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voltages for the robot motors, while commercial robots usually
accept velocity commands. In this context, we present a
velocity-based dynamic model for differential drive mobile robots
that also includes the dynamics of the robot actuators. Such model
haslinear and angular velocities asinputs and has been included
in Peter Corke’s Robotics Toolbox for MATLAB, therefore it can be
easily integrated into simulation systems that have been built for
the unicycle kinematics. We demonstrate that the proposed
dynamic model has useful mathematical properties and we present
an application of such model on the design of an adaptive
dynamic controller and the stability analysis of the complete
system, while applying the proposed model properties. Finally, we
show some simulation and experimental results and discuss the
advantages and limitations of the proposed model.
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Abstract An important issue in the field of motion
control of wheeled mobile robots is that the design of
most controllers is based only on the robot’s kinemat-
ics. Holwever, when high-speed movements and/or
heavy load transportation are required, it becomes
essential to consider the robot dynamics as well. The
control signals generated by most dynamic controllers
reported in the literature are torques or voltages for
the robot motors, while commercial robots usually
accept velocity commands. In this context, we present
a velocity-based dynamic model for differential drive
mobile robots that also includes the dynamics of the
robot actuators. Such model has linear and angular
velocities as inputs and has been included in Peter
Corke’s Robotics Toolbox for MATLAB, therefore
it can be easily integrated into simulation systems
that have been built for the unicycle kinematics. We
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demonstrate that the proposed dynamic model has
useful mathematical properties and we present an
application of such model on the design of an adap-
tive dynamic controller and the stability analysis of
the complete system, while applying the proposed
model properties. Finally, we show some simulation
and experimental results and discuss the advantages
and limitations of the proposed model.

Keywords Robot dynamics and control - Dynamic
modelling - Adaptive control - Mobile robot

Mathematics Subject Classification (2010)
70E60 - 93A30 - 93D05 - 93C40

1 Introduction

Most mobile robots are wheel-based structures
because of their efficiency and simple mechanical
implementation [28]. A very common configuration
for mobile robots is the differential drive, which
has two independently driven wheels in the rear (or
front) and one or more unpowered wheels to balance
the structure. Due to their good mobility and sim-
ple configuration, differential drive robots have been
used in various applications, such as surveillance [3],
floor cleaning [24], industrial load transportation [30],
autonomous wheelchairs [1], and others.

Considering differential drive mobile robots, an
important issue is that the design of most of its
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motion controllers is based only on the robot’s kine-
matic model. The main reasons for that are: (a) the
dynamic model is more complicated than the kine-
matic one and its precise determination depends on the
knowledge of several parameters associated with the
vehicle and its actuators (like mass, moment of inertia
etc.); and (b) mobile robots frequently have low-level
velocity control loops for their motors, which take
a desired angular velocity as input and stabilize the
motor angular velocity at this value [22].

However, because the robot’s low-level velocity
control loops do not guarantee perfect velocity track-
ing, when high-speed movements and/or heavy load
transportation are required, it becomes essential to
consider the robot dynamics as well, as we also have
shown in our previous work [21]. Thus, some motion
controllers that compensate for the robot dynamics
have been proposed in the literature. As an example, in
[11] a combined kinematic/torque control law with a
robust-adaptive controller based on neural networks is
proposed to deal with disturbances and non-modeled
dynamics. Notice that the control commands they used
were torques. Another example is the adaptive fuzzy
logic-based controller presented in [7]. Their dynamic
model includes the actuator dynamics, and the com-
mands generated by the controller are voltages for the
robot motors. Other examples of controllers that deal
with the unicycle dynamics were presented in [10, 16,
23,217, 32].

The control signals generated by most dynamic
controllers reported in the literature are torques or
voltages for the robot motors (as in the above-
mentioned papers), while commercial robots usu-
ally receive velocity commands, like the Pioneer
robots from Adept Mobile Robots, the Khepera robots
from K-Team Corporation, and the robuLAB-10 from
Robosoft Inc. Following this idea, in [2] a switch-
ing controller with on-line learning and hierarchical
architecture has been proposed, investigating Neu-
ral Network-based methodologies to compensate the
effects of non-modeled phenomena. Neural Networks
(NN) were used for identification and control, and
the control signals were linear and angular veloc-
ities. However, the authors reported that real-time
implementation of their solution requires a high-
performance computer architecture based on a multi-
processor system. On the other hand, a dynamic model
using linear and angular velocities as inputs has been

@ Springer

proposed in [8], along with the design of multi-robot
controller. One advantage of such a model is that its
parameters are directly related to the robot physical
parameters.

To reduce performance degradation in applications
in which the robot dynamic parameters may vary
(such as load transportation) or when the knowledge
of the dynamic parameters is limited, we have pro-
posed an adaptive controller in [21]. There, we have
used the dynamic model proposed in [8], but we
have divided it in two parts, allowing the design of
independent controllers for the robot kinematics and
dynamics.

A similar idea was used in the following works,
which have also used a dynamic model that has linear
and angular velocities as inputs. An adaptive sliding-
mode dynamic controller to implement a trajectory-
tracking mission was presented in [5]. It proposes a
kinematic controller working with an adaptive sliding-
mode dynamic controller that makes the real velocity
of the wheeled mobile robot reach the desired velocity
commands. In turn, in [9] a landmark-based nav-
igation system for robotic wheelchairs is proposed
and an adaptive controller considering its dynamic
model is developed. An approach to adaptive trajec-
tory tracking of mobile robots is presented in [25],
that presents an inverse nonlinear controller combined
with an adaptive NN with sliding mode control using
an on-line learning algorithm. The adaptive NN acts
as a compensator for a controller to improve system
performance when it is affected by variations in its
structure. Finally, [31] deals with the Nonlinear Model
Predictive Control of an agricultural robot to precisely
follow a trajectory operating in row cultures in order
to perform high precision drop-on-demand application
of herbicide.

The above-mentioned works applied a dynamic
model that has linear and angular velocities as inputs,
which illustrates the interest on such kind of dynamic
model. In such context, in this paper we extend our
previous work [21] that dealt with a velocity-based
dynamic model. The main contributions of the present
paper are the proposal of a new approach to repre-
sent the dynamics of differential drive mobile robots
and the study of its mathematical properties, which are
useful on the design of controllers that compensate for
the robot dynamics and on the system stability anal-
ysis. As in [21], the dynamic model presented here
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includes the dynamics of the robot actuators and has
linear and angular velocities as inputs, which makes its
integration into existing simulation models straight-
forward. We apply the proposed model and some of
its properties on the design of an adaptive dynamic
compensation controller, with a robust updating law,
and present the stability analysis of the whole sys-
tem as an application example. Several simulation and
some experimental results are presented. A compari-
son of the performance of the system with and without
the dynamic compensation controller is also shown.
Finally, we discuss the advantages and limitations of
the proposed model and present our conclusions.

2 Dynamic Model

The dynamic model for the differential drive mobile
robot proposed in [8] is now reviewed. For conve-
nience, we first present its equations again. Then,
the dynamic model is written in such a way that it
becomes similar to the classical dynamic equation
based on torques. Figure 1 depicts a differential drive
mobile robot with the variables of interest. There, u
and w are, respectively, the linear and angular veloc-
ities, G is the center of mass, & is the point of
interest (whose position should be controlled) with

Fig. 1 The differential drive mobile robot

coordinates x and y in the XY plane, ¢ is the robot
orientation, a is the distance from the point of inter-
est to the point in the middle of the virtual axle that
links the traction wheels (point B), b is the distance
between points G and B, and d is the distance between
the points of contact of the traction wheels to the floor.

In the model, @ = [0y, ..., 0]7 is the vector of
identified parametersand § = [6, &8, 0 &, Swl”
is the vector of parametric uncertainties associated to
the mobile robot. The complete mathematical model
is written as [8]

¥ U cos Yy — aw sinyr 00
y usiny 4+ awcos Y 00
=l |0 L]
i ia)z 9—‘];11 o 0 ref
® —puw — g 0%
8x
Jy
+1 0
Su
Sw

The parameters included in the vector 6 are func-
tions of some physical parameters of the robot, such as
its mass m, its moment of inertia I, at G, the electrical
resistance R, of its motors, the electromotive constant
kyp, of its motors, the constant of torque &, of its motors,
the coefficient of friction B,, the moment of inertia I,
of each group rotor-reduction gear-wheel, the radius r
of the wheels, and the distances b and d (see Fig. 1).
It is assumed that the robot servos have PD controllers
to control the velocities of each motor, with propor-
tional gains kpr > 0 and kpgr > 0, and derivative
gains kpr > 0 and kpg > 0. It is also assumed
that the motors associated to both driven wheels have
the same characteristics, and that their inductances are
neglectable. The equations describing the parameters
0; are

Ra 2
6 = | — 21, 2rk —s],
1 |:ka <mr + e)+ r DT:| (2rkPT)[q]

_ | Ra 2 2 2
6, = [k— (Ied +2r (IZ + mb )) + 2rdkpr
1

X ————[s],

(2rdkpr)

R, mbr 5
03 = — d-],
5= 2kPT[Sm/m ]
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R, (kqkp 1
04 = — B 1,
) ka<Ra - e>rkPT+
P R, mbr (s/m] d

= — m], an

5T ke dkpr©

R, (kqkp d
b = —|—+ B 1
° kq ( R4 * e) 2rkpr *

It should be noticed that §; > O fori = 1,2, 4, 6. The
parameters 83 and 65 can be negative and will be null
if, and only if, the center of mass G is exactly in the
center of the virtual axle, i.e. b = 0.

The above model is split into kinematic and
dynamic parts. The kinematic model is

b cos Y —asiny 8y
j | =] siny acosy [“]+ 5, |, (D
y 0 1 @ 0

whereas the dynamic model is

ro. (% [ 1

u | 9—30)2 — ﬁu o 0 Uref Su

o | sy gy [T 0 L|low NENE
L @M({) @a) 9, ref w
(2

Now, we are going to present our proposal for
representing the dynamic model. By rearranging the
terms, Eq. 2 can be written as

[ S 0 s o[ E ]+ s e[ 4]
=[39][ ).

or, in a compact form, as

A+HYV+c(v)v=rv, 3)

where vy = [uyer a)ref]T is the vector of reference
velocities, v = [u ]! is the vector containing the
actual robot velocities, and the matrices H and ¢(v),
and the vector A are given by

;61 0 | s —Bo
H_I:Oez], c(v)_|:95w 96i| and

a=[0 000

Let us rewrite ¢(v) by adding and subtracting the term
i63u to its fourth element (where i = 1 rad?/s), such
that

c(v) = |:

64 —O3w ] ’ @)

Osw O + (i03 — i63)u

@ Springer

so that the term ¢(v)v can be written as

0 —6w iu 04 0 u
o O w + 0 0+ 05 —i03)u || w |’
(5)

The role of the term i = 1 rad?/s is to make the units
consistent to allow us to split ¢(v) into two matrices,
while keeping the numerical values unchanged. Now,
let us define v = [iu ]” as the vector of modified
velocities, so that

=lov]le)

The terms in the vector of modified velocities are
numerically equal to the terms in the vector of actual
velocities v, only its dimensions are different. By
rewriting the model equation, the following matrices
are defined:

01/i 0 / 04/ 0
HZ[ o 92] F(V):[ o 06+(05/i—93)iu]

and

Cv) = [Qfa) _%Sw} :

Finally, we propose the dynamic model of a
differential-drive mobile robot to be represented by

A+HV +CWV)W +FV)V = v,. 6)

Though written in a different way, the model pro-
posed here is mathematically equivalent to the one
proposed in [8], where simulation and experimental
results were presented to validate it. The main advan-
tage of the model presented here is that it is written in
such a way that it becomes possible to use its mathe-
matical properties in the design and stability analysis
of dynamic controllers. Such properties are studied
and discussed in the following Section.

3 Dynamic Parameters and Model Properties

Before analyzing the properties of the dynamic model,
it is important to verify that none of its parameters
61 to B¢ can be written as a linear combination of
the others, otherwise it would be possible to write
the dynamic model with a smaller number of parame-
ters. Some physical variables have influence on more
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than one parameter 6, therefore the linear indepen-
dence between 6..0¢ is not straightforwardly seen.
This issue was not discussed in previous papers, so
we have applied the following method to verify the
linear independence of parameters @: using the equa-
tions that define the dynamic parameters (presented
in Section 2), we have obtained K sets of parame-
ters calculated with randomly generated values of the
physical variables (R, I., B., m, r etc.). The results
were used to build the following matrix:

O1(1) 62(1) 63(1) 04(1) O5(1) 6O6(1)
01(2) 62(2) 63(2) 04(2) 05(2) 06(2)
013) 62(3) 63(3) 04(3) 05(3) 66(3)

01(K) 62(K) 03(K) 04(K) 05(K) 66(K)

This matrix has 6 columns and K lines, where K
is the number of random sets of parameters. It was
verified that its rank is equal to 6, which indicates
that it has six independent columns, i.e. all parame-
ters are linearly independent. In an attempt to avoid a
false indication of independence between the parame-
ters due to numerical error, each column of the matrix
was normalized by dividing its values by the max-
imum value of that column. Before calculating the
rank of the matrix, all values were truncated so that
they had a fixed number of decimal digits. This pro-
cedure was repeated several times for K = 1, 000 and
K =5, 000. For truncation of 4, 3, and 2 decimal dig-
its, the resulting matrix rank was equal to six in all
cases, indicating that the dynamic parameters 6 are,
indeed, linearly independent. This indicates that the
dynamic model of the differential drive mobile robot
cannot be written with less than six parameters.

3.1 Model Properties

First, it is interesting to notice that the dynamic model
considers that the robot’s center of mass G can be
located anywhere along the line that crosses the cen-
ter of the structure, as illustrated in Fig. 1. This means
that the formulation of the proposed dynamic model
is adequate for robots that have a symmetrical weight
distribution between their left and right sides. Because
most differential drive robots have an approximately
symmetrical weight distribution (with each motor and
wheel on either left or right sides), we claim that this

assumption does not introduce significant modeling
errors on most cases.

Now, let us analyze the mathematical properties
of the dynamic model. First, recall that 6; > O for
i =1,2,4, 6. By observing that H is a diagonal square
matrix formed by 6 and 6>, one can conclude that H is
symmetric and positive definite, and its inverse exists
and is also positive definite. Moreover, H is constant
if there is no change on the physical parameters of the
robot (i.e., if there is no change on the robot’s mass,
moment of inertia etc.), and does not depend on the
robot position if it navigates on a horizontal plane.

F(v) is also a diagonal square matrix formed by
04 and B¢ + (O5/i — O3)iu. If we assume that 6 >
—(0s/i — 63)iu, we can conclude that F(v') is sym-
metric and positive definite. Additionally, F(v') can
be considered constant if 6¢ > |(0s5/i — 63)iu| and
there is no change on the physical parameters of the
robot. In Section 3.2 we show that the conditions of
O > —(05/i — 63)iu and 6 > |(05/i — 63)iu| were
verified via experimental tests for five different types
of robots whose parameters were identified.

C(Vv') is a square matrix formed by 63w and —63w,
whose transpose is also its negative. Therefore, C(v')
is skew symmetric.

Finally, the following theorem states the passivity
property of the dynamic model (6).

Theorem 1 Considering A = 0 and 6 > —(05/i —
03)iu, and assuming that vy € Ly, and V' € Ly, the
mapping vy — V' of the dynamic model

HY + CV)V +FV)V = v,

is strictly output passive.

Proof According to [26], an operator P : Ly, — Lo,
is strictly output passive if, and only if, there are
constants § € R and 8 € R so that

< Px,x >>p+8||IPx|3; Vxe€ L,

where < -,- > represents the internal product. To
show that the mapping vy — V' is strictly output
passive, let us consider the positive function V =
%V/THV/ and its first time derivative V. = vTHV/,
where property 4 is applied. Using Eq. 6 and applying
properties 3 and 5, V can be written as

V=vTwv, - CV -F)=vTv, - vTFV. (7
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By integrating Eq. 7 one gets

T T T
/ vdt =/ V’Tvrdt—/ VIRV dt,
0 0 0

which can be written as
T T

V(T) = V(0) = / vTvedt — f VIRV ds. (8)
0 0

By neglecting the positive term V(T), it follows that

T T
—V(0) = / vivedr — inf(/\min(F))/ Iv'I12dz,
0 0

or
r 2
/ VIedt > —V(0) + infGunin EDIV I 1
0

Assuming that v, € Lj, and v/ € Ly, the prior
equation can be written as

<V, Ve > = =V (0) + infhin ) IV'II3 7, ©)

where inf(A,,;, (-)) represents the smallest eigenvalue
of a matrix. Given that 0 > —(65/i — 63)iu, one can
see that F > 0. Therefore, based on Eq. 9, one can
conclude that the mapping v, — V' is strictly output
passive. O

To sum up, the mathematical properties of the
dynamic model (6) are:

1. The matrix H is symmetric and positive definite,
orH=H > 0;

2. The inverse of H exists and is also positive defi-
nite, or IH™! > 0;

3. The matrix F(v') is symmetric and positive def-
inite, or F(v) = FT > 0, if 65 > —(65/i —
603)iu;

4. The matrix H is constant if there is no change on
the physical parameters of the robot;

5. The matrix C(V') is skew symmetric;

6. The matrix F(Vv') can be considered constant if
06 > |(65/i — 03)iu| and there is no change on
the physical parameters of the robot;

7. The mapping v, — V' is strictly output passive if
06 > —(05/i —03)iuand A = 0.

3.2 Identified Parameters
In order to verify the assumptions that 8¢ > |(05/i —
03)iu| and 6 > —(Os5/i — 63)iu, we have ana-

lyzed the dynamic parameters of five differential drive
robots, all obtained via an identification procedure.

@ Springer

The description of the parameter identification proce-
dure is out of the scope of this paper, but the reader is
referred to [8] and [17] for detailed information.

We consider the parameters of the following robots:
a Pioneer 3-DX with no extra equipment (P3), a
Pioneer 3-DX with a LASER scanner and omnidirec-
tional camera (P3j,5¢r), @ robotic wheelchair while
carrying a 55 kg person (R Wss), a robotic wheelchair
while carrying a 125 kg person (RWj25), and a Khep-
era III (K3), whose parameters were originally pre-
sented in [17]. The Khepera III robot weighs 690 g,
has a diameter of 13 cm and is 7 cm high. By its
turn, the Pioneer robots weigh about 9 kg, are 44 cm
long, 38 cm wide and 22 cm tall (without the LASER
scanner). The LASER scanner weighs about 50 % of
the original robot weight, which produces an impor-
tant change in the mass and moment of inertia of the
structure. Finally, the robotic wheelchair presents an
even greater difference in dynamics because of its own
weight (about 70 kg) and the weight of the person that
it is carrying. The dynamic parameters for the above
mentioned robots are presented in Table 1.

The value of u is limited to 0.5 m/s for the Khepera
III robots, to 1.2 m/s for the Pioneer robots, and to
1.5 m/s for the robotic wheelchair. Therefore, using
the values presented in Table 1 one can verify that the
conditions of 8 > —(05/i —603)iu and 6 > |(05/i —
63)iu| are valid for all sets of identified parameters.
Therefore, the dynamic model of the above-mentioned
robots can be represented as in Eq. 6, with properties
1-7 valid.

4 Application Example: Controller Design
To illustrate the usefulness of the proposed dynamic

model and its properties, let us show the design of
an adaptive dynamic compensation controller, with

Table 1 Identified dynamic parameters

P3 P3ja5er  RWss RWis KIIT
01151 0.5338  0.2604  0.3759 0.4263  0.0228
0251 0.2168  0.2509 0.0188 0.0289  0.0568
6s[sm/rad*] —0.0134 —0.0005  0.0128 0.0058 —0.0001
04 0.9560  0.9965 1.0027 0.9883  1.0030
Osls/m] —0.0843  0.0026 —0.0015 0.0134  0.0732
O 1.0590 1.0768  0.9808 0.9931  0.9981
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stability analysis of the whole control system. The
controller design is split in two parts, as in [21]. The
first part is based on the inverse kinematics and the
second one compensates for the robot dynamics. The
application of the proposed model and its properties is
shown on the second part.

The control structure is shown in Fig. 2, where
blocks K, D and R represent the Kinematic con-
troller, the Dynamic compensation controller, and the
Robot, respectively. Figure 2 shows that the Kine-
matic controller receives the desired values of position
hg = [x4 yd]T and velocity hd from the trajectory
planner (which is not considered in this work). Then,
based on those values and on the actual robot position
h =[x y]” and orientation v, the Kinematic con-
troller calculates the desired robot velocities vq =
[ug wq]¥. The desired velocities vq and the actual
robot velocities v = [u  w]7 are fed into the Dynamic
controller. Such controller uses those values and the
estimates of the robot parameters 6 to generate the
actual velocity commands vy = [u, w,]T that are
sent as references to the robot internal controller.

4.1 Kinematic Controller

We use the same kinematic controller that we have
presented in [21]. It is a trajectory tracking controller
based on the inverse kinematics of the robot. We repeat
the controller equation here for convenience. Consid-
ering only the position of the point of interest h =
[x y]T, the kinematic control law here adopted is

Xq + Iy tanh (%
Ya + I, tanh (%‘y

ug | _ [ cosy  siny x
[wd]_[—ésim// %cosd/] 5

(10)

for which va = [uq wg4]" is the vector of desired
velocities given by the kinematic controller; h =
[x y]T and hg = [x4 yd]T are the vectors of actual

and desired coordinates of the point of interest A,

Va 7 h,y

KHPFLR

=

="

R

Fig. 2 Structure of the control system

respectively; h = [¥ §]7 is the vector of position
errors given by hq —h; k, > 0 and k;, > 0 are the
controller gains; Iy, [, € R are saturation constants;
and a > 0. The tanh terms are included to limit the
values of the desired velocities vq to avoid saturation
of the robot actuators in case the position errors h are
too big, considering hq is appropriately bounded.

The system characterized so far has a globally
asymptotically stable equilibrium at the origin, which
means that the position errors X () — 0 and y(t) —
0 as t — o00. The reader should refer to [21] for
details on the development and stability analysis of the
kinematic controller.

4.2 Adaptive Dynamic Compensation Controller

Now, the use of the proposed dynamic model and
its properties is illustrated via the design of an adap-
tive dynamic compensation controller. It receives the
desired velocities vq from the kinematic controller and
generates a pair of linear and angular velocity refer-
ences vy for the robot servos, as shown in Fig. 2. First,
let us define the vector of modified velocities vy as

G=[4]-[500)

and the vector of velocity errors is given by
V=v,—V.
To design the dynamic controller, Eq. 6 is written

in its linear parametrization form, as

Ow 0 Ouw ow an

. 2

w0 —-—w°u 00
ve =G0 = |: i| ,
where the vector of uncertainties was neglected.
Regarding parametric uncertainties, the proposed con-

trol law is

ve = HV, + TF)) + CVj + Fv), (12)

where H, C, and F are estimates oka, C, and F,

. N ) tanh(ﬁiﬁ)
respectively, T(V') = [ 0 lw] tanh( 1;_;» &)
and k,, > 0 are gain constants, [, € Rand [, € R are
saturation constants, and @ = wg — w, i = ug — u are
the current velocity errors. The term T(¥') provides
a saturation in order to guarantee that the commands
to be sent to the robot are always below the corre-
sponding physical limits, considering that vy and vy
are bounded to appropriate values.

Jky >0
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First, let us assume that there is no parameter esti-
mation error. Using the Lyapunov candidate function
V = 1 vTHV > 0, and observing properties 3 and
5, one has Vv = —vTHT(#) — VTFV < 0, which
means that V. € Lo and ¥V — 0 with t — 00 and,
therefore, Vv € Lo and vV — 0 with r — oo.

Regarding the kinematic controller, we have shown
in [21] that a sufficient condition for the asymptotic
stability is

AV

h _, 13
(b > minter, k) (13)

cosy —asiny
sinyr acosy
dition (13) is asymptotically verified for any value of
h. Consequently, the tracking control error h(r)— 0,
thus accomplishing the control objective.

To continue to illustrate the application of the pro-
posed model and its properties, let us consider the case
in which the dynamic parameters are not correctly
identified, or they change from task to task. In such a
case, an updating control law is designed. To do so, let
us rewrite the control law in its linear parametrization
format

VrZGéZ[Ulo Uuq 0 Oj]A

where A = :| As v(t)— 0, the con-

—wgw
0 0o (iugw —iuwg) 0 uwy wg

(14)
where o = ug + I, tanh(]l‘—:ﬁ), o = wg +
ly tanh([—:)’d)). By defining the vector of parametric

errors 0 = 6 — 0, where 0 is the vector of parameter
estimates, Eq. 14 can be written as vy = G0 + G#6, or

vy = Ho + Cv}; + Fv; + G#, (15)

where 0 = v + T(V). By recalling that V' = v; — v/,
one can conclude that v = ¥ +V.Then, 0 = v +
T(V') + V. Substituting this term in Eq. 15, the closed
loop equation is

—GO =HV +TF)) + CV + FV. (16)

Trr~ ~T 4~
Let us consider V = %V’THV/—F %0 y 10 >0
as the Lyapunov candidate function. Using Eq. 16, it
results that

—3THT) + 8 y14.
an

V =—VT(GO + CV +Fv

@ Springer

where y~1 € R*6 is a diagonal positive definite

matrix. For now, let us consider that there is no param-
eter changing during the accomplishment of the task,
i.e.,é —=0andf = 9.

By choosing the updating law as

6 =yG'V, (18)
and using property 5 (skew symmetry of C), Eq. 17

results in

V = —vTFV — vTHT () < 0,

which is semi-definite negative. Hence, it can be con-
cluded that @ € Ly, V' € Ly and, therefore, Vv € L.
By integrating V it results that

T T
- / VIHT)dr — / VTFV dt.

0 0

If the term V (T') is dropped, the previous equation
can be written as the inequality

V(T) = V() =

V(0) —

T
~/2 ~/
/()”V” T mm<F> ;‘/ IFdr = S Amm(F>
(19)

where o = [;° VTHT(V)dt.

The above inequality is valid for any value of T.
Thus, it can be concluded that V' is a square integrable
signal, i.e., V' € Lj, and hence Vv € L;. Assuming that
v, is bounded, as V' = v; — v/ and V' is bounded, one
can conclude that v’ is also bounded. Thus, C(v) and
F(v) are bounded. Considering that "':i is bounded it
can be concluded that G is also bounded. Property 4
states that H is constant, and it is known that 5, v/ and
T(V') are bounded. So, from Eq. 16 it can be noticed
that v/ is bounded, i.e., V € Loo. As V e Lo andV €
L,, Barbalat lemma guarantees that ¥'(r) — 0 with
t — o0. Therefore, v(t) — 0 with t — oo, which
proves that the control objective is accomplished.

The parameter updating law (18) works as an inte-
grator and can cause robustness problems in case of
measurement errors, noise or disturbances. A possible
way of preventing parameter drifting is to turn param-
eter updating off when the error value is smaller than
a certain bound, as illustrated in [20]. Another known
way of preventing parameter drifting is to change
the parameter updating law by introducing a Leakage
term, or a o-modification [4, 15]. By including such
term, the robust updating law

= yGT¥ — yTé (20)
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is obtained, where I' € R®*® is a diagonal positive
gain matrix.

By using the same Lyapunov function as before,
and applying a technique similar to the one we have
presented in [21], it is possible to show that the stabil-
ity of the equilibrium is guaranteed if the disturbance
is limited. Finally, it is also possible to prove that the
tracking error h is ultimately bounded.

Because we cannot guarantee that the control sig-
nals are sufficiently rich, it should be pointed out that
the proposed controller does not guarantee that 60— 0
when ¢t — o00. In other words, parameter estimates
might converge to values that do not correspond to
the physical parameters. Actually, this does not repre-
sent a problem because it is not required that 6 — 0in
order to make v converge to a bounded value.

This concludes our example of application of the
proposed model and its properties on the design and
stability analysis of a dynamic compensation con-
troller.

5 Results and Discussion

To illustrate the application and relevance of the
dynamic model, we are going to compare the simu-
lation results of four cases. In the first case, only the
robot kinematic model is considered and the robot is
directly controlled by the kinematic controller. This
is the classical situation in which the dynamics of
the mobile robot is not considered in the simulation.
In the other cases, the complete dynamic model of
the Pioneer 3-DX with LASER is considered, includ-
ing speed and acceleration limitations. In the second
simulation, only the kinematic controller is used. In
the third and fourth simulations, the adaptive dynamic
compensation controller is also used. The difference
is that in the third simulation the parameter estimates
are exactly equal to the robot parameters (ideal case),
while the fourth simulation deals with the more real-
istic case in which the initial parameter estimates are
different from the robot parameters.

We used MATLAB/Simulink® to implement the
control structure shown on Fig. 2 using the control
laws given by Egs. 10 and 12, with the robust updating
law given by Eq. 20. In all simulations the robot starts
at position (0.2,0.0) m with orientation 0 degrees,
and should follow an 8-shape trajectory starting at
(0.0, 0.0) m. The trajectory to be followed by the robot

is represented by a sequence of desired positions hg
and velocities hq, both varying in time.

The following parameters were used in all simula-
tions: fixed sample time of 0.1 s (this is the sample
time of the Pioneer 3-DX); controller gains k, = 0.1,
ky = 0.1, k, = 4, ky, = 4; saturation constants
Iy, = 01,1, = 01,1, = 1,1, = 1; adapta-
tion gains y = diag(1.7, 1.1, 0.5, 0.3, 0.01, 0.5);
and sigma modification I' = diag(0.0005, 0.001,
0.001, 0.00006, 0.001, 0.001).

Figure 3a and b show the path followed by the robot
and the evolution of the distance error during the first
simulation. The distance error is defined as the instan-
taneous distance between the reference position hg
and the robot position h. It can be noticed that the dis-
tance error starts in 0.2 m, as expected, and decreases
to zero as the simulation progresses. The trajectory to
be followed by the robot is shown in Fig. 4a in the
form of desired positions along time, decomposed in
X and Y axes. The same figure also presents the actual
X and Y values of the robot position. One should
notice that the desired X and Y positions vary in time,
which forces the robot to change its linear and angu-
lar velocities along the path as illustrated in Fig. 4b.
Because the robot dynamics is neglected in this case,
a perfect velocity tracking is implicitly assumed, i.e.,
va = v. Therefore, in Fig. 4b is not possible to see
the difference between reference and actual veloci-
ties. This is reflected in the evolution of the distance
error, which remains equal to zero while the robot is
following the trajectory.

The perfect velocity tracking assumption does not
result in significant errors in some cases. But, in other
situations the consideration of the dynamic model is
very important. To illustrate this, in the second sim-
ulation we include the dynamic model into the same
system and repeat the experiment using the same kine-
matic controller as in the first simulation. Now, the
desired velocities generated by the kinematic con-
troller are sent to the robot model that includes its
dynamics (vg = V).

Figure 5a and b show the path followed by the robot
and the evolution of the distance error during the sec-
ond simulation. One should immediately notice the
difference in performance when compared to the first
simulation. Now, the distance error does not decrease
to zero as the simulation progresses. Instead, it oscil-
lates around 0.1 m and the path followed by the robot
is distorted. Figure 6a shows the desired and actual X
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Distance Error

Robot Path
05 T I I 0.8 .
— — — Reference
Actual o7k
ok i .
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0.5 1
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= E
IS | | =
= 5 04r
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0.1
-2.5 ! ! : 0 !
-2 -1 0 1 2 0 20
x [m]
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time [s]

(b)

Fig. 3 Kinematic controller and kinematic model only: a Robot path; b Evolution of distance error

and Y positions, where it can be seen that the robot is
always behind the desired position. Figure 6b presents
the reference and actual values of linear and angular
velocities. Now, it is clear that the actual robot veloci-
ties are not exactly equal to the desired ones generated
by the kinematic controller. This is the reason why
the tracking error never drops to zero and the path
followed by the robot is not equal to the desired one.

—— =X

T d
| ——x

Desired and actual positions on X and Y axes

T T T T T

x [m]

1 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 180 200
time [s]

—— -y,

11—y

y [m]

0 20 40 60 80 100 120 140 160 180 200
time [s]

(a)

The results of the first and second simulations
illustrate that considering the dynamic model is very
important for the evaluation of controller performance
under simulation. If we were to tune the controller
based on the first simulation, the real world per-
formance of the kinematic controller could be non
satisfactory. It is important to mention that an increase
in controller gains kx and ky would result in better

— — — Reference

. Actual

Linear Velocity

u [m/s]

0 | | | | | | | | |

0 20 40 60 80 100 120 140 160 180 200
time [s]

Angular Velocity — — — Reference

Actual

w [rad/s]
o

0 20 40 60 80 100 120 140 160 180 200
time [s]

(b)

Fig. 4 Kinematic controller and kinematic model only: a desired and actual positions; b linear and angular velocities
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Fig. 5 Kinematic controller and dynamic model: a Robot path; b Evolution of distance error

performance (smaller tracking error). Nevertheless,
we kept the same values of controller gains during all
four simulations to be able to compare the results.
Now, let us analyze the system performance with
the addition of the dynamic compensation controller.
In this third simulation, we use the exact values of
the robot parameters as estimates on the dynamic
controller (ideal case of dynamic compensation).

—— =%

Desired and actual positions on X and Y axes

T

[——x

x [m]

1 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 180 200
time [s]

y [m]

0 20 40 60 80 100 120 140 160 180 200
time [s]

(a)

Figure 7a and b show the path followed by the robot
and the evolution of the distance error, while Fig. 8a
and b show the desired and actual X and Y posi-
tions, and the robot linear and angular velocities,
respectively, during the third simulation. By compar-
ing this results with the ones from the first simulation
(Figs. 3a, b, 4a and b) it can be seen that the sys-
tem performance is very similar. This means that the

— — — Reference
. Actual

Linear Velocity

u [m/s]
o
=

o
N

|
o . . . . . . . . .
0 20 40 60 80 100 120 140 160 180 200
time [s]
Angular Velocity

— — — Reference
T Actual

w [rad/s]

0 20 40 60 80 100 120 140 160 180 200
time [s]

(b)

Fig. 6 Kinematic controller and dynamic model: a desired and actual positions; b linear and angular velocities
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Fig. 7 Perfect dynamic compensation: a Robot path; b Evolution of distance error

dynamic compensation controller is able to cancel out
the effects of the robot dynamics almost perfectly.
The cancellation of the dynamic effects is not perfect
because, in order to have a more realistic simulation,

Desired and actual positions on X and Y axes
T T T T T

T T T

———x

L ——x

X [m]

0 20 40 60 80 100 120 140 160 180 200
time [s]

y [m]

0 20 40 60 80 100 120 140 160 180 200
time [s]

(a)

we have included white noise in the values of position
and velocities that are fed back to the controllers.

The fourth simulation repeats the third one with
the same conditions, except that the initial parameter

— — — Reference

Linear Velocity

0.6 T T T T Actual
— 0.4 4
@
£
= 02 i
0 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200
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Q
°
o
3
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(b)

Fig. 8 Perfect dynamic compensation: a desired and actual positions; b linear and angular velocities
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Before Parameter Updating After Parameter Updating
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Fig. 9 Adaptive dynamic compensation: a Robot path before and after parameter updating; b Evolution of distance error

estimates used in the controller were different from
the real robot parameters (about 30 % difference). The
initial values of parameter estimates used in the fourth
simulation are: = [0.1736 0.1673 —0.0003 0.6643
0.0018 0.7179]. The simulation begins with no param-
eter updating, which starts only at + = 100 s and
remains active until the simulation stops.

Figure 9a and b illustrate, respectively, the
robot path before and after the parameter updating

—— =X

Desired and actual positions on X and Y axes ;

T T T T T

T

0 20 40 60 8 100 120 140 160 180 200
Parameter updating starts here time [s]

E—_—
y

ymi

0 20 40 60 80 100 120 140 160 180 200
time [s]

(a)

activation, and the evolution of the distance error
during the simulation. Notice that the distance error
oscillates around 0.2 m until the activation of the
parameter updating at + = 100 s. Then, the error is
reduced, reaching a value smaller than 0.05 m at r =
200 s. Figure 10a and b present the evolution of the
the desired and actual X and Y positions, and the robot
linear and angular velocities, respectively. Notice the
reduction in velocity error after the start of parameter
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Fig. 10 Adaptive dynamic compensation: a desired and actual positions; b linear and angular velocities
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updating. All figures clearly show a change in per-
formance after the start of parameter update, which
indicates the importance of considering the dynamic
model in the design of robot motion controllers.

We have also evaluated the system performance for
different values of controller gains ky and ky. To do
that, several T = 250 s simulations were executed, in
which the robot should follow an 8-shape trajectory.
For each simulation we calculted the TAE perfor-
mance index, where [AE = f0T|E(t)|dt, E@t) =
V%2 4 2 is the instantaneous distance error, and T
is the simulation period. In each simulation, the kine-
matic controller gains (ky = k) were set to different
values ranging from 0.5 to 35, while all of the dynamic
compensation controller gains were kept constant.
Simulations were performed for the following cases:

(a) only the kinematic controller was enabled, i.e.,
the robot receives the reference velocities vq
directly from the kinematic controller;

(b) the dynamic compensation was activated with
wrong parameter estimates (10 %) and parameter
updating was disabled;

(c¢) the dynamic compensation was activated start-
ing with wrong parameter estimates (10 %) and
parameter updating was enabled since t = 0's; and

(d) the dynamic compensation was activated with
exact parameter estimates (ideal case) without
parameter updating.

Figure 11 shows the I AE values obtained via sev-
eral simulations for each of the above mentioned

IAE
10
<—(a)
8
b
6 (b)
Al @
2
OOF 10 20 30 40
(d) Kk
Xy

Fig. 11 1 AE for 250 s simulations for the cases (a-d) (see text)
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cases. For the case (a), it can be seen from Fig. 11
that the /AE value is higher than 8 for k, = k, =
1, and gets smaller as the value of the controller
gains increases. For this case, better performance is
obtained when k, = ky, = 23, when I AE reaches
its minimum value of 1.24. The same simulations
were repeated for the cases (b), (c¢), and (d) with the
adaptive dynamic compensation activated. Figure 11
shows that the inclusion of the adaptive compensation
controller results on smaller / A E values, thus improv-
ing system performance for any value of k, = ky.
As expected, the error is smaller for the ideal case
(d), which illustrates the importance of the considera-
tion of the dynamic model on the design of the robot
controller. Even under the unfavorable conditions cor-
respondent to cases (b) and (c), the resulting TAE
values are smaller when the dynamic compensation
controller is activated.

Finally, we have also tested the controllers on a real
robot, namely a Pioneer 3-DX robot, using the control
laws in Egs. 10 and 12, with the robust updating law
given in Eq. 20. The experiment was executed under
similar conditions that were used in the fourth simula-
tion: the robot starts at (0.2, 0.0) m, and should follow
an 8-shape trajectory starting at (0.0, 0.0) m. Its linear
velocity varies from 0.2 m/s to 0.4 m/s, and its angu-
lar velocity varies from —0.8 rad/s to 0.8 rad/s. The
initial parameter estimates used in the controller were
different from the real robot parameters of about 20 %.
The experiment begins with no parameter updating,
which, in this case, starts at = 30 s. Robot trajectory
was recovered through its odometry. The effectiveness
of the adaptive controller was evaluated by calculat-
ing the value of TAE for a period of 15 s before
and after parameter updating. Between ¢+ = 15 s and
t = 30 s the value of TAE was 14.38. On the other
hand, the value of I AE calculated between t = 45 s
and r = 60 s, 15 s after the activation of parameter
updating, was 6.55, about 50 % smaller. The exper-
iment was repeated under the same conditions, but
using only the kinematic controller (10). For this case,
the value of IAE calculated between t = 45 s and
t = 60 s was 9.06. This result reinforces the effective-
ness of the use of our proposed dynamic model in the
design of a dynamic compensation scheme when com-
pared to control systems that consider only the robot
kinematic model.
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6 Conclusion

We have presented a formulation and the mathemat-
ical properties of a velocity-based dynamic model,
which are useful on the design and stability analysis of
mobile robot controllers. Regarding the model prop-
erties, it is interesting to notice that (H — 2C) is skew
symmetric because H is constant (hence H= 0), and
C is skew symmetric. Also, the mathematical structure
we propose (6) is similar to the classical torque-based
model that describes the dynamics of mobile robots
and manipulators. Therefore, existent strategies for
torque-based controller design [12-14, 18, 29] can be
adapted to design controllers for mobile robots using
the proposed model.

As any other dynamic model, our model provides
more accurate simulation results when compared with
models that are based only on the kinematics of the
robot. Therefore, it can be used to obtain more realistic
results on controller tuning under simulation, provid-
ing a more precise evaluation of real robot behaviour.
Moreover, it can be easily integrated into simulation
models that have been built for the differential-drive
kinematics, as we shown in Section 5. For example,
our model can be used in connection with kinematic
controllers that were designed for commercial mobile
robots, like the Pioneer robots from Adept-Mobile
Robots, the robuLAB-10 from Robosoft Inc. and the
Khepera robots from K-Team Corporation. This inte-
gration requires no change on the original controller
equations since it accepts the same velocity commands
as commercial robots. To illustrate this concept, we
have built simulation blocks for MATLAB/Simulink®
which include the differential-drive kinematics and
dynamics, a kinematic controller and two adaptive
dynamic compensation controllers. The simulation
blocks are ready-to-use and are available for down-
load [19]. The kinematic and dynamic model blocks
were also included in version 9.10 of Peter Corke’s
Robotics Toolbox for MATLAB® [6].

To sum up, we have proposed a new approach to
write the velocity-based dynamic model for differen-
tial drive mobile robots, the study of its mathematical
properties and presented the design of an adaptive
dynamic compensation controller as an example appli-
cation. These are the main contributions of the present

paper.
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