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Abstract

We determine the Hochschild homology and cohomology of the generalized Weyl algebras
of rank one which are of ‘quantum’ type in all but a few exceptional cases.
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1 Introduction

The Hochschild cohomology HH*(A) and homology HH. (A) of a k-algebra A are invariants which
are usually hard to compute. For a long time it has been known that they are related to the smooth-
ness of the algebra. For example, if A is a commutative algebra A essentially of finite type — i.e.,
a quotient of a polynomial algebra on a finite number of variables by an ideal, or a localization of
one of these algebras — several authors [2] [5] [12] [14] [15] have obtained results which can be
summarized in the statement

If k is a field, gldim(A) < oo if and only if there exists n such that HH;(A) =0, for all i > n.
Some years ago, L. Avramov and S.Iyengar [1] proved a cohomological version of this property:

if k is a field, gldim(A) < oo if and only if there exists n such that HH*(A) = 0, for all i > n.
The non commutative case is different. After D. Happel asked in [11]

given a finite dimensional k-algebra A, is it true that the vanishing of HH'(A) for all large i
implies that gldim(A) < co?

several articles have been devoted to trying to provide an affirmative answer. However, in [8] a
counterexample was given, the “small” algebra k(x,y) /(x?,y?,xy + quyx), with q € k* not a root
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of unity. Subsequently, Y. Han [10] showed that the Hochschild homology of this algebra does not
vanish in infinitely many degrees, proposing thus what is now known as Han'’s conjecture:

If all the higher Hochschild homology groups of a finite dimensional algebra vanish, then the
global dimension of the algebra is finite.

This conjecture has been proved to be true for commutative algebras essentially of finite type, not
necessarily finite dimensional [2, 5], for finite dimensional graded local algebras [7], for finite di-
mensional monomial algebras [10], for finite dimensional graded cellular algebras in characteristic
zero [7], for finite dimensional Koszul algebras in characteristic zero [7], for quantum complete in-
tersections [6], for finite dimensional graded local algebras satisfying the hypotheses of Theorem
II of [17], and for algebras satisfying the hypotheses of Theorem I of [17].

The general answer is, however, still unknown. The proof of this last case makes use of the
fact that Hochschild homology is functorial, which is not valid for Hochschild cohomology. The
results of Theorem I of [17] led us to consider the conjecture without the hypothesis of A being
finite dimensional.

It is worth to notice that the proof of the conjecture —homological and cohomological — in
the commutative case, uses the existence of a model, that is, a differential graded algebra quasi-
isomorphic to the inital one, and having thus isomorphic Hochschild homology and cohomology.
The importance of the model, stated informally, is that it allows, in a certain way, to treat more
easily the singularities of the algebra. In other words, the difficulty is no longer in the algebra itself,
but in the differentials of the model. This kind of model, coming from algebraic topology, always
exists in the commutative essentially of finite type case, but usually not in the non commutative
case. One example of a situation where it exists is treated in Theorem II of [17]. Also, for Koszul
algebras, it is clear that the complex which can be used to compute Hochschild (co)homology is
similar to the one constructed from a model in the commutative case. So, in our opinion, and
although the methods used in [7], [10], [6] are different, Han’s conjecture has been proven, up to
now, for algebras which have some kind of “model”.

Following this point of view, in this article we prove it for a family of non commutative algebras
Aq, the quantum generalized Weyl algebras, which we shall call simply Bavula algebras. For this we
compute their Hochschild cohomology and homology, completing in this way the results of [9],
leaving out only a few cases. We get the following two results:

Theorem 1.1. Let A = A(0q, a) be a Bavula algebra with q € k™ not a root of 1. Then

N e @ k ifp=0;
reZ\0
HHy(A) =< kMa @ k ifp=1;
reZ\0
KM ifp>2
k ifp=0,1;
HHP(A) = (kN ifp=2;
kM ifp > 3;




where N = deg aand M = deg(a : a’).

Theorem 1.2. Let A = A(0q, a) be a Bavula algebra with q € k™ such that q¢ = 1. Then

KMYe P s ifp=0;
reZ\0

K9 @ (k/m)e P S* ifp=1;
HHp (A) = reZ\eZ reeZ

khl/(c)® P S ifp=2;

rceZ

k[h]/(c) ifp>3.

b s ifp=0;

rceZ

D s? ifp=1;
HHp(A) ={ reeZ

k(e/e) o xh]/c @ EB S ifp=2

rceZ
k[h]/c ifp>3.

where, for a polynomial f € k[h], we write n(f) = degf — %deg./\/ (f) with N the operator defined in
section 2 below, N = dega, ¢ = (a: a’) and and M = degc.

Whether the ‘quantum parameter’ q appearing in the definition of these Bavula algebras is a
root of unity or not is a fact that plays a fundamental role, since the computations differ substan-
tially in both cases.

The article is organized as follows. In Section 2 we fix the notations and state some auxiliar
results that will be necessary in the rest of the article. In Section 3 we recall form [3] the definition
of these algebras and we study their global dimension. In Section 4 we compute a projective
resolution of our algebra A as an A-bimodule. In Section 5 we compute the Hochschild homology
and, finally, in Section 6 we compute the Hochschild cohomology.

2 Notations and some generalities

Let k be a field of characteristic zero. If A € kand n > 0, we write [n]y = T+ A+ - -+ A1,
in particular, if A = 1, then [n]), =n.

We fix a scalar q € k\ {0, 1} and a monic polynomial a = ZiN:O aiht € k[h] of degree dega =
N > 1. Throughout the paper, A = A(aq, q) will denote the k-algebra freely generated by letters y,
h and x subject to the relations

xh = ghx, yx = a(h), hy = quh, xy = a(qh).

It is easy to see that the set {yth 11,5 > 0} U{hIxk :j > 0,k > 1}is a basis of A as a k-module.



Welet 0 = o4 : k[h] — k[h] be the algebra automorphism such that o(h) = gh. Then xr = o(r)x
and ry = yo(r) for all r € k[h], and xy = o(a). Moreover, the algebra A is Z-graded in such a way
that the generators have degrees [y| = 1, |h| = 0 and [x| = —1; we refer to the degree of an element
homogeneous with respect to this grading as its weight.

We remark that there is an algebra isomorphism @ : A(a, q) — A(oq(a), q~ ') such that ®(x) =
Yy, ®(y) = xand @ (h) = h. This isomorphism maps the homogeneous component of weight r € Z
of A(a, q) to the component of weight —r of its codomain. This observation will allow us to carry
out homological computations just in weights r > 0, since all arguments will be transferable to
negative degrees using ®.

Given polynomials p, t € k[h], we shall write (p : t) their greatest common divisor and p’ the
derivative of p and we make the convention that the degree of the zero polynomial is —oo.

Weletc = (a: a’) and M = deg(c). If q is a root of 1, we let e be its order; if q is not a root of
unity we let e = 0. If r € Z, we say that r is singular if e | v, and that it is reqular otherwise.

The subring of k[h] fixed by o is S = ker(c — 1), generated by h®. We say that a polynomial
p € kl[h] is singular if p € S. More generally, when e > 0 we have ker(oc — ql) = hlk[h®] for each
1e{0,...,e—1%L

If e > 0, for each f € k[h] such that f(0) # 0 we define

N(f) =lem(f:o(f):---: 0! () and f= A@

Clearly o(N(f)) is a scalar multiple of A/ (f); evaluating both at 0 shows then they are in fact equal,
so that N'(f) € S. The reason which motivates our interest in the operator N is the following
proposition:

Proposition 2.1. Let f, g € k[h] and suppose f(0) # 0.
() Iffg e S, then | g.
(i) Ifg € Sand f| g, then there exists s € S such that g = N (f)s.

Proof. Since fg € S, we know that ot(fg) = fg, so o*(f)|fg for all i. The first statement follows
now from the definition of A/(f). The second one is an immediate consequence. O

We end this section with two technical lemmas which will be of use in the computation of
Sections 5 and 6.

Lemma 2.2. Let f € k[h] and suppose that £(0) # 0 and that q is a root of unity of order e. If m: k[h] —
k[h]/(f) be the canonical projection, then for each 1 > 0 we have

dim 7t(h!S) = degf/v(ﬂ.

Proof. Since multiplication by 7t(h) on k[h]/(f) is an isomorphism, it is enough to prove this when
L = 0. Let us consider the following commutative diagram, in which the morphisms are the



obvious ones:

!

k[h] —"— k[h]/(N(f))

|

k[h]/(f)

Let G be a cyclic group of order e generated by an element g € G. We endow k[h] with the action
of G such that g acts as o. Since NV (f) is G-invariant there is an induced action on k[h]/ (N (f)). The
map 7’ is surjective, so the restriction (1')S : S — (k[h]/(N(f))) Cis surjective too.

The situation is described by the following commutative diagram

If s € Sissuch that 7t|g(s) = 0, then there exists a b € k[h] such that fb = s € S and it follows from
the previous proposotion that b = fs; for some s; € S: we see that s = N/ (f)s; and ()G (s) = 0.
As (1) 6 is surjective, this implies that the map p is injective and, as a consequnce, that dim 7(S) =
dim(klhl/(N(F))S.

Now, k[h]/(N(f)) has {h' : 0 < i < deg N (f)} as a basis and the action of G is diagonal with
respect to it. It is immediate, then, that dim(k[h]/ (N (f)))€ = % deg N (f) O

Lemma 2.3. Let f € k[h] such that f(0) # 0, q € k a root of unity of order e, 1 > 0 and consider the
S-linear map Py : p € k[h] — (o —qY)(fp) € k[h]. Then

cokersy = h'S @ k()
withn(f) = deg f — L deg N(f).
Proof. We decompose k[h] = S @ hS - -- @ he~1S as S-module. Since ker(c — q') = h'S, the map
o — q' induces an injective map k[h]/h'S — k[h], still denoted o — q'. Consider the following
diagram

_ql
f k[hl o—q

P
o—qt

k[h]/hlS

k[h] k[h]

Because o — q' is injective, it is immediate that coker¢; = h'S & coker(p o f) and, since

L KWK
cokerpof_m_ G /n(h S)

with 7t the map defined in Lemma 2.2, we see that dim coker p o f =n(f). O



We remark that the isomorphism in the statement of this lemma is actually an isomorphism of
S-modules, if we identify the summand k" () with the quotient k[h]/(h'S + (f)) appearing in the
proof.

3 Global dimension

Given a noetherian algebra R which is an integral domain, a non zero central element a € R and an
algebra automorphism o € Auty(R), the Bavula algebra A = A(R, 0, a) is the k-algebra generated
by R and two variables x, y subject to the relations

yx =aq, xy = o(a), xr = o(r)x, Ty =yo(r)

for all r € R. It was introduced by V. Bavula in [3] with the name of generalized Weyl algebra. The
algebra A introduced in Section 2 is a special case of this construction.

The algebra A is a noetherian domain and there is a Z-grading on A with all elements of R in
degree 0, and x and y in degrees —1 and 1, respectively; we denote |u| the degree of an homoge-
neous element u € A and call it its weight.

Using the easily obtained description of automorphisms of k[h], one can obtain the following
classification of the algebras of the form A(k[h], o, a) up to isomorphism, as in [13]:

Proposition 3.1. The algebra A = A(k[h], 0, a) is isomorphic to exactly one of the following list:
1. A(k[h],1d, a) for some a € k[h];
2. A(k[h], o¢y, a) with o (h) =h—1and a € k[h];
3. A(k[h], 04, a) with q € k\{0,1}, oq(h) = ghand a € k[h].

We refer to case 2 as the classical case and to case 3 as the quantum case.

If b € R, let I(x,b) = Ax+ Ab C A. Bavula proved in [4] the following result concerning the
global dimension of his algebras:

Theorem 3.2. [4, Thm. 3.5] If R is a commutative Noetherian domain of finite global dimension n and
a # 0, then the following two conditions are equivalent:

e gldimA < o0

e pdim , A/I(x,p) < oo for all prime ideals p of R which contain a. O

When R = k[h], the hypotheses of this theorem are satisfied and we can give a characterization
of Bavula algebras of finite global dimension.

Theorem 3.3. Let R =k[h], a € R, 0 € Auty(R) and A = A(R, 0, a). Then
gldimA < oo & (a:a’)=1.

Proof. The “only if” part has been proved by Bavula in [4], so we only have to prove the “if” part.



Let p € R be a prime element which divides a, so that thereisa b € R with a = pb. The
canonical short exact sequence of left A-modules

0—-Ix,p) > A= A/Ix,p) =0

tells us that pdim , A/I(x,p) < pdim , I(x,p) + 2. We shall prove thatif (a : a’) =1, then I(x, p)
is a projective A-module.

We start by showting that Ax N Ap = I(x,b)p. Fix f € Ax N Ap; we may assume that f is
homogeneous with respect to the weight and that [f| = v > 0: the case in which the weight of f is
negative is similar. Since f € Ax N Ap, there exist u, v € R such that f = y™Tux = y"vp. As

Yy ux =y a0 (u) =y pbo (W) =y"o ' (w)bp
and A is a domain, o' (u)b = v and, in consequence, f € I(x, b)p. The other inclusion is easy.
Consider now the short sequence of left A-modules

0——T(xb) —= A® A —2>1(x,p) —=0 )

where ¢(«, B) = ax — pp and y(w) = (wpx~ !, w); this last expression makes sense because for all
p € I(x,b) we have wp € Ax = xA and A is a domain.

It is clear that 'y is a monomorphism, ¢ is an epimorphism and that imy C ker ¢. The se-
quence (1) is in fact exact: to check the other inclusion suppose that («,3) € A @ A is such
that ax = Bp. This element belongs to Ax N Ap = I(x,b)p, and it follows that « = Bpx~'. If
(a:a’) =1, then (p : b) = 1 and there exist s, t € R such that 1 = sp + tb. We define the
map P : A@A — Aby P(x, ) = axs+ pbt. It is easy to verify that imyp C I(x,b) and that
Yoy =Idj(4p). Asa consequence, the sequence (1) splits and I(x, p) is a projective A-module. [

In particular, for the algebras introduced in Section 2 we have the following:

Corollary 3.4. Forall q € k\{0, 1} and all a € k[h] we have
gldim A(k[h], 0q,a) < co = gldim A(k[h], 04, a) = 2.

Proof. Tt follows from [4, Thm. 2.7] that if the global dimension of A(R, 0, a) is finite, it equals
either gldimR or gldim R+ 1. In the situation of the corollary, then, gldim A(k[hl, o, a) € {1, 2} if
it is finite. Moreover, using [4, Thm. 3.7], we see that gldim A(k[h], 0, a) = 2 if and only if either
(i) there is a maximal ideal of k[h] of height 1 with finite orbit under o, or (ii) if there are maximal
ideals p, q of k[h] of height 1 such that o (p) = q for some i # 0,1 € Z and a € p N g. Since the ideal
(h) of k[h] is obviously fixed by o and it is of height 1, we are always in case (i), and the corollary
follows. O

The conditions (i) and (i) mentioned in the proof of this corollary are not exclusive. Indeed,
most of the complication encountered in the computations that follow arises when the algebra A
satisfies condition (ii) or, in other words, when the polynomial a has two roots in the same orbit
under 0.



4 A projective resolution

The purpose of this section is to construct a projective resolution of the Bavula algebra A. We do
this in two steps, using an algebra By as an intermediate step, as in [9].

4.1 Smith algebras

Fix a polynomial 1 = Y ™ ; A;H' € k[H], with m > 0 and Ay, # 0. We consider the k-algebra By,
or simply B, with generators Y, H and X subject to the relations

HY = qYH, X, Y] =1, XH = qHX.

This algebra was considered by P. Smith in [16], observing that it is in many aspects similar to the
enveloping algebra U(sl; ); we will call it a Smith algebra.

The set {Y'HIX¥ :1,j,k > 0} is a basis of B as a k-module. Let V = kY @ kH @ kX C B. Setting
[X| = Y] = 1 and |H| = 0 we obtain a grading on TV, which induces an increasing filtration on B;
let us write Y, H and X for the principal symbols of Y, H and X, respectively, in B = gr B. Then B
is the k-algebra generated by Y, H and X, subject to the relations

Y — qVH, X, Y=o, XH — qFiX.

Of course, V = gr V is spanned by X, Y and H, and these elements are k-linearly independent.
We will use frequently the following notation: given a function f of two integer arguments,
and i € Ny, we will write

Jifls, )= ) f(s,t).

s+t+1=1
0<s,t

In particular, in such an “integral” expression, the indices s and t are not free. We note that the
identity

[if(s+1,8)— [ f(s, t+1) = f(i,0) — £(0,1)
holds for all f and i: we will make use of it repeatedly.

Consider now the complex of B€-projective modules over B
0——=BIA3VIB—=B|A2VB—2=B|VB—2-BB > @)

with differentials given by

d(1pv|1) = 1jv =1, Yv eV,

d(TMHAX[1) = 1IXJH — qHIX|T — gq[H|X 4+ X[H|1;

d(1YAX[) = 1IX]Y = YIX[T=T]YIX+ X|Y[1 — Zifi)\iHs\HlHt;
d(1lY AH[T) = T[H|Y — qY[H|T — q|Y[H + H|Y|T;



d(Y AHAXT) = 1IHAX]Y — qY[HAX|T — qIY AXH + gH[Y A X|1
+ qlY AHX = XY AHIT.

The verification that d> = 0 is a routine computation.

The filtrations on B and on V determine a filtration on the complex (2), whose associated graded
complex is

d d

ol

0—=B| A3 VB—L=B| A2 VIB—L-B[V[E—L~BB

with B-linear differentials determined by the conditions
(1) = 1jv—1, Yv eV
X|1) = 1X[H — qH[X|1 — q[HX + X|H]|T;
= XY = YIX]T = 1[Y[X + X|Y[T;
= 1[H[Y — qY[H|T — q|Y[H + H[Y|1;
AXIT) = 1HAXY = qY[HAX|T — q]Y AXH + qH[Y AX]1
+qlY AHIX = XY AH[.
This complex is exact. Indeed, there is a left B-linear contraction given by
s(1) =111
Sk os oiotiivk Sirs gtk i vs ot
s(IYH'XT) =Y [iYIYIY H'X +Ziij HY[HH X"+ Y [, Y H'X|XIX;
sOVVHXS) =0,
SOFAVTHXS) = ¥ [,V IVARY XS
SOXYHXY) = ¥ [V VARV X + ¥, [;q°V I HAXHAXS
SOAAXYHXS) = ¥ [V VAAAXV XS
sIVAXIVHXS) =0,
sV AHYHXS) =o.

It follows that the complex (2) is a B€-projective resolution of B.

4.2 Bavula algebras

Next we construct a resolution of our Bavula algebra as a bimodule over itself. Letl = o(a) — a;
thendega > degland 1l = Z]i\l:O Aiht with A; = (g1 — 1)«;. We consider the Smith algebra B = By
corresponding to the polynomial 1, and the element () = YX —a € B. A simple computation shows
that Q = XY — o(a) and that Q is central in B. In particular, BQ = QB is a two-sided ideal of B and
the quotient B/ QB is isomorphic to A via an isomorphism which sends the classes of Y, H and X
toy, h and x respectively. We will identify A with the quotient.



Let 7r: B — A denote the canonical projection. Since Q is not a zero divisor in B, the complex
0—B-5BSA 0 ®)

is a projective resolution of A as a B-module both on the left and on the right; here the first arrow
is simply the multiplication by Q. On the other hand, by applying the functor (—) ®p A to the
resolution (2) of B as B¢-module given in the previous subsection, we obtain the complex

d H

4. BIA A 0 4)

0—=BIASVIA—2=BIA2VIA BIV|A

with B ® A°-linear differentials given by

d(1v|1) = 1jv =1, Y eV,

d(TMHAX1) = 1|X|h — qHIX|T — q|H[x + X|H]|T;

d(1YAX[) =1 Xly — YIX|T —=T1|Yx+ XY —ZiIiAiHSIH\ht;

d(1lY AH|T) = T|Hly — qY[H|1 — q[Y|h + H|YIT;

d(IYAHAXT) =THA Xy — qYIHAXT —qlY AXh+ qHIY AX|T 4+ q]Y AH|x — X]Y AH|1.

The homology of this complex is TorE (B, A), so that it is in fact acyclic. This means that (4) is a
projective resolution of A as a left B-module.

There exist morphisms between the two resolutions (3) and (4) of the left B-module A lifting
the identity map of A:

0 B—=2 BT A (5)
91“1‘1 Qoufo 1AH1A
BVIA -4~ BIA s A
given by

fo(1) =111, f1(1) = =Y|X|1 — 1|Y\x+ZijiociH5|H\ht;

go(Tly*W) = Y'HJ; go(1IWix*) = XX,

g1(11Yly'hi) = 0; g1 (YWxKFTy = —qTHIX®

g1 (1[Hy ' h) = 0; g1 (1HIRX®) = o;

g1 (1Xy* ")) = —YHJ; g1 (1XIWixk) = o.

Using (3), the computation of TorB (A, A) is immediate because the only relevant differential
vanishes, and we see that

A®pB, ‘PZO,
Tory (A,A) =¢ A®pB, p=1I; (6)
0, p=>2

10



Since Tor2(A, A) can be calculated from any resolution of A as left B-module, the complex ob-
tained by applying the functor A ®g (—) to the resolution (4), that is

0——=A| A3 VIA—2=A A2 VAL =AVIA-S~AJA @)
with A¢-linear differential:

d(Tv[1) = 1jzt(v) — t(V)[1, Yv eV,
d(TMHAX1) = 1X|h — qh|X|T — gq[H[x + x[H|T;

(

(1

d(TIY AX[1) = 11Xy —ylX[T = 1[Y[x +x|Y[T = > ; [;A;h*[HIRY
(
(

d(1[Y AH[T) = 1[Hly — qy[H[T — q[Y[h + h|Y[T;
(MY AHAX|T) = 1HA Xly — qylH AX|T — qlY AXIh + qhlY AX|T + qIY AHlx —x[Y A HIT,

has homology isomorphic to TorP (A, A). Using the morphisms f, and ge from (5), we see that
the homology of the complex (7) is freely generated as left A-module by the classes of the cycles
11T e A® A and

ylX[T+1Yx =Y [;ih*HRh' e A® VR A,

of degrees 0 and 1, respectively.

4.3 The resolution
Next we consider the third-quadrant double complex X, o depicted in the following diagram

d d

AlA

0 AIA3VIA —2= A A2 VIA AlVIA

| ok

0— = AN VIA—L= AIAZVA —L = AVIA —L S~ AA

- j j

so that Xp,q = AIAP"9VI|Aif ¢ > 0 and X;,,q = 0 otherwise, with horizontal A€-linear differ-
entials d, of bidegree (—1,0), given as in (7), and vertical differentials 5, of bidegree (0, 1), given

by
S(11) =ylXT+1Yx— Y ; [;ah*[HhY
S(NYIN) = —y[YAXT+ Y i [;x:q"hS[Y AHRY
§(1H[1) = 1Y AHx —yHAX|T;
S(IXIT) =Y AXx— Y ; [aig°h*[HAXRY,
S(1[YAH[T) =y|[Y AHAX|T;

11



S(IYAXT) =X [oiq ™ Th Y AHAXIRY;
S(IHAX1) = 1Y AHAXIx.

A direct computation shows that it is indeed a complex with anti-commuting differentials.

To compute the homology of the total complex Tot X, « we use the spectral sequence E which
arises from the filtration by rows. The differential on the first page E° of this spectral sequence is
the horizontal differential d on X, e, and we have essentially computed the corresponding homol-
ogy in (6): we see from this that the second page E' of E is, up to isomorphism, as in the following
diagram:

0 0 A A
ar
0 0 A A
far
0 0 A A

Consequently, the only components of the differential d' which can possibly be non zero are the
maps d:,,p : E:,,p — E;,p_1 , with p > 1, and they are induced by the vertical differentials &
in X,e. We know that Ej, ., and E} |, are free left A-modules on the horizontal homology classes
of 11T € Xpp and w = yXT+1Y[x -3 ; fiocihs\tht € Xp,p—1, respectively. In view of the
definition of §, d' ([1]1]) = [w], and, since d' is A-linear, this shows that all components of d!
which are not trivially zero are isomorphisms.

It follows that the complex Tot X, e is acyclic over A, with augmentation given by the multipli-
cation map u : Xpo = A ® A — A and, since its components are free A®-modules, it is in fact a
projective resolution of A as A¢-module.

We consider the grading V such that Y, H and X are homogeneous of degrees 1, 0 and —1,
respectively. This, together with the grading of A by weights, induces a grading on the complex
Xa,e such the differentials are homogeneous. It follows that the complexes obtained by applying
the functors A ® e (—) and homae(—, A) below will also be graded by weights in a natural way.

5 Hochschild homology

In this section we will compute the Hochschild homology of A using the resolution described in
the previous section and a spectral sequence argument.

Applying the functor A ® ac — to Xo o and identifying A ® pe (A @ APV ® A) with A ® APV in
the natural way, we get a double complex such that the homology of its total complex is HH,(A),
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the Hochschild homology of A with coefficients in itself. This double complex is

0 ANV L= A2V LAV L a

T

0—=AIA3V—L- ANV d

AlV A

s 1s Is ls

with differentials given by

d(ulY) = [y, ul, (8a)
d(u/H) = [h, ul, (8b)
d(uwX) = [x,ul, (8¢)
d(uYA H) [y, ulqIH 4+ [w, hlqlY, (8d)
duYAX) = [y, WX + [, x][Y — ZihifihtuhﬂH, (8e)
d(uWHAX) = [h, ] |X+ [u, x]q[H, (8f)
d(WYAHAX) =y, ulg[HAX+ qlu, h][Y AX — IqlYAH, (8g)
and
5(u) = uylX +xulY — Y ;o [{h'uh®[H, (9a)
S(ulY) = —uylY AX+ Y o [;q"h'uh®[Y AH, (9b)
S(uH) = xu[YAH—uyHAX, (90)
S(uX) =xu[Y AX =3 ;i [;q*htuhHAX, (9d)
S(WYAH) =wylY AHAX, (%e)
SWYAX) =Y ;i fiq" Th'uhSY AHAX, (9f)
S(WHAX) =xulY AHAX. 9g)

We will use the filtration by columns on this complex and denote E the corresponding spectral
sequence, which, as the complex A ®ae X, o itself, is graded by weights. We are going to write
HH.(A)(") and E(Y) the components of weight rin HHe(A) = H(A ® ae Xo o) and E.

5.1 First Page
Let X be the complex

5

0 A AlV 2

AINZV =25 ANV —>0 (10)

graded so that A and A| A% V are in degrees 0 and 3, respectively, and with differentials as in (9a)-
(9g). It is clear that E;,q = Hp_4(X) for all ¢ > 0 and that the E;]),o can be seen as cokernels of the
differentials of X.

13



For each 1 € Z, let X(*) be the homogeneous component of weight r. In this subsection, we
compute He (X) = P, ez He (X ().

Proposition 5.1. If r € Z is non zero, then the complex X(") is exact. On the other hand, there are
isomorphisms of S-modules

H, (x(0) = K/ (e) 2P <3
0, otherwise.

Proof. One way to organize the computation is as follows:
e fu=pe DC(()O), with p € k[h], then

5(w) = yo(p)IX + o(p)x|Y — a’pH. (11)

As A is a domain, it follows immediately that 6 is a monomorphism and that Hy (x(0)) =o.
e Letu=p1x[Y+p2lH+yps3lX € xﬁ‘”, with p1, p2, p3 € k[h]. We know that

§(u) = (prof(a’) + o(p2)XIY AH+ o(a)(p3 —p1)IY AX —y(p3o(a’) + o(p2)HAX. (12)

Since A is a domain, we see that §(u) = 0 if and only if p; = p3 and p, = —o~'(py)ad’. This
description of cyles together with the expression (11) of boundaries imply that Hy (X(?)) = 0.

o Letu=pixIYAH+palY AX +ypslHAX € X0, A computation shows that
§(u) = (pro(a) +pzo(a’) + ola)ps)[Y AHAX. (13)

Suppose that u € kerd, so pyo(a) +pzo(a’) + o(a)ps = 0. It follows immediately from this
that o(3)(p1 +p3) = —O‘(%/)pz. Since a/c and a’/c are coprime, there exists g € k[h] such
that py +p3 = —U(%/)g and py = o(¢)g. If v, v € k[h] are such that g = vo(c) + 1 and
degr < degc, then u is homologous to

u—38(c " (p1)H+yvX) = T‘G(%NY/\X—yT‘O‘(%,NH/\X.

It follows from this that every homology class of degree 2 in X(°) is represented by a cycle
of the form ro(g)[Y A X —yro(%/)lH A X with r € k[h] with degr < degc = M. In view of
the formula (12), one of these cycles is a boundary if and only if it is zero, and we can then
conclude that Hy (X(?)) = k[h]/(o(c)) = k[h]/(c).

e It follows immediately from (13) that 6(%&0)) = o(c)k[h[Y AHAX, so H3(X(©)) = k[h]/(c).

We fix now 1 > 0, and show that X(™) is exact.
e Letue DC((;), so that u = y"p for some p € k[h]. Then

S(u) =y" o' (a)plY —y " pXiaililgrht T H+y  o(p)IX, (14)

and we see immediately that this is zero if and only if p =0, so Hg (X)) = 0.

14



e Letu=y " Tpi[Y+y p2lH+y FTp3X € DC ) with p1, p2, p3 € klhl. As

S(u) =y (p1 Zixililgrh™ ' + 0" (a)p2) [YAH+y (—o(p1) + 0" ()p3)[Y AX
—y T (olp2) +P3 X ixiqt lilgrhi ) HAX,

we have that u is a cycle if and only if

p1Yiaililgrh™" +0"(a)p2 =0,
o™t (G)Ps =o(p1),

o(p2) +p3Y_ixiq' 'lilgrth ! =0.
The first one follows from the other two, so we can drop it, and we can replace the remaining
ones by

p2=—0'(p3) Y aililqrh* !,
p1 =0"(a)o ' (p3).

We thus obtain a description of all 1-cycles m X(") and comparing it with (14), we see that
they are all boundaries: it follows that Hj (X ) =0.

e Foru=y" "pi[YAH+y" p2|YAx+yf+‘p3\H/\x € X\ with py, p2, p3 € klh], we have
d(w) =y (olp1) +p2Xioiq" filgrh' T + 0" (a)p3) Y AHAX.

If uis acycle, thenpy = —o (p2 > oiqi! [i]qrhi_] + 01 (a)p3) so that, in fact,

r—1

u=-3(y o T (p2)IY +y o (p3)IH).

It follows from this that H, (X(")) = 0.
e For each p € k[h], we have that §(y™ "o~ ' (p)[Y AH) = y™p|lY AHAX. This means that
8(X3) = X35, s0 Hz (X)) = 0. O

At this point, we know most of the second page of our spectral sequence:

Corollary 5.2. Let v € Z a weight. The dimensions of the vector spaces appearing in the homogeneous
component of weight v of E! are

M 2 2 7 0 272
M M 0 0 0 0 0 0
or
M M 0 0 0 0 0 0

depending on whether v = 0 or not. The question marks denote vector spaces for which we still do not know
the dimension. O
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5.2 Second page

In view of the shape of E', we have E* = E2. The following proposition takes care of the latter,
except for its first row, and the rest of this section will be devoted to the computation of the few
remaining vector spaces.

Proposition 5.3. For each p > 0, the differential d:) 3p - E; +3p EJD 2, vanishes. In consequence,

except for the vector spaces denoted with question marks in the diagrams of Corollary 5.2, the E* page
coincides with the page E.

Proof. A simple computation shows that if f € k[h] then

d(ffY AHAX) =y(1 —qo)(f)IHAX— (1 —qo)(f)x][Y AH

15
=5((q—o ")(f)IH). (15

It follows that all the differentials d% +3,p are Zero, as claimed, and the computation of E* is im-

mediate except for EF%, 9%, and ESS,. O

Corollary 5.4. Forall p > 3 and all v € Z there are isomorphisms of S-modules

k[h]/(c) ifr=0;
0 ifr #0.

Notice that this result is independent of q.

HHp (A) () = {

Proof. According to the proposition and in view of the shape of the E' page of the spectral se-
quence, this is a consequence of convergence. O

To finish the computation, we need to take care of the spots in the spectral sequence tagged with
question marks in the diagrams of Corollary 5.2. We do this in the following two propositions, first
for weight zero and then for the remaining ones.

Proposition 5.5. When q is a root of unity, we have isomorphisms of S-modules
kn(a), ifp=0;

SoSax(e), ifp=1;
S@okMh/(c), ifp=2

(0) ~
0 =

HHp(A)©) = E2

withn(f) = N — % deg N (f) for f € k[h] as in Lemma 2.3. On the other hand, if q is of infinite order we
have isomorphisms

KN, ifp=0;
HH,, (A)(©) = E§§g> ={kM, dfp =1,
KM, ifp=2.

Proof. We write E;]),o instead of E;Eg ) throughout this proof, to lighten the notation.
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Homology at E},o- Suppose u =p1x|]Y AH+p2lYAX+yp3HAX € Egro, with p1, p2, p3 € klhl,
lives to E2, so that there exists an f € k[h] such that d(u) = §(f). This means that

(1—0)(p2) = off),
a0 (p1 +p3) —qo(a)(pr +p3) —p2(qo(a’) —a’) = —a'f.
Since o is a automorphism, we can eliminate f obtaining the equivalent equation
ao” ! (p1 +p3) — qo(a)(p1 +p3) = pa(qola’) —a') = —a’o” (1 = 0)(p2)),
which we can rewrite more compactly as
(1-qo)(ao™ " (p1 +p3) +a'0™" (p2)) =0. (16)

It will be necessary to treat two cases separately, since the result depends on whether q is a root of
unity or not.

e Suppose first that q is not a root of 1. In this case, the map 1 — qo is a monomorphism, so (16)
is the same as

ac” ' (p1 +p3)+a’c ! (p2) =0.

From this it follows that there exists g € k[h] such that

ola

p2 =—0(3)g, p1+p3 = o(L)g.

Let b, v € k[h] be such that g = bo(c) + r with degr < degc. Then u is homologous to
w4 8(yblX — o~ (p1)H) = (L)Y AX +yo( L) rHAX,

and we see that every homology class in E%,o is represented by a cycle of the form
o(L)rlY AX +yo( &)rHAX 17)

with v € k[h] with degr < M = degc. Conversely, each element of this form lives to E2.
Using (15) we see that the image of d contains the image of 6. On the other hand, the
coefficient of Y A X in every non zero element of 6(()650)) is multiple of o(a), so in particular
it has degree at least N: comparing with (17) we see that u is not in the image of 5. We can
therefore conclude that these elements are non zero in EZ, so that dim E%,o =M.
e Suppose now that q is a root of 1. In this case the condition (16) is equivalent to the existence

of a singular polynomial s € S such that
a0 (p1+p3)+a'o" (p2) =h¢ s, (18)

As a(0) # 0, c divides s and it follows from Proposition 2.1(ii) that there exists s; € S such
that s = N'(c)sg.
Let «, B € k[h] be such that T o+ -3 = 1; each solution of the equation (18) is of the form

ps =o(h® 'Ts1a+ L g) —py,
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p2 =o(h® 'es;1B— 2g)

for some g € k[h]. Let b, v € k[h] be such g = bc + r and degr < M. Without changing its
class in E2, we can replace u by u — §(o~ 1 (p7)|H —yo(b)[X), and then we see that we may
assume that

u=o(h® 'cs1B — Y AX +yo(h® 'esjo+ %/r)IH AX. (19)
If u represents the zero class in E', then there exist vi,v3, v3 € k[h] such that

u=58Wv1x|Y+vaH+yvsz|X)
= (vio(a’) + o(v2))x[Y AH + o(a)(vz — vy )IYAX—y(ng(a’) 4+ o(va)[HAX.

Equating coefficients and eliminating v,, we see that

ao '(vz—vq;)=h¢"Tesp— ar,
—a’o " (v3—vi) =h® Tesjo+ %/r.
Solving now for s and then for r, we see that u must be zero.
Let us show now u represents a non zero element of E2. Indeed, if there exists a p € k[h]
such that

u=d(plY NAHAX) =y(1 —qo)(p)HAX—(T—qo)(p)x][YAH,
then we must have (1 — qo)(p) =0 and

or= he~T¢s1B,
! 7] _
Sr=—h®""Csra
Solving these equations for s; and 1, recalling the way « and 3 were chosen, and using that
he~1¢ #£0, we see that s; =1 = 0.
We conclude in this way that every element of E%,o is represented uniquely by a cycle of
the form (19). In particular, we have a vector space isomorphism E%,o = SdkMhl/(c).
Homology at E},o- Letu =p1x|[Y+p2lH+yps3lX € E?,or with p1, p2, p3 € klh], an element which
survives to E2. As u is homologous to u—8(o~'(p1)) = (p2 +a’o " (p1))IH+y(p3z —p1)IX, we
can suppose that p; = 0.
If uis a boundary, so that u = d(f1x|Y AH + f2[Y AX+yf3[HAX) + 6(f4), for some f; € k[h],
looking at the coefficient of Y on both sides of this equality we find that (1 — o)(f2) + o(p4) = 0.
This implies that p3 = 0 and that p, € (1 —qo)((c)). On the other hand, since

d(u) = o(a)ps —ac ' (p3) = (0—1)(ao "(p3)) =0, (20)

we see that ac~ ! (p3) € S.
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e Suppose first that q is a root of 1. Then p3 = o(a)s for some s € S, according to Proposition 2.1,
and thus we have u = py|/H +yo(a)s|X. In view of the description given above for the
boundaries, we conclude that

k[h]
Efp= ————[Hayo(a)SIX.
0T I =qo)le)
Using Lemma 2.3 we see that the first summand is isomorphic to k"(¢) & S.
e Suppose next that q is not a root of 1. In this case, since a is not constant, equation (20) implies
that p3 = 0. Using again the description of boundaries, we have
k[h]
E2y= ————H,
1O (1= qo)((c))
a vector space of dimension M.
Homology at E(]),o- We have to compute the cokernel of the map d : A|[V — A. One sees at once
that its image coincides with the image of the map V{4, : f € k[h] — (0 —1)(af) € k[h] from
Lemma 2.3. If g is not a root of unity, it is immediate that the classes of 1, ..., hN-1 freely span
cokerq o, so that dim Eé,o = N. On the other hand, if q is a root of unity, then Lemma 2.3 tells us

that the dimension of the cokernel of 14 o, equal to that of Eé,o, isn(a) =N— % deg N (a). O

Proposition 5.6. Let v # 0. According to whether 1 is regular or not, there are isomorphisms of S-modules

S, lfp =0;
HH,, (A)(7) = Ef)fg) ={k ifp=1;
0, ifp=2
or
S, ifp =0;
HHp(A) D =20 = sas, ifp=1;
S, ifp=2

Proof. By symmetry, we can consider just the case where r > 0.
Homology at E;S ) Letu € Egg ) be an element representing a cycle in E'. Tt follows that u =

Y I pIY AH+y p2lY AX +y™FTps/H A X with py, pa, p3 € k[h]. Without loss of generality, we
can assume that p; = p3 = 0; if that is not the case, we can replace u by

wt8(y" o P2V +y o (p3)IH)
without changing the class of 1 in E'. Computing, we find then that

d(w) =y (1= q")prhlY +y"(p1 — qo(p1))IH. (21)

Comparing with equation (9a) we see that, since d(u) is in the image of §, (1 —q")p; = 0 and
p1 —qo(py) = 0. If r is a regular weight, it follows that p; = 0, so E;(Or ) — 0. On the other
hand, if  is singular, these equations are satisfied if and only if p; € h®~'S: in this case we have
B30 = hels,
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Homology at E}foﬂ. Letu =y  "p1[Y +y™palH+y ™ p3lX € E?S), with p1, p2, p3 € klhl], an

element which lives to E2. Up to replacing uby u—8(y o~ (p3)), we can assume that p3 = 0, so
that

d(u) =y"(p1 —o(p1)+(q" =T hpa) =0. (22)

Assume that 1 is singular. It follows that p; € S; moreover, in view of formula (21), we can
reduce p, modulo the image of 1 — qo, so that we can suppose that p, € h®~!S. From equations
(8d), (8e), (8f) and (9a) we see then that u is not a boundary and we conclude that E%,(or l=s eS
in this case, freely generated as a S-module by the classes of y™~'|Y and y"he~'[H.

Finally, let us assume that r is regular. Using again (21), we see that we can now replace u by
an homologous element of the same form but now with p; € k and then, because of (22), we must
have p, = 0. In this way, we see that 1 must be a scalar multiple of y"~'|Y. If such an element is
a boundary, looking at the constant term in the formulas (8d), (8e), (8f) and (9a), we infer that u is

2(r) . . .
zero, therefore E (Or ) is one-dimensional.

Homology at Eég ) Letu = y'p € Eg,(or ). We can add to u elements in the image of d without

changing its homology class; doing so, we can assume that p € S. Moreover, u itself is then not in

the image of d: this means that E} (") = S, freely generated by the class of 1. O
g 0,0 Y8 y

6 Hochschild cohomology

In this section we compute the Hochschild cohomology of A using, as before, a spectral sequence.
Write V = hom (V, k), and let {¥, A, X} be the basis of ¥ dual to {Y, H, X}. We identify in the usual
way homy (AP V, k) with AP V. Applying the functor homae(—, A) to the resolution constructed
in 4.3 we obtain a double complex whose cohomology is the Hochschild cohomology HH®(A) of A.
After we identify homae (A| AP V|A, A) with A| AP V in the natural way, this double complex is

0 ANV A2V A0<L— A

TR U

0~—2 AN V<L AN20<L A2 A
O O

with differentials given by

dluw) = [u,y 1Y + [w, KA+ hu, X)X, (23a)
dwl?) = [ ulglP AR = X[V AK; (23b)
duA) = K ulgAAR = Z M S RSuR P AR + u, ylgl VAR (23¢)
dwX) = [ hgAAR+ L ylIP A X, (23d)
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duPAR) = —[x, uqYAAAKR (23e)

(u\?AX)_qhu\?AﬂMz (23f)
dWAAR) = b, ylqYARAK, (23g)
and

S(ulY) = ux; (24a)
§(u/A) = ZIO‘J hSuht (24b)
S(ulX) = (24¢)
5(u\?Aﬂ Zlocl g hSuntY + ux|A; (24d)
6(u\?A52 = ux|X — yu\? (24e)
SWAAX) = —yuA — Y ;o [;q°hSuht(X; (24f)
SWYAAAK) =ux]AAR+ >, g TRSUR Y AR +yulY AR, (24g)

We consider the spectral sequence E which arises from the filtration of this double complex by
columns.

6.1 First Page

In this section we deal with the first page of the spectral sequence. Let Y be the complex
0—= ANV = AIN20 2= A0 —25 A (25)

with differentials as in (24a)—(24g). As before, we have E‘f’q = HP~4(Y) for all g > 0 and the

vector spaces E‘]"o are isomorphic to the kernels of the differentials of Y. For each r € Z we denote
Y(r) the component of weight r in Y/, and extend this notation to related objects.

Proposition 6.1. If r € Z is non zero, then the complex ),y is exact. On the other hand, there are
S-module isomorphisms

Klhl/(c), fo<p<T;
0, otherwise.

HP (Y(0)) 1{

Proof. We prove this by computing the relevant homology groups:
o Ifu= p\?/\ AAX e Hfo) with p € k[h], then

§(u) = px]AA R +po(a’) Y AR +yplY AR (26)

It is clear then that H3 (Y(0)) =0.
e Letu=yp; I?Aﬂ—l—pzl?/\fZ—l—ppclﬂ/\? € 9(20) with p1, p2, p3 € k[h]. One can see that

8(w) =y(pro(a’) —p2)l¥+ (ao ' (p1 —p3))IA + (—p3ola’) + p2)xIX. (27)

In particular, if uis a cycle, p, = o(a’)p; and p3 = p;. Comparing with the expression (26)
for 2-boundaries in Y, we see at once that H? (Y(0y) =0.
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e Finally, let u = yp; I?—&—pz\ﬂ +p3x\52 € ygo), with p1, p2, p3 € k[h], a 1-cycle. Since we can

replace u for u+ 8(p1|A), without changing the homology class it represents, we can assume
that p; = 0, and then 5(u) = ao~ ' (p3) —p2a’ = 0. It follows that there exists g € k[h] such
that p3 = 0($%-g) and p, = ¢g. Let b, r € k[h] such that g = bc +r and degr < M. Then

u+8(a(b)xIAAR) = 2r/A 4 o &r)xIR

This means that all classes in H' (Y ) can be represented by a element of the form %r\ﬂ +

0(%,r)x\52 with r € k[h] and degrT < M and, moreover, such an element represents the zero
class only when it is itself zero: this can be seen by looking at the degree of the coefficient
of A appearing the formula (27) for 1-boundaries. Conversely, every such element is a cycle.
We conclude that H! (9(0)) = k[hl/(c).

o Ifu=yp[V+paA+psxX € Ylo) With p1, p2, p3 € klh, then 8(u) = ao™ ' (p1 +p3) —
p2a’,s0 H (Y (o)) = k[h]/(c).

It remains to check, in these last two items, that the obtained isomorphisms are S-linear: this

is just a matter of following the computation, and we omit the details.
Let us now fix r > 0.

o lfu=y"pYARAX € Y}, with p € k[h], then

S(u) =y " PP AA+Y P g ilgrh T PAX +y" TasT (p)AAK (28)
Looking at the coefficient of ¥ A Al we see that u is a cycle if and only if u is zero, so

H3(Y (1)) =0.
e Letu=y" " Tp[YAR+y pl AR +y™ Tp3lAAK € 1%T),wi’fh P1, P2, P3 € k[h]. Since

S(w) =y M p1 Y gt T ilgrh T —pa)I¥ +y (a0 (p1) —p3)IA
+y " Nao T (p2) —p3 X ililgrht DX,

it is easy to see that u is a cycle if and only if
p2=p1)_oiq 'lilgrht,
i

p3 =aoc ' (p1),

and in that case, according to (28), we have u = 5(y"p; ¥ AAAX). We conclude that
H2(Y(p)) =0.

e Letu = y" 1 [¥+yparlA+y"Tp3IX € ‘#r), with p1, p2, p3 € k[h] a cycle. Without
changing its homology class, we can replace u by w+ 8(y"p1[Y AX +y™ 'p2/AAX), and
hence we can suppose that p; = p, = 0. In that case (1) = y"p3, and we see that u = 0. It
follows that H! (9(ry) =0.

e Finally, for each p € k[h], §(y" TpIX) = y"p, so that 5(9gr)) = 9%) and HO(HMJ =0. O
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Corollary 6.2. If v € Z, the dimensions of the vector spaces appearing in the component €, of Eq are

o 2 2 2 o 2?2 2 2
0O o0 M M 0O o0 o0 0
or
o 0o M M o o o0 ©

ifr = 0 or v # 0, respectively. The question marks denote vector spaces for which we still do not know the
dimension.

Proof. This follows from the proposition and the isomorphisms E?Ef) =HP(Y ). O

6.2 The second page

Proposition 6.3. For each p > 0, the differential d}'P : E}’P — E‘]’H'p vanishes. The page Eoo then
coincides with By, except at the places marked with question marks in the diagrams of Corollary 6.2, and we
have

k(h]/(c), ifr=0;

Proof. The set of homology classes of the elements of {h! : 0 < 1 < M} is a basis of the space E}'?,
and

d(h') = (q' = Nyh'I¥ = (g' = h'XK = 5(—(¢"' = DR T AX).

It follows that d}? is indeed zero, as claimed. The rest of the proposition is then a consequence of
the fact that the spectral sequence E converges to HH®(A). O

Proposition 6.4. If q is a root of unity, then

, S, ifp=0;
BNy =(Sas, ifp=1;
Saknta/e) ifp =2,

where, as in Lemma 2.3,n(a/c) = N—M —deg N (a/c)/e, and if q has infinite order,
k, ifp=0;
0 ~ .
EE(O): K, ifp=1;
KN-M,ifp =2.

Proof. We write, during this proof, Ef"instead of E}/{, for simplicity.
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Homology at E?’O. Ifu=pe E?’O, so that in fact p € k[h], we have
d(p) =y(o(p) —p)I¥ — (c(p) —p)xIK. (29)

It follows that E{® = ker(o —1) = S.

Homology at E}’O. Ifue E}’O, there exist p1, p2 € k[h] such thatu = yp; 7+ %pzlﬂ + (0(%1)2) -
P1 )x|X; this is a consequence of the formulas (24a), (24b) and (24c) using the same reasoning as in
the third step of the proof of Proposition 6.1. Moreover, there exist s; € S and b € k[h] such
that p; = s7 + (0 —1)(b) and we can replace u by u — d(b) so, in the end, we can assume that
p1 = s1 € S. In that case, u is boundary only if it zero: this follows by comparing with the
coefficient of ¥ in (29). Computing, we find that

d(w) = (60— q)(2p2)xIAAR +y(o— q)(Lp2) [T AR
+ ((0—=1)(2%p,) — 8py(qo(a’) —a)) [T AR

C
If d(u) =0, then (0 — q)(gp2) =0and gp2 € hS; conversely, if p2 € hS, thenuis a cycle. we
treat separately two cases, according to whether q is a root of unity or not.

e Suppose first that q is not a root of 1. As 2p2 € hS and § = k, then p; € k. Evaluating ¢p2
at zero, and using the hypothesis that a(0) # 0, we see that p, = 0. In this case, then, uis a
scalar multiple of y |¥ — x|X. Since all such non zero multiples are cycles and not boundaries,
we conclude that E;’O is one dimensional, generated by the class of y 1Y —xIX.

e Suppose now that q is a root of 1. As h { a, we must have h | p, and £52 € S. There
exists then, by Proposition 2.1(i), s, € S such that p, = hs;(2). This gives us a description
of homology: it is the free S-module of rank 2 generated by the classes of yl¥ —xIX and
N(EA + oL Sh)x[X.

Homology at E%’O. Letu € E%’O, so in factu € E(z)'O and §(u) = 0. In view of (27), there exists
p € k[h] such thatu = yp[Y AR +po(a’)[Y AKX +pxAA K.
The element u is a boundary if there exist f1, f € k[h] such that u = d(yfy Y+ %leﬂ +

(of %’fz) — £1)xIX) or, making this explicit,

p=I(0—q)(¢f2),
o(a)p = Dq (28 f,) — &f,(qo(a’) —a’).

The second equation follows from the first, and we conclude that u is a boundary if and only if
p € im\g .1 with {4/ 1 defined as in Lemma 2.3. In other words, there is an isomorphism
E%’O = coker1 /¢ 1. We have two cases:

e First, suppose that q is not a root of 1. If deg(¢) > 1, then degh, /(1 (f) = deg(Z) + deg(f)
for f € k[h]\ 0. It follows then that coker . is freely spanned by the classes of 1, h, ...,
hN=M=T because im, . 1 is spanned by a set of polynomials of each degree greater or
equal to N — M. We conclude that dim(coker({4/c,1)) =N —M.

On the other hand, if deg(Z) = 1, we have deg /1 (f) = 1+ deg(f) for all non-constant
f € k[h] and deg 4. 1(f) = 0 for f € k\ 0, so that the cokernel is freely spanned by the class
of h. In particular, dim coker(\{, /. 1) =1=N-—-M.
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e Suppose now that q is a root of 1. We computed the dimension of coker . 1 in Lemma 2.3,
so that the the dimension of Ei'(%) ism(a/c), as claimed in the statement of the proposition.

O
Corollary 6.5. If q is a root of unity, then there are isomorphisms of S-modules
S, ifp=0;
HHP(A)0)y = (S DS, ifp=1;
Sa keI gkhl/(c), ifp=2
If, on the other hand, q has infinite order,
K, ifp=0;
HHP (A) (o) = { k, fp=1
KN-M g kM ifp =2.
Proof. This follows from the proposition and the convergence of the spectral sequence. O

Remark 6.6. In the computation of the Hochschild cohomology the fact that a(0) # 0is only used in
the proof of the Proposition 6.4. In the case when q is not a root of 1, using an analogous reasoning
one can prove that if a(0) =0 and a # hN then the same result holds. If instead a = h™ then

k, ifp=0;
0 ~ .

EIZD(O) = k2, ifp=1;

KN=M+1 - ifp = 2.

On the other hand, if q is a root of 1 then

S, ifp=0;
0~ .

S @knla/lch))+1 jfp — 2.

This difference is to be expected because, for example, when a = hN we have gradings on A such
that degh = 1 and degx + degy = N. The eulerian derivation induced by one of these gradings
is a non zero class in HH' (A), which is not cohomologous to the induced by the weight.

Proposition 6.7. Let v # 0. According to whether v is reqular or not, there are isomorphisms of S-modules

0, ifp=0;
0~ :
Eg(r): 0, ifp=1;
0, ifp=2
or
S, ifp=0;
0~ .
Em=(Ses, ifp=1,
S, ifp=2
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Proof. Homology at E?’(OT). Letu € ng(r)’ so that u = y"p for some p € k[h]. Since

dw) =y " (olp) —p)I¥V+ (1 —g")phlA+y" ' (ac ' (p) — " (a)p)IX, (30)

u is a non zero cycle if and only if 7 is a singular weight and p € S.
Homology at E}’(Or]. Ifue E}’(OT), then there exist p1, p2, p3 € k[h] such that u = y™+1p;|¥ +

y"p2lA+y"Tpz|Xand §(u) = 0. This condition implies immediately, using (24a), (24b) and (24c),
thatps; =p2 D> ; &4 [i]qrhi_] —ao'(py). Let us suppose now that d(u) = 0.

o If v is regular, we can replace u by u—d((1 — q") " "y"(p2 —p2(0))/h) without changing its
homology class, and this amounts to assuming initially that p, € k. In that case, it is easy
to see that the coefficient of ¥ A A in d(u) is y™ ' (q(q" — 1)hp; + (1 — q)p2) = 0 and, then,
p1 = p2 = 0. Similarly, looking at the coefficient of A A X, we can conclude that p3 = 0.

o If r is singular, there exist b € k[h] and s; € S such that p; = o(b) —b + s7; by replacing u by
u— d(y"b), which we may do as it does not change the homology class, we may assume that
p1 =s1 € S. Computing, we find that

dw) =y " (e —q)(p2)IY AR +y o(a) (o —q)(p2) AKX +y" Talo—q) (a7 (p2))IAAK,

and it is clear that this vanishes exactly when p, € hS. We see that every element of E;’((i) is
represented by an element in the S-submodule generated by the elements

y Y-y TaX y"hA+y"Ta'hX.

Comparing with (30), it is easy to see that this submodule does not contain non zero bound-

aries, so E 2'(0” is S-free of rank 2.

Homology at E%’(i). Letu=y " " Tpi[TAA+y polY AR +y™ Tp3AAK € E%’(i).

o If v is reqular, let by = (pi —pi(0))(q(q" — h)~! for i € {1,3}. We may replace u by u —
d(b;|Y +b3/X), and a computation using (23b) and (23d) shows that this means that we can
assume that p1, p3 € k. Using now (24d), (24e) and (24f), we easily see that 5(u) = 0 if and

. L2 20 _
only if u = 0. It follows that in this case Ezm =0.

e To finish, suppose next that 1 is singular. Since

§(w) =y " (o(a")p1 —p2)I¥ +y(ac™ (p1) —p3)A+y " (ao " (p2) —a'p3)IK =0,

we see that p3 = aoc~ ' (p7) and p, = o(a’)p;. If b € k[h] and s € S are such that p; =
o(b) — gb + hs, we can replace u by u — d(y"b/A+y"Tba’[X), which is

Yy Ths[YAA+yTo(a ) hs VAR +y ™ Tq Tahs;][AAK

without changing its class in E%’ﬁ) . No element of this form is in the image of d, as one can see

by looking at the coefficient of ¥ A A in (23b), (23c) and (23d), so we can conclude that E%’m is

a free S-module generated by the class of y™ Th|Y ARQ +y"o(a )WY AR +y" Tq~ Tah/AAK.
o
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