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ABSTRACT

This paper presents a new semi-concurrent multi-scale model to study the behaviour of composite materials in
softening regime. A mixed formulation is used to simulate discontinuities in both scales. The traction over the
crack is included as a unknown field in the equations system of the problem, and the jump displacement across
the discontinuity is obtained with a cohesive constitutive relation (traction-separation law).

Axiomatic variational principles and the injection concept are used and formulated to get an objective model
with respect to the representative volume element size (RVE). The projected stress over the normal vector of
the macro discontinuity is injected in the localized domain in the RVE, obtaining as a dual variable the jump of
the displacement field in the macro structure. In this way, during the stable phase of the behaviour, the scale
transition is performed in the classical way injecting the strain tensor and obtaining the stress tensor as a dual
variable. At the beginning of the unstable regime, the transition between the scales is defined by injecting the
traction (stress projection on the normal vector to the crack) in the localization domain in the micro scale and the
displacement jump at the macro scale is obtained as a dual variable. This new concept leads to a new multi-scale

approach with an hybrid injection.
The basic equations of the model are derived, and finally some numerical examples are developed, showing
the objectivity of the homogenized response of composite material problems that involve strain localization at

the macro-scale.

1. Introduction

Multi-scale modelling is a trend research area in the computational
mechanics community. This kind of models can be divided in two
main groups: Multi-scale models based on analytic methods and those
based on computational methods. Analytic methods can be classified in
continualization methods and homogenization methods. In continualiza-
tion methods, the micro/meso scale is considered as discrete elements
like masses, springs or tribology elements, and Taylor series are used
to define the transition to the macro-scale [1,2]. In homogenization
methods the sub-scale is continuous and heterogeneous, while the
macro-scale is continuous and homogeneous and they are normally used
to obtain elastic properties at the macro-scale [3-8]. Analytic methods
are nowadays being displaced by computational multi-scale methods that
have greater versatility [9].

Park and Liu [10] and Oden at al. [11] proposed a classification of
computational multi-scale modelling hierarchical and concurrent multi-
scale models. Hierarchical approaches are normally used to calibrate
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constitutive equations while concurrent multi-scale models consider the
different constituents of the composite at a lower scale.

Bohm [12] classified methods that couple continuum models in:
mean-field approximation methods [13-15], variational bounding meth-
ods [16-18] and methods based in the representative volume element
(RVE) concept. Methods based in the RVE concept can be divided
in:

— Hierarchical methods: The material is constitutively described in
some length scale by using an homogenization of a lower scale.
These methods are adequate for materials that require a sequence
of scales for their description, like laminated or bio-materials.
Although this approach does not consider an unitary cell in its
definition, it is used in most of the developed models [19-24].
Another approach that contains this type of hierarchical multi-
scale models is that of quasi-phenomenological models in which
an internal variable is calibrated using the RVE concept [25].
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— Semi-concurrent methods: These models insert a primary field
(strain, temperature gradient, etc.) as a boundary condition in
the RVE, relating both scales through a compatibility equation
(generally an energy type equation). Once the boundary value
problem in the micro-scale is solved, a constitutive tensor and
an homogenization operator to obtain the dual variable (stress,
thermal flux, etc.) is computed for the macro scale. These models
are colloquially known as F E*> models [26-31].

— Concurrent methods: In this kind of formulations the RVE is em-
bedded in the zone of interest within the macro-scale. It has been
used to couple continuum and atomic scales, where the fractured
region is modelled by broken up inter-atomic forces [32,33].
When both scales are modelled by continuous formulations non-
matching meshes can be used, getting the compatibility with
Lagrange multipliers. This approach has the disadvantage of
being computationally expensive when the length scale of the
RVE is not close to the macro-scale length [34]. Some authors
have used this approach to simulate concrete specimens [31,35].

— Hybrid methods: These methods involve a combination of con-
current and semi-concurrent approaches. Within a localization
regime, semi-concurrent models generally become non-objective
with respect to the RVE size. Hybrid models consider a semi-
concurrent formulation for macro-scale zones in stable regime,
while in unstable zones where a fracture is propagated or damage
progress is spread, the RVE is embedded in the macro-structure.
Akbari [36] proposed an hybrid multi-scale model for fracture
analysis of polycrystallines materials.

During the last decades several sophisticated models based on
the RVE concept, have been proposed for the simulation of quasi-
brittle localization at the macro-scale. A formulation that calibrates
damage evolution by using a RVE with classical interface elements
and is able to model fracture evolution in mode I at the macro-
scale, has been proposed by Verhoosel et al. [37]. This approach was
latter expanded [38,39] for mixed fracture modes, considering cohesive
and adhesive elements. Massart et al. [40] presented a continuous—
discontinuous homogenization scheme using a first order computational
homogenization (FOCH) with the capability of localizing the strain field
in the macro-structure and they used it to study the failure mechanism
of masonry. In the field of moderate localizations, a new kind of
semi-concurrent multi-scale formulations was proposed by Kouznetsova
et al. [41]. The strain gradient is transferred as a rotation on the
boundary of the RVE arriving to a gradient enhanced method at the
macro scale combined with a classical description for the micro-scale.
This kind of formulations is known as second order homogenization
scheme (SOCH) [42-44].

Some attempts to enhance FOCH models have also been published.
A two-scale failure multi-scale model expressed as an expansion of
the variational framework presented in [45], was presented by Toro
et al. [46] introducing the injection operator concept proposed in [47].
The macro-scale jump, modelled using an E-FEM technology, is intro-
duced as a boundary condition in the localized domain of the RVE.
Analogously to the model proposed in [38], an homogenized traction-
separation law is obtained. A similar approach has been developed for
the analysis of quasi-brittle fracture processes using cohesive bands
technology [48]. In this case, the localization band in the macro-scale
is calibrated using a characteristic length obtained in the RVE and an
objective regularization is achieved with this parameter.

This kind of FOCH enhanced models, represents a trend research area
with many challenges. Debonding and matrix fracture phenomena in
composites with strongly different stiffness can be analysed with mixed
methods, like augmented Lagrangian formulations based on displace-
ment and the crack tension, avoiding ill-conditioning problems associ-
ated with penalty methods [49,50]. Classic multiscale approach [45] or
two-scale failure multi-scale model presented by Toro et al. [51] cannot
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be directly used in conjunction with mixed approaches to simulate dis-
continuities in the micro and macro-scale. A new semi-concurrent multi-
scale model based on an hybrid injection, formulated in a consistent
variational framework is proposed in this paper to simulate composite
material failure. The novelty of this approach is that is obtained as a
natural extension of the classic formulation [45] to the case of mixed
approaches. The proposed multi-scale model involves a stress—strain
description in the stable phase and a traction-separation law for the
unstable regime. A classical multi-scale model is used to obtain the
strain-stress relationship [45], while when an unstable phase is reached
and the material starts a softening regime, a model that links localization
in both scales injecting the traction at the macro-scale discontinuity in
the RVE is presented. Lagrange multipliers representing tension at the
fracture are treated like the kinematic field in the classic approach [45].
In this way the stress injection in the cracks corresponding to the
localization domain of the RVE has a clear physical meaning and
equations analogous to those obtained in one field approaches [45,46]
are obtained. By the other side, it is well recognized that traction
based boundary conditions can be more naturally introduced than
periodic conditions in the localizing regime. In accordance to this
observation, Coenen and co-workers [52,53] proposed the use of so
called percolation-path-aligned boundary conditions that consist of a
gradual transition from periodicity RVE boundary conditions towards
more relaxed boundary conditions when localization is detected.

A mixed formulation based on the displacement and the crack
tension, is used to simulate discontinuities in both scales and it is
presented in Section 2. The proposed model, based on the axiomatic phi-
losophy proposed in [26,47], is presented in Section 3. Some numerical
examples, where the objectivity of the homogenized traction-separation
law is shown, are presented in Section 4. Finally, conclusions and future
trends in this research area, are drawn in Section 5.

2. Mixed formulation for quasi-brittle fracture simulation. A gen-
eral background

A method based on a mixed functional that considers as unknown
variables the displacement field and the crack traction field is used
to simulate the fracture process in both scales. A brief description is
presented in this section. More details can be found in [49,54].

2.1. Variational formulation

Let 2" % — R be a system potential dependent on the
displacement field u of a infinitesimally deformable body including a
fracture I' (see Fig. 1), expressed as:

L) =28 W +.2" ([ul), €}

where [+]] = (¢) |+ — () | - represents the jump of the field (s) over the
domain I'. The potential of the bulk domain 2 = Q- U Q" is denoted
with .#”? and £7 is the fracture potential of the crack in I', that are
defined as follows:

LB u) = %/ o (x,1) : Vu(x,r) dQ—/ b(x) -u(x,t) dQ
o\r o\r

- / p(x.t)-u(x,1) do'Q 2
QR

ZF ([ul) = / ¥ ([ull.x) dI,
r

being b € L?(2\ I') is the volumetric force, o is the Cauchy stress
tensor, Viu is the symmetric part of the displacement field gradient.
In the Neumann boundary o'Q a distributed load p € L? (9'Q) is
considered. In the Dirichlet boundary 0“2 a prescribed displacement
value u is applied. The normal vector to the crack I" is denoted as n.
The kinematically admissible set % (22 \ I') is defined as:

% (@\I)={(ueH (@Q\T) A [u] n>0€H? (Q): ulygy=1). (3)
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Fig. 1. Domain decomposition of £ considering a cohesive crack I'.

Furthermore, in the definition of the potential %, given by Eq. (2),
¥ is the cohesive energy density over the fracture I, defined as follows
(see also [54]):

¥ (8,k) =TI+ (8,) + v (8opox) with y : RY >R,

K ()= sup &, ('), )
' <r*

where « is an irreversibility internal variable in the crack, y represents
the cohesive potential, 6 is a supplementary variable introduced latter,
5, = 6 - n is the projection of the supplementary variable on vector n,
oy = \/ﬁ is the equivalent displacement jump and I+ is an indicator
function that is introduced to avoid penetration between crack lips. The
irreversible variable « introduced to control the crack opening/closure
is defined as:

K (1) 1= sup ,, () 5)

t<r*
where * is the actual time.

The functional .#* presented in Eq. (1) is reformulated with an
augmented Lagrangian method leading to a three fields equations
system. Then, a coordination—-decomposition method proposed in [55]
decompose the equation in two problems, a global one corresponding
to a linear form and a family of local problems in collocation points that
are coordinated by the Lagrange multiplier field. The supplementary
variable 8, restricted by the condition [u]l — 6 = 0, is introduced. The
mechanical problem is therefore expressed as:

min .25 W)+ 2% 6)
WHEV XX
(6)
subjected to [u]] —6=0.

The augmented Lagrangian . : ¥ x # x 2 — R associated to
problem (6) is:

LW 4:8) = L w8+ 27 (8)+ £ w84, %)
where:
LP w8 =2" W+ / L(ur-87dr,

r? ®)

fc(u;a,x):/»([[u]]-& dr.
r

The second term in Eq. (7), where the cohesive energy density ¥ is
immersed, now depends on the supplementary variable controlled in
the third term by the Lagrangian field A. This field fix in a weak
sense the condition [[u] — & = 0 in I'. The Lagrange multipliers can
be interpreted as the traction over the fracture as 4 = —o - n, as is
shown in [49]. The penalization functional (with parameter y € RY), is
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introduced in Eq. (8). With the coordination—decomposition method,
the supplementary variable can be obtained as a algebraic function
of the displacement field u and the Lagrangian field A particularized
in collocation points. The functional minimization problem presented
in Eq. (6) turns to a saddle point problem, that can be expressed as: For
some y € RY, find (u; 1) € ¥ X # such that:

G, (u; 8; 1) = / 6 (x, 1) Visu(x,1) dQ
o\r

+ / [A+y ([ull - 8] - [éul dT’
r

/0’.(2

Yéue vV,

pn-sudd2— | b -sude=0,

or

%(u;é;l):/([[u]]—é)»é/ldl":o, Vsl e W,
r

with 8(u; 1) € ker {95% — A —y ([u] - 8)} where u and 1 are fixed in
collocation points. The space of kinematically admissible displacement
variations for éu is denoted as ¥ and # is the space of kinematically
admissible variations of Lagrange multipliers 64, given by:

”ﬁ(.Q\I‘):{dzEHl A [[¢]]eH% :¢|am=0} ,
10)
W(Q\r)={¢|¢en-%}.

In the proposed multi-scale approach the equilibrium equations (9)
are used to simulate cohesive fracture in both scales were presented in
(9), and now the basic equations are known to state the proposed multi-
scale scheme. Note that the choice of the space of Lagrange multipliers
is not straightforward. The discrete spaces used in the numerical tests
fulfil the inf-sup condition [49,56]. A rigorous proof of this aspect is
beyond the scope of the present paper. Conditions of discrete spaces to
fulfil stability conditions can be found in [57,58].

2.2. Traction separation law
The linear softening cohesive zone model proposed in [59] with

crumpling and unloading stages showed in Fig. 2 is used in this paper.
The potential is defined as follow:

6(‘ 56
G, 2—-"), if 8,,<8
W(584)= Cﬁc( 0, ! e ¢
G, if 8o > Bes

an

where G, = %océc is the fracture energy and o, the critical tension.

3. Semi-concurrent multi-scale formulation based in an hybrid
injection

The proposed model is split in two stages: the first one for a stable
material behaviour, based on a classic formulation is presented in
Section 3.1 and the latter, the proposed formulation for the unstable or
softening regime is described in Section 3.2. The activation of the unsta-
ble regime is detected using the acoustic tensor [60,61]. The proposed
multi-scale formulation is based on two fundamentals axioms: (A1) the
kinematical admissibility that both scales kinematics have to meet [30]
and (A2) the multiscale principle of virtual power [30] or Hill-Mandel
principle [62,63]. From these fundamental axioms, two consequences
are obtained: (C1) The homogenization formula for dual variable and
(C2) the equilibrium problem at the micro scale. In the following, the
sub-index y is used to denote the variables or parameters associated to
the micro-scale, i.e. (+), is the variable () associated to the RVE.

3.1. Multi-scale formulation for a stable regime

3.1.1. (A1) Axiom 1. Kinematical assumption in the scale transition. Stable
regime

The multi-scale constitutive formulation is based on the assumption
that the strain tensor £ at a macro-continuum point x is the volume



N.A. Labanda et al.

Tangential

t

O

[

Adhesion

Sliding -Be Crumpling

International Journal of Non-Linear Mechanics 101 (2018) 95-112

Normal

Oc¢ 1

Adhesion

0¢

Unloading

Adhesion

Contact

=7}
o

rwy / Initiation criteria
- ////// /// tn

Fig. 2. Traction separation law based in [59] for 6, > 0. (a) Tangential law (b) Normal law (c) Initiation criteria.

average of the micro-continuum strain field, & s OVer the RVE associated
with x. Considering the symmetric part of the gradient of microscopic
displacement field u,,, denoted as V;, u,,, for the strain field:

de (x,1) =

1 1
1€2,,| 1£2,,|

| / .
=— /v
12,0 Jo, ¥

where |Q,| is the volume of the RVE, x and y denote the coordinates
systems of the macro- a micro-scale, respectively, [+, = ()| - O] r;
represents the jump of (+) over the crack I, and n,, denotes the normal
vector to the crack I',. The displacement fields du,, that satisfy Eq. (12),
can be said to be a kinematically admissible if du, € ) with:

/ de, (y.1)dQ, + / [du,l,®n, dT, =
Q, Iy

(12)

1 / i
[du ]]y®én ar,,
|_Q”| I, 4 (]

1 ,
U = H' Q) | de(x,1) = — S 9dQ
p {rpe @ de0= 1 | 9 0ag,

1
+ — [ leol,®n,drI, ;.
|Qu| /FM Y " H

being %, the set of kinematically admissible micro displacements.
If displacement jumps are considered in the RVE, the first integral
in Eq. (12) should be evaluated in two or more parts separated by the
discontinuities. Applying Green’s theorem in the first term of Eq. (12)
and considering the presence of displacement jumps in the RVE (Fig. 3):

s + + +
[/ du,®'v doQ, + /+ dut@'nt dr’
09, Iy

+ /7 du;®sn; dl"; +/ [[du]]y®snu dl"u] ,
I I,

13)

1
dE(x,t) = m
u

14
where v is the outer normal vector of the RVE boundary 042, and the

unit vectors n; and n are the fracture lips normal denoted as F; and
1";. Considering n; =-n, Eq. (14) can be rewritten as:

1 s
N [/ du,® vdag,,].

Without loss of generality, u,, can be split into a sum of the macro-
scopic displacement field u, the contribution provided by the macro-
scopic strain & (x, ) and a fluctuation displacement field i, [26,30,45]

de (x,t) = (15)

du, (y) = du+de (y —y,) +dit, (y) > [du, ], = [dit, ], (16)
with
1
= — aQ,, an
Yo |~QM| ,/_(2My "
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Consequently, the microscopic strain field is:

de, (y,1) =V} du, (y) = 18)

Then, replacing the last equation in Eq. (15), constraint (12) only
depends on the fluctuation field and yields to:

de (x,1) + V‘;, di, (y).

/ dit,®°v doQ,, = 0. 19)
02,
In order to remove rigid modes, the following constraint on the

microscopic displacement field @, is assumed:

|,
du,(y,t) dQ, | .
12,1 [ 2 ! ‘:|

Combining Eq. (20) with (16), an additional constraint is obtained
for the fluctuation displacement field:

du(x,t) = (20)

/ dit, (y,1) dQ, =0. 2D
2,

Hence, the set of kinematically admissible micro displacements
%y can be redefined as the space of kinematically admissible micro

dlsplacement fluctuations i.e. &, € “// with:

7, = (peHl(Qﬂ)l/ (pd!2M=0and/
Q, le)

Observation 3.1. The space of kinematically admissible micro displace-
ments admits, at least, three sub spaces that satisfy the kinematic admissibil-
ity: the Taylor space ¥, Taylor " the linear space ’1/”“"”’ and the periodic space
¥,Per [26,30,45,46]:

"

P®°v dd.Qu} . (22)

Taylor ~ ~y Lineal ~ Per Min —
yTartor ¢ yplineal ¢ oy Per ¢ o Min = o, 23)

3.1.2. (A2) Axiom 2. Principle of Multiscale virtual power and its varia-
tional consequences. Stable regime

The physical bridging between macro and micro scales is provided
by the principle of Multiscale virtual power [30], the extension of the
Hill-Mandel principle [62,63]. For this case, the principle is written as:

1 s
IQl[/ M~Vy5uﬂd!2”+/r

"

1 / ( x y L
= — o, (VS ou+V: s ) dQ
|_Q”| [ 2, " x y %%u (2
+/
Iy

n"

[ Vé ou = ;LM 3l Suy]]y dr;4:|
@9

A, - [ 81,1, dl"u] . V(ou,bm,) €V x7,
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Fig. 3. Micro-continuum (RVE) with a discontinuity in the RVE displacement field.

where the second term is the contribution of the discontinuity between
the materials, being 1, the projection of the micro stress field o, over the
normal n, to the discontinuity I,. Two consequences can be obtained
from Eq. (24): (C1) the mechanical equilibrium equations of the micro
scale problem and (C2) the homogenization formula for the Cauchy
stress.

3.1.3. (C1) Consequence 1. Micro mechanical equilibrium problem. Stable
regime

Considering V3, 6u = 0 in Eq. (24), the mechanical equilibrium
equations for the micro-scale including debonding are obtained: Find
a1, € ¥, such that

I,

3.1.4. (C2) Consequence 2. Characterization of the macroscopic stress.
Stable regime

Considering o, =0 in Eq. (24), the macroscopic stress state o (x, 1)
can be obtained as:

1
)= — 1) dQ
o (x,1) IQ,,I/Q,‘G”('Y ) u

o,V ol A2, +/r A, 18w,y dI, =0, Ysi, €7,

H

(25)

(26)

All the elements for a consistent multi scale model within a stable
regime, considering discontinuities in the RVE were exposed.

Observation 3.2. The term corresponding to the fracture equilibrium in the
micro mechanical equilibrium equation (25) is calculated considering the
interface stresses as an additional unknown variable. The RVE problem is:
For some y € R*, find (it,.4,) € ¥, x #, such that Vsi, € ¥, and
V64, € ¥, the following equations are fulfllled

/ ° s
Q

-V 6L, dQ, +/F (4, +v (L @,0y,-86,)) I6@,l, dI, =0,

M H
vsi, € 7, (27)
/r ([ @,y -8,) 64,dl, =0, Véi,€¥,,
"
with
1
V(@) ={ok, 164, €02}, 28)

space of kinematically admissible surface traction variations, y is a penalty
parameter and 8, is a supplementary variable to control the constitutive
behaviour in the fracture T,.

3.1.5. Macroscopic consistent constitutive tangent tensor
Once the micro-mechanical problem is solved, the macro-scale con-
stitutive tangent tensor which describes the behaviour of the adopted
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RVE is required, for the implementation within a conventional Newton—
Raphson scheme. This tensor can be also used to study the lost of ellip-
ticity and the initiation of a failure mechanisms in the macro structure.
According to the traditional definition of the tangent operator [45]:

C(e') = 20| = Dde (29)
De |, Dde |,
where M represents the total derivative with respect to the macro

strain e. Con51der1ng the Egs. (18) and (25) the following equation is
obtained:

co Ddo Ddo,,
" Dde|, |.Q | Dde L
_ odo, | ddo, ode, | |
l'Qlll Q, 6de” (3de dde . K (30)
. /
= — C
|‘Q;4| 2, # |‘Qy| ad£ e #
=C+¢C,
where C,, is the constitutive tangent tensor at the micro-scale, which

depends on the adopted constitutive functional .7, e;) in each point y
of the RVE. The macroscopic constitutive tensor C is expressed in terms
of the summation of a component called Taylor C, and a contribution of
the fluctuation field C. It is clear that the displacement jumps in the RVE
has not any influence in the first term. With the directional derivative
of the equilibrium equation (25) in the ¢; y direction and considering
the possibility of displacement jumps s.t. 3y € Q, | l[w, o)1, # 0, the
following equation is obtained:

oA, ([ a,1y)

I 1LY ~ T S S 71

/r — ol dT, + /Q C, - (e®’e;) - V) 611, dQ, +

u" t "

(€19)
. o
+ /Q - (vy[pdl,) - vy o1, a2, =0, Vou, €7,
u

The first term can be rewritten as:
oA, dlu,]
/ —E — [ sm,], dr, +/ CT - (@) - Vs bit, d2,+
T Q
’ " (32)

o, T, o,
(e o
+ /Q - (vy[pd],) - vy o1, 4@, =0, Vou, €7,
u

ot o4

with [ ] = 2% The term ——£
ij — oey olli, 1 i ] )
matrix (or tensor) corresponding to the traction separatlon law in the

fracture domain. In this way, a set of equations for —* 7 £ (in two dimension

represents the tangent constitutive

i,j = 1,2 and in three dimension i,j = 1,2,3), is obtamed Once the
equations system is solved, the fluctuation constitutive tensor C can be
written as:

C=|9|/

VS D ]kl) ei®sej®sek®sel d‘Qu' (33)
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N
. Representative volume element
“(micro-scale)

Macroscopic continuum
" (macro-scale)

Fig. 4. Macroscopic continuous with a discontinuity and its associated RVE.

Introducing the solution of the system (32) in Eq. (33), and consid-
ering Eq. (30), the tangent constitutive tensor C is obtained.

3.2. Multi-scale model for unstable or softening regime

For the determination of the unstable regime, the criterion based on
the acoustic tensor analysis, see [64], was considered. Therefore, the
unstable stage is reached when the determinant of the acoustic tensor
becomes null:

det( QM) =det(n-C-n)=0, for t=ty , (34)

where n is the normal vector of the discontinuity S at the macro-scale,
see Fig. 4.

The phenomenological constitutive response presented in Section 2.2
is now considered at the micro-scale level for the fracture domain I', in
the RVE, the jump vector §,, is defined in the following sense:

5, 1=, (4) =7, (#%.az,).

where .7, is a generic constitutive functional and ()" is the history of
the variable over the time 7.

In time 7,, a localized domain FML C I, appears in the micro-scale.
Following Ref. [31], these domain is defined as:

(35)

L i i i K
rt= {ur; €Q, such that ([[dujlﬂy@)sn;l) A(dy®°n) > 0,

withi:l,...,nT}, (36)

where I' are the crack elements in the RVE subjected to an incremental
discontinuity |[duL]]y, dy is the initial direction of the macroscopic
discontinuity and n; is the total number of discontinuities. The set
presented in Eq. (36), represents the set of fractured elements that has
an opening inertia equal to the inertia of the macro-scale fracture. This
sub domain I') C I, is fixed for > 7,.

3.2.1. (A1) Equivalent kinematical assumption in the scale transition.
Unstable regime

For the points at the macroscale undergoing an unstable regime, the
kinematic in the scale transition assumption is expressed in terms of the
Lagrange multipliers field 4 (of physically, the surface traction in the
discontinuity with normal n), stated as follows

di=-do-n=—— [ daitart=—_ [ ac, .alart, 37
| rk N | rk noH
L _ Iy - |7, v
da,; = L] d,1+d/ly_—|1_L| do-n+di;. (38)
H H
where
_ L L
n, = ,/rL n, dr,, (39)

n

100

Representative volume element

dh =4 Jpdiy, dI

/"\

Macro-scale point

o= Hmn}j dl";‘

Fig. 5. Kinematics in the scale transition. A schematic interpretation.

is the mean normal, FyL is a fracture subset of I', where the localization
is expressed in the RVE and o, is the stress field of the micro-scale. Note
that the last term in (38), d/lﬁ, represents the traction fluctuations over
I"”L. It should be observed that in the mixed formulation, the kinematical
assumption in the scale transition is actually an equilibrium assumption
and it is call kinematical only to preserve the analogy with classical
multi-scale approach. Replacing Eq. (38) in (37)

n 5
—do-n=— —Mda-n+d/11‘ dart,
In,| Jre \ ITE| “ “

1 L1 / L oL
=- do-ndl; + — dA; dr;,
ITE Jrr o Sy,
- —do.n T Yy T (40)
ITEN Jre " Iyl Jpp

where the incremental traction field in the localization d/llf is related
with the tension in the macro scale fracture —do - n, giving a final
condition

ditdrt=o, v dé, -nk drt =o.
L " " L H " H
u “

Finally, the space of kinematically admissible traction fluctuations
in the localization is:

/"r;ll_ -1 L
W, " (QN\T,) =1 plpeH 2 A FL(dey:O .
"

4D

(42)

It can be observed in Fig. 5 that the mean-length « = |n,| of
the localization FML is a length parameter that was introduced in the
kinematic scale transition and it is analogous to that used in Ref. [31].
The parameter l‘;';{ lI € (0,1] defined in Eq. (38) considers the torturous
character of the localization in the RVE, being 1 for plane fractures and
tending to zero for an infinitely tortuous crack path.
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3.2.2. (A2) Principle of multi-scale virtual potential. Unstable regime

The physical consistency between both scales can be stated using
the virtual potential balance. In the available multi-scales formula-
tions, this consistency a-priori assumes the use of a single unknown
field [31,46,47]. In this case in which a mixed approach is used to solve
the problem at both scales, two unknown fields are involved. For this
reason, the axiom starts from the potential in the macro scale IT (u, 1)
and the micro scale IT, (¢, A, i, 1,,).

Considering a point s € S belonging to the macro fracture, a
potential can be stated as follows

IT(u,A)=[ull-1, (43)
and the total variation of the macro potential is
SIT (u, ) = [6u]] - A + [[u] - 54. (44)

Analogously to Axiom 1, the parameter |I" ”L| representing the surface
localization in the RVE, is introduced to formulate the micro-scale
potential 17, (E,/l, ﬁﬂ,lﬂ). A penalization functional is introduced to
maintain the consistency of the mathematical structure presented in
Section 2, giving the following expression

(E A, uu’lu)
1 s ~
=0 [/Q o, Vu, d9”+/r Ay - (w1, - 8,) dT,+
" " H
(45)
+ /r % ('qu]]y _5/4) : ([[uul]y _6;4) dl"”+

H

+ 1l

IFLI

/ i [[u]]yd]"]

It should be observed that the last term of micro potential relates
the traction in the macro crack with the jump field in the localization
of the RVE, while the rest of cracks in the RVE I, \ FHL are only driven
by the Lagrange multipliers fluctuation field. The total variation can be

written as:

ST, (€, 4.ty &) = 61T, + 6,11, + 64 11, + 6 11, (46)

with

511, (e A1, 1) = —- [/ 5 dQ”] 47)
Il /e,

8200, (e, 2.1, ~;4) (48)

_ Iyl L
kP /n_ oa- Ml dL -
H

bp, 11, (e. 2.1 84, - (w1, - 6,) dl"ﬂ] . (50)

The compatibility of scales is guaranteed equating the power varia-
tions at both scales

8IT (u, 2) =611, (€, Au,, 4,), (51)

w M
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Taking into account (44) and (46) to (50),
[oull - A + [ul - 64

n
_ 1 / be dg2, + ol |
|TE| |TE|

o),

"

+ / [IM +v (IIuM]]}' -
I

M

5,1 [, 1, er

o, Véu,dQ +
H " " (52)

5,)] -8, 1y, dT, +

7|
ITE|

Aol dTy + / 64, - (w1, - 8,) dT,

I

The followmg consequences can be derived from Eq. (52).

3.2.3. Consequence 1. Micro-mechanical equilibrium problem. Unstable
regime

Considering 6u = 0 and §1 = 0 in Eq. (52), the following equilibrium
equations are obtained for the RVE

/ 6, Vsil, dQ, +/
Q T,

"

[Iu +v (lIuIl]].)' - 6#)] st Iy df,

"

I, | 13 —

+ dry =0, Yéi, €7, (53)
/r; |k " e
_ rkt

/r 82, - (w1, - 6,) dT, =0, Véi,€¥,". (54

u"

It is interesting to note that, these equilibrium equations are similar
to those obtained for the stable regime (Eq. (27)) but the solution space

7// I defined in Eq. (42) is more restricted than that of the stable regime
/V (Eq. (28)).

3.2.4. Consequence 2. Kinematical restriction and homogenization operator
of the dual variable. Unstable regime

Considering &, 0 and 51;4 0 in Eq. (52), a kinematical
consequence and the homogenization operator of the dual variable in
the macro scale are obtained.

Kinematical restriction
Considering 61 = 0, the following expression is obtained

1 . 3
7] |;/Q”O'M~V S(u+e-(y-yo)+1i,) d.QM]

1
o [/ u-éed!)”].

The volumetric strain variation is due to the effect of the macro jump
displacement over the RVE. Thus, from now, this component is denoted
as 6& — Sepy). Introducing Axiom 1 en the last equation

[6u]l - A = (55)

[ou]l - A = (56)

Tk
- . Syl L _ .
/rML ] c, (I[éu]]@ nu) dr, /'Qu G, Oepyy A2, | . (57)
Considering the integral property of the superficial Dirac delta,
Iyt rk 0 Vye@ \TIt
/(')er /5“(°)d!2w with 5, = yeQNr,
@ +oo Vy €T,
(58)

where 8, Iy (with unit [length]~ 1) is the Dirac distribution. Eq. (57) can

be expressed as
(rourent ) dﬂﬂ] = [/ o, 66 d.Q”] . (59)
2

ri 1Tk

6 -6 H H

H H |n |

2, m

Finally, the kinematic consequence is obtained
re 0k
|

ey = 6, 2 (Iul®'nt). (60)
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« Stable Regime

(A1) Kinematical assumption in the scale transition

de,, (y,1) = V) du, (y) = de (x,1) + V}, dit, (¥), Vy € Q,

de ()= {o T / de, (y.0dQ, + —— [[du,,]]y@‘rlﬂ dr,

1
12,1

(A2) Principle of Multiscale virtual power

[/ 0y vy i, a,+ [ 4,
Q, Iy

H"

c-V; 5u=—1

- éu,lly, dT,
|_Q#| uly M:|

(C1) Micro mechanical equilibrium problem

/i

" "

6, V, éiL, dQ, +/ (A +v(I@,dy,-8,)) 6@, dr, =0, Vo, €7,
T,

/r (I @,dy, —8,) 84,dI, =0, Vi, €W,y

u
¥,:=2 peH'(Q,) | / ®dQR, =0 and / PR’V do,

.Q“ dQM
_1

W@\ 1,) = {63, 161, eH 1.

(C2) Characterization of the macroscopic stress
1
o(x,1)= @ /Q,‘ o,y.n) d&,
Box I.

The structure of this consequence is similar to the axiom stated for
the model in Ref. [31].

Homogenization operator of the dual variable
Now, considering [su]] = 0

|7, |

/ [, lly -84 dTy,

[ull - 64 = FL 2 (61)
where the homogenization operator of the dual variable is
ny, | / L
lu,l, d F )
“r Ll y (62)

The relevant equations of the proposed multi-scale model, are sum-
marized in Boxes [ and II.

3.3. Numerical implementation of the proposed model

The equilibrium equations (53) and (54) include an extra restriction
in the space of kinematically admissible tractions in the localization

7/ i that couples with the space of kinematically admissible dis-
placement fluctuations 1/” Considering an interpolation operator L (s, 1)
for the Lagrangian field, the restriction over the perturbation can be
expressed as

i

H

L(s,1 dr,f] xt=0 = ctxt =0, (63)
where x! are the nodal values of the Lagrangian field. Condition stated
in Eq. (63) is analogous to the condition of the minimally restricted
space for displacement fluctuation ‘17,4 [65]. There are two ways of
fulfilling this restriction: considering null perturbation x* = 0 or

imposing Eq. (63) (minimally restricted).
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A schema of a localization in the RVE is shown in Fig. 6, where

tractions /f” S FML (from now );f) is split in three groups: prescribed
- ~d
degrees of freedom Aﬁp, dependent degrees of freedom lﬁ and free

degrees of freedom ):ﬁf.

Supposing nl Lagrange multipliers in the localization zone, in bi-
dimensional (2D) problems the dimensions of matrix Ctis2x2nl and
it can be grouped as follow

xt!

[C” cl! ct?||xt| =0,
LP

(64)

X

where x'? = 0 is prescribed, being a vector of order 2x 1. The Izlrescribed
degrees of freedom should be chosen such that the matrix GL“ of order
2 x 2 is invertible. Finally

Lf nLd] | X
o ][22

Lf -1
d d d
] =0 > xt = ¢t ¢t xt o xLY=Rixl/,

(65)

where Rl = CLd CLf is a matrix of order 2x(2n’ —4) in 2D problems.
After trivial algebraic manipulations, the system to be solved is

it Ry 0

L RxﬂT =20}, (66)
- f R. LTy
,1” A;l;f +R lLd 0

where /f” are the traction fluctuations in non localized cracks and the
stiffness matrix K’ is given by the equation given in Box IIL
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« Unstable Regime

(A1) Equivalent kinematical assumption in the scale transition

L Il -
aif = T di+dd,
"
di=—— [ aitart
il S A

(A2) Principle of Multiscale virtual power

1 /
e c,-6edQ, +
L " {7
[T [ 2,

+/ (4, +7 (lw,dy - 8,)] - 15,1, dT,+
T,

H

n
[éull - A + [ul - 64 = M
ITL]

Ty

L
L
Ll JrE

(C1) Micro mechanical equilibrium problem

7 1 —
7, 1= {q;eH @)1 / @ dQ, =0 and / PRV da_qﬂ}
Q, Ere)

"

Ik -1
V" (2\T,) :={¢eH A AL¢dT:=O}.
m

ro | TE
Ern = 8,1 —— ([[u]]®snL).
e | g

|7, L
e /F”L[[u,,]]y ark.
"

[ul

L
L0 Tu,ly dr, +/
A-l6d,lly, dT;) + /F 84, - (Iw,ly, -
I3

Ja, 0 VoM, A2, + [ [A, +v (Iw,y = 8,)] - 61,1y dT, =0, Véi, €7,

/Fu 51# : (IIU,,]]y - 6/4) dr, =0, Vélu S

(C2) Kinematical restriction and homogenization operator of the dual variable

0, - Vo5U, dQ,+

2,

5,) dr,,] .

Box II.

Localization

Fig. 6. A schema of the considered fields in the localization for the numerical implementation.

4. Numerical examples
4.1. Comparison with a analytical model

The multiscale model is first applied to the analysis of failure
initiation in fibre reinforced composites under biaxial stress states. The
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RVE used for this purpose is presented in Fig. 7 and the constitutive
properties of the materials are presented in Table 1. Failure initiation
correspond to the onset of fibre/matrix debonding. The failure envelopes
obtained for different boundary conditions, i.e. linear (LBC), periodic
(PBC) and uniform traction (TBC), are compared with the analytic
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Fig. 7. RVE for the fibre reinforced composite Fig. 8. Obtained results for different RVE boundary conditions.
Table 1 Table.z . ' .
Material properties for the RVE of Fig. 8. Material properties for RVEs with cracks crossing the border 02,.
Matrix Fibre Interface Material 1 Material 2 Interface
Young modulus E [MPa] 68890 413040 - Young modulus E [MPa] 3900 86900 -
Poisson modulus 0.33 0.20 - POIISISOD modulus 037 023 R
Critical stress o, [MPa] - - 30 Critical stress o, [MPa] B ) 30
Fracture energy G, [N/mm] - 0.1 Fracture energy G, [N/mm] _ 1

solution obtained by Mantic et al. [66] in Fig. 8 where stress are related
to the interface strength o.. A good agreement with the analytical
solution [66] is obtained for the tension-tension regime. The analytical
model proposed in [66] presents some limitations in the compression
zone that can be overcome with the present approach that is able to
capture failure under equibiaxial compression.

4.2. Objectivity of the response

Although the complete multiscale approach was presented in the
previous sections, in order to have a simple interpretation of the
results, a single macro material point is considered in all examples.
For the numerical tests it is assumed that, before the ellipticity loss,
the macroscopic point is subjected to a macroscopic strain history of
€99 (x,1). After the ellipticity loss, in the macroscopic point a traction
history A(x,?) is injected. The prescribed values of macro strain and
traction are given by

en(,t)=a() Vi<t; and A(x,1)=-f({t)o-n Vt>t,, 67)

where «a (¢) and f (¢) are prescribed functions, see Fig. 9.
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The presented approach is general and allows changing the solution
spaces when instability is detected at the macro-scale. But, without lost
of generality, the kinematically admissible spaces used for the RVE are

the minimally restricted for 'V;,, and the trivial space //N”F“L with null
perturbations for the localized domain.

Two simple geometries, the first with plane fracture and the second
with a tortuous fracture presented in Fig. 10(a) and (d) respectively,
are analysed. Fig. 10(b-c) and (e-f) are periodical repetitions of the
core RVE, introduced to shows the objectivity of the model [67]. The
material properties used for this example are detailed in Table 2.

The problem is solved using both the classical (Section 3.1) and the
proposed (Section 3.2) multi-scale approaches. The macro scale stress—
strain responses obtained are plotted in Fig. 11, 12 and 13 respectively.
If classical formulation is used, injecting the macroscopic strain in the
micro-scale to obtain the stress at the macro scale, thatis e — RV E —
o, a non-objective response is observed in Fig. 11 after the ellipticity
loss, both in the case of plane fracture (Fig. 11(a)) and tortuous fracture
(Fig. 11(b)). Fig. 11(c) presents a polar plot of the acoustic tensor
determinant and it shows that, in both cases, the normal vector of the
macroscopic crack isn = [0 1].
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Fig. 9. Prescribed history of macroscopic functions.

(a) RVEN°1. (b) RVEN°2. (c) RVEN°3. (d) RVEN°1. (e) RVEN°2. (f) RVEN°3.
Fig. 10. Localized zone detection in the RVE. Plane and tortuous fracture.
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(a) Stress—strain response for RVEs presented in
Fig. 10 (plane fracture).

(b) Stress-strain response for RVEs presented in
Fig. 10 (tortuous fracture).

(c) Loss of ellipticity for RVEs presented in
Fig. 10.

Fig. 11. Stress-strain response using the classical formulation.

When the proposed model is activated in time ¢ ty after the
localization, the macroscopic crack traction is injected in the localized
domain (elements with black square points in Fig. 10), recovering the
homogenized separation for the macro scale thatis A = —6 - n +—
RV E +— [u]. The results using this strategy are showed in Fig. 12
for RVEs with plain localization and in Fig. 13 for tortuous localization.
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It can be observed in Figs. 12 and 13, that the curves for all the
proposed cells are coincident, concluding in a objective macroscopic
traction-separation response independently of the micro-cell. The regu-
larization length for the scale transition in these examples, are |n,,| = 10
and |FﬂL| 10 for the RVEs in Fig. 10(a—c), and |n,| 10 and
|\r MLl 10.7703 for RVEs in Fig. 10(d—f). The relation between those
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(a) Stress—strain homogenized response.
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(b) Traction-separation homogenized response.

Fig. 12. Results obtained with the proposed model for RVEs with plane fracture (Fig. 10(a—c)).
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(a) Stress—strain homogenized response.
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(b) Traction-separation homogenized response.

Fig. 13. Results obtained with the proposed model for RVEs with tortuous fracture (10(d-f)).

1,1

quantities is known as the tortuosity index 6 = ] [31]. It goes from
1 for plain fractures to oo for the ideal scenario of an infinitely tortuous
crack path. For the proposed examples, the tortuosity index are 6§ = 1
(Fig. 10(a—c)) and 6 = 1.07703 (Fig. 10(d-f)).

Observation 4.1. Stress—strain curves presented in Fig. 13(a) are not
coincident during the hardening phase. This is due a shape effect introduced
by the proposed RVEs. Curves become totally coincident when the same
aspect ratio is considered. RVE N°4 and N°5 presented in Fig. 14(a-b)
are considered now, obtaining coincident responses.
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4.3. RVEs with regular and rigid inclusions

Three RVEs with regular geometry, consisting in a matrix reinforced
with rigid inclusions crossed by tortuous interfaces, are presented in
Fig. 15. RVE N°1 is a square cell of 10 [mm] in each side and the
other RVEs are generated as a periodic repetition of this cell. The
mechanical parameters used for these example are presented in Table 3.
Analogously to the case of quasi-brittle composite (concrete, reinforced
epoxy, etc.), the Material 1-Material 1 interface has different properties
compared with interface Material 1-Material 2 interface. The numerical
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(c) Stress—strain response in stable regime.

Fig. 14. RVE without shape effect in stable regime. Classical model.

(a) RVE N°4. (b) RVE N°5.
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- Interface 2

Material 1
m Material 2

(a) RVE N°1. (b) RVE N°2.

N e
N e
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(c) RVE N°3.

Fig. 15. RVEs containing rigid inclusions with regular geometry.

Table 3
Material properties for RVEs with regular rigid inclusions.

Material 1 Material 2 Mat. 1-Mat. 2 interface
Young Mod. E[MPa] 3900 86900 -
Poisson Mod. 0.37 0.23 -
Critical tension o, [MPa] 70 - 35
Fracture energy G, [N/mm] 0.5 - 0.5

simulations are carried out under the same macroscopic conditions as
presented in Section 4.2.

The homogenized results are presented in Fig. 16. The stress—strain
curves until the localization time ¢; are presented in Fig. 16(a). It can be
seen that, the curve obtained for RVE N°1, is similar to those obtained
with the other RVES, but it extends to a final strain of &,, = 4.5 x 1072
higher than the macro-localization onset of &5, = 3.2 x 1072 obtained
for the other RVEs. For all cases, the peak stress is coincident (655 o0 =
68 [MPa]).

The normal vector of the localization in the macro scale is n =
[0 1] for all cases. Although they are damage and dissipate energy,
vertical interfaces of material 1-material 2 are not considered as part of
F,f, because they do not fulfil condition (36). Hence, the macroscopic
traction is not injected on those vertical interfaces. In this sense, it can
be concluded that a damaged element in the RVE is a necessary but not
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sufficient condition to be part of the localized micro domain where the
traction obtained from the macro should be injected. For these cases,
the regularization length parameters for scale transition in localization
are |FML| = 14 [pm)], |FML| = 56 [pm] and |F”L| = 120 [pm] for RVE N°1,
N°2 y N°3 respectively, and with tortuosity index 6 = 1 for all cases.

Fig. 16(b) shows the results using the proposed model. The three
curves are coincident, being the increase of the localized zone, propor-
tional to the RVE size increasement. In this sense, it can be concluded
that the RVEN°2 is representative of the used micro structure, for
the used micro-scale boundaries. The behaviour is bi-linear due the
combination of interface properties.

4.4. Multi-scale modelling of a transverse fracture

A transverse fracture example of a composite reinforced with longitu-
dinal fibres is proposed in this case. Five RVEs with the same volumetric
fraction Vy =30% are showed in Fig. 17. RVE N°1 in Fig. 17(a) contains
14 fibres and 60 pm of side, RVE N°2 in Fig. 17(b) contains 18 fibres and
68 pm of side, RVE N°3 in Fig. 17(c) contains 20 fibres of 72 pm of side,
RVE N°4 in Fig. 17(d) contains 25 fibres and 80.9 pm of side, and RVE
N°5in Fig. 17(e) contains 30 fibres and 88.6 pm of side. The distribution
of the inclusions is aleatory and it was obtained with the Monte Carlo
method. The material properties are presented in Table 4. To avoid the
RVE shape effect previously discussed, square cells are considered.
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(a) Stress—strain (before localization). (b) Traction-separation (after localization).

Fig. 16. Results obtained for RVEs presented in Fig. 15.

(a) RVE N°1. (b) RVE N°2. (c) RVE N°3.

(d) RVE N°4. (e) RVE N°5.

Fig. 17. Adopted RVEs for transverse multi-scale fracture. Fibre volume fraction V', = 30%.
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Table 4
Material properties of the epoxy matrix reinforced with longitudinal fibres.

Matrix Fibre Matrix—fibre
Young modulus E [MPa] 3900 86900 -
Poisson modulus 0.37 0.23 -
Critical tension ¢, [MPa] 50 - 25
Fracture energy G, [N/mm] 0.5 - 0.5
Table 5
Parameters for the proposed models for each RVE.
n, n, 0 £, o, [MPa]
RVEN° 1 0.010355 0.99995 1.2455 0.0123 36.372
RVE N° 2 -0.1217 0.99257 1.2797 0.0113 34.942
RVE N° 3 —0.042804 0.99908 1.2082 0.0125 36.987
RVE N° 4 —0.056638 0.99839 1.3278 0.0092 37.124
RVE N° 5 0.010318 0.99995 1.2429 0.0098 36.307

The initial constitutive tensor for RVEs N°1 , N°2, N°3, N°4 and
N°5 are presented in (68). It can be seen that the composite material is
not orthotropic due the aleatoric distribution of the inclusions, coupling
shear with the normal stresses (not null constants C,;33 and Cy,33).

[10364.73 569526  13.23]
CrvEne1 =| 5695.26 10514.45 —23.48],
| 1323 2347 233422
[10413.63 566523  3.22]
Coypner =| 566523 10288.87 29.86 .
322 29.86 2327.32)
[10364.88 564593  18.47]
Coypyes =| 564593 1035033 898/
1847  8.98 232892
- - (68)
10341.07 5612.17 —5.64
ChvEnes =| 5612.17 10495.15  14.66 |
| 564 14.66 232343
[10405.09 562479  9.75]
Coypnes =| 562479 1041698 —53.42].
| 975 —53.42 234232

The determinant of the acoustic tensor is plotted in a polar graph in
Fig. 18, at the localization time ¢;, corresponding to a strain ¢,, . The
localization damage configuration of the proposed RVEs, is presented
in Fig. 19. It can be observed that, for all cases, due to the fibre
arrangement, the localization is concentrated towards one side of the
cell. The localization parameters obtained from the acoustic tensor
analysis that are used to initiate the unstable phase analysis with the
proposed model are presented in Table 5, where n, and n, are the
components of the normal vector n, and o, is the peak stress.

It can be observed that the macro crack normal has a strong
dependence on the inclusions distribution within the RVE, being out
of phase with respect to the applied load direction. The tortuosity factor
0 is greater than 1 (1.2082 < 6 < 1.3278) for all cases due the tortuous
nature of the localization. The obtained peak stresses have a limited
variation of approximately 5%, although a different scenario is reached
for the localization strain where the maximum difference is about
a 26%.

The results of the proposed model are presented in Figs. 19 and
20. Fig. 19 shows the deformation patterns of the different RVEs
corresponding to the localization time ¢;. The stress—strain response
calculated with the classical model in stable regime, is showed in
Fig. 20(a), the plotted stress correspond to ¢,,, = ¢-(n ® n). It is observed
that the curves corresponding to the different RVEs are coincident until
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Fig. 18. Ellipticity loss for RVEs presented in Fig. 17.

strain €,, = 0.006, diverging after that until the lost of ellipticity. The
homogenized traction-separation curves for the macro scale obtained
with the proposed model, are presented in Fig. 20(b). All curves are
almost coincident with little variation, except for the case of RVE N°1. It
can be observed that the RVE N°2 has a displacement value of 4.10x10~3
when the traction reach a null value. This feature is not observed in the
others RVEs, where the traction tends to zero asymptotically. The limit
displacement of RVE N°2 can be attributed to the fact that both sides of
the RVE remains connected by one element that does not localize.

Unlike the previous examples where the micro-structural configura-
tion is regular in this case it is not possible to conclude the existence
of an RVE for the proposed boundary conditions. The only way to get a
certain conclusion is comparing the results obtained with the multi-scale
setting with a direct numerical simulation (DNS).

5. Conclusions

A variationally consistent multi-scale model to homogenize the
traction-separation law once the constitutive tensor C loses its ellip-
ticity, has been formulated and discussed in this paper. The model is
developed using the axiomatic philosophy presented by Blanco and
Giusti [26]. During the stable phase of the material, a classical multi-
scale scheme is used. When a crack is propagated in the macro-structure,
the traction in the discontinuity surface S is introduced as a boundary
condition over a localization domain FML of the RVE, reformulating the
concept of injection operator proposed in Ref [47]. After solving the
equilibrium equations, the jump of the discontinuity in the macro-scale
is calculated. It has been shown that the equilibrium equations in the
stable and unstable regime, differs in a simple additional restriction in
the space of admissible Lagrange multipliers field %, migrating to a

space of admissible Lagrange field fluctuations VIZ‘F“L . The kinematical
consequence of the proposed injection is also proved, showing the
same mathematical structure than the proposed by others researchers
Ref [31] A discussion about the numerical implementation of the space

v, T is also presented in Section 3.3, showing a form analogous to that
of the classical space ¥, [65].

Some numerical examples to study the softening regime at macro-
scopic scale are presented. All these examples are based on the RVE
concept. The proposed multi-scale model showed a good performance
being the calculated macro-scale traction-separation law, both for plane
and tortuous crack paths, is objective with respect to the RVE size [67].
Some RVEs consisting on a soft matrix with rigid inclusions were also
presented, showing the ability of the proposed formulation to deal with
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(a) RVE N°1. (b) RVE N°2.

(d) RVE N°4. (e) RVE N°5.

Fig. 19. Localization for RVEs presented in Fig. 17. Fibre volumetric fraction V, = 30%.
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(a) Stress—strain curves (before localization). (b) Traction-separation curves (after localization).

Fig. 20. Computed results for RVEs presented in Fig. 17.
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this context where, due the material anisotropy, the load direction and
the direction of the discontinuity normal n, are not coincident.

In the stable regime linear, periodic or traction boundary conditions
can be used for the RVE. For the unstable regime the examples were
solved by combining the minimally restricted space for the displacement
fluctuation field in the RVE boundary 0, and the trivial space for
the Lagrange multipliers fluctuation field in the localization F#L. This
election is not mandatory and the used of other combinations of spaces
will be analysed in future papers.
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