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Abstract.  The possibility of obtaining exotic statistics, dierent from Bose–
Einstein or Fermi–Dirac, is analyzed, in the context of quantum field theory, 
through the inclusion of a counting operator in the definition of the partition 
function. This operator represents the statistical weight of the allowed number 
states. In particular, the statistics of ewkons (introduced in Hoyuelos and 
Sisterna (2016 Phys. Rev. E 94 062115)) are analyzed. They have a negative 
relation between pressure and energy density, a feature shared by dark energy. 
The present approach develops the possibility of describing dark energy with a 
field of non-interacting particles with ewkons’ statistics.
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1.  Introduction

Quantum statistics for bosons and fermions are derived in the context of finite temper
ature field theory from the corresponding free Lagrangian; see, for example, [1, 2]. The 
main point that I wish to address in this paper is whether other kinds of statistics, 
introduced through dierent statistical weights, may be useful to describe nature. The 
motivation of this search lies in dark energy. The observed accelerated expansion of 
the universe implies a negative pressure that is attributed to dark energy [3, 4]. But 
an ideal gas of fermions or bosons has a positive pressure; it is necessary to assume 
some kind of unknown interaction in the Lagrangian to solve this problem [5, 6]. Here I 
consider a dierent approach. We can keep the free Lagrangian of non-interacting par-
ticles, but take into account the possibility of statistics other than those corresponding 
to fermions or bosons. The possibility that a negative pressure can be obtained from 
non-interacting particles with appropriate statistics was recently analyzed in reference 
[7]. The conjecture that non-interacting particles have free diusion in energy space 
was shown to lead to the known distributions of Fermi–Dirac, Bose–Einstein and 
Maxwell–Boltzmann, and to a new one: ewkons. Occupation number for ewkons has 
the shape of an exponential, like for classical particles, but shifted to a given positive 
quantity. They have negative pressure [7, 8]; moreover, the relation between pressure 
and energy density is close to  −1 (see equation (40) in [8] for a non-relativistic gas of 
ewkons). There are several examples of previous works on exotic or intermediate statis-
tics, that go beyond fermions or bosons, which are useful to describe specific systems, 
in some cases as a way to incorporate interactions; see, for example [9–19]; for a review, 
see [20].

I consider a system composed of non-interacting particles without spin, described by 
a scalar field φ that obeys the Klein–Gordon equation. The assumption of equal statis-
tical weights for the allowed number states implies that such system in equilibrium has 
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an occupation number with the Bose–Einstein distribution. Nevertheless, there may 
be situations in which that assumption is not appropriate. In section 2, I analyze the 
dierent statistical weights of number states that lead to the aforementioned distribu-
tions for bosons, fermions, classical particles and ewkons.

It is possible to reproduce such distributions evaluating the partition function in the 
context of quantum field theory, that is, evaluating the trace in the base of eigenstates 
of the field operator. The first step is accomplished in section 3 where the partition 
function for the harmonic oscillator is obtained; this is equivalent to a 0  +  1 dimen-
sion theory. The extension to a d  +  1 dimensional spacetime is presented in section 4. 
Conclusions are worked out in section 6.

2. Counting operator

Let us consider a system in contact with a heat reservoir at temperature T. Besides 
heat, the system and reservoir can also exchange particles. In the grand canonical 
ensemble it is assumed that the reservoir is also a reservoir of particles that imposes a 
constant chemical potential per particle μ. For a quantum system with Hamiltonian Ĥ 
and number of particles operator n̂, the grand partition function is

Z = tr e−β(Ĥ−µn̂)� (1)
where the trace is evaluated using a base of normalized states. Let us consider non-
interacting particles in a harmonic oscillator with frequency ω as a preliminary step 
before dealing with a quantum field, that can be thought as a set of infinite har-

monic oscillators. The Hamiltonian is Ĥ = (n̂+ 1/2)�ω. The grand partition function 
is obtained evaluating the trace in the base of number eigenstates:

Z = e−β�ω/2
∞∑
n=0

δne
−β(�ω−µ)n

� (2)

where δn is a counting factor included to represent, in principle, both statistics of 
Bose–Einstein and Fermi–Dirac in the same equation. For the first case, δn = 1∀n; and 
for the second, δn = 1 for n  =  0 or 1, and δn = 0 for n � 2. The definition (1) remains 
unchanged for these two canonical cases when the counting operator δ̂, introduced in 
[8], is included:

Z = tr [δ̂e−β(Ĥ−µn̂)].� (3)

Operator δ̂ commutes with n̂ and has eigenvalues equal to the counting factor men-

tioned before: 〈n|δ̂|n〉 = δn. Here I wish to explore the possibility of other kinds of 

particles that require eigenvalues δn dierent from 1 or 0 for their statistical descrip-
tion. For example, equation (3) can also represent Maxwell–Boltzmann statistics, also 
called quantum Boltzmann statistics in a quantum mechanical context [15]; in this case 
we have δn = 1/n!, this is equivalent to considering a non-normalized set of number 
states |ñ〉 = |n〉/

√
n! in the definition (1). The purpose of δn, therefore, is not only to 
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determine which states have to be considered in the evaluation of the partition func-
tion, but to specify the statistical weight of number states.

I am interested in the statistics of non-interacting particles derived from the condi-
tion of free diusion in energy space [7]. They correspond to Bose–Einstein, Fermi–
Dirac, classical particles, and ewkons. There is no evidence of particles with classical 
or ewkon statistics at a quantum level. Nevertheless, there is no fundamental principle 
that forbids the possibility of particles with statistical weight of number states dierent 
from 1 or 0, and it may be useful to develop a quantum description of such particles. 
One reason, as stated in the introduction, is that thermodynamic properties of ewkons 
share features with those of dark energy.

Ewkons have the quantum Boltzmann distribution shifted an integer quantity σ. 
The ground state is not a vacuum; each energy level has at least σ particles. This situ-
ation is represented by the following counting factor

δn =

{
0 if n < σ

1/(n− σ)! if n � σ
.� (4)

Then, the grand partition function for ewkons in a harmonic oscillator is

Zewk = e−β�ω/2
∞∑

n=σ

1

(n− σ)!
e−β(�ω−µ)n

= e−β�ω/2
∞∑

m=0

1

m!
e−β(�ω−µ)(m+σ)

= e−β�ω/2e−β(�ω−µ)σ exp
(
e−β(�ω−µ)

)
.

�

(5)

It is easy to check that, in this case, the mean occupation number is

n̄ =
1

β

∂ lnZewk

∂µ
= σ + e−β(�ω−µ).� (6)

3. Harmonic oscillator

Before evaluating the partition function in the base of eigenstates of a scalar field 
operator for a system without interactions, it is useful to do the same in the base of 
eigenstates of the position operator for the harmonic oscillator. The purpose of this 
section is to calculate

Z =

∫
dx 〈x|δ̂ e−βĤ |x〉� (7)

with Ĥ = 1
2m

p̂2 + mω2

2
x̂2; |x〉 are eigenstates of the position operator x̂, p̂ is the momen-

tum operator and m is the mass. As usual in quantum field theory, we first consider 
the case µ = 0; the chemical potential can be included later considering both particles 
and antiparticles; see, e.g. [2, p 25]. It is possible to calculate the partition function for 
dierent statistics in a unified manner, without a priori specifying the eigenvalues of δ̂. 
First, we write the counting operator in terms of the Hamiltonian:

https://doi.org/10.1088/1742-5468/aacf0d
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δ̂ =
∞∑
n=0

δn|n〉〈n|

=
∞∑
n=0

δn

∫ 2π

0

dϕ

2π
ei(n̂−n)ϕ

=
∞∑
n=0

δn

∫ 2π

0

dϕ

2π
e−i(n+1/2)ϕeiĤϕ/�ω,

�

(8)

where the integral representation of the Kronecker delta was used for |n〉〈n|, and 

n̂ = Ĥ/�ω − 1/2. Replacing (8) in (7), we have

Z =
∞∑
n=0

δn

∫ 2π

0

dϕ

2π
e−i(n+1/2)ϕ

∫
dx 〈x|e−(β−iϕ/�ω)Ĥ |x〉

︸ ︷︷ ︸
Z′

.
� (9)

Let us focus on the integral in x:

Z ′ =

∫
dx 〈x|e−(β−iϕ/�ω)Ĥ |x〉.� (10)

It can be solved using a standard procedure in which the exponential is split into a large 
number of factors and between each pair another factor 

∫
dxi |xi〉〈xi| or 

∫
dpi |pi〉〈 pi| 

is inserted, transforming the expression in a path integral. It is well known that, when 
the term with ϕ in the exponential is absent, this procedure yields the boson’s partition 
function (see, e.g. [2, section 1.1]):

∫
dx 〈x|e−βĤ |x〉 = e−β�ω/2

1− e−β�ω .� (11)

If we repeat the procedure with Z ′, the final result is equivalent to making the replace-
ment β → β − iϕ/�ω in the previous expression:

Z ′ =
e−(β�ω−iϕ)/2

1− e−β�ω+iϕ
.� (12)

With this result we go back to equation (9) and obtain

Z = e−β�ω/2
∞∑
n=0

δn

∫ 2π

0

dϕ

2π

e−inϕ

1− e−β�ω+iϕ
.� (13)

To solve the integral in ϕ, we can make a change of variable z = eiϕ and integrate in 
the unit circle within the complex plane; the resulting integral can be calculated using 
the residue theorem. The result

Z =
∞∑
n=0

δne
−β(n+1/2)�ω

� (14)

coincides, as expected, with that obtained through the trace with number eigenstates 
(2) (with µ = 0).

https://doi.org/10.1088/1742-5468/aacf0d
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4. Free scalar field

We now have the necessary elements to analyze the possibility of exotic statistics of a 

free scalar field φ (eigenvalue of the field operator φ̂). I briefly summarize some basic 
concepts. In this section I consider units such that � = 1 and that the speed of light is 
c  =  1. The free Hamiltonian density is

H =
1

2
π2 +

1

2
(∇φ)2 +

1

2
m2φ2

� (15)

where π is the momentum conjugate of the field, with the canonical commutation rela-

tion [φ̂(x), π̂(x′)] = iδ3(x− x′). It is convenient to use an expansion in Fourier modes:

φ(x) =
1

V

∑
k

φk e
−ik·x,� (16)

where V  is the system’s volume, and a similar expression for π(x). Since φ(x) ∈ R, 
φ∗
k = φ−k, and the same for πk. Then, the Hamiltonian is

H =

∫
dx H

=
1

V

∑
k

1

2

(
|πk|2 + (m2 + k2)|φk|2

)
.

�

(17)

The system consists of a collection of harmonic oscillators. The Hamiltonian operator 

can be written as Ĥ =
∑

k Ĥk with

Ĥk = (n̂k + 1/2)Ek� (18)

where Ek =
√
m2 + k2, and operator n̂k represents the number of quanta in mode k; 

see the appendix for additional details. For simplicity, I am considering a real scalar 
field in which only particles have to be taken into account; for a complex scalar field, 
operators for the number of particles and antiparticles have to be considered. We define 
a counting operator δ̂k that represents the statistical weight of a number state |nk〉 in 
mode k, as we did in the previous section for the harmonic oscillator:

δ̂k =
∞∑

nk=0

δnk
|nk〉〈nk|

=
∞∑

nk=0

δnk

∫ 2π

0

dϕk

2π
e−i(nk+1/2)ϕkeiĤkϕk/Ek .

�

(19)

The goal is to evaluate the partition function in the base of the field operator eigen-
states of a scalar field:

Zsf =

∫
dφ 〈φ|δ̂ e−βĤ |φ〉� (20)

where δ̂ =
∏

k δ̂k represents the statistical weight of the system’s number state 
of N modes that can be written in product form as |nk1〉 · · · |nkN

〉, such that 

https://doi.org/10.1088/1742-5468/aacf0d
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δ̂|nk1〉 · · · |nkN
〉 = (δnk1

· · · δnkN
)|nk1〉 · · · |nkN

〉. The field operator eigenstate is also writ-

ten in product form as |φ〉 =
∏

k |φk〉, and dφ =
∏

k dφk. Since dierent modes are 
independent, δ̂k acts only on |φk〉, and the same for Ĥk. Then, the partition function is

Zsf =
∏
k

∫
dφk 〈φk|δ̂k e−βĤk |φk〉

=
∏
k




∞∑
nk=0

δnk

∫ 2π

0

dϕk

2π
e−i(nk+1/2)ϕk

∫
dφk 〈φk|e−(β−iϕk/Ek)Ĥk |φk〉

︸ ︷︷ ︸
Z′

sf


 ,

�

(21)

where, in the last line, equation (19) was used for δ̂k. Now, the procedure goes on as in 
the case of the harmonic oscillator. The integral in φk, that we call Z ′

sf , can be evalu-
ated using a path integral method. The result is equivalent to making the replacements 
β → β − iϕk/Ek and �ω → Ek in equation (11):

Z ′
sf =

e−(βEk−iϕk)/2

1− e−βEkeiϕk
.� (22)

Then, the partition function is

Zsf =
∏
k

[
e−βEk/2

∞∑
nk=0

δnk

∫ 2π

0

dϕk

2π

e−inkϕk

1− e−βEkeiϕk

]

=
∏
k

[
∞∑

nk=0

δnk
e−β(nk+1/2)Ek

]

where the integral in ϕk is solved using a change of variable and the residue theorem, 
as explained in the previous section. The final result is the same as the one that can 
be obtained using the base of number eigenstates for the evaluation of the trace. This 
calculation is intended to show the possibility of using the counting operator in the 
partition function in the context of quantum field theory.

5. Ewkons and dark energy

We can consider a quantum field with statistical weights

δnk
=

{
0 if nk < σ

1/(nk − σ)! if nk � σ
,� (23)

associated to the number state with mode k, such that the ewkon statistics is obtained: 
Zewk =

∏
k Zk with

Zk = e−βEkσ exp(e−βEk).� (24)

The vacuum energy factor, e−βEk/2, was not included. It leads to inconsistencies in the 
evaluation, at a cosmological level, of, for example, the average energy of fermions or 

https://doi.org/10.1088/1742-5468/aacf0d
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bosons, and is accordingly removed; see, e.g. [1, p 19]. Here, the same prescription is 
used for ewkons. Nevertheless, in the case of ewkons the removal of the vacuum energy 
factor does not qualitatively change thermodynamic properties; its inclusion is equiva-
lent to making the replacement σ → σ + 1/2 in the following results.

In order to evaluate the average energy density and pressure we need

1

V
lnZewk =

1

V

∑
k

lnZk

=
1

(2π)3

∫
dk lnZk

=
1

2π2

∫ kmax

0

dk k2 (e−βEk − βEkσ)

�

(25)

where in the large volume limit the sum in k goes over to an integral, and an upper 
limit kmax was included for the absolute value of k to avoid divergences; it is equivalent 
to an ultraviolet cuto.

Let us consider the simplest situation: a massless field, m  =  0, with µ = 0. The 
energy density is

ρ = − 1

V

∂Zewk

∂β� (26)

and the pressure is

P =
1

βV
lnZewk.� (27)

The upper limit for the energy is Emax = kmax. Assuming that βEmax � 1, we get

ρ � E4
maxσ

8π2

(
1 +

24

β4E4
maxσ

)
� (28)

P � −E4
maxσ

8π2

(
1− 8

β4E4
maxσ

)
.� (29)

The parameter wewk, that represents the cosmological equation of state for ewkons, is

wewk =
P

ρ
� −1 +

32

β4E4
maxσ

.� (30)

The accelerated expansion of the universe implies a negative value of w, mainly due 
to the presence of dark energy. According to table 3 in [4], it is smaller than  −0.94. 
Assuming that dark energy has the statistics of ewkons, and knowing that its energy 
density is 4 109 eV m−3 [21], using (28) we can obtain Emaxσ

1/4 � 0.007 eV, a rather 
small value compared to the mass of elementary particles, but still 30 times larger than 
the present value of 1/β (1/β � 2.4 10−4 eV); and, using (30), we have wewk � −0.999 96.

We can also estimate the number of ewkons per unit volume, C. Using that, the 
mean occupation number is n̄ = σ + e−βEk (see equation (6)), we have

https://doi.org/10.1088/1742-5468/aacf0d
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C =
1

2π2

∫ kmax

0

dk k2 (σ + e−βEk).� (31)

Assuming, again, that βEmax � 1, we can obtain

C � E3
maxσ

8π2

(
4

3
+

8

β3E3
maxσ

)
.� (32)

In order to estimate the value of C, we can use the previous value obtained for Emaxσ
1/4 

and suppose that σ is of order unity. The result for the present value of the number of 
ewkons per unit volume in the universe is of order 8 105 cm−3, and the average energy 
per particle is about 0.005 eV.

6. Conclusions

The inclusion of the counting operator δ̂ in the definition of the partition function 
allows one to go beyond Fermi–Dirac or Bose–Einstein statistics. It is diagonal in the 
base of number states. An eigenvalue equal to zero indicates that the corresponding 
number state is not allowed, and a value dierent from zero represents its statistical 
weight.

Using this modified definition of the partition function, particles without spin, 
described through a free scalar field φ, may obey to statistics other than Bose–Einstein’s. 
Assuming that non-interacting particles have free diusion in energy space, it has been 
shown that the possible statistics are those corresponding to bosons, fermions, classical 
particles and ewkons [7]. The statistics of ewkons turns out to be particularly interest-
ing for the description of dark energy, since the gas of ewkons has negative pressure, 
and a negative value of parameter w which is necessary for an understanding of the 
accelerated expansion of the universe. This possibility was analyzed in the context of 
quantum field theory. The main two current paradigms that are used to describe dark 
energy are the cosmological constant, and scalar fields such as quintessence (see, e.g. 
[23]). A very low density (4 109 eV m−3) of dark energy is derived from observational 
evidence [21]; since it is homogeneously distributed in whole space, it has relevant 
consequences at cosmological scales. The feature of homogeneity is also represented 
by ewkons. Let us consider a given density of states of ewkons per unit volume. Since 
any state has an occupation number of at least σ particles (with σ � 1), we have an 
understanding that ewkons should be spread in whole space. An estimation of the pres-
ent number of ewkons per unit volume of 8 105 cm−3 was derived assuming particles 
without mass.

There are, nevertheless, some limitations to this approach. The knowledge of the 
statistics of ewkons turns out to be enough to reproduce some features of dark energy. 
But we do not have more specific information about ewkons, such as their mass. In the 
previous section, a mass m  =  0 was assumed to evaluate wewk and the concentration 
C in this specific case, but this assumption is not a necessary condition to obtain wewk 
close to  −1, as was shown in [7]. These limitations imply that it is dicult to propose 
a specific experiment to detect ewkons. The main idea is that dark energy may be 

https://doi.org/10.1088/1742-5468/aacf0d
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constituted by non-interacting particles with the statistics of ewkons. Its verification 
has to wait for direct detection of these constituents; up to now there is only indirect 
evidence of the existence of dark energy, such as the observed accelerated expansion of 
the universe and the absence of curvature [23]. Despite the large value estimated for 
the concentration C, a direct detection of ewkons in the laboratory seems to be beyond 
the present possibilities since, as far as we know, the only interaction with ordinary 
matter is through gravitation, and its eects are detected at cosmological scales. To 
further advance in the evaluation of this hypothesis, it is necessary to develop it in 
the context of quantum field theory; the calculations presented in this paper are an 
attempt to go in this direction.

Finally, I wish to mention that the derivation of exotic statistics for particles with-
out spin does not represent a contradiction with the spin-statistics theorem. According 
to this theorem, special relativity restricts the possible creation and annihilation oper-
ators to those that have commutation or anti-commutation relations; see, e.g. [22, 
chapter 4]. The usual definition (1) of the partition function implies that we only have 
Bose–Einstein or Fermi–Dirac statistics for commutation or anti-commutation rela-
tions respectively. Nevertheless, if we take into account the definition of the partition 
function including the counting operator (3), we find other possible statistics for cre-
ation and annihilation operators, associated to a scalar field, that satisfy the commuta-
tion relation (see the appendix).
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Appendix

The number of particle operator for mode k is n̂k = â†kâk, with the annihilation opera-
tor given by

âk =
1√

2EkV
(Ekφ̂k + iπ̂k).� (A.1)

From the canonical commutation relation [φ̂(x), π̂(x′)] = iδ3(x− x′) it can be shown 
that

[φ̂†
k, π̂k′ ] = iV δk,k′ ,� (A.2)

where δk,k′ is the Kronecker delta and V  is the system’s volume. This commutation 
relation implies that

[âk, â
†
k′ ] = δk,k′ .� (A.3)

Let us note that this commutation relation holds not only for Bose–Einstein statistics, 
but to any statistics obtained with a counting operator δ̂k. Using these relations we 
can obtain
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Ĥk = (â†kâk + 1/2)Ek

=
1

2V

(
π̂kπ̂

†
k + E2

k φ̂kφ̂
†
k

)
+

iEk

2V
(φ̂†

kπ̂k − φ̂†
−kπ̂−k).

�
(A.4)

The term φ̂†
kπ̂k − φ̂†

−kπ̂−k can be ignored in the calculations since it vanishes when the 
sum on k is performed.
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