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Abstract

Recently it was proven by Geiss, Labardini-Fragoso and Shöer in [1] that every Jacobian
algebra associated to a triangulation of a closed surface S with a collection of marked points
M is tame and Ladkani proved in [2] these algebras are (weakly) symmetric. In this work we
show that for these algebras the Auslander-Reiten translation acts 2-periodically on objects.
Moreover, we show that excluding only the case of a sphere with 4 (or less) punctures, these
algebras are of exponential growth. These results imply that the existing characterization of
symmetric tame algebras whose non-projective indecomposable modules are Ω-periodic, has
at least a missing class (see [3, Theorem 6.2] or [4]).

As a consequence of the 2-periodical actions of the Auslander-Reiten translation on ob-
jects, we have that the Auslander-Reiten quiver of the generalized cluster category C(S,M)

consists only of stable tubes of rank 1 or 2.

Keywords: Jacobian algebras, symmetric algebras, Auslander-Reiten translation, cluster
categories, surfaces with marked points.
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1. Introduction

Let k be an algebraically closed field. A potential W for a quiver Q is, roughly speaking, a
linear combination of cyclic paths in the complete path algebra k〈〈Q〉〉. The Jacobian algebra
P(Q,W ) associated to a quiver with a potential (Q,W ) is the quotient of the complete path
algebra k〈〈Q〉〉 modulo the Jacobian ideal J(W ). Here, J(W ) is the topological closure
closure of the ideal of k〈〈Q〉〉 which is generated by the cyclic derivatives of W with respect
to the arrows of Q.

Quivers with potential were introduced in[5] in order to construct additive categorifi-
cations of cluster algebras with skew-symmetric exchange matrix. For the just mentioned
categorification it is crucial that the potential for Q be non-degenerate, i.e. that it can be
mutated along with the quiver arbitrarily, see [5] for more details on quivers with potentials.
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In [6] the authors introduced, under some mild hypothesis, for each oriented surface
with marked points (S,M) a mutation finite cluster algebra with skew symmetric exchange
matrices. More precisely, each triangulation T of (S,M) by tagged arcs corresponds to a
cluster and the corresponding exchange matrix is conveniently coded into a quiver Q(T).
Labardini-Fragoso in [7] enhanced this construction by introducing potentials W (T) and
showed that these potentials are compatible with mutations. In particular, these potentials
are non-degenerate. Ladkani showed that for surfaces with empty boundary and a triangula-
tion T which has no self-folded triangles the Jacobian algebra P(Q(T),W (T)) is symmetric
(and in particular finite-dimensional). It follows that for any triangulation T′ of a closed
surface (S,M) the Jacobian algebra P(Q(T′),W (T′)) is weakly symmetric by [8]. In [1] it is
shown by a degeneration argument that these algebras are tame.

Next, following Amiot [9, Sec. 3.4] and Labardini-Fragoso [10, Theorem 4.2] we have a
2-Calabi-Yau triangulated category C(S,M) together with a family of cluster tilting objects
(TT)T triangulation of (S,M), related by Iyama-Yoshino mutations such that EndC(S,M)

(T (T)) ∼=
P(Q(T),W (T))op (see for example [11] for details of n-Calabi-Yau categories).

Theorem. Let S be a closed oriented surface with a non-empty finite collection M of punc-
tures, excluding only the case of a sphere with 4 (or less) punctures. For an arbitrary
tagged triangulation T, the Jacobian algebra P(Q(T),W (T)) is symmetric, tame, its sta-
ble Auslander-Reiten quiver consists only of stable tubes of rank 1 or 2 and it is an algebra
of exponential growth.

Recall that for symmetric algebras there is a relation between the Auslander-Reiten
translation τ and the Heller translate or syzygy Ω, namely τ ∼= Ω2 (see [12, Section 2.5]), then
if ΛT = P(Q(T),W (T)) is a Jacobian algebra as in the main Theorem, we have that the non-
projective indecomposable ΛT-modules are Ω-periodic. Related to symmetric tame algebras,
Erdmann and Skowroński have announced the following statement (see [3, Theorem 6.2]
or [4]): a non-simple indecomposable symmetric algebra Λ is tame with Ω-periodic modules
if and only if Λ belongs to one of the following classes of algebras: a representation-finite
symmetric algebra, a non domestic symmetric algebra of polynomial growth, or an algebra
of quaternion type (in the sense of [13]). We show at the end of this work that the main
Theorem implies that the existing characterization has at least a missing class.

As another consequence of the Theorem we have the following result.

Corollary. Let S be a closed oriented surface with a non-empty finite collection M of punc-
tures, excluding only the case of a sphere with 4 (or less) punctures.The Auslander-Reiten
quiver of the generalized cluster category C(S,M) consists only of stable tubes of rank 1 or 2.

Notation 1.1. Let (S,M) be a marked surface with empty boundary and T be an tagged
triangulation of (S,M). We construct the unreduced signed adjacency quiver “Q(T) of the

triangulation T and following [7] we construct the unreduced potential ”W (T). The quiver
with potential (Q(T),W (T)) associated to the triangulation T of the marked surface (S,M)

is the reduced part of (“Q(T),”W (T)).
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Let C be the generalized cluster category of (S,M). We denote by Σ the suspension
functor of C and by Σn the suspension functor in a n-angulated category (F ,Σn,D) (cf. [14]
for definition of n-angulated categories).

2. Proof of the results

We show first that the stable Auslander-Reiten quiver of a Jacobian algebra P(Q(T),W (T))
of an arbitrary tagged triangulation T of a closed oriented surface S consists only of stable
tubes of rank 1 or 2 (see [15, Chapter VII] for details of Auslander-Reiten quiver). In order
to prove it, we establish two preliminary results for 2-Calabi-Yau tilted symmetric algebras.
Recall that any finite dimensional Jacobian algebra is a 2-Calabi-Yau tilted algebra (see [16,
Corollary 3.6]).

Proposition 2.1. Let C be a Hom-finite 2-Calabi-Yau triangulated category and T ∈ C be
a cluster-tilting object. If EndC(T ) is symmetric, then its stable Auslander-Reiten quiver
consists only of stable tubes of rank 1 or 2.

Proof. By [17, Theorem I 2.4] there is a relation between the Serre functor S, the Auslander-
Reiten translation τC and the suspension functor Σ of C on objects, that is, S = ΣτC. Since C
is 2-Calabi-Yau, we have Στ = Σ2, therefore τC = Σ. Denote by Λ the algebra EndC(T ) and
by τΛ the Auslander-Reiten translation of mod Λ. By hypothesis, Λ is a symmetric algebra,
then by [18, Lema] the subcategory add(T ) is closed under the Serre functor τ 2

C = S = Σ2.
Then by [14, Remark 6.3], the stable category mod(Λ) is a 3-Calabi-Yau category. Hence by
[17, Theorem I 2.4] we have Ω−1τΛ = Ω−3, because Ω−1 is the suspension functor in modΛ ,
therefore Ω−2 = τΛ.

On the other hand, Λ is symmetric, then Ω2 = τΛ, therefore Ω4 = 1modΛ. Then Ω4 =
τ 2

Λ = 1modΛ.

Remark 2.2. Note that in proof of Proposition 2.1, we also show that symmetric 2-Calabi-
Yau tilted algebras are algebras whose indecomposable non-projective modules are Ω-periodic
and the period is a divisor of 4.

Proposition 2.3. Let C be a Hom-finite 2-Calabi-Yau triangulated category. If there exists
a cluster-tilting object T ∈ C such that EndC(T ) is symmetric, then the Auslander-Reiten
quiver of the category C consists only of stable tubes of rank 1 or 2

Proof. Let T be a cluster-tilting object in C such that the 2-Calabi-Yau tilted algebra Λ =
EndC(T ) is symmetric, therefore by [14, Proposition 6.4] proj(Λ) = add(T ) is a 4-angulated
category, with the Nakayama functor ν as suspension. It well known that the Nakayama
functor of a symmetric algebra is the identity (see [13, Lemma I.3.5]).

By [14, Remark 6.3], then the suspension in the 4-angulated category add(T ) satisfies
Σ4 = Σ2, but also satisfies Σ4 = ν = 1add(T ), then Σ2 = 1add(T ). Hence τ 2 = Σ2 = 1add(T ).

The result follows for Proposition 2.1 and the equivalence C/(add(ΣT )) ∼= modΛ proved
in [19, Proposition, Section 2.1], which is induced by the functor F : C −→ modΛ which
sends X ∈ C to the module T 7→ Hom(T,X).
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As consequence of Proposition 2.3, we have a result about the Auslader-Reiten quiver of
the generalized cluster category of a closed surface with punctures.

Corollary 2.4. Let S be a closed oriented surface with a non-empty finite collection M of
punctures, excluding only the case of a sphere with 4 (or less) punctures.The Auslander-
Reiten quiver of the generalized cluster category C(S,M) consists only of stable tubes of rank 1
or 2.

Proof. It was proved in [2, Proposition 4.7] that there is a particular triangulation T of
(S,M) such that the Jacobian algebra Λ = P(Q(T),W (T)) is symmetric.

By [6, Proposition 4.10], [20, Theorem 7.1] and [21, Theorem 3.2], the generalized cluster
category C is independent of the choice of the triangulation T, then the generalized cluster
category C is equivalent to the generalized cluster category C(Q(T),W (T)). The result follows
from Proposition 2.3.

Remark 2.5. A partial converse to Proposition 2.3 is given in [22, Lemma 2.2. (c)]. More-
over, this result and Corollary 2.4 imply that any Jacobian algebra of a tagged triangulation
of a closed Riemann surface is not only weakly-symmetric, but is symmetric.

Now, we prove the first part of Theorem, that is, we prove that for an arbitrary tagged
triangulation T, the Auslander Reiten quiver of the Jacobian algebra P(Q(T),W (T)) consists
only of stable tubes of rank 1 or 2.

Proof of periodic module category. Let T be a triangulation of the marked surface (S,M) and
Λ = P(Q(T),W (T)) be the Jacobian Algebra of the triangulation T. It was already known
that Λ is a tame algebra (see [1]), and by Remark 2.5 Λ is symmetric. Therefore, it only
remains to prove that its stable Auslander-Reiten quiver consists only of stable tubes of rank
1 or 2. Consider a cluster tilting object T of C such that the functor F : C −→ modΛ which
sends X ∈ C to the module T 7→ Hom(T,X) induces an equivalence C/(add(ΣT )) ∼= modΛ
(see [19, Proposition, Section 2.1]). The functor F also induces an equivalence modΛ ∼=
C/(T,ΣT ) (see [19, Section 3.5]). Therefore the statement follows from Corollary 2.4.

Finally, before we prove the second part of the main result, we recall the definition of a
tame algebra of exponential growth. Recall also that for the following definition the ground
field k is assumed to be algebraically closed.

Following Drozd [23], an algebra A is tame if for every dimension d ∈ N there is a finite
number of A − k[X]−bimodules N1, . . . , Ni(d) such that each Ni is finitely generated free
over the polynomial ring k[X] and almost all d-dimensional indecomposable A-modules are
isomorphic to Ni ⊗k[X] k[X]/(X − λ) for some i ∈ {1, . . . , i(d)} and some λ ∈ k. For a tame
algebra A, we denote by µA(d) the smallest possible number of these Ni. Then A is said
to be of polynomial growth [24] (respectively, domestic [25]) if there is a positive integer m
such that µA(d) ≤ dm (respectively, µA(d) ≤ m) for all d ≥ 1. We say that A is tame of
exponential growth if µA(d) > rd for infinitely many d ∈ N and some real number r > 1.

Also, we recall the definition of string and band in string algebras. Given an arrow
α : i → j in a quiver Q, we denote by α−1 : j → i the formal inverse of α. Given such
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a formal inverse l = α−1, one writes l−1 = α. Let Q̄1 be the set of all arrows and their
formal inverses, the elements of Q̄1 are letters. A string w, of an algebra kQ/I, is a sequence
l1l2 · · · ln of the elements of Q̄1 such that

(W1) We have l−1
i 6= li+1, for all 1 ≤ i < n.

(W2) No proper subsequence of w or its inverse belongs to I.

(W3) end(li) = start(li+1) for all i.

If w = l1l2 · · · ln and w′ = l′1l
′
2 · · · l′m are strings we say that the composition of w and w′

is defined provide l1l2 · · · lnl′1l′2 · · · l′m is a string, and write ww′ = l1l2 · · · lnl′1l′2 · · · l′m.
A string w is said to be cyclic if all powers wm, m ∈ N are strings. Given a cyclic string

w, the powers wm with m ≥ 2 are said to be proper powers. A cyclic string w is said to be
primitive provided it is not a proper power of some other string. A band is a cyclic primitive
string.

Remark 2.6. From the proof of the [1, Theorem 3.6] follows that mutations of quivers
with potential also preserve exponential growth, therefore it is enough to show a particular
triangulation of each closed surface which induces a Jacobian algebra of exponential growth.

Lemma 2.7. Let A be a finite dimensional algebra and A′ be a quotient of A. If A′ is of
exponential growth, then so is A.

The proof follows from the fact that any A′-module is also an A-module and if L ∼= N
as A− k[x]−bimodules, then L ∼= N as A′ − k[x]−bimodules. Therefore µA′(d) ≤ µA(d).

Our goal is to find a triangulation T for each closed surface with marked points (S,M)
such that there is a quotient of the Jacobian algebra P(Q(T),W (T)) which is an algebra of
exponential growth. We have to distinguish in two cases: the sphere with 5 punctures and
the other closed surfaces.

Lemma 2.8. For an arbitrary triangulation T of a sphere with 5 punctures, the Jacobian
algebra P(Q(T),W (T)) is an algebra of exponential growth.

Proof. Consider the skewed-gentle triangulation T of Figure 1 (see definition of skewed-
gentle triangulation in [1, Section 6.7]) and the Jacobian algebra Λ = P(Q(T),W (T). The
skewed-gentle triangulation T was already studied in [1].

Let I be the ideal of k〈〈Q(T)〉〉 generated by the set ∂(W ′) of cyclic derivatives of W ′,
where W ′ = b5c5a2b1c1+a1b4c4a3. Then the quotient algebra Λ′ = Λ/I is isomorphic k〈Q′〉/J
where Q′ is the quiver in Figure 2 and J is the ideal in k〈Q′〉 generated by ε2i−εi, aibi, bici and
ciai for i = 1, 2, 3 and the set {b2ε2c2a3, ε2c2a3a1, c2a3a1b2, a1b2ε2c2, ε3c3a2b1ε1c1, c3a2b1ε1c1b3,
a2b1ε1c1b3ε3, b1ε1c1b3ε3c3, ε1c1b3ε3c3a2, c1b3ε3c3a2b1, b3ε3c3a2b1ε1}. Then the quotient Λ/I is
a skewed-gentle algebra (see definition of skewed-gentle algebras in [26]).

The indecomposable representations of skewed-gentle (or more generally clannish) alge-
bras are described by a combinatorial rule in terms of certain words; similar to the more
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p3

2 5 8

1 4 7 1

3 6 9

a1

c1
b1 b3

b4b2c2 c4

a2 a3

c5

b6

c3 b5

c6

Figure 1: Triangulation T of a sphere with 5 punctures

4 5 6

1 2 3 1
a1

c1
b1 b2

a2 a3

c3c2 b3

ε1 ε2 ε3

Figure 2: Skewed-gentle quiver Q′

widely known special biserial algebras, see [27] for more details. Thus in our situation it is
enough to show that the corresponding clan C = (k,Q′, Sp, (qb),≤) (see [27, Definition 1.1])
admits two bands such that any arbitrary sequence of composition of them is again a band.

Let C = (k,Q′, Sp, (qb | b ∈ Sp),≤) be the clan of the algebra Λ′, where the special loops
Sp are ε1, ε2 and ε3 and with the following relations: ai < b−1

i , bi < c−1
i and ci < a−1

i for
i = 1, 2, 3.

Recall, a word in a clan C is a formal sequence w1w2 . . . wn of letters with n > 0 such
that for each 1 ≤ i < n we have end(wi) = start(wi+1) and the letters w−1

i and wi+1 are
incomparable.

Now, consider the bands α = a1a
−1
2 a3 and β = a1b2ε

∗
2c2c

−1
3 ε∗3b

−1
3 . Observe that a−1

3 and
a1 are incomparable and also b3 and a1 are incomparable, then the products αβ and βα
are well defined and they are also bands, therefore Λ′ is an algebra of exponential growth
and by Lemma 2.7 then Λ is so. One needs some number theory argument to prove that
the string algebras or skewed-gentle algebras having two bands as before are of exponential
growth, these number theory argument was given by Skowrońsky for a particular case in [24,
Lemma 1]. Finally, as we mention in Remark 2.6 mutations of quiver with potential preserve
exponential growth property and flips of tagged triangulations are compatible with mutations
of quiver with potential (cf. [7, Theorem 30]), then any Jacobian algebra associated to a
triangulation of a sphere with 5 punctures is also of exponential growth.
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For an ideal triangulation T, the valency valT(p) of a puncture p ∈ P is the number of
arcs in T incident to p, where each loop at p is counted twice.

Remark 2.9. Let T be a triangulation with no self-folded triangles of a marked surface with
empty boundary (S,M) and (Q(T),W (T)) be the quiver with potential associated to the
triangulation T.

1. The quiver Q(T) is a block-decomposable graph of blocks of type II, where a block of
type II is a 3-cycle. See [6] for details.

2. If every puncture p ∈M has valency at least 3, then any arrow α of Q(T) has exactly
two arrows β, γ starting at the terminal vertex of α and exactly one arrow δ ending
at the terminal vertex of α. Following Ladkani in [2] there are two functions f, g :
Q1(T) → Q1(T) such that αf(α)f 2(α) is a 3-cycle arising from a triangle in T and
(gnα−1(α))(gnα−2(α)) . . . (g(α))(α) is a cycle surrounding a puncture q, where nα =
min{r > 0 | gr(α) = α}.

3. If every puncture has valency at least four, then there are no commutativity relations
involving only paths of length two.

Proof of exponential growth property. It was proven in [2, Proposition 5.1], that if the marked
surface (S,M) is not a sphere with 4 or 5 punctures, it has a triangulation T with no self-folded
triangles and in which each puncture p ∈M has valency at least four.

Let f, g : Q1(T) → Q1(T) be functions as in Remark 2.9 part 2). Let I be the ideal in
A generated by the relations αf(α) for every arrow α in Q1(T) and consider the quotient
A′ = A/I. It is clear that this quotient is a string algebra.

To prove that A′ is an algebra of exponential growth we use the the argument as in the
case of a sphere with 5 puncture, then it is enough to prove that A′ admits two bands ξ and
η such that any arbitrary combination of them is again a band.

Consider an arrow α : i→ j of the quiver Q(T), we denote by Tα the following piece of
the triangulation T. The vertices of α are two arcs of a triangle 4α of T, and if q and p are
the endpoints of the remaining arc of this triangle, we let Tα the set of arcs of T that have
q or p as one of its endpoints. We observe that the arc with endpoints p and q is a side of
exactly two triangles, one of them is the triangle 4α and we denote by 4δ the other one. In
Figure 3, we show the piece of triangulation Tα.

Denote by αγβ the 3-cycle arising from the triangle 4α. Surrounding the puncture q,
there is a cycle w(q) starting at j which is denoted by

(γ)(gγ)(g2γ)(g3γ) · · · (gnγ−1γ),

and surrounding p there is a cycle w(p) starting at i which is denoted by

(gβ)(g2β) · · · (gnβ−2β)(gnβ−1β)(β).

We denote by ρ1(α) the word

(g2γ)(g3γ) · · · (gnγ−1γ),
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β

α

γ

δ

gnβ−1βgγ

gβ

gnβ−2βg2γ

gnγ−1γ

pq

Figure 3: The piece of triangulation Tα

by ρ2(α) the word
(gβ)(g2β) · · · (gnβ−2β)

and by δ the arrow fgγ, which is part of the 3-cycle arising from the triangle 4δ.
Then denote by ξ(α) the word

(α)(ρ1(α))−1(δ)(ρ2(α))−1.

Observe that ρ1(α) and ρ2(α) are defined for any arrow α ∈ Q1, therefore we can define ξ(α)
for any arrow α. In particular, we also have the string ξ(gβ). We define η = ξ(gβ)−1

Observe that both strings ξ(α) and η are actually bands, moreover, we have that the
compositions ξ(α)η and ηξ(α) are well defined bands and so is any word formed by (arbitrary)
compositions of the bands ξ(α) and η. Therefore A′ is an algebra of exponential growth, and
by Lemma 2.7 it follows that A is an algebra of exponential growth. The result follows from
the fact that exponential growth is preserved by mutations (see Remark 2.6).

Finally, in order to show the main Theorem shows that the existing characterization of
symmetric tame algebras whose non-projective indecomposable modules are Ω-periodic was
not complete, we first recall some definitions.

Definition 2.10. Let Λ and Λ′ be self injective algebras.

• The algebras Λ and Λ′ are said to be socle equivalent if the factor algebras Λ/Soc(Λ)
and Λ′/Soc(Λ′) are isomorphic.

• The algebra Λ is said to be a self injective algebra of Dynkin type ∆ if Λ is isomorphic
to an orbit algebra B̂/G, where B̂ is the repetitive algebra of a tilted algebra B of
Dynkin type ∆ and G is an admissible group of automorphisms of B̂.

• The algebra Λ is said to be a self injective algebra of tubular type if Λ is isomorphic to
an orbit algebra B̂/G, where B̂ is the repetitive algebra of a tubular algebra B and G
is an admissible group of automorphisms of B̂.
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• The algebra Λ is said to be of quaternion type if the following conditions are satisfied:

– Λ is symmetric, indecomposable, tame of infinite representation type.

– The indecomposable nonprojective finite dimensional Λ-modules are Ω-periodic
of period dividing 4.

– The Cartan matrix of Λ is non-singular.

We say that an algebra A is of pure quaternion type if it is of quaternion type and not of
polynomial growth

According to the characterization of Erdmann and Skowroński (see [4] or [3, Theorem
6.2]) any symmetric tame algebras with Ω-periodic modules is one of the following type of
algebra:

i) socle equivalent to a symmetric algebra of Dynkin type (or equivalently a representation
finite symmetric algebra);

ii) socle equivalent to a symmetric algebra of tubular type (or equivalently a non-domestic
symmetric algebra of exponential growth);

iii) an algebra of pure quaternion type.

In the following Remark we show that any Jacobian algebra arising from a closed surface
with marked points, excluding only a sphere with 4 punctures, does not belong to none of
one of the previous classes of algebras.

Remark 2.11. (1) A combination of [1, Theorem 7.1], [2, Theorem], [6, Proposition
2.10] and the Theorem of this work, yields that for each closed surface S of genus
g with p punctures, excluding only the case of a sphere with 4 punctures, and each
tagged triangulation T, the Jacobian algebra P(Q(T),W (T)) is symmetric and tame
with Ω-periodic module category and with 6(g − 1) + 3p simple modules. However,
P(Q(T),W (T)) is neither of the following algebras:

a) an algebra of blocks of quaternion type, because in the case of a torus with
one puncture, it was shown by Ladkani in [2], that the Cartan matrix of the
associated Jacobian algebra is singular, therefore it is not blocks of quaternion
type by definition. In the other cases, the module category of the Jacobian algebra
has at least 6 simple modules, in contrast to algebras of quaternion type which
have at most 3 simple modules (see [28, Theorem]).

b) an algebra socle equivalent to an algebra of tubular type, because this algebra is
an algebra of polynomial growth.

c) socle equivalent to an algebra of Dynkin type, algebras which are of finite repre-
sentation type.
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Therefore, the existing characterization of algebras which are symmetric, tame and
with the non-projective indecomposable modules Ω-periodic, was not complete (see [3,
Theorem 6.2] or [4]). These family of Jacobian algebras forms a new family with these
properties.

(2) A similar statement to the theorem is known to hold for the sphere with 4 punctures,
except that in this case the potentials depend also on the choice of a parameter λ ∈ k \
{0, 1} and in this case the Jacobian algebras P(Q(T),W (T, λ)) are (weakly) symmetric
of tubular type (2, 2, 2, 2) and this is of polynomial (lineal) growth, and the category
C(Q,M,λ) is a tubular cluster category of type (2, 2, 2, 2), see [29] and [30].

(3) Similar result to Theorem and Corollary was announced by Ladkani at the abstract of
the Second ARTA conference, see [31].

(4) The results of this work were presented at the Second and Third ARTA conference.

Acknowledgements. I want to thank Christof Geiss for suggesting me n-angulated categories
for solving this problem, for suggesting me including the exponential growth property of
this kind of algebras and valuable comments. I also want to thank Sonia Trepode for her
constant support.

References
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