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We  investigate  a control  systems  analysis  on HIV  infection  dynamics  with  regard  to  enhancement  of  the
immune  response.  The  HIV  dynamic  model  is modified  to  include  the pharmacokinetics  and  pharma-
codynamics  of  antiretroviral  HIV  drugs,  and  the  intake  of drug  is considered  as  impulsive  control  input.
As it is  administrated  at discrete  time  instants,  we assume  that  this  yields  an impulsive  control  problem
eywords:
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mpulsive control

for  a nonlinear  continuous-time  system.  Based  on  this  new  model,  we  study  clinical  experiments  about
antirretoviral  treatments  via  numerical  simulation  and  analyse  the  experimental  results.  It  is noted  that
this  modeling  approach  can  help  to  provide  a theoretical  explanation  of  the  clinical  results.  The  analysis
result  in  the  paper  could  imply  that the  protocol  of the  experiment  might  enhance  the  immune  response
against  HIV.

© 2014  Elsevier  Ltd. All  rights  reserved.
. Introduction

Acquired immune deficiency syndrome (AIDS) is caused by the
uman immunodeficiency virus (HIV). After HIV infection, CD4 T-
ells are infected by the virus. An infected CD4 T-cell does not
erform its role in the human immune system and makes mul-
iple HIV copies. With a low level of CD4 T-cell count, the human
mmune system cannot work properly.

HIV/AIDS is still a prevalent and lethal infectious disease world-
ide. In 2009 the estimated number of HIV-infected people was

3.3 million and 1.8 million people died of AIDS [1]. Several
tudies have reported model-based approaches to understand the
IV/AIDS infection process. Some examples of HIV dynamic mod-
ls are found in [2,3] and control theoretic studies of the authors,
ased on the HIV models in [3], are reported in [4,5].
In this paper we research a control scheme using a model-based
pproach to enhance the human immune response in HIV infection
ynamics.1 The control method is applied to the HIV model in [3],

∗ Corresponding author.
E-mail addresses: hchang@kookmin.ac.kr (H.J. Chang),

laude.Moog@irccyn.ec-nantes.fr (C.H. Moog), a.astolfi@ic.ac.uk (A. Astolfi),
srivade@santafe-conicet.gov.ar (P.S. Rivadeneira).
1 A preliminary version of this paper has been published in [6].

ttp://dx.doi.org/10.1016/j.bspc.2014.03.008
746-8094/© 2014 Elsevier Ltd. All rights reserved.
together with the pharmacological dynamics in [7,8], on the basis
of the immune boosting process analysed by the authors in [5].

The research in this paper is supported by the experimental data
recently published in [9,10]. Although our research can be appli-
cable to analyse the data of [10], we  focus on the experimental
result of [9]. Note that we  do not analyse the properties of the con-
trolled system formally, which will be done elsewhere, but focus
on the conceptual method of the controller design, as well as on the
application to the HIV infection dynamics.

This paper contains two major contributions. First, it presents
a model modification based on an existing HIV model, considering
pharmacological dynamics. The modification introduces dynamic
equations describing the pharmacokinetics and pharmacodynam-
ics of antiretroviral drugs. In addition we  assume that the controlled
drug intake can be considered as impulsive control input for the
mathematical model, although in general the drugs are taken orally
as extended-release formulation (see [11] for more details). Impul-
sive control gives a sudden change of the state variable at discrete
instants (see [12] for rigorous definition of impulsive control). The
modified model is able to accurately describe the effect on HIV
patients of a drug regimen. This model helps to study HIV infection

dynamics with a realistic regimen of HIV therapy.

Second, the experimental results in [9] can be explained by the
immune system analysis on the modified HIV  model in the paper.
The clinical work of [9] leads to the application of a mathematical
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Table 1
HIV model parameters and values [3]

Parameters Value Parameters Value

� 1 d 0.1
ˇ  1 a 0.2
p1 1 p2 1
24 H.J. Chang et al. / Biomedical Signal P

pproach to the HIV dynamics. Based on the modified HIV model we
btain an insight into the result of [9], providing an interpretation
f the experiment. By analysing the simulation study it is implied
hat the protocol of the experiment might enhance the immune
esponse against HIV.

The paper is organised as follows. The proposed modeling
ethod is presented in Section 2. Particularly Section 2.1 gives a

rief description of the experiments in [9]. Then in Section 2.2 we
ecall some of the analysis of [5] for the HIV dynamic model of
3] and we modify the model to study numerical realisation of the
xperiments in [9]. Then Section 3 reports the numerical results
ith the modified HIV infection model. Finally we discuss the

esults and conclude the paper in Section 4.

. Methods

.1. A summary of the experiments in Grant et al. [9]

Antiretroviral chemoprophylaxis prior to exposure to HIV is
egarded as a promising approach for the prevention of HIV
nfection[13,14]. In [13] it has been shown that the side effect
f daily preexposure with tenofovir disoproxil fumarate (TDF) is
cceptable while in [14] it has been shown that HIV infection rates
f women is decreased up to 39% using a tenofovir 1% vaginal gel.
or men  and transgender women who have sex with men  the cur-
ent use of preexposure prophylaxis is not common, however most
f these people are willing to consider such use if evidence of safety
nd efficacy were provided [15,16].

We now briefly discuss the experiments of [9]. To evaluate the
linical effect of preexposure chemoprophylaxis, experiments have
een designed and conducted in [9]. The experiments assigned
499 HIV-negative subjects randomly to take a combination of
wo antiretroviral drugs, i.e. emtricitabine and tenofovir disoproxil
umarate (FTC-TDF), or placebo once a day.

The subjects were observed for 3324 person-years (median,
.2 years; maximum, 2.8 years). For the studied subjects 10 were
evealed to have been infected with HIV at enrollment and 100
ecame infected with HIV during the follow-up, among which 36
nd 64 were in the FTC-TDF and the placebo groups, respectively,
mplying a 44% reduction in the HIV incidence.

Thus the experimental result concludes that oral FTC-TDF could
rovide protection against the acquisition of HIV infection. For a
omplete description of the experiment and the data see [9] and
he Supplementary Appendix available at NEJM.org.

Following the pioneering work in [9], over the past few years
here have been considerable advances in the issues of the sup-
ression of HIV transmission by using antiretroviral drug [17] with
ew scientific findings including the results in [18–20]. In [18] it
as been shown that, compared to the delayed initiation of anti-HIV
herapy, the early initiation reduces the rate of HIV transmission in
ouples. Particularly the protection against HIV infection in hetero-
exual men  and women has been studied in [20] with daily intake
f FTC-TDF, while in [19] it has been concluded that both TDF and
TC-TDF can prevent HIV infection in heterosexual subjects.

.2. Modeling of HIV dynamics with impulsive control input

In this subsection we consider the HIV infection model of [3]
nd modify this model including the pharmacokinetics and phar-
acodynamics of the FTC-TDF as considered in [9].
.2.1. HIV infection model with CTL response
The model of [3,21] is given by

˙  = � − dx − (1 − �)ˇxy, (1)
c1 0.03 c2 0.06
q  0.5 b1 0.1
b2 0.01 h 0.1

ẏ = (1 − �)ˇxy − ay − p1z1y − p2z2y, (2)

ż1 = c1z1y − b1z1, (3)

ẇ = c2xyw − c2qyw − b2w, (4)

ż2 = c2qyw − hz2, (5)

where the states are the populations of specific cells in a unit vol-
ume  of blood. x, y, z1, w, and z2 describe the concentrations of
uninfected CD4 T-cells, infected CD4 T-cells, helper-independent
CTLs, CTL precursors, and helper-dependent CTLs, respectively.

The quantity � varies between 0 and 1 and describes the con-
trol input affecting the parameter ˇ. From a control perspective
it represents the efficacy of the drug of the anti-retroviral ther-
apy. If � = 1 a patient receives the maximal effect of drug (i.e. 100%
block of HIV infection process), while � = 0 means no effect. The
remaining parameters �, d, ˇ, a, p1, p2, c1, c2, q, b1, b2, and h are
positive constants. For a detailed explanation of the model see [3].

2.2.2. Analysis of the model
Now we  show that the Wodarz model ((1)–(5)) displays 5

equilibrium points [3,6], including a HIV-free equilibrium, a LTNP
equilibrium, and other which the virus dominates. The basin of
attraction of the third equilibrium is estimated. This lower order
model of the HIV-dynamics is shown to be maximally nonlinear in
the sense that the largest possible linearization by a state feedback
has dimension 2. The three important equilibria are given in what
follows.

Point A:

x(A) = �

d
, y(A) = 0, z1

(A) = 0, w(A) = 0, z2
(A) = 0.

Point B:

x(B) = �c1

dc1 + b1(1 − �)ˇ
, y(B) = b1

c1
, z1

(B) = (1 − �)ˇx(B) − a

p1
,

w(B) = 0, z2
(B) = 0.

Point C:

y(C) = �(�) −
√

�(�)2 − 4(1 − �)ˇc2qdb2

2(1 − �)ˇc2q
,

x(C) = �

d + (1 − �)ˇy(C)
, z1

(C) = 0, w(C) = hz2
(C)

c2qy(C)
,

z2
(C) = y(C)(c2(1 − �)ˇq − c2a) + b2(1 − �)ˇ

c2p2y(C)
,

where �(�) = c2(� − dq)  − b2(1 − �)ˇ.
The values of the model parameters suggested in [3] for the HIV

model are summarised in Table 1. Note that these parameters in
[3] are normalised, with which the HIV model can show bistability
phenomenon.

With this parameter set and � = 0 (i.e., no drug treatment), Point

A, B and C are xA = (10, 0, 0, 0, 0), xB = (0.2913, 3.3333, 0.0913, 0, 0),
and xC = (8.2255, 0.0216, 0, 1240, 8.0255), respectively. In [3], the
model ((1)–(5)), with the parameter set of Table 1, has been shown
to be bistable when the drug treatment is stopped.



H.J. Chang et al. / Biomedical Signal Process

f

u
d
i

A
l
n

t
f
t
i
[
v
i
w

i
t

i
v
(
t
w
L
K
v
r

m
c

�

ank

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

because the system cannot leave the free-virus state if there is no
Fig. 1. A qualitative scheme of the basin of attraction of equilibrium B.

The interpretation of each point with the assumption � = 0 is as
ollows:

Point A represents the status of a person without HIV. Point A is
nstable. It means that the model represents the situation that it is
ifficult to revert a HIV positive patient back to the HIV-free status

f the medication is stopped.
Point C displays the status of a HIV patient not progressing to

IDS, which corresponds to the LTNP status. Because Point C is
ocally exponentially stable, one control goal is to steer the state
ear Point C.

Point B corresponds to the status of a HIV patient for whom
he virus dominates, and it is stable. Its basin of attraction has the
ollowing characteristics: (i) its projection onto the w axis is smaller
han its projection onto the (x, y, z1, z2)-axis. A trajectory will remain
nside the basin of attraction provided the initial value of w is in
0,1.09] (for the set of parameter of Table 1) whereas for the other
ariables may  be significantly large. In Fig. 1, the basin of attraction
s represented qualitatively and displays some narrow size in the

 direction. A conclusion of this is if the states x, y, z1, and z2 are

n the equilibrium B but somehow w is boosted up to certain level,
hen the system will leave it.

If we desire to enhance immunity this can be achieved by boost-
ng z1, w, and z2. In particular helper-dependent immune responses
ia w and z2 should be boosted to lead a patient to the LTNP status
Point C), since the w and z2 components of Point B are zeros while
hose of Point C have positive levels. z2 depends upon w in Eq. (5),
hich suggests increasing w to drive the patient state towards the

TNP status. Note that Eq. (4) is rewritten as ẇ = K(x, y)w, where
(x, y) = c2xy − c2qy − b2 . Now the function K(x, y) depends on the
ariables x and y. We  note that if we force the patient state into the
egion2 K(x, y) > 0 then the immunity can be enhanced.

Now, we are interested to study the accessibility property of this
odel. Without loss of generality assume that u(t) = 1 − �(t) is the

ontrol variable and rewrite the dynamics of the model as:

˙ (t) = f (�) + g(�)u(t), (6)

dim{g1, g2} = R
2 In [4,5] control of the drug dose is exploited so that the inequality is achieved.
ing and Control 13 (2014) 123–131 125

f =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

� − dx

−ay − p1z1y − p2z2y

c1z1y − b1z1

c2xyw − c2qyw − b2w

c2qyw − hz2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, g =

⎛
⎜⎜⎜⎜⎜⎜⎝

−ˇxy

ˇxy

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (7)

the sequence Hk (see [22] for more details) is calculated to charac-
terize the accessibility, that is

H1 = SpanK
{

dx, dy, dz1, dw, dz2
}

,

H2 = SpanK
{

dx + dy, dz1, dw, dz2
}

,

H3 = SpanK
{

c3wdx + c3wdy  + (a − d + p1z1 + p2z2)dz2, c3wdc3

−c1z1dz2, c3dw + (c3 − c2x + c2y)dz2
}

H4 and H5 are not required because the derived flag H3 of H3 is zero.
As a conclusion, the relative degree of any output of the system is
less than or equal to 3. To show that H3 = 0, we  must verify that

dimH3
⊥ = 5. (8)

The right kernel of H3 is spanned by

g1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1

−1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎠

, g2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

d − a − p1z1 − p2z2

0

c1z1

(c2x − c2y − c3)w

c3w

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (9)

the involutive closure {g1, g2} of which has dimension 5:
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 d − a − p1z1 − p2z2 0 0 2c2c3p2w

−1 0 0 0 0

0 c1z1 0 0 0

0 (c2x − c2y − c3)w −2c2w 0 0

0 c3w 0 2c2c3w p(x, y, w)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 5.

The same results are obtained if we evaluate dim
{

g, adfg
}

. That is
omitted by the length of the calculations. But, using the software

Mathematica we  found that dim
{

g, adfg
}

= 5 for almost every-

where in R
5+. The singularities are related to y = 0, z1 = 0, and w = 0.

As conclusions of this analysis, we  have that: (i) the dynamical
system ((1)–(5)) is accessible in the space strictly positive of R

5. (ii)
However, the system cannot be linearized neither by a static nor a
dynamic state feedback since H3 is not integrable. The maximum
dimension of the part that can be linearized is 2. (iii) In comparison
with others models in the literature as the 3D-model in [23] (which
can be fully linearized by state feedback as it is illustrated in [24]),
this model is ‘maximally’ nonlinear, in the sense that, for any single
output, the accessible system can be linearized up to order 2.

Because of the singularities in the analysis of accessibility, we
test this property around the equilibria of the system as follows:

The model is not accessible in point A since the vector g and all
the adifg, i = 1, · · · are 0 for this equilibrium. But it is not surprising
infection.
The model is not accessible neither in point B nor in point C

since the dimension of dim
{

g, adfg
}

in these points is less than
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�̇T = −kT �T , (19)
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. However, their dimensions are 3 and 4, respectively, then there
xist controls which enable to leave the system from the basin of
ttraction of points B and C.

.2.3. Model extension including pharmacological concepts
In most of the existing control strategies for the HIV infec-

ion dynamics (e.g. [25,26,21]) the control input is hardly applied
irectly to HIV patients. This is because, instead of the drug dosage,
he treatment efficacy is generally considered as the control input.
he efficacy varies between 0 (i.e. no medication) and 1 (i.e. full
edication) and this is not described in terms of drug amounts.
e now discuss the relation between this control input and the

rug dosage for the model ((1)–(5)) in consideration of pharma-
okinetic and pharmacodynamic models. Note that different HIV
odels have been used to study the relation between HIV drug

oncentration and the parameter of viral dynamics in [27,28].
The process of drug administration consists of two  phases [7]:

he pharmacokinetic phase relating drug dose, intake frequency,
nd administration route to drug level-time profile in the human
ody, and the pharmacodynamic phase relating the concentration
f the drug at the sites of action to the magnitude of the realised
ffects.

.2.3.1. Pharmacokinetic model. Drugs are mostly prescribed to be
aken in a constant dosage at constant time intervals. We  assume
hat drug is absorbed completely and instantaneously, that it dis-
ributes in an one-compartmental model of the human body, and
hat it is eliminated by first order kinetics. The rate of elimination
f drug from the human body is modelled by

˙  = −k�, (10)

here � is the intracellular amount of drug in the human body
t time t and k is the constant first order elimination rate. k is
elated to the intracellular half-life of the drug t(1/2) by the relation
(1/2) = log 2/k.

The intake of the drug dose is described as an impulsive control
nput later in this subsection.

.2.3.2. Pharmacodynamic model. A number of nonlinear pharma-
odynamic models have been studied to fit response–concentration
urves empirically [8]. A class of these models is described by the
quation

(t) = �max
C(t)�

C(t)� + 1/Q
, (11)

here �(t) is the drug efficacy response at plasma concentration of
rug C(t), �max is the maximum response, and � and Q are constants.

As in [8], we set Q = 1/C50 where C50 is the plasma concentration
f drug that reduces the drug efficacy effect by 50% of the maximum
esponse, �max. By [29–31], we can assume that � = 1 because the
rug FTC-TDF is a combination of two nucleoside reverse transcrip-
ase inhibitors (NRTIs), i.e. emtricitabine and tenofovir.

In the pharmacokinetic model of this paper the human body is
odeled as one-compartment. The amount of drug in the body at

ime t is then obtained by multiplying the plasma concentration
(t) by the so-called ‘apparent volume of distribution’ Vd and the
eight of the human body M.  Thus �(t) = C(t)VdM,  �50 = C50VdM,  and

(t) = �max
�(t)

�(t) + �50
. (12)

or a detailed explanation of the pharmacological consideration see

24].

.2.3.3. Pharmacological model parameters. For the pharmacolog-
cal model (10) and (12) we consider the drug FTC-TDF used in
ing and Control 13 (2014) 123–131

the experiment of [9], as summarised in Section 2.1. One  antiretro-
viral tablet used in the experiment contains a combination of
emtricitabine (FTC 200 mg)  and tenofovir (TDF 300 mg): a 500 mg
combination known by the brand name Truvada® [32]. To describe
the effect of the drug we  consider two pharmacological models
for FTC and TDF in the system ((1)–(5)). Thus here we study the
pharmacological parameters k and �50 for FTC and TDF, namely kF,
kT, �50,F, and �50,T (the subscripts F and T stand for FTC and TDF,
respectively).

Although the in vivo drug parameters of pharmacokinetics and
pharmacodynamics for FTC-TDF are not available yet,3 the in vitro
parameters are provided in [34–39]. Note that the pharmacokine-
tics of FTC and TDF have been evaluated in healthy volunteers and
HIV-1 infected individuals and the pharmacokinetics are similar
between these two groups [36,37]. The pharmacokinetics of FTC are
dose proportional over the dose range of 25–200 mg, not affected
by multiple dosing [34,36] while the pharmacokinetics of TDF are
independent of dosage over the dose range 75–600 mg  following
single or repeated administration [35,37].

The authors of [39] have investigated the pharmacokinetics of
intracellular FTC and TDF: the geometric mean of FTC intercellular
half-life is 39 h with the range of 36–45 h as 90% confidence inter-
vals, while the geometric mean of TDF intercellular half-life is 164 h
with the range of 152–190 h as 90% confidence intervals. Thus, for
Eq. (10), the first order elimination rate constants for FTC and TDF
(i.e. kF and kT) are 0.0178/h (0.4266/day) and 0.0042/h (0.1014/day),
respectively.

The parameters for volume of distribution for FTC and TDF are
1.4 ± 0.3 l/kg and 0.8 l/kg, respectively [34,35]. The 50% effective
concentration value for FTC, known by the brand name Emtriva®,
is in the range of 0.0003–0.158 �g/ml (0.0003–0.158 mg/l) [36]
and we select its geometric mean 0.0069 mg/l, as in [40]. The
50% effective concentration value for TDF, known by the brand
name Viread®, is in the range of 0.04–8.5 �M [37]. The molecu-
lar weight of TDF is 635.5 [40], thus the range is 0.025–5.4 mg/l,
and we choose the geometric mean 0.3674 mg/l as the 50%
effective concentration value for TDF. In addition we  assume
that the weight of an average person is 70 kg, as in [24,40].
Thus we obtain �50,F as 0.6762(= 0.0069 × 1.4 × 70), and �50,T as
20.5744(= 0.3674 × 0.8 × 70).

Although we now obtain representative values of the pharma-
cological parameters, in Section 3.2 we  will consider a broad range
of the parameters.

2.2.4. Integrated model with impulsive input
The integrated model of ((1)–(5)) with the pharmacological sys-

tem for FTC and TDF (i.e. (10) and (12)) is given by

ẋ = � − dx − (1 − �F )(1 − �T )ˇxy, (13)

ẏ = (1 − �F )(1 − �T )ˇxy − ay − p1z1y − p2z2y, (14)

ż1 = c1z1y − b1z1, (15)

ẇ = c2xyw − c2qyw − b2w, (16)

ż2 = c2qyw − hz2, (17)

�̇F = −kF �F , (18)
3 For control theoretic studies using in vivo drug parameters see [24] which are
based on the in vivo evaluation of [33].
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here

�F = �max,F
�F

�F + �50,F
,

�T = �max,T
�T

�T + �50,T
.

n this model we assume that the antiretroviral effects of
oth drugs are independent of each other and the sub-
cripts F and T stands for FTC and TDF, respectively. Let
(t) := [x(t), y(t), z1(t), w(t), z2(t), �F (t), �T (t)]T and represent
odel ((13)–(19)) by the equation

˙
 = F(X). (20)

We now consider a conceptual realisation of the experiment of
9] via the model (20). To this end we should introduce impulsive
nputs to the system: FTC and TDF intake once daily and possible
xposure to HIV during the experiment. These correspond to impul-
ive changes of the states �F, �T, and y, respectively. Here we  simply
ssume that the drug intake is impulsive control input of the HIV
odel as a first approximation, since it is administrated at discrete

ime instants.
To describe approximately the impulsive inputs we  employ a

ybrid systems description as in [24], hence the system with impul-
ive input can be described by

Ẋ(t) = F(X(t)), if t /∈ Sd ∪ Sv,

X+ = X + Vd, if t ∈ Sd,

X+ = X + Vv, if t ∈ Sv,

here Vd is the vector corresponding to the magnitude of change
or the states �F and �T, while Vv is for the state y. Sd is the set of
ime instants in which the impulsive changes occur for the states
F and �T, while Sv is for the state y.

To present the impulsive changes of �F and �T in the hybrid sys-
em, we introduce ‘oral bioavailability’ into Vd, a pharmacokinetic
arameter describing the available fraction of an administered drug
hat reaches the system. Thus
d = [0,  0, 0, 0, 0, 200 (mg) × BF , 300 (mg) × BT ]T , (21)

here BF and BT are the bioavailability of FTC and TDF, respectively.
he median of BF is 0.92 while that of BT is 0.25 [38]. In addition we

ig. 2. Results of the numerical realisation of the experiment in [9] via the model (20) w
he  upper left graph, the solid line and the dotted line indicate the time histories of �F a
v = {10, 50}. Note the different time scales.
ing and Control 13 (2014) 123–131 127

assume that once some fraction of the oral dose of FTC-TDF reaches
the system, it is fully converted to the activated form intracellularly.

Sd = {1, 2, 3, · · · , Td}, with Td = 450 (day), following the protocol of
the experiment in [9]. The values of Mv in Vv = [0, Mv, 0, 0, 0, 0, 0]T

and the set Sv are selected in the next section.

3. Results

In this section we consider that the initial state X(0) is

[10, 0, 10−4, 10−4, 10−4, 0, 0]
T
, which represents the status of a

HIV-free patient that corresponds to most of the subjects of the
experiment in [9].

We  assume Mv = 10−4 and Sv = {10, 50}, which imply that pos-
sible contacts with HIV occur at the time instants of the set Sv and
a small number of infected cells y emerges by the infusions of the
virus into the human body. To follow the experiment protocol we
consider that the contact with the virus happens only in the dura-
tion of the drug prescription by setting max(Sv) < Td and that the
drug administration is carried out at t = 1, 2, 3, · · · , Td.

3.1. Two cases with different pharmacological parameters

In this subsection we  simply assume that �max,F = 1 and �max,T
= 1 based on [29–31] since the drug FTC-TDF is a combination of
two NRTIs. This implies that there is not any drug-resistant virus
species particularly against FTC and TDF in the system. A different
scenario is discussed in the next subsection.

3.1.1. The case with representative pharmacological parameters
Fig. 2 shows the results of the simulation of the experimental

protocol in [9] (note the different time scales). We use the proposed
hybrid system and the parameter values of kF, kT, �50,F, and �50,T,
obtained in Section 2.2.3. In the upper left graph of Fig. 2, the solid
line and the dotted line indicate the time histories of �F and �T,
respectively.

The resulting (x, y) trajectory is displayed in Fig. 3. The solid line
indicates the (x, y) trajectory. Note that the projection of the initial
state is on �A and that the trajectory is placed within the region

K(x, y) < 0.

For this simulation the (x, y) point stays extremely close to �A.
Although the level of w is not boosted (since the (x, y) point is
located in the region in which K(x, y) is negative for the whole

ith impulsive inputs: kF = 0.4266, kT = 0.1014, �50,F = 0.6762, and �50,T = 20.5744. In
nd �T , respectively. For the implementation of the impulses we set Mv = 10−4 and



128 H.J. Chang et al. / Biomedical Signal Process

Fig. 3. The (x, y) trajectory resulting from the simulation presented in Fig. 2. The
p
r

s
a
p

l
a
v
c
a
h
c
c

3
d

u
f
I
i
g

3
r
a
a

a
T
0
w
t
(

0
a

t
e
t
d

l
t
P

rojection of the initial state is on �A . Note that the trajectory is placed within the
egion K(x, y) < 0.

imulation time), the level of y becomes less than 1.7577 × 10−39

t the end of the simulation. This case might represent the HIV
reventive case of [9].

As pointed out in [41,2], our model is deterministic and the virus
oad (y) cannot be reduced to zero exactly. Note that cell and virus
re countable biological object in the human body while the state
ariables of model (20) are continuous functions of time. Thus we
an assume that HIV is eradicated if the virus load is reduced to

 sufficiently low level. For example, in [41,2], virus elimination
as been studied using a threshold of viral extinction, which could
orrespond to a virus population less than one cell. We  study viral
learance with a threshold of virus load in the next subsection.

.1.2. The case with comparatively insensitive response to the
rug

In Section 2.2.3 we obtain the parameters (kF, kT, �50,F, and �50,T)
sing representative values such as median or geometric mean,
or the pharmacological parameter ranges in [38,36,37,34,35,39].
n this subsection we consider the parameters for a subject show-
ng relatively insensitive response to the HIV drug based on the
iven ranges of the pharmacological parameters.

In [39] the ranges of intracellular half-life for FTC and TDF are
6–45 and 152–190 h, respectively. With the lower bounds of the
anges the first order elimination rate constants for FTC and TDF
re 0.0193/h (0.4621/day) and 0.0046/h (0.1094/day), respectively,
s the maximally estimated values for kF and kT.

In Section 2.2.3 the 50% effective concentration ranges for FTC
nd TDF are 0.0003–0.158 mg/l [36] and 0.025–5.4 mg/l [37,40].
he volume of distribution for FTC and TDF are 1.4 ± 0.3 l/kg and
.8 l/kg, respectively [34,35]. Thus, with the assumption that the
eight of an average person is 70 kg, as in [24,40], we obtain that

he maximally estimated values of �50,F and �50,T are 18.8020 mg
= 0.158 × (1.4 + 0.3) × 70) and 302.4 mg  (=5.4 × 0.8 × 70).

Also the ranges of bioavailability of FTC and TDF (BF and BT) are
.831–1.064 and NC4 −0.45, respectively [38]. In order to present
n insensitive subject to FTC-TDF we set BF = 0.84 and BT = 0.05.

Simulation results are presented in Figs. 4 and 5. As in Sec-
ion 3.1.1, Fig. 4 shows the results of the simulation with the newly
stimated values of kF, kT, �50,F, �50,T, BF, and BT (note the different
ime scales). In the upper left graph of Fig. 4, the solid line and the
otted line indicate the time histories of �F and �T, respectively.

The resulting (x, y) trajectory is displayed in Fig. 5. The dotted

ine indicates the set K(x, y) = 0 and the solid line indicates the (x, y)
rajectory. �A, �B, and �C are the projections onto the x − y plane of
oint A, Point B, and Point C, respectively. Note that the projection

4 NC stands for ‘not calculated’ [38].
ing and Control 13 (2014) 123–131

of the initial state is on �A. The bottom graph is a zoomed-in version
of the top graph.

Throughout the simulation the (x, y) point is kept around �A
and �C with comparatively high and low levels of the states x and
y, respectively, consistently with the HIV preventive effect shown
in [9]. Furthermore the level of w is boosted over 25, as explained
in Section 2.2.2. Given the analysis in Section 2.2.2 the w state is
enhanced when the (x, y) point is located in the region in which
K(x, y) is positive. If the (x, y) trajectory stays within the region
c2xy − c2qy − b2 < 0 (i.e. the region below the dotted line in Fig. 5),
then the concentration of CTL precursor w decreases. Although the
(x, y) point stays temporary within the region in which K is negative,
the state w is boosted at the end of the simulation.

3.2. Parameter plane of �max,F and �max,T

In the previous subsection we ideally assume that drug-resistant
virus does not exist for the two  NRTI, FTC and TDF. In this subsec-
tion we study a different scenario. Note that anti-retroviral HIV
treatment often fails due to the emergence of resistant virus [2].

The emergence of resistant virus results in the reduction of
drug effect. Thus, to describe the effect of resistant virus on the
drug treatment, we consider variation of the parameters, �max,F
and �max,T, which have been assumed equal to one in the previous
simulation studies. All other parameters are as in Section 3.1.

To exploit the range of �max,F and �max,T between 0 and 1,
a parameter plane (�max,F, �max,T) is considered. We consider 31
evenly spaced parameter values along each axis of the plane. At
every pair of parameter values (i.e. 31 × 31 pairs) we  simulate with
impulsive input for 450 days, as in Section 3.1.

After the simulation with impulsive input we  determine if the
virus load (y) is less than a predefined level of viral extinction
threshold, yEXT. If so, then we assume that this case could corre-
spond to the HIV prevention case in the experiment of [9].

This approximate assumption is reasonable in this particular
research since in the simulation study we only consider the cases
of early stage of HIV infection. For later stages of the infection we
cannot assume such approximation because cellular reservoirs, not
considered in the model of this paper, would result in HIV persis-
tence even at a very low level of y. For a study similar with this paper
on stochastic HIV eradication at early-infection stage, see [42].

If the virus load is not less than the threshold yEXT, then we inves-
tigate in which region of attraction, i.e. that of LTNP (Point C) or of
AIDS (Point B), the final state of each simulation is located. To this
end we additionally simulate for 2000 more days without any input.
After this additional input-free simulation we measure the 2-norm
distance between this new final state and Point C (or Point B). If
the distance to Point C (or Point B) is less than a predefined bound,
BRA, then we  regard that the state converges to Point C (or Point B).
Otherwise we conclude that the state does not converge to Point C
or B either.

The investigation results upon the parameter plane are pre-
sented in Fig. 6. For the study of this parameter plane, let
yEXT = 10−10 and BRA = 0.1. These results are plotted in the figure with
the dot and cross marks, corresponding to convergence to LTNP
and AIDS, respectively. The circle marks in the figure represents
the case of HIV prevention. Note that if we assume that �max,F and
�max,T are uniformly distributed for HIV infected patients, then we
could conclude that HIV infection can be prevented approximately
8.2(∼= 79/312 × 100) % by the protocol of the experiment, although
the distribution of the two  parameters must be investigated in the
future works.
As shown in the case of Section 3.1.2, the protocol of the exper-
iment could enhance the immune response against HIV for some
subjects. Based on the simulation study beyond the drug adminis-
tration (e.g. Fig. 6) we  could suggest longer follow-up of the subject
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Fig. 4. Results of the numerical realisation of the experiment in [9] via the model (20) with impulsive inputs: kF = 0.4621, kT = 0.1094, �50,F = 18.8020, �50,T = 302.4, BF = 0.84,
and  BT = 0.05. These are the estimated values to present a subject showing insensitive drug response, based on the pharmacological parameter ranges in [38,36,37,34,35,39].
In  the upper left graph, the solid line and the dotted line indicate the time histories of �F and �T , respectively. Note the different time scales.

Fig. 5. The (x, y) trajectory resulting from the simulation presented in Fig. 4. The dotted line indicates the set K(x, y) = 0 and the solid line indicates the (x, y) trajectory. The
projections of Point A, Point B, and Point C is on �A , �B , and �C , respectively.

Fig. 6. The convergence results in the parameter plane (�max,F , �max,T). We consider 31 evenly spaced parameter values along each axis. After the simulation with impulsive
input,  if the virus load is less than viral extinction threshold yEXT , then the corresponding point in the plane is marked with circle. Otherwise we investigate in which of the
regions of attraction the final state is located. The dot and cross marks correspond to convergence to LTNP and AIDS, respectively.
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f the experiment after cessation of drug therapy in order to deter-
ine to which region of attraction the final state of each subject is

ocated.
For the cases of convergence towards AIDS (Point B) we provide

wo explanations. If the drugs are too ineffective to suppress the
irus, then the subject might develop full-blown AIDS (the lower
eft part of Fig. 6). If the state stays in the region K(x, y) > 0 and in
he region y > yEXT for the duration of the drug treatment simula-
ion, then the immune system is not boosted and also we cannot
onclude that the virus is eradicated (the upper right part of Fig. 6).

. Discussion

In this paper we have investigated a control scheme for HIV
ynamics to enhance the immune response using a model-based
pproach. The dynamics were analysed. It was shown that this HIV
odel is accessible but cannot be linearized by a state feedback.

his suggests that the model is truly nonlinear. We  have proposed
he idea of using impulsive input as control mechanism. The control
dea has been applied to the HIV model in [3] on the basis of the
mmune boosting mechanism reported in [5].

To implement the impulsive input we have modified an HIV
ynamic model considering the pharmacokinetics and pharmaco-
ynamics of antiretroviral drug and studied numerical realisation
f the recently reported clinical experiments in [9]. Through com-
uter simulations of the modified model we have simulated the
xperiment and analysed the experimental results. By analysing
he simulations we have provided some insights into the implica-
ions of the experiments. The analysis has shown that the protocol
f the experiment might enhance the immune response against
IV.

We can list just a few future works following this paper: Note
hat the HIV drugs are usually delivered as extended-release for-

ulation [11] although we simply assume that the drug intake is
mpulsive control input of the HIV model in Section 2.2. Thus fur-
her analysis on the modeling of the intestinal absorption of an
xtended-release oral administration could be one of the future
orks. In addition, although we simply employ a time-invariant
hamacodynamic model (11), we could consider time-varying
hamacodynamic model to sophisticate our analysis in the future.

Over the past few years there have been considerable advances
n the issues of the suppression of HIV transmission by using
ntiretroviral drug [17] with new scientific findings including the
esult in [9]. The new use of Truvada has been approved as a med-
cation to reduce the risk of HIV infection for the first time by the
.S. Food and Drug Administration in July 2012 [43].
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