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SUMMARY

A finite element formulation for three dimensional (3D) contact mechanics using a mortar algorithm
combined with a mixed penalty–duality formulation from an augmented Lagrangian approach is presented.
In this method, no penalty parameter is introduced for the regularisation of the contact problem. The con-
tact approach, based on the mortar method, gives a smooth representation of the contact forces across the
bodies interface, and can be used in arbitrarily curved 3D configurations. The projection surface used for
integrating the equations is built using a local Cartesian basis defined in each contact element. A unit normal
to the contact surface is defined locally at each element, simplifying the implementation and linearisation of
the equations. The displayed examples show that the algorithm verifies the contact patch tests exactly, and
is applicable to large displacements problems with large sliding motions. Copyright © 2012 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

Contact mechanics is used in many mechanical engineering branches, and numerous works have
been dedicated to the numerical solution of contact problems applications: for instance, the design of
gears [1], metal forming processes [2], contact fatigue [3] and others. New advances and techniques,
including friction, large displacements, plasticity, and wear, are constantly being introduced.
However, there is not yet a completely robust contact algorithm suitable for a wide range of
applications in contact mechanics.

The relative displacement of two contacting bodies is currently described in the framework of the
FEM using the so-called node–segment and segment–segment approaches. State-of-the-art reviews
on computational contact mechanics can be found in [4, 5].

The classical node–segment technique is widely used in many commercial finite element codes.
In this case, a node of one body (the slave), is associated with a segment or a surface of another body
(the master) [6]. The main drawback of the node–segment approach is that it is not able to transmit
a constant stress field from one body to the other when the meshes are nonconforming, that is, it
does not pass the contact patch tests, and therefore introduces errors in the solutions independently
of the mesh discretisation of the contacting bodies [7]. Furthermore, when the slave nodes slide
from one to another master segment, the solution shows jumps in the contact stress field due to the
enforcement of the discrete contact constraints.
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The two-pass node–segment method [8] satisfies the contact patch tests, but it can ‘lock’
due to the over constraints introduced in the formulation. Furthermore, it does not fulfil the
Babuska–Brezzi conditions, and therefore produces ill-conditioned matrices and poor convergence
rate, as shown by Puso and Laursen [9]. This approach is often selected for solving two-dimensional
(2D) problems and certain three-dimensional (3D) mesh configurations, but it is not able to satisfy
the contact patch test with quadratic or higher order elements [10, 11].

The difficulties associated with the node–segment approaches are overcome by using the
segment–segment approaches and their variants. The first publication showing this technique was
applied to 2D examples, and was then extended to 3D cases [12–14]. The mortar algorithm was
initially proposed as a domain decomposition method, and was used to solve finite element problems
with nonconforming discretisations [12, 15]. Bernardi et al. [16] published one of the first works
using the mortar method and proved the satisfaction of the Babuska–Brezzi condition. Puso and
Laursen proposed a contact algorithm based on the mortar method for 3D and large displacements
problems [9, 17, 18]. In another work, Puso presented a mortar version with C1 continuity of the
contact interface, which was applicable to regular meshes only [19]. In most cases, the segment–
segment algorithms use a projection surface for 3D problems, or a projection segment for 2D, in
which all computations are performed.

One of the first techniques applied for regularising the contact problem was the penalty method
[4], in which the displacement is the only primary variable in the formulation, leading to relatively
easy numerical implementation. However, the exact solution is obtained only for an infinite value of
the penalty constant. In a computational frame, high penalty values lead to ill-conditioned matrices
and severe precision losses in the computations. In practice, several tests have to be carried out to
find an appropriate value of the penalty for each problem.

Nonlinear contact mechanics can be related to nonlinear optimisation problems using inequality
constraints, which allow the use of formulations with a more solid mathematical basis than the
penalty method. The regularisation can be formulated using the method of Lagrange multipliers,
which results in a saddle point system to be solved at each iteration. The Lagrange multipliers are
used to enforce constraints, overcoming the ill-conditioning inconvenience of penalty methods at the
expense of an increase in the size of the system of equations to solve. A combination of the penalty
and the Lagrange multipliers techniques leads to the so-called augmented Lagrangian methods [20].
The augmented Lagrangian method was proposed first by Hestenes and Powell [21,22] to solve opti-
misation problems with equality constraints, and then extended to inequality constraints, such as the
contact problem by Rockafellar [23]. The addition of the penalty term to the Lagrangian constraints
allows to obtain a convex objective function, which improves convergence far from the solution.
Although both the augmented Lagrangian and the penalty methods require a penalty parameter,
the role of a penalty in the augmented Lagrangian method is only to improve the convergence rate
without influencing the accuracy of the computed solution.

The penalty technique combined with mortar-based formulations has been proposed in the works
of Puso and Laursen [9], Puso et al. [17] and Yang et al. [24]. In all of these formulations, the exact
solution is obtained only for an infinite value of penalty, which leads to ill-conditioned matrices.
To overcome this problem, Puso et al. [18] proposed a mortar algorithm within an augmented
Lagrangian scheme based on the double loop Uzawa type algorithm.

Usually, contact is modelled with the Lagrangian method in combination with an Uzawa type
algorithm [20]. In this double loop algorithm, the Lagrange multipliers are held constant during
an inner iteration loop for solving the displacements. Then, within an outer loop, the Lagrange
multipliers are updated to a new value and the inner iteration is started again until convergence of
the full process. This strategy, combined with a mortar method, was employed by Puso and Laursen
[18] using standard shape functions for interpolating the Lagrange multipliers field.

Wohlmuth et al. [25] and Popp et al. [26] proposed to use the so-called dual shape functions for the
interpolation of the Lagrange multipliers. In this case, the nodal values of the Lagrange multipliers
are eliminated from the system of equations because of the special orthogonality properties of the
interpolation shape functions involved. One advantage of this method is that the resulting system
of equations remains constant. The proper subset of active and inactive nodes has to be found via a
special active set strategy [25].
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An augmented Lagrangian method to solve contact problems with friction was proposed by
Alart and Curnier [27] based on a reformulation of the contact and friction laws into a system
of equations without inequalities. Christensen et al. [28] presented a modified version to solve the
contact problem in the frame of small deformations. An improved version to solve elasto-plastic
frictional contact problem using the so-called semi-smooth Newton was presented by Christensen
[29]. Friction and frictionless contact problems using dual Lagrange multipliers and active set
strategies are used in references [30–32]. In the work of Hager and Wohlmuth [33], they presented
a formulation for the numerical treatment of frictional contact in combination with elasto-plasticity
using a semi-smooth Newton method. For linear hardening laws, this method is a generalisation of
the well-known radial return mapping.

In this work, the augmented Lagrangian approach proposed by Alart and Curnier [27] is used to
formulate the frictionless contact problem in combination with the mortar method, which is used
to define contact kinematics. The adopted form of the augmented Lagrangian approach allows the
regularisation of non-differentiable contact terms, giving a C1 differentiable saddle-point functional.
The resulting equations involving the Lagrange multipliers are linearised and solved using a standard
Newton–Raphson-like method. Contact kinematics are defined by using the mortar method, allowing
the compatibility condition to be enforced along the contact interface and to verify the contact patch
test, leading to a correct representation of the stress fields across the contact interface [34]. A similar
approach has been followed in a recent paper by De Lorenzis et al. [35], but using a non-uniform
rational B-spline (NURBS)-based isogeometric analysis.

Numerical examples that show that the algorithm satisfies the contact patch tests and exactly
fulfils the contact constraints are presented. Two contact problems in the regime of large
displacements demonstrate the applicability and robustness of the proposed algorithm. Finally, the
algorithm is used in an industrial application, the contact of an internal combustion engine valve
with its seat, showing smoothness in the computed contact stress field.

2. PROBLEM DESCRIPTION

The motion of the two bodies in contact B˛ , ˛ D 1, 2, with domains ˝˛ , is represented by the
mappings �˛ W˝˛�Œ0,T � �!R3, where current particle positions are identified by x˛ D �˛.X˛ , t /.
The contact interface between bodies, �c , is given by the intersection of the two portions � 1c and
� 2c of the external boundaries of B1 and B2, respectively, that can possibly enter into contact:
�c D � 1c \ �

2
c . The potential energy of the contact constraint for the two deformable bodies is

given by

˘ c D

2X
˛D1

Z
� ˛c

t˛ � x˛ d� , (1)

where t˛ is the Cauchy traction vector of the body B˛ . Assuming linear momentum balance across
the contact interface � ˛c , that is t1 d� D �t2 d� , the contact potential energy is expressed
as follows:

˘ c D

Z
� 1c

t1 � .x1 � x2/ d� . (2)

The FEM is used for discretising the domains of the bodies. The contact surfaces at each body
and the traction vector can be parameterised as follows [9]:

x˛ D

n˛X
AD1

N ˛
A.�

˛/x˛A, ˛ D 1, 2, t1 D

n1X
AD1

N 1
A.�

1/t1A, (3)

where x˛A 2 � ˛c ! R3 are the nodal coordinates, n˛ is the number of nodes in � ˛c , and
N ˛
A W �

˛
c ! R are the classical finite element shape functions. The Cauchy traction vector t1,
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Equation (3)2, is discretised with the same standard shape functions used to approximate the
geometry and the displacements on the surface � 1c .

As they are customarily called in the literature, � 1c and � 2c are the non-mortar and mortar
surfaces, respectively. Assuming frictionless contact, and using Equations (2) and (3), the contact
potential energy can be approximated as

˘ c D

n1X
AD1

tA � Œ�A˝�A�

0@ n1X
BD1

Z
� 1c

N 1
A.�

1/N 1
B.�

1/ d� x1B �

n2X
CD1

Z
� 1c

N 1
A.�

1/N 2
C .�

2/ d� x2C

1A ,

(4)

with �A being the inward normal vector to the non-mortar contact interface � 1c at node A.
The mortar interpenetration gA is defined by

gA D

n1X
BD1

n1AB x
1
B �

n2X
CD1

n2AC x
2
C , (5)

where

n1AB D

Z
� 1c

N 1
A.�

1/N 1
B.�

1/ d� , n2AC D

Z
� 1c

N 1
A.�

1/N 2
C .�

2/ d� , (6)

are the weight factors of either side. Vector gA can be interpreted as an integrated interpenetration
measure, which corresponds to the zone linked to the non-mortar node A. The contribution to the
normal interpenetration at node A is obtained by projection on the normal direction at the same
node:

gNA D �A � gA, (7)

whereas projection on the Cauchy traction vector on the normal direction gives the normal
component of the Cauchy traction

tNA D �A � tA. (8)

The contact potential energy, Equation (4), is then written in the following form:

˘ c D

n1X
AD1

tNAgNA. (9)

The solution to the general frictionless unilateral contact problem, obtained by a mortar FEM
formulation is finally given by

U D arginf .˘ int.U /C˘ ext.U /C˘ c.U //,

s.t. gNA > 0, tNA > 0, tNAgNA D 0 AD 1, : : : n1.
(10)

where ˘ int,ext.U / are the potential energy terms due to internal and external forces, and U is the
global displacements vector. The second line in Equation (10) states the Karush–Kuhn–Tucker
(KKT) conditions for unilateral contact, which are expressed in discrete form at the non-mortar
nodes A. The first condition is the geometric impenetrability constraint, the second inequality
represents the non-traction condition at the contact interface (i.e. only the compression interaction
is allowed), and the third one is the complementarity equation.

Instead of working with the normal component of traction, it is often preferred to work with the
contact pressure field p D�tN . In this case, the KKT conditions read as follows:

gNA > 0, pA 6 0, pAgNA D 0 AD 1, : : : n1. (11)
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The nodal pressures play the role of the Lagrange multipliers that enforce the impenetrability
constraint. The contact problem (10), with either form of the KKT conditions, can be solved using
a double loop Uzawa algorithm. Alternatively, a penalty method can be formulated by assuming
the nodal pressures are linearly related to the normal penetration by a penalty constant. In the next
section, an alternative solution scheme, which leads to a simple monolithic algorithm is proposed.

3. AUGMENTED LAGRANGIAN METHOD

The inequality constraints in Equations (11) can be equivalently written as the sub-differential
inclusion

pA 2 @�RC.gNA/, (12)

where �RC is the indicator function of the real positive half line RC and @�RC is the sub-
differential of �RC . Equation (12) expresses the unilateral contact conditions, with a contact
pressure field derived from a non-smooth potential �RC.gNA/ [27, 36].

Equation (10) can be regularised and solved by using a mixed dual penalty approach based on
an augmented Lagrangian method, as proposed by Alart and Curnier [27]. The potential energy of
contact is replaced by an augmented Lagrangian function, which is defined by

Lc.U ,p/D Lc.˚/D
n1X
AD1

�
kpAgNAC

r

2
g2NA �

1

2r
< kpAC rgNA >

2

�
, (13)

where r is a positive penalty parameter, k is a positive scale factor, and < � > is the Macauley
bracket operator, that is,

< x >D

²
x x > 0
0 x < 0

This functional is C1 differentiable saddle-point, as shown in Figure 1. The solution is obtained as
the set of values that render this functional stationary. The solution does not depend on the value
of parameters r , k. Nevertheless, the convergence rate does depend on their value. In numerical
computations, default values of r and k are selected in terms of a mean value of the Young modulus
of the bodies in contact and of a mean value of mesh size, as follows:

r D k � 10
Emean

hmean
(14)

Numerical examples show that this choice gives a better condition number of the iteration matrix
than other choices. A numerical experiment is provided in the examples section, to illustrate on the
influence of these parameters on the convergence properties.

Figure 1. Augmented Lagrangian function for the contact problem. The locus of solutions is displayed.
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After splitting the Macauley term according to the contact status of each zone, the Lagrangian
can be written as follows

Lc.˚/D
n1X
AD1

´
k pA gNAC

r
2
g2NA if kpAC rgNA 6 0 (Contact zone)

�k
2

2r
p2A if kpAC rgNA > 0 (Gap zone)

(15)

where pA is the nodal value of the contact pressure, and plays the role of the Lagrange multiplier that
enforces the contact condition. By differentiation of Equation (15), a nonlinear system of equations
is obtained.

4. WEIGHT FACTORS COMPUTATION: DEFINITION OF THE CONTACT ELEMENT

The non-mortar surface � 1c and the mortar surface � 2c are parameterised in terms of the finite
element shape functions of the solid elements of each body, which are next to the contact boundaries.
The integrals necessary to calculate the weight factors n˛AB are computed by assembling the
contributions of all pairs of facet elements on either side.

In order to compute the weight factors, a local plane p is defined where the integrals on � 1c
appearing in Equation (6) are performed. The numerical integration algorithm used is analogous to
the one proposed by Puso and Laursen [9]. The non-mortar facet k and the mortar facet l , with nodal
coordinates x˛A, ˛ D 1, 2, respectively, are projected on the local plane p, giving polygons Qk and Ql
with coordinates y˛A 2R

2, ˛ D 1, 2.
The nodal coordinates of the non-mortar facet k are used to calculate the normal vector e3 that

defines the plane p (see Figure 2(a)) and the Appendix for details). The unit vectors e1, e2 lying
on the plane p are built by forming an orthonormal local basis ¹e1, e2, e3º. The nodal coordinates
y˛A 2R

2 of the projected facets are given by

y˛A D

"
e1 �

�
x˛A � x

1
1

�
e2 �

�
x˛A � x

1
1

� # , (16)

Figure 2. (a)Non-mortar facet k, mortar facet l , projection plane p with unit normal e3 and local basis
V D ¹e1, e2, e3º. (b) Facets k and l projected on the plane p. (c) Intersection polygon P . (d) Subdivision

of polygon P into triangles.
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where x11 is the coordinates vector of the first node of the non-mortar facet k (Figure 2(b)). When
the facets k and l are in contact, the coordinates y˛A define an intersection polygon P whose shape
depends on the way the facets are intersected (Figure 2(c)). The polygon P is calculated using an
algorithm for the intersection of planar polygons based on advance rules with a parametric definition
of segments [37]. The integrals in Equation (6) are then computed by subdividing the polygon P
into triangles (Figure 2(d)). A Gauss integration rule is defined over each triangle, and the mortar
and non-mortar shape functions are evaluated at the coordinates of the Gauss points of each triangle
by projecting back the coordinates in the plane p of the evaluation point to each facet. Finally, the
sum of the integrals on each triangle gives the weight factors n˛AB .

In this work, the expression of nodal coordinates is defined in R2 by Equation (16). Linear
momentum is conserved exactly as in Puso and Laursen [9].

A contact element is defined for each pair of facets, one on the non-mortar and the other on the
mortar surface. If N1 is the number of facets on the surface � 1c , and N2 is the number of facets
on the surface � 2c , a total of N1 � N2 contact elements are built. Note however, that only a few
of them are active at a given time (i.e. only those elements whose facets are seeing each other). At
each contact element, the restrictions to the element facets of the integrals needed for the computa-
tion of the weight factors n1AB ,n2AB are evaluated. The problem weight factors are then obtained by
assembling the contributions of all elements, as usual.

The generalised coordinates of the contact element are

˚e D
h
x11
T
x12
T
: : : x1

m1
T
x21
T
x22
T
: : : x2

m2
T
p1 p2 : : : pm1

iT
, (17)

wherem1 andm2 are the number of nodes of the non-mortar facet and the mortar facet, respectively,
x1I are the nodal coordinates of the non-mortar facet; x2I are the nodal coordinates of the mortar
facet, and pI are the contact nodal pressures. The number of DOFs of the contact element is
4m1C 3m2.

5. CONTACT ELEMENT INTERNAL FORCES VECTOR

The internal forces vector of the contact element is obtained taking variations of Lc with respect to
the generalised coordinates ı˚e as follows:

ıLc.˚e/D
m1X
AD1

´
�AıgNAC kgNAıpA, if �A 6 0

�k
2

r
pAıpA if �A > 0,

(18)

where �A D kpAC rgNA is the augmented Lagrange multiplier or augmented pressure, which fixes
the state of contact or gap. The Equations (18) have both displacement and pressure (Lagrange
multipliers) terms as unknowns. For this reason, the method is called a mixed or dual penalty
method.

The variation of the normal gap is given by

ıgNA D ı.gA � �A/D ı�A � gAC �A � ıgA (19)

Equation (19) is simplified due to the fact that at equilibrium gA is parallel to �A, and therefore
ı�A � gA D 0; for details, see for example, [4, 35]. Hence, the variation of the Lagrangian is written
as follows:

ıLc.˚e/D
m1X
AD1

´
�A�A � ıgAC kgNAıpA, if �A 6 0

�k
2

r
pAıpA if �A > 0.

(20)
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The internal forces vector of the contact elementF econt can then be readily identified as conjugated
to the variation of generalised coordinates:

ıLc.˚e/D ı˚e �F econt.˚
e/D

m1X
AD1

264 ıx1B
ıx2C
ıpB

375 �

8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

264 �A �A n
1
AB

��A �A n
2
AC

kgNAıAB

375 , if �A 6 0,

264 0

0

�k
2

r
pAıAB

375 , if �A > 0,

(21)

where ıAB is the Kronecker delta. The contact status at the zone related to node A is established in
terms of the sign of �A D kpA C rgNA. This expression is a linear combination of the primal and
dual variables.

Equilibrium is obtained by solving the following nonlinear system of equations

G .U /CF cont.˚/D 0 (22)

where G .U / is the nonlinear vector of internal and external structural forces and where F cont.˚/

is the set of contact forces at the interface �c , which is obtained by assembling all contact element
contributions F econt.

The system of equations (22) does not change during the iterations. In primal–dual active set
strategies, the set of DOFs for which �A 6 0 is called active set, whereas those for which �A > 0
form the inactive set. These strategies are equivalent to semi-smooth Newton methods [38]. The
method of solution we implement is a semi-smooth Newton method with an augmented Lagrangian
[27] combined with a mortar method for accurate representation of contact. Thanks to the C 1

continuity of L, this system can be solved simultaneously for the displacements and for the Lagrange
multipliers using a standard Newton–Raphson iterative monolithic scheme [35, 38, 39].

5.1. Evaluation of the normal vector �A

The normal vector at the vertex A is computed in terms of the cross product of edge vectors of the
non-mortar facet. The edge vectors vA,wA are defined, at any vertexA of the considered non-mortar
facet, in the following form:

vA D x
1
J � x

1
A,

wA D x
1
A � x

1
K ,

(23)

where

J Dmod.A,m1/C 1, K Dmod.AC 1,m1/C 1, AD 1, : : : m1.

and where mod./ is the modulo or remainder operation. Thus, the normal vector is calculated using

�A D
vA �wA

kvA �wAk
. (24)

Note that two facets that share a common vertex A do not have the same definition for the normal
vector at the vertex. In fact, the element internal force at node A can be seen as a contribution
coming from a zone inside the element and close to the considered node. The total contribution to
the node A is obtained by adding up all contributions from the neighbour elements, each one having
its own direction. Some authors define a unique normal vector at the node, common to all elements
that share the node. This increases severely the complexity of the computations, because neighbour
elements become coupled.
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6. LINEARISATION OF INTERNAL FORCES OF CONTACT

The linearisation of Equation (21) leads to the tangent Hessian matrix of the contact element, which
depends on the contact status:

ı˚e ��F econt D

m1X
AD1

264 �x1B
�x2C
�pB

375 �

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:̂

2666666664

.k�pAC r�gNA/�A n
1
AB

C�A.�A �n
1
AB C n

1
AB��A/

�.k�pAC r�gNA/�A n
2
AC

��A.�A �n
2
AC C n

2
AC��A/

k�gNAıAB

3777777775
, �A 6 0

264 0

0

�
k2

r
�pAıAB

375 , �A > 0.

(25)

The explicit expression of the Hessian matrix is obtained by evaluating the first derivatives of the
weight factors n˛AB , the normal interpenetration gNA, and the normal vector �A. These derivatives
are presented in the following subsections.

6.1. Weight factors linearisation

The weight factors n˛AB are computed by adding up the contributions n˛,P
AB from each triangle P of

the polygon P . Using Equation (6), the linearisation of the weight factors n˛,P
AB can be written as

follows:

�n
˛,P
AB D�

Z
� 1c

N 1
A.�

1/N ˛
B.�

˛/ d�c

D

ngX
gD1

�
�N 1

A

�
�1g
�
N ˛
B

�
�˛g
�
CN 1

A

�
�1g
�
�N ˛

B

�
�˛g
��
wgA

P C n˛,P
AB

�AP

AP
,

(26)

where ng is the number of Gauss points, �˛g , ˛ D 1, 2, are the projection of the Gauss point
coordinates on the non-mortar and mortar facet elements, respectively, and wg are the integration
weight factors. To compute Equation (26), the variations of the shape functions N ˛

A and of the area
AP of each triangle P are calculated next.

6.1.1. Linearisation of the shape functions. The projection of the local coordinates �g of a Gauss
point in triangle P over the facet elements is established by the following equation:

3X
ID1

NP
I .�g/ y

P
I D

m˛X
AD1

N ˛
A

�
�˛g
�
y˛A. (27)

The subscript I D 1 : : : 3 spans the three vertices of triangle P , whereas the subscript AD 1 : : : m˛

spans the vertices of the contact facets, which are m˛ D 3 for triangular facets and m˛ D 4 for
quadrangular facets. When the facet elements are quadrangular, the unknowns, that is, the Gauss
point coordinates �˛g , are obtained by solving Equation (27) with a Newton–Raphson algorithm.
Instead, when the facet elements are triangles, the coordinates �˛g are computed explicitly.

The increment of the shape function N ˛
A at node A is obtained by taking partial derivatives of the

shape functions in the direction �˛
ˇ

:

�N ˛
A D

2X
ˇD1

@N ˛
A

@�˛
ˇ

�
�˛g
�
��˛ˇ . (28)
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From Equation (27), the increment of the coordinate �˛ in the direction ˇ is given by

��˛ˇ D �
˛
ˇ
T

 
3X
ID1

NP
I .�g/�y

P
I �

m˛X
AD1

N ˛
A

�
�˛g
�
�y˛A

!
, ˇ D 1, 2 (29)

where

�˛ˇ
T
D

"
m˛X
AD1

@N ˛
A

@�˛
ˇ

�
�˛g
�
y˛A

#�1
. (30)

In Equation (30), the coefficients �˛
ˇ

are obtained by inverting a 2 � 2 matrix. By replacing
Equation (29) into Equation (28), the variation of the shape function evaluated at the Gauss points
�˛g can be written as follows:

�N ˛
A

�
�˛g
�
D

2X
ˇD1

@N ˛
A

@�˛
ˇ

�
�˛g
�
�˛ˇ

T

 
3X
ID1

NP
I .�g/�y

P
I �

m˛X
AD1

N ˛
A

�
�˛g
�
�y˛A

!
. (31)

Equation (31) gives the variation of the shape function �N ˛
A

�
�˛g
�

in terms of the variation of the
nodal coordinates of triangle P , which is part of polygon P . These coordinates are computed from
the nodal coordinates of the projected non-mortar and mortar elements on the plane p, by the
polygons intersection algorithm. The nodal coordinates vectors y˛A 2 R

2 of the projected elements
Qk and Ql are put together forming vector Y in the form

Y D
h
y11

T
y12

T
: : : y1

m1
T

y21
T

y22
T

: : : y2
m2
T
iT

. (32)

Then, the relationship between the increment of nodal coordinates of triangle P and the increment
of nodal coordinates of the projected facet elements is given by

�yPI D DPI �Y D
m1X
KD1

DP1IK�y
1
K C

m2X
LD1

DP2IL�y
2
L. (33)

Details about the matrixDP
I are outlined in the Appendix. In Equation (33), the contributions to the

nodal coordinates increment are separated in contributions DP1
IK�y

1
K coming from the non-mortar

projected facet and contributions to incrementDP2
IL�y

2
L coming from the mortar projected facet.

Finally, by using Equations (33), (29) and (30), the increment of the shape functions,
Equation (31), is written as follows:

�N ˛
A

�
�˛g
�
DP˛,P

A

�
�˛g
�
�Y , (34)

where

P
1,P
A D

2X
ˇD1

�
N 1
A,ˇ �

1
ˇ

T
	 h
NP
I D

P1
I1 �N

1
1 I NP

I D
P1
I2 �N

1
2 I : : :

NP
I D

P1
Im1
�N 1

m1
I NP

I D
P2
I1 NP

I D
P2
I2 : : : NP

I D
P2
Im2

i
,

P
2,P
A D

2X
ˇD1

�
N 2
A,ˇ �

2
ˇ

T
	 h
NP
I D

P1
I1 NP

I D
P1
I2 : : :

NP
I D

P1
Im1

NP
I D

P2
I1 �N

2
1 I NP

I D
P2
I2 �N

2
2 I : : : NP

I D
P2
Im2
�N 2

m2
I
i

.

(35)
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6.1.2. Triangle area linearisation. The triangle area variation, �AP is also required to complete
the linearisation process of the Equation (26). The area of a triangle P 2 P is determined using the
cross product of two vectors defined from the nodal coordinates yPI 2R

2,

AP D
1

2

�
yP2 � y

P
1

�
�
�
yP3 � y

P
1

�
D
1

2

D

�
yP2 � y

P
1

� �
yP3 � y

P
1

�
. (36)

whereeuD � �u2 u1
�
j u� v Deuv D �v � u, 8 u, v 2 R2. The linearisation of AP results in

the equation

�AP

AP
D

1

2AP

h
CyP3 � y

P
2

CyP1 � y
P
3

CyP2 � y
P
1

i264 �yP1

�yP2

�yP3

375D

D
1

2AP

h
CyP3 � y

P
2

CyP1 � y
P
3

CyP2 � y
P
1

i264 DP
1

DP
2

DP
3

375�Y D 3X
ID1

�
JPI D

P
I

	
�Y

(37)

where JPI D 	IJK
�
CyPK � y

P
J

	
=.4AP /, I D 1, : : : 3.

6.1.3. Transformation from projected positions to global coordinates. The linearisations developed
in the previous sections, were defined in terms of coordinates of the elements projected over the
local plane p. The nodal vector of increments in projected coordinates �Y is locally defined in the
plane, and consequently, must be computed in terms of �U , the vector global nodal coordinates
of the contact elements defined in R3, Equation (17). To carry out this process, starting from
Equation (16), the linearisation results in the following equation

�y˛A D

"
�e1 �

�
x˛A � x

1
1

�
C e1 ��x

˛
A � e1 ��x

1
1

�e2 �
�
x˛A � x

1
1

�
C e2 ��x

˛
A � e2 ��x

1
1

#
DH ˛

A�U , (38)

where H ˛
A is a matrix which transforms the increments of local nodal coordinates into the global

coordinates in R3. The full expression of matrix H ˛
A is outlined in the Appendix. Grouping the

expressions for all nodes, we get

�Y DH ˛�U (39)

whereH ˛ is the matrix formed by joining together matrices H ˛
A.

6.1.4. Final expression of weight factors linearisation. The linearisation of the weight factors is
computed with Equations (26), (35) and (37), and given by

�n
˛,P
AB DQ

˛,P
AB�Y DQ

˛,P
ABH

˛�U , ˛ D 1, 2I AD 1,n1I B D 1,m˛ (40)

where

Q
˛,P
AB D

ngX
gD1

h
N ˛
B

�
�˛g
�
P
1,P
A

�
�1g
�
CN 1

A

�
�1g
�
P
˛,P
B

�
�˛g
�i
wgA

P C n˛,P
AB

3X
ID1

JPI D
P
I , (41)

is a row vector of 2m1 C 2m2 components. The final expression of the linearisation of the weight
factors is computed by adding up all contributions from the triangles in which the intersection area
is subdivided:

�n˛AB D
X
P

�n
˛,P
AB DQ

˛
ABH

˛�U (42)

with:

Q˛
AB D

X
P

Q
˛,P
AB
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6.2. Normal interpenetration linearisation

The linearisation of the interpenetration gA, Equation (5), is given by

�gA D

m1X
BD1

�
n1AB�x

1
B C�n

1
ABx

1
B

�
�

m2X
CD1

�
n2AC�x

2
C C�n

2
ACx

2
C

�
. (43)

Using Equation (43) and Equations (40 and 41) we get

�gA DNA�U , (44)

where

NA D
�
N 1
1 I N 1

2 I : : : N 1
m1
I �N 2

1 I �N 2
2 I : : : �N 2

m2
I
�

C

m1X
BD1

�
x1BQ

1
AB

�
H 1 �

m2X
CD1

�
x2CQ

2
AC

�
H 2.

(45)

The linearisation of the normal interpenetration is then given by

�gNA D �
T
ANA�U (46)

6.3. Linearisation of the normal vector

To assure a quadratic convergence of the residual, the linearisation of the normal vector in the
tangent stiffness matrix is required. The linearisation of Equation (24) yields

��A D
ŒI � �A˝ �A�

kvA �wAk

� ewA evA �ewA �evA �264 �x1J
�x1A
�x1K

375 , (47)

where

J Dmod.A,m1/C 1, K Dmod.AC 1,m1/C 1, AD 1, : : : m1.

After some algebra, Equation (47) can be written in the form

��A DW A�U (48)

where matrixW A is built taking into account the permutations described above.

6.4. Tangent stiffness of the contact element

After replacing Equations (42), (46) and (48) into Equation (25), the expression of the tangent
stiffness of the contact element is obtained :

ı˚e �K e
cont�˚

e D
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24 ıx1B
ıx2C
ıpB

35

�

8̂̂̂̂
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:̂

2666666664
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1
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1C n1ABW A

�
Crn1AB Œ�A˝ �A�NA kn1AB�A

��A
�
�A Q
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ACH

2C n1ACW A

�
�rn2AC Œ�A˝ �A�NA kn2AC�A

ıABk�
T
ANA 0
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�U
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�
, �A 6 0

24 0 0

0 0

0 �k
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ıAB

35
 �U

�pA

�
, �A > 0.

(49)
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(a) (b)

Figure 3. Contact patch test. (a) Boundary conditions and mechanical properties. (b) Stress solution of the
node-segment and mortar algorithms in the contact interface.

7. NUMERICAL EXAMPLES

Five numerical examples are presented to evaluate the robustness and accuracy of the proposed
contact algorithm. The examples involve quasi-static simulations and were carried-out in the
research finite element code Oofelie [40] where the contact algorithm is integrated. All pre-
processing and post-processing tasks were performed using the software SAMCEF-Field [41].

7.1. Validation example I. The contact patch test

The first example is a contact patch test proposed by Chen and Hisada [42]. The 3D solutions
obtained in this work are compared with the 2D solutions of Chen and Hisada, introducing a
plane strain state, which reproduces the same boundary conditions. The material behaviour used
in this example is linear elastic. The mesh topology, boundary conditions, dimensions and material
properties are shown in Figure 3(a).

Figure 3(b) shows that the stress field is transmitted exactly from one body to the other with
nonconforming meshes, concluding that the formulation verifies the contact patch test to machine
accuracy. When using a node–segment approach, the stress field is not uniform, and thus, does not
pass the contact patch test (Figure 3(b)).

In order to study the influence of the parameters r and k on the convergence properties, solutions
for different values of r and k were computed. From the geometry and material properties depicted
in Figure 3, and by using the Equation (14), their recommended value results as follows:

r D k D 10
E

h
D 10

2.1� 109

2
D 1.05� 1010 (50)

Table I gives the residual norm per iteration for the different values of r and k. Quadratic
convergence behaviour is displayed in almost all cases. The optimal behaviour is achieved when
they are calculated by using Equation (14). The condition number of the global tangent matrix is
shown in Table II. We see that the minimum condition number is obtained for values of r and k
close to values suggested by Equation (14). In the examples that follow, coefficients r and k are
selected according to Equation (14).

7.2. Validation example II. Hertzian contact

The second example, the Hertz contact problem between two parallel cylinders [9,43], was selected
to validate the algorithm with an analytic solution. The radius of both cylinders is 8. The mesh
topology, boundary conditions and mechanical properties are shown in Figure 4. A nonconforming
mesh in the contact interface of the cylinders is proposed. Symmetry conditions with respect to
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Table I. Residual norm evolution in the contact patch test problem for different values of k and r (r D k).

Iteration 106 108 1010 1012 1014

1 1.42� 10�2 3.35� 10�1 10.2751 84.1781 5.43� 103

2 3.07� 10�1 4.84� 10�2 7.80� 10�2 6.99� 10�1 9.14� 101

3 1.75� 10�3 7.39� 10�3 3.89� 10�6 1.07� 10�3 3.37� 103

4 1.24� 10�4 7.78� 10�5 1.39� 10�9 2.77� 101

5 3.77� 10�11 2.18� 10�11 1.93� 103

6 1.24� 102

7 8.32� 102

8 3.84� 105

9 Fail

Table II. Condition of the tangent matrix for the contact patch test problem for different values of k and r .

r n k 106 108 1010 1012 1014

106 1.22� 108 1.22� 104 1.16� 102 1.12� 104 1.12� 106

108 1.27� 108 1.27� 104 1.17� 102 1.12� 104 1.12� 106

1010 2.21� 109 2.21� 105 2.38� 102 1.12� 104 1.11� 106

1012 8.27� 1012 8.27� 108 8.28� 104 2.40� 104 1.09� 106

1014 1 1 1 1 1

(a) (b)

Figure 4. Hertz contact of two parallel cylinders. (a) Boundary conditions and mechanical properties.
(b) Hertz contact stress solution using nonconforming mesh.

a middle plane are selected to reduce the computational cost, allowing the mesh to be refined at
the contact surface. The upper cylinder is uniformly pressed with a small pressure value, leading
to small strains. Figure 4(b) shows the variation of contact pressure at the contact zone, showing
agreement between the analytical solution from Hertz theory and the proposed numerical solution
using the mortar method.

7.3. Ironing problem

The third example, depicted in Figure 5, corresponds to the so-called ironing problem. It was
presented in the work of Puso et al. [9] and solved by a mortar based contact formulation with
a penalty regularisation scheme. In the work of Popp et al. [26], this example is solved by a dual
mortar approach with Lagrange multipliers.
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Z

X

Y

u (t)Z

u (t)X0.2

(a) (b)

9
4

3

5.2
3

Figure 5. Ironing example. (a) Geometry, mesh discretisation and boundary conditions. (b) Time evolution
of imposed displacements of die.

(a) Time: 0.0 s. (b) Time: 0.5 s.

(c) Time: 1.39 s. (d) Time: 2 s.

Figure 6. Ironing example. Plot of displacements computed at four different time instants.

A cylindrical die with E D 1000 and 
 D 0.3, is pressed into an elastic block with E D 1000

and 
 D 0.499. For simplicity, a linear elastic material is assumed. The discretisation is performed
using eight-nodes hexahedral finite elements.

The displacement of the top surface of the cylindrical die is imposed, as shown in Figure 5(b).
First, the die is moved vertically downwards from time 0 to time 0.5 s, and then it is displaced
horizontally from time 0.5 s up to time 2 s.

Computations are performed with a constant time-step of 0.01 s. Figure 6 shows the deformation
at four time instants, illustrating the large displacements involved in the example. Figure 7(a) shows
the vertical stress �´ at the outer surface of the slab. The computed stresses are smooth, without
jumps or oscillations between elements. Figure 7(b) shows the evolution in time of the vertical com-
ponent of stress �´ on the slab surface, evaluated at a point located immediately below the centre of
the die. Only a very slight oscillation of stress is evident, when the die slides along the slab, and is
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(a) (b)

Figure 7. Ironing example. Computed stress solutions. (a) Stress �´ computed at the external surface of the
slab. (b) Stress �´ computed on the slab surface at a point below the center of the die.

Table III. Residual norm evolution for the ironing example for different times.

Iteration Time 0.5 (s) Time 0.98 (s) Time 1.94 (s)

1 6.09� 10�2 9.73� 10�2 1.37
2 7.34� 10�4 9.55� 10�4 1.11� 10�3

3 2.65� 10�4 3.80� 10�4 3.39� 10�4

4 6.35� 10�5 1.00� 10�4 9.01� 10�5

5 6.57� 10�8 3.50� 10�5 6.24� 10�9

6 4.87� 10�9

(a) (b)

Figure 8. Indenter example. (a) Geometry, mesh discretisation and boundary conditions. (b) Time evolution
of exposed displacements of die.

produced by the finite element discretisation. A quadratic converge was obtained with six iterations
per step.

Table III presents the convergence rate for three representative time steps (Figure 5)(b)). By using
an appropriate value of coefficients r and k, selected according to Equation (14), which gives in this
case r D k D 11, the convergence rate is quadratic with a mean value of six iterations per step,
see Table III.

7.4. Indenter problem

A fourth example, the so-called indenter, depicted in Figure 8, is analysed in this section [9, 26].
A cubic upper block (E D 1000 and 
 D 0.3) is pressed into a slab (E D 1 and 
 D 0.3),
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(a) Time: 0.0 s. (b) Time: 0.2 s.

(c) Time: 0.66 s. (d) Time: 1 s.

Figure 9. Indenter example. True deformation solutions for different time instants.

and then made to slide over the slab surface. A linear elastic constitutive law is again assumed. This
example is more challenging than the previous one because of the sharp corners of the upper block,
which produce very large contact pressures. Dimensions, mesh topology and boundary conditions
are shown in Figure 8. The displacement of the top surface of the upper block is imposed, as shown
in Figure 8(b). First, the block is moved downwards vertically from time 0 to 0.2 s, and then it is
displaced horizontally from time 0.2 s up to time 1 s. A classical node-to-segment approach and a
smooth node–segment contact approach have failed to obtain a solution in this example [9].

Figure 9 shows the computed solutions in four time instants.
Figure 10(a) shows the computed vertical stress �´ at the outer surface of the slab for time 0.83 s.

The computed stresses are smooth, without jumps or oscillations between elements. Figure 10(b)
shows the evolution in time of the vertical component of stress �´ on the slab surface, evaluated at
a point located immediately below the centre of the upper block. An almost constant stress value is
observed, with smooth oscillations because of the discretisation.

Table IV presents the convergence rate for three representative time steps, see Figure (10)(b). By
using an appropriate value of coefficients r and k, selected according to Equation (14), which gives
in this case r D k D 100, the convergence rate is quadratic with a mean value of four iterations per
step, see Table IV. Computations are performed with a constant time-step of 0.01 s.

7.5. Application example: internal combustion engine valve

The fifth example corresponds to the case of an industrial application, the contact between an
internal combustion engine valve with its seat (Figure 11(a)). A more detailed explanation of the
characteristics of this mechanical component can be found in [44]. This problem is challenging
because of the small contact surfaces with double curvature.
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(a) (b)

Figure 10. Indenter example. Plots of computed stress. (a) Stress �´ computed at the external surface of the
slab. (b) Stress �´ computed on the slab surface at a point below the center of the upper block.

Table IV. Residual norm evolution for the indenter example for different times.

Iteration Time 0.2 (s) Time 0.5 (s) Time 2 (s)

1 1.90 1.90 1.90
2 1.32� 10�2 1.22� 10�2 1.45� 10�2

3 3.76� 10�4 4.59� 10�5 6.15� 10�4

4 1.61� 10�7 8.75� 10�8 2.53� 10�7

(a) (b)

Figure 11. Application example. (a) Contact between a combustion engine valve and its seat; (b) boundary
conditions, mechanical properties and mesh topology for a combustion engine valve.

A constant pressure value of 7 MPa is applied at the head of the valve. This represents the
internal pressure produced by the combustion in the cylinder. Linear elastic behaviour of the
materials and small deformations are assumed. Figure 11(b) details the geometry, boundary con-
ditions and mechanical properties used for the model proposed. The mesh topology consists of
hexahedral elements.

Figure 12(a) shows the distribution of contact pressure obtained with the node-to-segment
approach, whereas Figure 12(b) displays the solution computed with the mortar scheme. A large
pressure oscillation is observed in the contact area when using a node-to-segment approach, whereas
with the mortar method, the pressure distribution is much more uniform (Figure 12(b)). The cyclical
behaviour in the computation of pressures with the node-to-segment scheme is caused by small
perturbations in the mesh geometry. The mortar method is less sensitive to these errors because
of the mixed approach in which efforts are translated between bodies by means of the contact
pressure approximation.
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(a) (b)

Figure 12. Application example. Comparison of contact pressures computed with both approaches.
(a) Node-to-segment approach and (b) mortar approach.

8. CONCLUSIONS

A new mortar finite element formulation combined with an augmented Lagrangian technique has
been proposed for the solution of 3D frictionless contact problems. The algorithm has three main
features: the nonlinear equations can be solved by means of a monolithic Newton scheme of simple
implementation, problems with nonconforming meshes can be accurately solved, and the results do
not depend on the definition of any penalty parameter by the users.

The equations for the computation of the residual forces and tangent matrices were presented.
The strategy can be implemented very easily in a finite elements programme for nonlinear analysis
without any change to the main structure of the code.

The numerical examples showed that the proposed strategy successfully passes the contact patch
test. The technique was validated by comparison with a classic analytical solution. Two examples
were presented to demonstrate the capabilities of our proposal to represent large displacements
contact problems. Finally, an industrial application has been solved.

We emphasise the accurate pressure prediction at the contact surface obtained in all examples
presented in this work. This feature is imperative to obtain reliable solutions in related computa-
tions, that is, when analysing wear between mechanical components. An extension of the method to
cases with friction and wear is currently under development and will be reported in future work.

APPENDIX A: VARIATION OF THE NORMAL TO THE NON-MORTAR FACET

An orthonormal local basis ¹e1, e2, e3º is defined for each non-mortar facet, in terms of the nodal
coordinates x1A. Vector e3 is normal to the facet in the case of a triangular facet (m1 D 3), or normal
to the plane defined by the two diagonals in the case of a quadrangular facet (m1 D 4):

e3 D

�
x13 � x

1
1

�
�
�
x1
m1
� x12

	
k
�
x13 � x

1
1

�
�
�
x1
m1
� x12

	
k

. (A.1)

Vector e1 is aligned with the line joining nodes 1 and 3:

e1 D
x13 � x

1
1

kx13 � x
1
1k

. (A.2)

Finally, vector e2 is computed so as to get a right frame:

e2 D e3 � e1. (A.3)

The linearisation of vector e1 is obtained from Equation (A.2) as follows,

�e1 D F
�
�x13 ��x

1
1

�
, (A.4)
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being

F D
.I � e1˝ e1/

kx13 � x
1
1k

. (A.5)

The linearisation of Equation (A.1) is computed from

�e3 D
X

ID1,m1

AI�x1I , (A.6)

where the matrix A D
�
A1 A2 � � � Am1

�
is given by
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(A.7)

The operatoreu W R3 ! R3 ˝R3 returns a 3 � 3 skew-symmetric matrix such that u � v Deuv D
�v � u, 8 u, v 2R3. The linearisation of the vector e2 is obtained from Equation (A.3)

�e2 Dee3�e1 �ee1�e3, (A.8)

whereee3 andee1 are the skew matrices associated to the vectors e3 and e1, respectively.
The linearisation of the projected positions of the two facets on the computation plane was given

in Equation (38). After replacing Equations (A.4) and (A.8) in the latter, we get the following:

�y˛A DH
˛
A�U . (A.9)

MatrixH ˛
A is a 2� 3.m1Cm2/ matrix given by

H ˛
A DX

˛
A

"
�F 0 F 0 0 0 : : :

�ee1A1Cee3F �ee1A2 �ee1A3Cee3F �ee1A4 0 0 : : :

#

C

"
eT1 0T : : : �eT1 0 : : :

eT2 0T : : : �eT2 0 : : :

#
"

A,˛

(A.10)

where in the last matrix of the right-hand-side, entry



�eT1
�eT2

�
is added at the column corresponding

to node A,˛, and where

X˛
A D

" �
x˛A � x

1
1

�T
0T

0T
�
x˛A � x

1
1

�T
#

(A.11)

APPENDIX B: SEGMENT INTERSECTION

The segment intersections used to generate the intersection polygon in R2 were made using an
algorithm based on rules of advancing, as proposed by O’Rourke [37]. The segments Nab and Ncd
are defined by Nab D a � b and Ncd D c � d (Figure B.1). The position P int.t/ � Qint.s/ of the
intersection point between Nab and Ncd is calculated using the parametric representation of a segment,

Qint.s/D aC s.b� a/, (B.1)
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Qint

a

b

d

c

Figure B.1. Segment intersection.

or

P int.t/D c C t .d � c/, (B.2)

where the scalar variables s and t are the parameters along each segment. Parameter values s and
t are computed by making P int.t/ equal to Qint.s/, giving a system of two equations with two
unknowns with the following solution:

s D Œax.dy � cy/C cx.ay � dy/C dx.cy � ay/�=D,

t D Œax.cy � by/C bx.ay � cy/C cx.by � ay/�=D,

with D D ax.dy � cy/C bx.cy � dy/C dx.by � ay/C cx.ay � by/.

(B.3)

The linearisation of Equation (A.11) is straightforward resulting in the following generic equation:

�Qint D
NNQ �

264
�a

�b

�c

�d

375 , (B.4)

where the matrix NNQ is a function of the segment points a, b, c and d .

The matrixDP
I

The matrix DP
I relates the nodal coordinate variation of a non-mortar or a mortar element of each

triangle P with the nodal coordinate variation,

�yPI DD
P
I �
O̊
KL. (B.5)

The geometric centre variation of the polygon P can be written with the average of the vertex of P

�yPc D
1

nP

nPX
PD1

�yPI I D 1 : : : 3. (B.6)

where �yPI is the variation of a vertex I for each triangle P (Figure B.2).
The matrix DP

I depends directly on the intersection of the non-mortar Qk and mortar Ql elements.
The simplest situation occurs when a vertex of a triangle P is coincident with a node of a non-mortar
Qk or mortar Ql element. In this case, DP

I will be formed by ones and zeros in the rows and columns
corresponding to the DOFs of the vertex y˛i . This case is presented in Figure B.2, where the node
of the triangle P is coincident with the mortar node y22. A more complex situation arises when the
intersection between Qk and Ql defines a vertex of the triangle P , it is yPint. This situation, for example,

is given by the segments intersection y23 � y
2
2 and y14 � y

1
3 (Figure B.2). In this case, DP

I will be

formed with the values coming from the matrix NNQ, Equation (B.4).
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Figure B.2. Mortar and non-mortar element projected in the plane p.
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