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a  b  s  t  r  a  c  t

The  ultimate  goal  of  an  artificial  pancreas  (AP)  is finding  the  optimal  insulin  rates  that  can  effectively
reduce  high  blood  glucose  (BG)  levels  in  type  1 diabetic  patients.  To  achieve  this,  most  autonomous
closed-loop  strategies  continuously  compute  the  optimal  insulin  bolus  to be administrated  on  the basis
of  the estimated  plasma  concentrations  for glucose  and  insulin.  Unlike  subcutaneous  glucose  levels  which
can be  measured  in real-time,  unavailability  of  insulin  sensors  makes  it essential  the use  of mathematical
models  so  as  to  fully  estimate  plasma  insulin  concentrations.  For  model-based  estimation,  GP-Bayesian
filters  have  been  recently  proposed  to  incorporate  probabilistic  non-parametric  Gaussian  process  (GP)
models  of  dynamic  systems  into  Kalman  filtering  techniques.  As a result,  model  uncertainty  can  explicitly
be  incorporated  into  the prediction  step  and  in  the  filtering  processes,  which  is  usually  not  the case  for
more  traditional  filtering  strategies  that  resort to parametric  models  for  state  estimation.  More  specif-
ically,  the  question  arises  as  to  whether  glycemic  variability  is properly  taken  into  account  in  model
formulations  and  whether  it would  compromise  proper  estimation  of  plasma  insulin  concentration.  To
tackle this,  a stochastic  glycemic  model  including  variability  was incorporated  into  different  parametric
and  nonparametric  filtering  techniques  to provide  an estimate  of  the  plasma  insulin  levels.  In particular,

we  compared  density  representation  against  using  knowledge  about  the  parameterization  of  the tran-
sition  dynamics  and  the  observation  function.  We  found  that,  as glycemic  variability  increases,  filtering
techniques  based  on  parametric  models  rapidly  degrades  their  performance  as  a consequence  of  large
nonlinearities.  Results  show that  Bayes’  filtering  techniques  increase  predictability  of  the  patient  state,
and  thus,  boost  safety  and  performance  in the  AP control  and  monitoring  tasks.

© 2018  Elsevier  Ltd. All  rights  reserved.
. Introduction

With existing sensing and pump technologies, widespread
cceptance and use of an AP is steadily increasing and hopefully it
ill soon take part of routine clinical care [1]. The key control goal

f an AP is the real-time calculation of the optimal insulin rates
o be infused in type 1 diabetic patients so as to mimic  the body’s

atural regulatory mechanism, i.e. BG levels between 70 and 140
mg/dl]. To this aim, a number of control and monitoring strategies
2–6] has been proposed to compute optimal exogenous insulin

∗ Corresponding author.
E-mail addresses: loavila@unsl.edu.ar (L.O. Avila),

ariano.depaula@fio.unicen.edu.ar (M.  De Paula), ecmarti@santafe-conicet.gov.ar
E.C. Martinez), merreca@unsl.edu.ar (M.L. Errecalde).

ttps://doi.org/10.1016/j.bspc.2018.01.019
746-8094/© 2018 Elsevier Ltd. All rights reserved.
infusion profiles on the basis of plasma glucose and plasma insulin
estimation. For BG determination this is achieved by a continu-
ous glucose monitor (CGM) that senses the glucose concentration
in the interstitial area, and later on by considering the dynamics
between this determination and the actual plasmatic concentration
[7]. However, unlike plasma glucose which can be measured in real-
time, the lack of specific sensors to determine plasma insulin levels
makes the use of mathematical or inductive models for inferring
insulin concentration the alternative of choice.

For obtaining plasma insulin estimations, a minimal paramet-
ric glucose-insulin dynamic model can be used in an open-loop
configuration [8]. The main limitation of this state estimation strat-

egy is that available CGM data are not taken into account to adapt
the parameters of the model employed, despite these adjustments
are mandatory in a dynamic system exhibiting significant levels
of variability and complex regulatory behavior. To improve state
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Table 1
Set of model parameters.

Parameter Value Unit

k12 0.066 [min−1]
VG 0.16*BW [l]
EGP 0.0161 [mmol/min]
F0 0.8507 [mmol/min]
F 0.003(G(t) − 9)V [mmol/min]
4 L.O. Avila et al. / Biomedical Signal 

stimation of a diabetic patient, plasma insulin concentration has
ecently been estimated from BG data using Bayesian filtering
echniques which allow improving the estimation of glycemic con-
itions in real-time [9,10]. Filtering techniques are based on the
roper combination of a dynamic model of the system and a state
bserver and have enjoyed remarkable success in the estimation of
idden states for different types of biomedical systems [11,12].

A number of Bayesian filtering techniques for nonlinear dynamic
ystems have been proposed and extensively studied [13,14]. The
ey issue in a Bayesian filter operation is the propagation of a Gaus-
ian density function through the system dynamics. In the Extended
alman Filter (EKF) the state distribution is represented by a Gaus-
ian, which is then fully propagated through the first-order Taylor
eries expansion, that is, linearization of a nonlinear system dynam-
cs [15]. In turn, the Unscented Kalman Filter (UKF) addresses state
stimation by using a deterministic sampling approach, where
he probability distribution of states is represented using a set of
ample points. Noteworthy, the foregoing Kalman filters for state
stimation are based on known parametric models of the state tran-
ition and measurement functions. However, for most nonlinear
ystems accurate parametric models are never readily available to
escribe all the (hidden) aspects of their dynamics. A feasible solu-
ion when facing nonlinear dynamics is the use of an approximated

odel in a nonparametric approach based on Gaussian processes
GP) models [16]. The so-called GP-Bayesian filters incorporate
robabilistic non-parametric GPs models for states into the design
KF and UKF techniques[17]. In this manner, model uncertainty can
xplicitly be incorporated into the state prediction and the filtering
teps.

Poor predictability of the glucose-insulin dynamics in a diabetic
atient is a key issue that any control and monitoring strategy,
o be implemented in an AP, should be able to address. There-
ore, it is of significance and concern whether excessive variability

ight affect the estimation of plasma insulin concentration and, in
onsequence, compromise safety and performance of an AP opera-
ion. In this work, a stochastic version of the well-known Hovorka
lucose-insulin model [18] was incorporated into parametric and
onparametric Bayesian filtering techniques to provide a real-time
stimate of the plasma insulin concentration. Better understand-
ng the effect of BG variability on the error between a given model,
escribing glucose-insulin interactions, and the real and complex
hysiologic system is of great significance for accelerating the
cceptance of an AP.

This article is structured as follows. Section 2 introduces a
tochastic model for describing the glucose-insulin dynamics in
iabetic patients. Section 3 provides an overview of Bayesian filter-

ng and GP regression models used to capture the underlying latent
unction for state transitions. In Section 4 different Bayesian filter-
ng techniques are presented. In particular, we evaluate whether
he filter propagates the full densities on the system dynamics
EKF and GP-ADF) or resorts to a sampling approach (UKF and GP-
KF). Also, it is analyzed whether the filter has full knowledge of

he parameterization of the transition and measurement functions
EKF and UKF) or it uses a Gaussian approximation (GP-UKF and
P-ADF). In Section 5, results obtained for plasma insulin estima-

ion in a simulation environment are shown and discussed. Finally,
n Section 6 some remarks and future research efforts are outlined.

. Stochastic model of the glucose-insulin dynamics

In this section, the reference deterministic model of the glucose-

nsulin dynamics based on the work of Hovorka et al. [18] is
rst presented. Later on, a stochastic diffusion process to model
lycemic variability in synthetic diabetic patients is discussed.
he Hovorka glucose-insulin model is a nonlinear compartmental
R G

�lag 5 [min]
�(k) 2 %

numerical model with two  inputs, insulin and glucose intake, and
one output, glycemia. Particularly, the insulin-glucose interaction
is nonlinear and it is given as

dQ1(t)
dx

= −
[

F0

VGG(t)
+ x1(t)

]
Q1(t) + k12Q2(t) − FR + UG(t) + EGP [1 − x3(t)]

dQ2(t)
dx

= x1(t)Q1(t) − [k12 + x2(t)] Q2(t)

(1)

where Q1(t), Q2(t) represent the amounts of glucose in the acces-
sible and non-accessible compartments, respectively, whereas k12
is the transfer rate constant and EGP is the parameter for endoge-
nous glucose production; F0 is a parameter that represents the total
non-insulin dependent glucose flux and FR represents renal glucose
clearance above the glucose concentration threshold of 9 [mmol/l].
In turn, UG (t) is carbohydrate absorption rate, x1(t) is the remote
effect of insulin on the rate of glucose transport, while x2(t) and x3(t)
account for the elimination and endogenous glucose production,
respectively. For space consideration, the remaining subsystems
are not given, but they are fully described in [18]. BG measurements
are then given as

G(t) = Q1(t)
VG

(2)

where VG is glucose distribution volume. Table 1 shows the param-
eters used in the glucose-insulin interaction model of a type 1
diabetic patient, as given in [18]. The current patient state can
be summarized in the vector x(t) in Eq. (3), where the entries are
different state variables.

x(t) = [S1(t), S2(t), I(t), x1(t), x2(t), x3(t), Q1(t), Q2(t), G(t)] (3)

As CGM determines BG levels in the interstitial fluid and the
glucose exchange across the capillary walls occurs, by a simple but
not instantaneous diffusion across a concentration gradient with a
time-lag �lag , we  have that the interstitial concentration is given as

dIG(t)
dx

= 1
�lag

(G(t) − IG(t)) (4)

Finally, the obtained glucose profile is multiplied by a random
time-varying calibration error �(k) and later corrupted by an addi-
tive noise sequence sampled from a zero mean white Gaussian
noise process v(k), that is:

CGM(t) =
(

1 + �(t)
)
IG(t) + v(t) (5)

For the development of efficient control and monitoring strate-
gies of an AP, the deterministic glucose-insulin model might be
enhanced by taking into account the variable behavior of patient
metabolism [19–21]. An effective, yet simple alternative way to
describe such fluctuating behavior is modeling temporal variability
through a stochastic diffusion process. Ito [22] provided an alterna-
tive to ordinary numerical rules of calculus by defining a particular
kind of uncertainty representation based on the Wiener diffusion

process. Accordingly, the system transition function is described as
a controlled Ito’s diffusion process of the form

ẋ(t) = a (x(t), u(t)) + �dω (6)
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Fig. 2. Graphical model of a nonlinear dynamic system: the yellow nodes zk are
ig. 1. BG profiles of diabetic patients using different scales of variability, � = 0.10
blue), 0.25 (green) and 0.50 (red). (For interpretation of the references to colour in
his figure legend, the reader is referred to the web  version of this article.)

here a (x(t), u(t)) represents the glucose-insulin transition func-
ion in our implementation, dω ∈ R

nu is the increment of a Wiener
rocess and � denotes its scaling parameter. Notice that, since noise
nd control signals acts over the same state space R

nu , any glycemic
tate can be achieved by the effect of either inherent glycemic
ariability or by exogenous actions (i.e. insulin boluses and/or car-
ohydrate intakes). In this way, to account for glycemic variability
he Ito’s process parameter is included into the model formula-
ion such that it affects the amount of glucose in the accessible
ompartment

dQ1(t)
dx

= −
[

F0

VGG(t)
+ x1(t)

]
Q1(t) + k12Q2(t) − FR + UG(t) + EGP [1 − x3(t)] + �

dω (7)

To represent different levels of variability in glycemic behavior,
n Fig. 1 three implementations of the presented Hovorka’s stochas-
ic model are obtained for different scales of the Ito noise parameter
. This mathematical model ensures a cohort of in silico diabetic
atients that accounts sufficiently well for the observed inter and

ntra glycemic variability. To simulate an increase in the glycemic
ariability, the noise scale parameter is progressively augmented
rom � = 0.10 (blue) to 0.25 (green) and 0.50 (red), whereas all the
emaining parameters are not modified. It is clear that as the value
f the parameter � grows the magnitude of fluctuations in the BG
rofiles also increases.

. Bayesian filtering with GP models

If the parametric models used to predict the latent states dif-
er from the true underlying process, common filtering techniques

ay  provide poor estimates. GP regression can be applied directly

o the problem of learning the prediction and observation mod-
ls required by the Bayesian filter approach in a nonparametric
anner. GP models often make better use of available informa-

ion since they can capture the uncertainty in the latent function
observed variables whereas the other nodes correspond to latent variables xk . (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web  version of this article.)

for state transitions, and so they can lead to very data-efficient state
estimation despite the presence of unmodeled dynamics.

3.1. Overview of Bayes’ filters

Stochastic processes are usually described by expressions with
noise in both the transition dynamics and the measurement func-
tions as

xk = f (xk−1) + wkwk∼N(0, ˙w) (8)

zk = g(xk) + vkvk∼N(0, ˙v) (9)

where f(xk−1) is the transition function and g(xk) is the measure-
ment function. In the classical Bayesian filtering approach [23],
the latent state xk ∈ R

D is assumed to follow a first-order Markov
process, whereas zk ∈ R

M is the current sensor measurements.
Here, wk and vk are the process and observation white Gaussian
additive noises. In Fig. 2, a graphical model of the considered non-
linear dynamic system with hidden states and their observations is
depicted. In the figure, the causal dependencies between variables
are represented by arrows. The dashed nodes represent the func-
tions f and g, which can either be observed or latent depending on
the model used.

Bayesian filters recursively estimate posterior distributions for
the system state xk, conditioned on all sensor information collected
so far, and propagates the posterior in time according to

p (xk|z1:k) ∝ p (zk|xk)
∫
p (xk|xk−1) p (xk−1|z1:k)dxk−1 (10)

where conditional distributions p (xk|z1:k) ≈ N
(
xk|�k, ˙x

k

)
are

Gaussian approximations of the latent state. At this point, it is
worth highlighting the difference between the prediction step
(moving from xk−1to xk) and the filtering step (going from zk to
xk). Hence to predict, we recursively determine the distribution
p (xk|z1:k−1) based on the information of the previous filter results
p (xk−1|z1:k−1). In such a case, the Bayes rule yields to

p (xk|z1:k−1) =
∫
p (xk|xk−1) p (xk−1|z1:k−1)dxk−1 (11)

The filter update step determines the distribution p (xk|z1:k) of
the hidden state xk based on collected observations from all pre-
vious and the current time periods. Thus, the Bayes’ rule gives rise

to

p (xk|z1:k) = p (zk|xk)p (xk|z1:k−1)
p (zk|z1:k−1)

(12)
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Fig. 3. The Kalman Filter algorithm: the time update projects the state estimation
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here the likelihood p (zk|xk) is defined according to Eq. (9) and
he prior belief p (xk|z1:k−1)is the result of the prediction step in
q. (11). Expressions (11) and (12) usually does not admit a closed-
orm solution and thus cannot be computed exactly and require
esorting to approximate methods.

.2. Gaussian process regression

When working with dynamic systems, observation
ata can be collected in training sets

{
X, Y

}
, where

 :
{

xi ∈ R
d/i = 1, 2, . . .,  n

}
is the set of input vectors,Y :

yi ∈ R/i = 1, 2, . . .,  n
}

is the set of corresponding observa-
ions and n is the number of samples. The goal is to infer an
nductive model h of the latent process that gives rise to the
bserved noisy data and assuming that the observations are
enerated according toyi = h (xi) + ε, withε∼N(0, �2

ε ). Similarly to
 Gaussian distribution, which is fully specified by a mean vector
nd a covariance matrix, a GP is specified by a mean function
(�)and a covariance function ˙ (•, •) , also known as the kernel.

Considering that the function h (x)is GP distributed
(x) ∼GPh (�, ˙),  we are interested in predicting its value for
n arbitrary input vector x*. The predictive (marginal) distribution
s also Gaussian distributed with mean and variance given by

h (x∗) = ˙ (x∗, X) + (K + �2
ε I)

−1
Y (13)

h (x∗) = ˙ (x∗, x∗) +  ˙ (x∗, X) (K + �2
ε I)

−1
˙ (X, x∗) (14)

here K is the kernel matrix with Kij = ˙
(

xi, xj
)∀x ∈ X . A com-

on  kernel function, and which is going to be used hereafter for
imulation experiments, is the squared exponential (SE)

SE

(
xi, xj

)
= �2 exp

[
− 1

2

(
xi − xj

)T
�

(
xi − xj

)]
(15)

here the matrix � = diag
([
	2

1, 	2
2, . . .,  	2

(nx)

])
contains the char-

cteristic length scales and �2 describes the variance of the
nductive model h. To fit the hyperparameters of the covariance
unction to data, the evidence maximization approach is typically
sed (see [24] for details).

It is worth noting that when the test inputs are
oisyx∗∼N (�, ˙),  so the mapping xk−1 → xk is not fully known,
e need to take the input uncertainty into account by Bayesian

veraging according to the GP distribution. Thus, the predic-
ion regression problem corresponds to finding the predictive
istribution

(h (x∗) |�∗, ˙∗) =
∫
p (h (x∗) |x∗)p (x∗|�, ˙)dx∗ (16)

This distribution can be approximated by a Gaussian with the
xact mean and the exact covariance matrix. For details refer to
esults given in [25].

.3. Prediction and observation models with GPs

Non-parametric probabilistic GP models can describe distribu-
ions over all functions that plausibly explain insulin and glycemic
uctuations in different diabetic patients. The training data for each
P function is a set of input-output pairs. The prediction model
aps the current latent state xk to the state change or state tran-

ition 
xk = xk+1 − xk. The next state is found by adding the change
o the previous state. In turn, the observation model maps from the
atent state xk to the observation zk. The appropriate form of the

rediction and observation training data sets is

f = 〈X, X ′〉 (17)

g = 〈X, Z〉 (18)
forwards in time while the availability of a new measurement allows updating this
projected estimation.

where X is a matrix containing ground truth states, X ’ = [
x1, 
x2,
. . .,  
xk] is a matrix containing transitions made from those states
and Z is the matrix of observations made when the system is at the
corresponding states X. The resulting GP prediction and observation
models are, respectively,

p(xk|xk−1) ≈ GPf (�(xk−1, Df ), ˙(xk−1, Df )) (19)

p (zk|xk) ≈ GPg
(
�

(
xk−1, Dg

)
, ˙

(
xk−1, Dg

))
(20)

4. Bayes’ filters implementations

The crucial issue for accurate estimation is the availability of an
appropriate parametric model although, for most nonlinear cases,
an accurate parametric model is rarely available. An alternative,
when facing with non-linear systems, is the use of an approxi-
mated model by means of a nonparametric method. Here, different
parametric and nonparametric filtering techniques are considered.
Firstly, we  made a distinction between those methods that use a full
density representation of the underlying transition and observation
functions (EKF and GP-ADF) from those that employ a sampling
strategy to estimate the posterior distribution (UKF and GP-UKF).
Also, methods that assume complete knowledge of the parameteri-
zation of the transition and the observation functions (EKF and UKF)
are distinguished from those that use a GP model for such functions
(GP-ADF and GP-UKF).

4.1. Nonlinear Kalman filters

The KF recursively estimates the current system state by using a
form of feedback control, where the filter first estimates the system
state at some time and then obtains feedback in the form of noisy
measurements [26]. The time update equations are responsible for
projecting forward the current state and its covariance, so as to
obtain the a priori estimate x̂k− for the state in the next time step.
The measurement update equations are responsible for incorporat-
ing the new measurement into the a priori estimate to obtain an
improved a posteriori estimate of the state distribution x̂k+.  Indeed
the algorithm resembles the predictor-corrector method shown in
Fig. 3.

A KF that linearizes about the current mean and covariance is

referred to as an EKF [26]. Similarly to a Taylor series, it is possible
to linearize around the current state estimation using the partial
derivatives of the transition and measurement functions, and thus,
computing estimates even in the face of non-linear dynamics. Given
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he transition and measurement functions in Eqs. (8) and (9), the
orresponding partial derivatives can be computed as follows

F [k  − 1] = ∂f
∂xk−1

|
xk−1=x̂k−1|k−1

G [k] = ∂g
∂xk

|
xk=x̂k |k−1

(21)

However, if the model dynamics is strongly nonlinear, the EKF
ill face severe performance degradation as errors are amplified

orward in time [27]. This is the result of propagating the covariance
hrough a linearized model of a nonlinear dynamic system which
eads to numerical instability.

Instead of a linearization using the Jacobian matrices, the UKF
ses a deterministic sampling approach to capture the mean and
ovariance estimates with a minimal set of weighted sigma points
28]. The nonlinear transformation of these points is intended to
e an estimation of the posterior distribution. This transformation

s known as the unscented transform.  The basic premise behind the
KF is that it results easier to approximate a Gaussian distribution

han to approximate an arbitrary nonlinear function. The number
f sigma points is r = 2nx + 1, where nx represents the number of
tate variables. Considering the nonlinear process represented by
qs. (8) and (9), the sigma points X and their corresponding weights

 are given by

X0 = x̂ W�
0 = �/ (nx +

Xi = x̂ +
(√

(nx + �) + Px

)
i
i = 1, . . .,  nx W˙

0 = �/ (nx +

Xi = x̂ −
(√

(nx + �) + Px

)
i−nx

i = nx + 1, . . .,  2nx W�
i

= W˙
i

= 1

here W� is used to reconstruct the predicted mean and W˙ used
or the predicted covariance. Moreover, � = �2(l + ) − nx is the scal-
ng parameter; � has a small positive value which represents the
pread of sigma points around x̂;  is the second calibration param-
ter and finally � is a scalar parameter used to incorporate any extra
rior knowledge of the distribution of x̂. This technique removes the
equirement to explicitly calculate the Jacobian matrix. For com-
lex functions, computing the Jacobian matrix can be a difficult
ask either because it requires complicated function derivatives, if
t is done analytically, or it is computationally expensive if done
umerically. Therefore the UKF tends to be more efficient than the
KF.

.2. Gaussian process unscented Kalman filter (GP-UKF)

By incorporating probabilistic non-parametric GP models into
he EKF and UKF techniques, model uncertainty can explicitly be
ncorporated into the prediction and the filtering steps [17]. The

ain idea of introducing the UKF is to replace the linearization in
he EKF for a more accurate method based on the unscented trans-
orm. Briefly, the unscented transform performs the approximation
f the underlying function by extracting the sigma points X from
he Gaussian estimate

i
k = (�k−1 �k−1 + �

√
˙k−1 �k−1 − �

√
˙k−1) (23)

here the sigma points are located at the mean � and symmet-
ically along the main axes of the covariance function (two per
imension). The r = 2n + 1 sigma points are then propagated for-
x

ard using the prediction model GPf

�
X ik= Xik−1+GPf (�(Xik−1, Df )) for i = 0, . . . , 2n (24)
sing and Control 42 (2018) 63–72 67

(
1 − ˛2 + ˇ

)
x + �)

(22)

Later on, a new set of sigma points is computed from the previ-
ous estimate, where

˘
X
i

k = (
�
�k−1

�
�k−1 + �

√
�
˙k−1

�
�k−1 − �

√
�
˙k−1) (25)

Then, the observation model Gpg is used to predict an observa-
tion for each of these sigma points

˘
Z ik= GPg

(
˘
Xik−1, Dg

)
for i = 0, . . . , 2n (26)

This resulting set of sigma points now captures the over-
all uncertainty following the state observation step. A complete
description of the GP-UKF approach can be found in [17].

4.3. Gaussian process assumed density filter (GP-ADF)

In contrast to finite-sample approximations (UKF, GP-UKF) of
the prior and the predictive distribution, GP-ADF propagates full
densities by using the properties of GPs [29]. The resulting predic-
tive distribution is described by a Gaussian distribution with exact
mean and covariance, and is computed analytically [25]. In contrast
to EKF and UKF, the GP-ADF explicitly takes into account nonlin-
earities by using GP models (linearization is not required) while
propagating full Gaussian densities (sigma points are not used).

By using the result of the preceding filter step p (xk−1|z1:k−1) as
a prior distribution on xk−1, a new prediction through the transi-
tion model GPf is obtained. Therefore, the values �x

k
and ˙x

k
for the

predictive distribution are obtained and thus the conditional dis-
tribution for the system state upon an observation p (xk|z1:k−1) ∝
N

(
�x
k
, Cx
k

)
is approximated, where the upper-script x indicate a

one-step ahead prediction in the latent space. For the filter update
at time k, the preceding prediction result p (xk|z1:k−1) serves as the
prior on xk, and it is combined with the recent observation zk to
determine the filter update step using Eq. (12). To accomplish this,
the joint distribution is required

p (xk, zk|z1:k−1) = p (zk|xk)p (xk|z1:k−1) (27)

The measurement model Gpg yields the Gaussian likeli-
hood p (zk|xk),  which when combined with the Gaussian prior
p (xk|z1:k−1) allow us obtaining the Gaussian predictive distribu-
tion p (zk|z1:k−1) ∝ N

(
�z
k
, ˙z

k

)
, where the upper-script z indicate a

one-step ahead prediction in the measurement space. To approxi-
mate the joint distribution with a Gaussian, we compute the joint
covariance

 ̇ =
[
˙x
k
˙xy

˙Txy ˙z
k

]
(28)

Finally, the resulting joint Gaussian distribution in Eq. (27) leads
to the current filter update as p (xk|z1:k) = N

(
xk| �̂k, ˆ̇

k

)
, where the

mean and variance are given by
�̂k = �x
k

+ ˙xy
(
˙z
k

)−1 (
zk − �z

k

)
ˆ̇
k = ˙x

k
− ˙xy

(
˙z
k

)−1
˙Txy

(29)
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Fig. 4. Filtering process: for each time step the prediction given the transition model
is corrected incorporating the current measurement.

Table 2
Carbohydrate intake protocol.
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Table 3
Summary of errors for insulin estimation with different input states (100 runs, in
�U/ml).

State MAHA RMSE NLL

x(t) = [G(t)] 24.61 ± 5.5 28.67± 8.6 4.18 ± 0.9
Carbohydrate content DG [g] 47 16 63 31 63 31
Meal times [h] 3.00 5.00 7.30 11.00 14.30 17.00

. Plasma insulin estimation

The simulation setup for the filtering process, working in paral-
el with the glycemic stochastic model, is presented in Fig. 4. Thus,
t each time step the state prediction (including plasma insulin con-
entration) is first obtained and later on this estimate is corrected
y incorporating the most recent CGM measurement.

.1. Simulation modeling setup

In order to facilitate analysis of the results obtained, all sim-
lations are based on an insulin injection protocol of only one
ubcutaneous injection, of a bolus of u = 3 U of insulin, at 8 a.m.
oreover, it is assumed that the basal insulin infusion rate is equal

o 1 [pmol/kg/min] as only short-acting insulin is administrated,
.e. a small time-delay between the insulin infusion and the change
n the levels of plasma insulin is ensured. A protocol of multiple
arbohydrate intakes, given in Table 2, is adopted.

The algorithm presented in Fig. 5 outlines the simulation setup
or the proposed filtering processes. The UKF and GP-UKF spe-
ific parameters were set to default values � = 1,  ̌ = 2 and  = 0.
n line 1, the latent state is initialized given the prior distribution
(x0) = N(�0, �0). The prior variance was set to ˙0 = 0.52, whereas
oth the system noise and the measurement noise were set to
w = 0.12 and �v = 0.12. With this initialization, the uncertainty is

nitially fairly high, but the system and measurement noises are
airly small considering the amplitudes of the Ito’s parameter for
he glycemic transition function in Eq. (7) plus the CGM error for
he measurement function in Eq. (5).

In total, 500 points were drawn by interacting with the stochas-
ic Hovorka model to generate the training set for the transition

odel GPf . For the measurement model Gpg the targets of the GPf
ere used as training inputs and when mapping them through

GM the corresponding training data were obtained. Hyperparam-
ter optimization for all GP models fitted is done off-line using
round truth of the hidden states, i.e. BG states without the influ-
nce of variability and sensor errors. Additionally, for GP training

he squared-exponential with automatic relevance determination
SE-ARD) covariance function plus a noise term was  used. In line
0, the procedure is iterated for 240 time steps and each filter per-
ormance is evaluated. Considering that each CGM data is available
x(t)  = [G(t), I(t − 1)] 13.60 ± 2.6 16.11 ± 2.5 −0.71 ± 0.5
x(t) = [G(t), UG(t)] 12.50 ± 2.4 15.60 ± 2.0 −0.74 ± 0.5

every 6 [min], the glycemic profiles for a period of 24 [h] are readily
obtained. The performances of the EKF, the UKF, the GP-UKF and
the GP-ADF filters for estimating the plasma insulin state are based
on averages over 100 test runs.

5.2. State space specification for GP models

The GP transition and observation models are learned using set
of data points which are obtained by interacting with the stochastic
Hovorka model. Nevertheless, when using GPs a word of caution is
in order: training points that properly map  the input and output
space and at the same time ensures a broad enough coverage of the
state space of the system operation regimen must be selected. To
this aim, the Ito’s noise parameter is set to � = 0.10 for obtaining
the training data sets. This allowed us to adequately characterize
acceptable glycemic variability and, at the same time, be able to
detect excessive BG fluctuations by evaluating any increase in the
GP predicted covariances.

To achieve proper insulin estimations, an accurate mapping
between the input and output space should be guaranteed. In Fig. 6,
results obtained for predicting the latent state I(t) using GP regres-
sion with different settings for the state vector in the input space
are shown. In Table 3 the corresponding prediction errors are given.
In Fig. 6a), only the current BG value G(t) is used as state variable
in order to predict the change in the plasma insulin level I(t).  It
seems that this measurement is not informative enough to prop-
erly estimate the predictive distribution for the insulin state and in
consequence leads to large errors in both the mean and variance.
Also, in panel b) of Fig. 6, the input state vector is defined by the
current BG value G(t) and the current carbohydrate absorption rate
UG(t) (refer to Eq. (1)). Based on the input variables, it was found
that hidden state estimation provides more accurate predictions of
the plasma insulin level I(t).  This situation can be rapidly inferred
comparing Fig. 6a against b.

The choice of such a more informative input is quite obvious
since glycemic fluctuations mostly depend on the amount of car-
bohydrates consumed. Notwithstanding, in real-life conditions this
implies to keep track of every meal consumed and may  result in a
burden for the diabetic patient in control and monitoring imple-
mentations for an AP. Moreover, there always exists some risk that
the meal will not be eventually consumed [30]. Finally, in the panel
c) of Fig. 6, results obtained when formulating the state variable x(t)
as the current BG value and the previous plasma insulin prediction,
i.e. x (t) = [G(t), I(t − 1)].  This is tricky, since errors in the esti-
mated state distribution might be propagated forward and led to
increased filtering inaccuracy. However, given the case of satisfac-
tory recursive estimations, this choice would alleviate the burden
of being constantly aware of carbohydrates intake, which is highly
sought-after for a real implementation of an AP.

5.3. Numerical experiments

Numerical simulations were carried out so as to evaluate the

performance of the implemented filtering techniques. Thus, the
error between the true BG states and the filtered distribution were
computed using the root mean square error (RMSE), the Maha-
lanobis distance (MAHA) and the negative log-likelihood (NLL)
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Fig. 5. Experimental setup for the filtering process.

e I(t) using different variables as the input states.

m
p
i
c
p
(
c

s
E
a
I
E
b
l

Table 4
Summary of the errors for plasma insulin estimation (100 runs).

Variability: low (� = 0.10) MAHA RMSE NLL

EKF 23.52 ± 1.8 17.40± 0.3 1.68 ± 0.1
UKF 21.48± 1.7 12.48± 0.3 1.55 ± 0.1
Fig. 6. Prediction errors for the hidden stat

etric. The aim of including MAHA and NLL is to account for
rediction uncertainty by measuring the coherence of the filter-

ng distributions whilst penalizing the volume of the posterior
ovariance matrix. For all measures, lower values indicate better
erformance. All the simulations were executed with GNU Octave
version 4.2.1) on an Intel(R) Core i7-7700HQ 4-Core 2.8 GHz pro-
essor.

During the simulation experiments, at time t, the current input
tate used for the parametric filtering techniques is the one given in
q. (3), whereas the input state for the nonparametric filters is given
s x(t) = [G(t), I(t − 1)], where G(t) is the current glucose level and
(t − 1) is the plasma insulin concentration at the previous time step.

ventually, as the only measurement available is the one provided
y the CGM, the filter distribution of the current plasma insulin

evel I(t) needs to be estimated.
GP-UKF 17.38 ± 0.6 8.49± 0.1 −0.10 ± 0.0
GP-ADF 10.48± 0.4 5.50± 0.1 −0.29 ± 0.0

To simulate an increase in the glycemic variability, the noise
scale parameter was  progressively augmented from � = 0.10 to 0.25
and 0.50, while performance measures are given in Tables 4–6

respectively. Furthermore, a comparison between the run-time
per iteration of the presented filtering approaches is provided in
Table 7. From Figs. 7–9, results obtained when estimating plasma
insulin profiles for different levels of glycemic variability are plot-
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Fig. 7. CGM measurements and insulin estimation for low glycemic variability (� = 0.10).

Fig. 8. CGM measurements and insulin estimation for medium glycemic variability (� = 0.25).

Fig. 9. CGM measurements and insulin estimation for high glycemic variability (� = 0.50).
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Table  5
Summary of the errors for plasma insulin estimation (100 runs).

Variability: medium (� = 0.25) MAHA RMSE NLL

EKF 27.37 ± 2.9 18.29 ± 0.6 1.82 ± 0.2
UKF 25.81 ± 2.0 13.06 ± 0.5 1.76 ± 0.2
GP-UKF 15.26 ± 1.8 7.70 ± 0.5 0.39 ± 0.1
GP-ADF 12.73 ± 2.6 7.11 ± 0.5 −0.12 ± 0.0

Table 6
Summary of the errors for plasma insulin estimation (100 runs).

Variability: high (� = 0.50) MAHA RMSE NLL

EKF 61.62 ± 5.5 25.65 ± 0.9 2.15 ± 0.1
UKF 34.60 ± 6.0 20.07 ± 1.3 1.93 ± 0.1
GP-UKF 22.47 ± 5.7 10.30 ± 0.9 0.44 ± 0.0
GP-ADF 15.94 ± 4.1 10.37 ± 0.9 0.27 ± 0.0

Table 7
Overall time consumption for insulin estimation (1 run, in seconds).

Variability Model EKF UKF GP-UKF GP-ADF

Low (� = 0.1) 0.479 0.214 0.321 4.772 2.442
Medium (� = 0.25) 0.573 0.212 0.318 4.886 2.459
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Bondia, Real-time estimation of plasma insulin concentration from
continuous glucose monitor measurements, Comput. Methods Biomech.
High (� = 0.5) 0.701 0.219 0.319 4.850 2.470

ed. Note that in the left panels, plasmatic BG levels and the CGM
easurements are shown. In the remaining panels, the estimated

tate covariance �k is plotted (yellow lines) for each filter imple-
entation in order to illustrate the reliability of the resulting

stimates. Notice that measurements of true insulin values (black
ines) are hidden to the estimator and they are only considered as
enchmarks to highlight the difference with the estimated insulin
oncentration (red line).

For small values of the Ito noise parameter, i.e. low glycemic
ariability, insulin state estimation can be attained with acceptable
ccuracy regardless of the filtering approach employed. However,
lters based on GP models generally exhibit consistently better
erformance than their parametric counterparts. It can also be
bserved that the performance of GP filters is particularly good even
or estimating plasma insulin under large increments of glycemic
ariability. Moreover, because of the appropriate treatment of such
ncertainties, the predictions of GP-based filters rarely are incon-
istent and systematic error-prone. On the other hand, parametric
lters rapidly degrades they performance in presence of large vari-
bility, as a consequence of poor treatment of system nonlinearities
nd model prediction errors.

More specifically, the GP-ADF outperforms GP-UKF by a small
argin. In turn, it can be seen that the UKF technique performs

lightly better than the EKF when comparing the error metrics
eported in Tables 4–6, which can be justified by its better handling
f nonlinearities in the glucose dynamics. The EKF requires intricate
athematical computations in order to linearize the system distri-

ution, which is considered its main shortcoming especially when
he system is definitively nonlinear. Finally, UKF based techniques
lso degrade when the functions, which are used for mapping the
igma points, are highly nonlinear with high variances.

In terms of time consumptions (see Table 7 for details) in our
mplementations, the UKF cost is slightly larger than the corre-
ponding EKF’s. Notice that even though the UKF algorithm requires
ore function evaluations in each time step due to sigma-points

ropagation, the EKF requires costly matrix inversion operations in
he linearization process. Filters based on GP models are more than
en times slower than the parametric ones since prediction uncer-

ainty needs to be calculated for each point per step. But considering
hat BG measurements are obtained every five to six minutes, nei-

[

sing and Control 42 (2018) 63–72 71

ther of the filtering approaches might experience any problem to
perform in real-time.

6. Concluding remarks

New technologies such as the AP are promising for type 1
diabetes treatment. However, most autonomous control and mon-
itoring strategies aimed at managing glycemic values require of
real-time estimations of plasma glucose and plasma insulin con-
centrations so as to increase the efficacy and safety of control
strategies. Unfortunately, unlike BG levels which can be determined
in real-time using CGM, plasma insulin determination needs of fil-
tering techniques so as to estimate its current concentrations.

A key factor for the filtering process accuracy is the availability
of an appropriate glucose-insulin model. Filtering techniques based
on parametric models are solely applicable when the models are
fully known or readily available. If only samples of the underlying
function are available, GP models can be employed to advantage.
Particularly, Bayesian filtering techniques with GP prediction and
observation models allow for robust estimations as they coher-
ently represent uncertainties about the system and measurement
functions at locations that have not been encountered in the data
collection phase.

It is imperative to study how variability and uncertainty in
the determination of BG levels may  affect the quality of the
resulting insulin concentration estimations. To achieve realistic
simulations of metabolic conditions, a stochastic version of the
Hovorka glucose-insulin model was  presented. Later on, this model
was incorporated into nonlinear parametric and nonparametric
filtering techniques so as to estimate plasma insulin concentra-
tion under glycemic variability. Since uncertainty can explicitly be
incorporated into the prediction and the filtering steps through GP
regression, it was found that GP filters performed significantly bet-
ter than their parametric counterparts. In this work we  used an
in-silico model based on the well-known Hovorka glucose-insulin
interaction model, thus the next step must consider the evaluation
of the presented techniques on a real human dataset.
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