
ǫ−m

(
fl
)ǫ

−

m∑

i=0

(
fl
)(i)
p

(xj)

i!
ǫi−m(· − xj)

i

∣∣∣∣∣∣

p


1
p

and

̺ǫ =




k∑

j=1

∫

Bj

∣∣∣∣∣
h

(m)
p,ǫ (xj) − h

(m)
p,ǫ (ξj(·))

m!
(· − xj)

m

∣∣∣∣∣

p



1
p

.

By (23) and the Minkowski inequality, we have
∣∣∣∣∣∣∣
ǫ−m

∥∥fl − hp,ǫ
∥∥
p,ǫ

−




k∑

j=1

∫

Bj

∣∣∣∣∣∣

m∑

i=0

(
fl − hp,ǫ

)(i)
p

(xj)

i!
ǫi−m(· − xj)

i

∣∣∣∣∣∣

p


1
p

∣∣∣∣∣∣∣
≤ λlǫ + ̺ǫ . (24)

Clearly, limǫ→0 λlǫ = 0 by (15), and limǫ→0 ̺ǫ = 0. Therefore, (22) and (24)

yield

lim
ǫ→0

ǫ−mp
∥∥fl − hp,ǫ

∥∥p
p,ǫ

=

k∑

j=1

∫

Bj

∣∣∣∣∣∣

(
fl − h0

)(m)

p
(xj)

m!
(· − xj)

m +

m−1∑

i=0

dij

i!
(· − xj)

i

∣∣∣∣∣∣

p

. (25)

On the other hand, let h ∈ 5n be such that h(i)(xj) =
(
f1
)(i)
p

(xj), 0 ≤ i ≤

m− 1, 1 ≤ j ≤ k. Then there exist two sets of real numbers (independent of ǫ),

say {csv} 1≤v≤k
m≤s≤c−1

and {be}1≤e≤d, that satis�es

h =

k∑

v=1

m−1∑

s=0

(
f1
)(s)
p

(xv)usv +

d∑

e=1

bewe +

k∑

v=1

c−1∑

s=m

csvusv.

We choose {csv} 1≤v≤k
0≤s≤m−1

such that gj =
m−1∑
i=0

cij
i! (· − xj)

i veri�es that

dmp,j(f1, f2, h) =

2∑

l=1

∫

Bj

∣∣∣∣∣
(fl − h)

(m)
p (xj)

m!
(· − xj)

m − gj

∣∣∣∣∣

p

.



14 D. E. FERREYRA AND F. E. LEVIS

We consider the following net of polynomials in 5n,

gǫ =

k∑

v=1

m−1∑

s=0

((
f1
)(s)
p

(xv) − csvǫ
m−s

)
usv +

d∑

e=1

bewe +

k∑

v=1

c−1∑

s=m

csvusv.

From (21) we observe that g
(i)
ǫ (xj) =

(
fl
)(i)
p

(xj) − cijǫ
m−i, 1 ≤ j ≤ k, 0 ≤ i ≤

m−1, 1 ≤ l ≤ 2. Expanding gǫ
ǫ by its Taylor polynomial at xj up to orderm−1,

we get

ǫ−m
(
fl − gǫ

)ǫ
(t) = ǫ−m

(
fl
)ǫ

(t) −

m−1∑

i=0

g
(i)
ǫ (xj)

i!
ǫi−m(t − xj)

i

−
g
(m)
ǫ (ηj(t))

i!
(t − xj)

m

= ǫ−m
(
fl
)ǫ

(t) −

m∑

i=0

(
fl
)(i)
p

(xj)

i!
ǫi−m(t − xj)

i

+ gj +

(
fl
)(m)

p
(xj)

m!
(t − xj)

m −
g
(m)
ǫ (ηj(t))

m!
(t − xj)

m,

where ηj(t) ∈ Bj,ǫ . By the Minkowski inequality, we obtain
∣∣∣∣∣∣∣
ǫ−m

∥∥fl − gǫ
∥∥
p,ǫ

−




k∑

j=1

∫

Bj

∣∣∣∣∣∣

(
fl
)(m)

p
(xj) − g

(m)
ǫ (ηj(·))

m!
(· − xj)

m + gj

∣∣∣∣∣∣

p


1
p

∣∣∣∣∣∣∣
≤λlǫ .

As gǫ converges to h uniformly on I, as ǫ → 0, we have

lim
ǫ→0

ǫ−mp
∥∥fl − gǫ

∥∥p
p,ǫ

=

k∑

j=1

∫

Bj

∣∣∣∣∣∣

(
fl − h

)(m)

p
(xj)

m!
(· − xj)

m + gj

∣∣∣∣∣∣

p

. (26)

Since hp,ǫ is the b.s.a. to f1 and f2 from 5n in Lp(Iǫ), (25), and (26) leads to

k∑

j=1

dmp,j(f1, f2, h0) ≤

k∑

j=1

2∑

l=1

∫

Bj

∣∣∣∣∣∣

(
fl − h0

)(m)

p
(xj)

m!
(· − xj)

m +

m−1∑

i=0

dij

i!
(· − xj)

i

∣∣∣∣∣∣

p

= lim
ǫ→0

ǫ−mp
2∑

l=1

∥∥fl − hp,ǫ
∥∥p
p,ǫ

≤ lim
ǫ→0

ǫ−mp
2∑

l=1

∥∥fl − gǫ
∥∥p
p,ǫ

=

k∑

j=1

2∑

l=1

∫

Bj

∣∣∣∣∣∣

(
fl − h

)(m)

p
(xj)

m!
(· − xj)

m + gj

∣∣∣∣∣∣

p

=

k∑

j=1

dmp,j(f1, f2, h),
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for all h ∈ 5n such that h(i)(xj) =
(
f1
)(i)
p

(xj), 0 ≤ i ≤ m − 1, 1 ≤ j ≤ k.

According to (20), we get h
(i)
0 (xj) =

(
f1
)(i)
p

(xj), 0 ≤ i ≤ m − 1, 1 ≤ j ≤ k, and

so (21) shows that h0 ∈ M(f1, f2).

Next, we establish a result which be need later.

Lemma3.5. Letm ∈ N∪{0} be such thatm ≤ c, and let f1, f2 ∈ t
p
m(xj), 1 ≤ j ≤ k.

Assume (i) m = 0 or (ii) m > 0 and (f1−f2)
(i)
p (xj) = 0, 0 ≤ i ≤ m−1, 1 ≤ j ≤ k.

If h0, h1 ∈ M(f1, f2), then

h
(i)
0 (xj) = h

(i)
1 (xj), 0 ≤ i ≤ m, 1 ≤ j ≤ k. (27)

In addition, if m ≤ c − 1 we have

h
(i)
0 (xj) =

(
f1 + f2

2

)(i)

p

(xj), 0 ≤ i ≤ m, 1 ≤ j ≤ k. (28)

Proof. Let h0, h1 ∈ M(f1, f2). Then there exist (g01, . . . , g0k), (g11, . . . , g1k) ∈

5m−1 × · · · × 5m−1 such that

E =

2∑

l=1




k∑

j=1

∫

Bj

∣∣∣∣∣∣

(
fl
)(m)

p
(xj)

m!
(· − xj)

m −

(
h

(m)
s (xj)

m!
(· − xj)

m − gsj

)∣∣∣∣∣∣

p
 ,

0 ≤ s ≤ 1.

Let Y = 5n × 5m−1 × · · · × 5m−1, Z = 5m × · · · × 5m and let ρ : Z →

[0,+∞) be the norm de�ned by ρ(z1, . . . , zk) =
(∑k

j=1

∫
Bj

|zj|
p
) 1

p
. Let1,Ŵ be

the convex sets in Y and Z given by

1 =

{
(h, g1, . . . , gk) ∈ Y : h(i)(xj) =

(f1 + f2)
(i)
p (xj)

2
, 0 ≤ i ≤ m − 1, 1 ≤ j ≤ k

}
and

Ŵ =

{(
h(m)(x1)

m!
(· − x1)

m − g1, . . . ,
h(m)(xk)

m!
(· − xk)

m − gk

)
: (h, g1, . . . , gk) ∈ 1

}
.

It is easy to see that the norm ν(v1, v2) =
(
ρ(v1)

p + ρ(v2)
p
) 1
p is strictly

convex on Z × Z. Set v1 =
(

(f1)
(m)
p (x1)

m!
(· − x1)

m, . . . ,
(f1)

(m)
p (xk)

m!
(· − xk)

m
)
,

v2 =
(

(f2)
(m)
p (x1)

m!
(· − x1)

m, . . . ,
(f2)

(m)
p (xk)

m!
(· − xk)

m
)
and us =

(
h
(m)
s (x1)
m!

(· −

x1)
m − gs1, . . . ,

h
(m)
s (xk)
m!

(· − xk)
m − gsk

)
∈ Ŵ. We observe that (us, us) is a

best approximation to (v1, v2) from the convex set {(u, u) : u ∈ Ŵ} respect

to ν. Since this problem has a unique solution [18, Theorem 1.14], we have
h
(m)
0 (xj)

m!
(· − xj)

m − g0j =
h
(m)
1 (xj)

m!
(· − xj)

m − g1j 1 ≤ j ≤ k, and so (27) holds.
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Now, assumem ≤ c − 1 and let g0 ∈ M(f1, f2). Clearly, there exists h3 ∈ 5n

such that h
(i)
3 (xj) =

(
f1+f2
2

)(i)

p
(xj), 0 ≤ i ≤ m, 1 ≤ j ≤ k. An straightforward

computation shows that

dmp,j(f1, f2, h3) =

2∑

l=1

∫

Bj

∣∣∣∣∣
(−1)l+1

m!

(
fl − f2

2

)(m)

p

(xj)(· − xj)
m

∣∣∣∣∣

p

=
2

m!

∫

Bj

∣∣∣∣∣

(
fl − f2

2

)(m)

p

(xj)(· − xj)
m

∣∣∣∣∣

p

,

and hence

k∑

j=1

dmp,j(f1, f2, h3) =
2

m!

k∑

j=1

∫

Bj

∣∣∣∣∣

(
fl − f2

2

)(m)

p

(xj)(· − xj)
m

∣∣∣∣∣

p

≤ E.

So, h3 ∈ M(f1, f2), and consequently (28) holds by (27).

For c ∈ N and f1, f2 ∈ t
p
c−1(xj), 1 ≤ j ≤ k, we will denote by

Aj =
{
i : 0 ≤ i ≤ c − 1 and (f1 − f2)

(i)
p (xj) 6= 0

}
.

If Aj 6= ∅, we write mj = minAj − 1, otherwise mj = c − 1. We de�ne m =

m(f1, f2) := min{mj : 1 ≤ j ≤ k}. If c = 0 and f1, f2 ∈ t
p
0(xj), 1 ≤ j ≤ k, we put

m = −1. Observe that −1 ≤ m ≤ c − 1, and ifm > −1, then

(f1 − f2)
(i)
p (xj) = 0, 0 ≤ i ≤ m, 1 ≤ j ≤ k.

We complete the study by considering four cases:

(1) m = c − 1;

(2) m = c − 2 and d = 0;

(3) m = c − 2 and d > 0;

(4) m ≤ c − 3.

Cases (1) or (2)

We will now show the existence and characterization for the Lp-b.s.l.a. to two

functions f1 and f2 from 5n, in the case (1) or (2).

Theorem 3.6. Assume f1, f2 ∈ Lp(I). Consider the following condition:

(a) f1, f2 ∈ t
p
c (xj), 1 ≤ j ≤ k, and c = 0;

(b) f1, f2 ∈ t
p
c−1(xj), 1 ≤ j ≤ k, m = c − 2, and d = 0;

(c) f1, f2 ∈ t
p
c (xj), 1 ≤ j ≤ k, m = c − 1, and d > 0.
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If (a), (b) or (c) holds, then there exists the Lp-b.s.l.a. to f1 and f2 from 5n on

{x1, . . . , xk}, and it is the unique solution of the minimization problem given in

(18).

Proof. Let 1 ≤ j ≤ k and 1 ≤ l ≤ 2. As in the proof of Theorem 3.4, we have

h
(m+1)
p,ǫ (xj) = O(1) and
(
fl − hp,ǫ

)(i)
p

(xj) = O(ǫm+1−i), 0 ≤ i ≤ c − 1, as ǫ → 0. (29)

Therefore, if (a), (b), or (c) holds, then the net {hp,ǫ} is uniformly bounded on I,

and so A 6= ∅. Now, we observe that under our assumptions, the problem (18)

has a unique solution by Lemma 3.5, and so we conclude that there exists the

Lp-b.s.l.a. to f1 and f2 from 5n on {x1, . . . , xk}, and it is the solution of (18).

Cases (3) or (4)

For f1, f2 ∈ t
p
c−1(xj), 1 ≤ j ≤ k, we observe that the (m + 1)-th Lp-derivative of

f1 and f2 at xj exist, becausem + 1 ≤ c − 1 in the cases (3) or (4).

Next, we establish two results which be need later.

Lemma 3.7. Assume f1, f2 ∈ t
p
c−1(xj), 1 ≤ j ≤ k. Consider the family of

measurable sets given by

Cj,ǫ :=

{
t ∈ Bj\

[
xj −

1

8
, xj +

1

8

]
:

∣∣∣∣
(f1 − f2)

ǫ(t)

ǫm+1

∣∣∣∣ ≥ ξj

}
, 0 < ǫ < 1,

where ξj =

∣∣∣(f1−f2)
(m+1)
p (xj)

∣∣∣
2(m+1)!8m+1 . Then there exists ǫ0 > 0 such that |Cj,ǫ | ≥ 1

2 , 0 <

ǫ < ǫ0.

Proof. If (f1 − f2)
(m+1)
p (xj) = 0, then |Cj,ǫ | = 3

4 , 0 < ǫ < 1. Suppose that

(f1 − f2)
(m+1)
p (xj) 6= 0. By Lemma 3.1, we deduce that

∣∣∣∣∣

∣∣∣∣
(f1 − f2)

ǫ

ǫm+1

∣∣∣∣−
∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

(m + 1)!
(· − xj)

m+1

∣∣∣∣∣

∣∣∣∣∣
converges in measure to 0 on Bj as ǫ → 0.

Set

Aj,ǫ :=

{
t ∈ Bj\

[
xj −

1

8
, xj +

1

8

]
:

∣∣∣∣
∣∣∣∣
(f1 − f2)

ǫ(t)

ǫm+1

∣∣∣∣

−

∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

(m + 1)!
(t − xj)

m+1

∣∣∣∣∣

∣∣∣∣∣ ≤ ξj

}
.
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It follows immediately that limǫ→0 |Aj,ǫ| = 3
4 . Since Aj,ǫ ⊂ Cj,ǫ , the proof is

complete.

Lemma 3.8. Assume f1, f2 ∈ t
p
c−1(xj), 1 ≤ j ≤ k. Consider the family {Cj,ǫ}0<ǫ<ǫ0

of Lemma 3.7. Then there exists a constant s > 0, non depending on ǫ, such that
∣∣∣∣
{
t ∈ Cj,ǫ : |h(t)| ≥

‖h‖∞,Cj,ǫ

s

}∣∣∣∣ ≥
3

8
, 0 < ǫ < ǫ0, h ∈ 5n. (30)

Proof. We observe that the statement is obvious for constant polynomials. For

0 6= h(t) =
∑n

s=0 cst
s, we denote g(t) =

h(t)
max
0≤s≤n

|cs|
. From Lemma 3.7, |Cj,ǫ | ≥ 1

2 ,

0 < ǫ < ǫ0. By the continuity of the measure, there is β = β(Cj,ǫ , g) > 0 such

that ∣∣∣∣
{
t ∈ Cj,ǫ : |g(t)| >

‖g‖∞,Cj,ǫ

β

}∣∣∣∣ =
3

8
. (31)

From the equivalence of the norms on5n, there exist constantsM,M′ > 0 such

that

0 < M ≤ ‖g‖∞,Bj ≤ M′, (32)

thus using (31), we obtain
∣∣∣∣
{
t ∈ Cj,ǫ : |g(t)| >

M′

β

}∣∣∣∣ ≤
3

8
. (33)

Suppose that {β} is not bounded. Then there are subsequences {Cj,ǫl} and {gl} ⊂

5n such thatβl = β(Cj,ǫl , gl) → ∞ as l → ∞. From (32), there is a subsequence

of {gl}, that we denote in the same way, which converges to a polynomial g0 ∈

5n\{0} on Bj. Let 0 < s < ‖g0‖∞,Bj verifying

∣∣{t ∈ Bj : |g0(t)| > s
}∣∣ ≥

15

16
. (34)

Denote C =
{
t ∈ Bj : |g0(t)| > s

}
. Clearly, there exists a nonnegative integer l0

such that

M′

βl
<

s

2
and

∣∣|g0(t)| − |gl(t)|
∣∣ <

s

2
, l ≥ l0, t ∈ Bj.

Then we get

C ∩ Cj,ǫ ⊂

{
t ∈ Cj,ǫ : |gl(t)| >

M′

βl

}
, l ≥ l0. (35)

Since |Cj,ǫ\C| ≤ |Bj\C| ≤ 1
16 by (34), according to (33) and (35), we have

3

8
≥ |C ∩ Cj,ǫ | = |Cj,ǫ | − |Cj,ǫ\C| ≥

1

2
−

1

16
=

7

16
,
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which is a contradiction. Therefore, the set {β} is bounded. So, from (31) we

obtain (30) with s = sup{β}.

Let f1, f2 ∈ t
p
c−1(xj), 1 ≤ j ≤ k. Since −1 ≤ m ≤ c − 2, we see that the set

τ(f1, f2) :=
{
j : 1 ≤ j ≤ k and (f1 − f2)

(m+1)
p (xj) 6= 0

}

is nonempty. Now, we establish a main result of this section.

Theorem 3.9. Assume f1, f2 ∈ Lp(I).

(a) If f1, f2 ∈ t
p
c (xj), 1 ≤ j ≤ k, and d > 0, then for every 0 ≤ i ≤ c − 1, we have

h
(c)
p,ǫ(xj) = O(1),

(
f1+f2
2 − hp,ǫ

)(i)

p
(xj) = O(ǫc−i),

j ∈ τ(f1, f2)
(
f1+f2
2 − hp,ǫ

)(i)

p
(xj) = O(ǫm+1−i),

j /∈ τ(f1, f2)

, as ǫ → 0.

(36)

(b) If f1, f2 ∈ t
p
c−1(xj), 1 ≤ j ≤ k, and d = 0, then for every 0 ≤ i ≤ c − 1, we

have
(
f1+f2
2 − hp,ǫ

)(i)

p
(xj) = o(ǫc−1−i), j ∈ τ(f1, f2)

(
f1+f2
2 − hp,ǫ

)(i)

p
(xj) = O(ǫm+1−i), j /∈ τ(f1, f2)

, as ǫ → 0.

(37)

Proof. Weprove (a); the proof of (b) is similar,mutatismutandis. Let j ∈ τ(f1, f2)

and let {Cj,ǫ}0<ǫ<ǫ0 be the family of Lemma 3.8. Since
f1+f2
2 ∈ t

p
c (xj), 1 ≤ j ≤ k,

there exists g ∈ 5n such that
∥∥∥∥
f1 + f2

2
− g

∥∥∥∥
p,ǫ

= O(ǫc) as ǫ → 0, (38)

and

g(i)(xj) =

(
f1 + f2

2

)(i)

p

(xj), 0 ≤ i ≤ c − 1, 1 ≤ j ≤ k.

As (g − hp,ǫ)
ǫ ∈ 5n on Bj, Lemma 3.8 implies that there exists a constant s > 0,

non depending on ǫ, such that
∣∣∣∣
{
t ∈ Cj,ǫ : |(g − hp,ǫ)

ǫ(t)| ≥
‖(g − hp,ǫ)

ǫ‖∞,Cj,ǫ

s

}∣∣∣∣ ≥
3

8
, 0 < ǫ < ǫ0.
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According to the change of variable x− xj = ǫ(y− xj), y ∈ Bj, from Lemma 3.7,

we have

∫

Iǫ

∣∣g − hp,ǫ
∣∣2
∣∣∣∣
f1 − f2

ǫm+1

∣∣∣∣
p−2 1

|Iǫ |
=

1

k

k∑

j=1

∫

Bj

∣∣(g − hp,ǫ)
ǫ
∣∣2
∣∣∣∣
(f1 − f2)

ǫ

ǫm+1

∣∣∣∣
p−2

≥
ξ
p−2
j

k

∫

Cj,ǫ

∣∣(g − hp,ǫ)
ǫ
∣∣2 0 < ǫ < ǫ0.

≥
3 ξ

p−2
j

8 k s2
‖(g − hp,ǫ)

ǫ‖2∞,Cj,ǫ
, (39)

By Lemma 3.2, limǫ→0 ǫ−(m+1)‖f1 − f2‖p,ǫ 6= 0 and limǫ→0 ǫ−c
∥∥f1 − f2

∥∥
p,ǫ

=

+∞. So, (38), (39), and Theorem 2.9 imply that

‖(g − hp,ǫ)
ǫ‖∞,Cj,ǫ = O(ǫc) as ǫ → 0. (40)

Let i1 = n + 1 and B1 = {t − xj : t ∈ Bj}. Since
∣∣B1
∣∣ = 1, from [5, Theorem

1.3], there exists a constant γ > 0, depending on n and B1 such that
∣∣h(i)(0)

∣∣
i!

≤
γ

|E|n
‖h‖∞,E, 0 ≤ i ≤ n, h ∈ 5n, E ⊂ B1 with |E| > 0,

Since h = (g − hp,ǫ)( · ǫ + xj) ∈ 5n and Ẽ = {t − xj : t ∈ Cj,ǫ} ⊂ B1 with

|̃E| = |Cj,ǫ | ≥ 1
2 , we obtain

ǫi

∣∣(g − hp,ǫ)
(i)(xj)

∣∣
i!

≤
γ

|̃E|n
‖h‖∞,̃E =

γ

|Cj,ǫ|n
‖(g − hp,ǫ)

ǫ‖∞,Cj,ǫ

≤ 2nγ ‖(g − hp,ǫ)
ǫ‖∞,Cj,ǫ ,

0 ≤ i ≤ n, 0 < ǫ < ǫ0. From (40) we obtain
∣∣(g − hp,ǫ)

(i)(xj)
∣∣ = O(ǫc−i) as

ǫ → 0, 0 ≤ i ≤ c, and so

h
(c)
p,ǫ(xj) = O(1) and

(
f1 + f2

2
− hp,ǫ

)(i)

p

(xj) = O(ǫc−i), 0 ≤ i ≤ c − 1, as ǫ → 0.

According to (29), we have h
(m+1)
p,ǫ (xj) = O(1) and

(
f1+f2
2 − hp,ǫ

)(i)

p
(xj) =

O(ǫm+1−i), 0 ≤ i ≤ c − 1, j /∈ τ(f1, f2), as ǫ → 0. Since m + 1 ≤ c − 1,

the proof is complete.

Let us mention an important consequence of Theorem 3.9. We prove the

existence and characterization of the Lp-b.s.l.a. when k = 1.
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Theorem 3.10. Assume f1, f2 ∈ t
p
n(x1). Then there exists the Lp-b.s.l.a. to f1 and

f2 from5n on {x1}, and it is the unique g ∈ 5n de�ned by the n+ 1 interpolation

conditions

g(i)(x1) =

(
f1 + f2

2

)(i)

p

(x1), 0 ≤ i ≤ n.

Proof. As k = 1, then n + 1 = c, d = 0, and τ(f1, f2) = {1}. According to

Theorem 3.9 (b), we have
(
f1+f2
2 − hp,ǫ

)(i)

p
(x1) = o(ǫn−i), 1 ≤ i ≤ n, as ǫ → 0.

This completes the proof.

Let h0 ∈ A. Under the same hypotheses of Theorem 3.9, if (3) or (4) holds,

from (28), (36), and (37) it follows that

h
(i)
0 (xj) =

(
f1+f2
2

)(i)

p
(xj), 0 ≤ i ≤ c − 1, j ∈ τ(f1, f2),

h
(i)
0 (xj) =

(
f1+f2
2

)(i)

p
(xj), 0 ≤ i ≤ m + 1, j /∈ τ(f1, f2).

If n+1 = kc,m+1 ≤ c−2, and #(τ (f1, f2)) < k, the above conditions do not

uniquely determine the polynomial h0. Does it remain valid the last equality for

m+ 1 < i ≤ c− 1 and j /∈ τ(f1, f2)? The answer is no, as shown in the following

example.

Example 3.11. Let p = 4 and n = 3. Consider xj = (−1)j, j = 1, 2, f1(x) =

(x− 1)4, and f2(x) = (x− 1)3. We observe that k = c = 2, d = 0,m = −1, and

2 /∈ τ(f1, f2). UsingWolframMathematica so�ware with the above information,

we illustrate in Table 1 the asymptotic behavior of a net {h4,l−1} of b.s.a. to f1 and

f2 from 53 in L4
(
Il−1

)
as l → ∞, l ∈ N.

Table 1. b.s.a. in L4
(
Il−1

)
.

l h4,l−1 (x) = alx
3 + blx

2 + clx + dl

2 −2.3469x3 + 2.0082x2 + 0.8135x + 0.4454

3 −2.3299x3 + 1.8377x2 + 0.5457x + 0.3818

10 −2.3188x3 + 1.6970x2 + 0.3388x + 0.3242

100 −2.2998x3 + 1.7004x2 + 0.3000x + 0.2999

1000 −2.3000x3 + 1.7000x2 + 0.3000x + 0.3000

b.s.a.: best simultaneous approximation.

We see that h
(1)
4,l−1(1) does not converge to 0 =

(
f1+f2
2

)(1)

p
(1) as l → ∞, and so

the L4-b.s.l.a. does not interpolate to the mean value of f1 and f2 at xj up to order

1, j = 1, 2.

Now, we will show the existence and characterization for the Lp-b.s.l.a. to two

functions f1 and f2 from 5n when #(τ (f1, f2)) = k.
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If n + 1 = kc, the following theorem can be proved in a similar way to

Theorem 3.10.

Theorem 3.12. Assume d = 0, f1, f2 ∈ t
p
c−1(xj), 1 ≤ j ≤ k. If #(τ (f1, f2)) = k,

then there exists the Lp-b.s.l.a. to f1 and f2 from 5n on {x1, . . . , xk}, and it is the

unique g ∈ 5n de�ned by the n + 1 interpolation conditions

g(i)(xj) =

(
f1 + f2

2

)(i)

p

(xj), 0 ≤ i ≤ c − 1, 1 ≤ j ≤ k.

For the case d > 0, we need the following lemma.

Lemma 3.13. Assume d > 0 and f1, f2 ∈ t
p
c (xj), 1 ≤ j ≤ k. Let ωp be the function

given by

ωp := 2
(1−p)(p−2)

p 3p−2
k∑

j=1

∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

2(m + 1)!
(· − xj)

m+1

∣∣∣∣∣

p−2

χBj ,

where 3 is the number de�ned in Lemma 3.2. If #(τ (f1, f2)) = k, then vǫ
p,ǫ

converges weakly to ωp in L
p

p−2 (I), for some sequence ǫ ↓ 0, where vp,ǫ was

introduced in (6).

Proof. By (36), there exists a sequence ǫ ↓ 0 and h0 ∈ 5n such that hp,ǫ
converges to h0, uniformly on I,

lim
ǫ→0

h
(c)
p,ǫ(xj) = h

(c)
0 (xj) and lim

ǫ→0

(
f1 + f2

2
− hp,ǫ

)(i)

p

(xj)ǫ
i−c = dij,

0 ≤ i ≤ c − 1, 1 ≤ j ≤ k. (41)

Thus,

lim
ǫ→0

c∑

i=0

(
f1+f2
2 − hp,ǫ

)(i)

p
(xj)

i!
ǫi−c(· − xj)

i = hj, uniformly on Bj, (42)

where hj =
c−1∑
i=0

dij
i! (· − xj)

i +

(
f1+f2
2 −h0

)(c)

p
(xj)

c! (· − xj)
c. From (15) it follows that

ǫ−c

(
f1 + f2

2

)ǫ

−

c∑

i=0

(
f1+f2
2

)(i)

p
(xj)

i!
ǫi−c(·−xj)

i converges in measure to 0 on Bj,

(43)
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as ǫ → 0. Expanding (hp,ǫ)
ǫ by its Taylor polynomial at xj up to order c, we

obtain

ǫ−c

(
f1 + f2

2
− hp,ǫ

)ǫ

(t)

= ǫ−c

(
f1 + f2

2

)ǫ

(t) −

c−1∑

i=0

h
(i)
p,ǫ(xj)

i!
ǫi−c(t − xj)

i

−
h

(c)
p,ǫ(ξj(t))

i!
(t − xj)

c = ǫ−c

(
f1 + f2

2

)ǫ

(t)

−

c∑

i=0

(
f1+f2
2

)(i)

p
(xj)

i!
ǫi−c(t − xj)

i

+

c∑

i=0

(
f1+f2
2 − hp,ǫ

)(i)

p
(xj)

i!
ǫi−c(t − xj)

i

+
h

(c)
p,ǫ(xj)

c!
(t − xj)

c −
h

(c)
p,ǫ(ξj(t))

c!
(t − xj)

c, (44)

t ∈ Bj, where ξj(t) ∈ Bj,ǫ . According to (41)–(43), we get

lim
ǫ→0

ǫ−c

(
f1 + f2

2
− hp,ǫ

)ǫ

= hj, a.e. on Bj, (45)

for some subsequence, that we again denote by ǫ. From (15), we deduce that

lim
ǫ→0

(f1 − f2)
ǫ

ǫm+1
=

(f1 − f2)
(m+1)
p (xj)

(m + 1)!
(· − xj)

m+1, a.e. on Bj, (46)

for some subsequence, which we again denote the same way. Since −1 ≤ m ≤

c − 2, (45) and (46) imply that

lim
ǫ→0

(f1 − hp,ǫ)
ǫ

ǫm+1
= lim

ǫ→0

(hp,ǫ − f2)
ǫ

ǫm+1

=
(f1 − f2)

(m+1)
p (xj)

2(m + 1)!
(· − xj)

m+1, a.e. on Bj, (47)

By (2) and mean value theorem, we have

vǫ
p,ǫ =

(
Ep,ǫ

ǫm+1

)2−p

Hp

((
f1 − hp,ǫ

)ǫ

ǫm+1
,

(
hp,ǫ − f2

)ǫ

ǫm+1

)

=

(
Ep,ǫ

ǫm+1

)2−p

(p − 1) |ηǫ|
p−2 , on Bj,
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with ηǫ(t) in the segment of extremes
(f1−hp,ǫ)

ǫ
(t)

ǫm+1 and
(hp,ǫ−f2)

ǫ
(t)

ǫm+1 . Now (47),

Theorem 2.8 and Lemma 3.2 show that

lim
ǫ→0

vǫ
p,ǫ = 2

(1−p)(p−2)
p 3p−2

∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

2(m + 1)!
(· − xj)

m+1

∣∣∣∣∣

p−2

, a.e. on Bj,

Finally, from Lemma 2.3, we deduce that vǫ
p,ǫ converges weakly to ωp in L

p
p−2 (I).

The proof is complete.

Theorem 3.14. Assume d > 0, f1, f2 ∈ t
p
c (xj), 1 ≤ j ≤ k. If #(τ (f1, f2)) = k, then

there exists the Lp-b.s.l.a. to f1 and f2 from5n on {x1, . . . , xk}, and it is the unique

solution of the following minimization problem in R
k:

min
h∈5n

k∑
j=1

∣∣∣∣
(
f1+f2
2 − h

)(c)

p
(xj)

∣∣∣∣
2 ∣∣∣(f1 − f2)

(m+1)
p (xj)

∣∣∣
p−2

with the constrains h(i)(xj) =
(
f1+f2
2

)(i)

p
(xj), 0 ≤ i ≤ c − 1, 1 ≤ j ≤ k.

(48)

Proof. Let

uǫ =

∣∣∣∣∣∣∣∣

c∑

i=0

(
f1+f2
2 − hp,ǫ

)(i)

p
(xj)

i!
ǫi−c(· − xj)

i

∣∣∣∣∣∣∣∣

2

vǫ
p,ǫ .

From (36) and Lemma 3.13, there exists a sequence ǫ ↓ 0 and h0 ∈ 5n such

that hp,ǫ converges to h0, uniformly on I, and

lim
ǫ→0

uǫ = |hj|
2 ωp, a.e. on Bj,

where hj =

(
f1+f2
2 − h0

)(c)

p
(xj)

c!
(· − xj)

c +

c−1∑

i=0

dij

i!
(· − xj)

i. (49)

Set

λǫ =




k∑

j=1

∫

Bj

∣∣∣∣∣∣∣∣
ǫ−c

(
f1 + f2

2

)ǫ

−

c∑

i=0

(
f1+f2
2

)(i)

p
(xj)

i!
ǫi−c(· − xj)

i

∣∣∣∣∣∣∣∣

2

vǫ
p,ǫ




1
2

and

̺ǫ =




k∑

j=1

∫

Bj

∣∣∣∣∣
h

(c)
p,ǫ(xj) − h

(c)
p,ǫ(ξj(·))

i!
(· − xj)

c

∣∣∣∣∣

2

vǫ
p,ǫ




1
2

.
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Since
p−2
p + 2

p = 1, Hölder inequality shows that

λǫ ≤



∫

Bj

k∑

j=i

∣∣∣∣∣∣∣∣
ǫ−c

(
f1 + f2

2

)ǫ

−

c∑

i=0

(
f1+f2
2

)(i)

p
(xj)

i!
ǫi−c(· − xj)

i

∣∣∣∣∣∣∣∣

p


1
p

×
∥∥vp,ǫ

∥∥ 1
2
p

p−2 ,ǫ
,

In the same manner, we can see that

̺ǫ ≤




k∑

j=1

∫

Bj

∣∣∣∣∣
h

(c)
p,ǫ(xj) − h

(c)
p,ǫ(ξj(·))

i!
(· − xj)

c

∣∣∣∣∣

p



1
p ∥∥vp,ǫ

∥∥ 1
2
p

p−2 ,ǫ
,

where ξj(t) is the number given in (44). By Minkowski inequality and (44), it

follows that

ǫ−c

∥∥∥∥
f1 + f2

2
− hp,ǫ

∥∥∥∥
vp,ǫ

=




k∑

j=1

∫

Bj

∣∣∣∣ǫ
−c

(
f1 + f2

2
− hp,ǫ

)ǫ∣∣∣∣
2

vǫ
p,ǫ




1
2

≥




k∑

j=1

∫

Bj

∣∣∣∣∣∣∣∣

c∑

i=0

(
f1+f2
2 − hp,ǫ

)(i)

p
(xj)

i!
ǫi−c(· − xj)

i

∣∣∣∣∣∣∣∣

2

vǫ
p,ǫ




1
2

− ̺ǫ − λǫ =




k∑

j=1

∫

Bj

uǫ




1
2

− ̺ǫ − λǫ (50)

On the other hand, let h ∈ 5n be such that h(i)(xj) =
(
f1+f2
2

)(i)

p
(xj), 0 ≤ i ≤

c− 1, 1 ≤ j ≤ k. Then there exists a set of real numbers (independent of ǫ), say

{be}1≤e≤d, that satis�es

h =

k∑

v=1

c−1∑

s=0

(
f1 + f2

2

)(s)

p

(xv)usv +

d∑

e=1

bewe.

Set κj = min
q∈5c−1

‖(· − xj)
c − q‖(j), where ‖f ‖2(j) =

∫
Bj

|f |2|(· − xj)|
(m+1)(p−2)

and let {csv} 1≤v≤k
0≤s≤c−1

be such that
∑c−1

i=0
cij
i! (· − xj)

i is the best approximation to
(
f1+f2
2 −h

)(c)
(xj)

c! (· − xj)
c from 5c−1 respect to ‖ · ‖(j). We consider the following
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net of polynomials in 5n,

gǫ =

k∑

v=1

c−1∑

s=0

((
f1 + f2

2

)(s)

p

(xv) − csvǫ
c−s

)
usv +

d∑

e=1

bewe.

We observe that g
(i)
ǫ (xj) =

(
f1+f2
2

)(i)

p
(xj) − cijǫ

c−i, 1 ≤ j ≤ k, 0 ≤ i ≤ c − 1.

Expanding gǫ
ǫ by its Taylor polynomial at xj up to order c, we get

ǫ−c

(
f1 + f2

2
− gǫ

)ǫ

(t) = ǫ−c

(
f1 + f2

2

)ǫ

(t) −

c−1∑

i=0

g
(i)
ǫ (xj)

i!
ǫi−c(t − xj)

i

−
g
(c)
ǫ (ηj(t))

i!
(t − xj)

c

= ǫ−c

(
f1 + f2

2

)ǫ

(t) −

c∑

i=0

(
f1+f2
2

)(i)

p
(xj)

i!
ǫi−c(t − xj)

i

+

c−1∑

i=0

cij

i!
(t − xj)

i +

(
f1+f2
2

)(c)

p
(xj)

c!
(t − xj)

c

−
g
(c)
ǫ (ηj(t))

c!
(t − xj)

c, (51)

where ηj(t) ∈ Bj,ǫ . Since hp,ǫ is the b.s.a. to f1 and f2 from 5n in Lp(Iǫ), by

Theorem 2.4, Minkowski inequality, (50) and (51), we obtain



k∑

j=1

∫

Bj

uǫ




1
2

− ̺ǫ − λǫ ≤ ǫ−c

∥∥∥∥
f1 + f2

2
− hp,ǫ

∥∥∥∥
vp,ǫ

≤ ǫ−c

∥∥∥∥
f1 + f2

2
− gǫ

∥∥∥∥
vp,ǫ

≤ λǫ + ‖fǫ‖vp,ǫ , (52)

where fǫ =
c−1∑
i=0

cij
i! (· − xj)

i +

(
f1+f2
2

)(c)

p
(xj)

c! (· − xj)
c −

g
(c)
ǫ (ξj(·))

c! (· − xj)
c. Since

limǫ→0 gǫ = h, uniformly on I, we have

lim
ǫ→0

fǫ =

(
f1+f2
2 − h

)(c)

p
(xj)

c!
(·−xj)

c+

c−1∑

i=0

cij

i!
(·−xj)

i =: ϕj, uniformly on Bj.

By the inequalities of Minkowski and Hölder and Lemma 2.3, we get∣∣∣∣∣

∫

Bj

|fǫ |
2vǫ

p,ǫ −

∫

Bj

|ϕj|
2ωp

∣∣∣∣∣

=

∣∣∣∣∣

∫

Bj

(|fǫ|
2 − |ϕj|

2)vǫ
p,ǫ −

∫

Bj

|ϕj|
2(ωp − vǫ

p,ǫ)

∣∣∣∣∣
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≤

∣∣∣∣∣

∫

Bj

(|fǫ |
2 − |ϕj|

2)vǫ
p,ǫ

∣∣∣∣∣+
∣∣∣∣∣

∫

Bj

|ϕj|
2ωp −

∫

Bj

|ϕj|
2vǫ

p,ǫ

∣∣∣∣∣

≤

(∫

Bj

||fǫ |
2 − |ϕj|

2|
p
2

) 2
p
(∫

Bj

|vǫ
p,ǫ|

p
p−2

) p−2
p

+

∣∣∣∣∣

∫

Bj

|ϕj|
2ωp −

∫

Bj

|ϕj|
2vǫ

p,ǫ

∣∣∣∣∣

≤ (p − 1)2
(p−2)2

p

(∫

Bj

||fǫ|
2 − |ϕj|

2|
p
2

) 2
p

+

∣∣∣∣∣

∫

Bj

|ϕj|
2ωp −

∫

Bj

|ϕj|
2vǫ

p,ǫ

∣∣∣∣∣ ,

and so limǫ→0 ‖fǫ‖vp,ǫ =

(
k∑

j=1

∫
Bj

|ϕj|
2ωp

) 1
2

by Lemma 3.13. According to

Lemma 2.3 and (15), we see that limǫ→0 ̺ǫ = limǫ→0 λǫ = 0. Therefore, the

Fatou Lemma, (49) and (52) lead to

τ
1
2




k∑

j=1

κ2
j

∣∣∣∣∣∣∣∣

(
f1+f2
2 − h0

)(c)

p
(xj)

c!

∣∣∣∣∣∣∣∣

2 ∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

2(m + 1)!

∣∣∣∣∣

p−2




1
2

≤




k∑

j=1

∫

Bj

∣∣∣∣∣∣∣∣

(
f1+f2
2 − h0

)(c)

p
(xj)

c!
(· − xj)

c +

c−1∑

i=0

dij

i!
(· − xj)

i

∣∣∣∣∣∣∣∣

2

× τ

∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

2(m + 1)!
(· − xj)

m+1

∣∣∣∣∣

p−2



1
2

≤




k∑

j=1

∫

Bj

∣∣∣∣∣∣∣∣

(
f1+f2
2 − h

)(c)

p
(xj)

c!
(· − xj)

c +

c−1∑

i=0

cij

i!
(· − xj)

i

∣∣∣∣∣∣∣∣

2

× τ

∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

2(m + 1)!
(· − xj)

m+1

∣∣∣∣∣

p−2



1
2

=




k∑

j=1

τ

∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

2(m + 1)!

∣∣∣∣∣

p−2

×

∫

Bj

∣∣∣∣∣∣∣∣

(
f1+f2
2 − h

)(c)

p
(xj)

c!
(· − xj)

c +

c−1∑

i=0

cij

i!
(· − xj)

i

∣∣∣∣∣∣∣∣

2

|· −xj|
(m+1)(p−2)




1
2
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= τ
1
2




k∑

j=1

κ2
j

∣∣∣∣∣∣∣∣

(
f1+f2
2 − h

)(c)

p
(xj)

c!

∣∣∣∣∣∣∣∣

2 ∣∣∣∣∣
(f1 − f2)

(m+1)
p (xj)

2(m + 1)!

∣∣∣∣∣

p−2




1
2

,

where τ = 2
(1−p)(p−2)

p 3p−2. As κj = min
q∈5c−1

(∫ 1
−1 |yc − q|2|y|(m+1)(p−2)dy

) 1
2
,

1 ≤ j ≤ k, we have

k∑

j=1

∣∣∣∣∣

(
f1 + f2

2
− h0

)(c)

p

(xj)

∣∣∣∣∣

2

|(f1 − f2)
(m+1)
p (xj)|

p−2

≤

k∑

j=1

∣∣∣∣∣

(
f1 + f2

2
− h

)(c)

p

(xj)

∣∣∣∣∣

2

|(f1 − f2)
(m+1)
p (xj)|

p−2,

for all h ∈ 5n such that h(i)(xj) =
(
f1+f2
2

)(i)

p
(xj), 0 ≤ i ≤ c − 1, 1 ≤ j ≤ k. So,

h0 is a solution of (48).

Finally, we observe that the problem (48) is equivalent to �nd the best approxi-

mation to

((
f1+f2
2

)(c)

p
(x1), . . . ,

(
f1+f2
2

)(c)

p
(xk)

)
from the convex set

Ŵ =

{
(h(c)(x1), . . . , h

(c)(xk)) : h ∈ 5n and h(i)(xj) =

(
f1 + f2

2

)(i)

p

(xj),

0 ≤ i ≤ c − 1, 1 ≤ j ≤ k

}

respect to l2µ(Rk)-norm, where µ =
(∣∣∣(f1 − f2)

(m+1)
p (x1)

∣∣∣
p−2

, . . . ,
∣∣∣(f1 −

f2)
(m+1)
p (xk)

∣∣∣
p−2)

(If c = 0, no constrain on5n is assumed). Since this problem

has a unique solution [18, Theorem 1.14], we conclude that there exists the Lp-

b.s.l.a. to f1 and f2 from 5n on {x1, . . . , xk}, and it is the solution of (48).

Remark 3.15. We observe that ifm ≤ c− 2, the limit of vǫ
p,ǫ as ǫ → 0 does not

depend of dij, given in (41), which guarantee a unique minimization problem.

However, from (45) and (46), it does not occur if m = c − 1. So Theorem 3.14

cannot be used for this case.
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