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Abstract Matrix-valued spherical functions related to the quantum symmetric pair
for the quantum analogue of (SU(2) x SU(2), diag) are introduced and studied in
detail. The quantum symmetric pair is given in terms of a quantised universal envelop-
ing algebra with a coideal subalgebra. The matrix-valued spherical functions give
rise to matrix-valued orthogonal polynomials, which are matrix-valued analogues
of a subfamily of Askey—Wilson polynomials. For these matrix-valued orthogonal
polynomials, a number of properties are derived using this quantum group interpreta-
tion: the orthogonality relations from the Schur orthogonality relations, the three-term
recurrence relation and the structure of the weight matrix in terms of Chebyshev poly-
nomials from tensor product decompositions, and the matrix-valued Askey—Wilson
type g-difference operators from the action of the Casimir elements. A more ana-
Iytic study of the weight gives an explicit LDU-decomposition in terms of continuous
g-ultraspherical polynomials. The LDU-decomposition gives the possibility to find
explicit expressions of the matrix entries of the matrix-valued orthogonal polynomials
in terms of continuous g-ultraspherical polynomials and g-Racah polynomials.
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1 Introduction

Shortly after the introduction of quantum groups, it was realised that many special
functions of basic hypergeometric type [ 15] have a natural relation to quantum groups,
seee.g.[9, Chap. 6],[20,31] for references. In particular, many orthogonal polynomials
in the g-analogue of the Askey scheme, see e.g. [26], have found an interpretation on
compact quantum groups analogous to the interpretation of orthogonal polynomials
of hypergeometric type from the Askey scheme on compact Lie groups and related
structures, see e.g. [46,47].

In case of the harmonic analysis on classical Gelfand pairs, one studies spherical
functions and related Fourier transforms, see [43]. For our purposes, a Gelfand pair
consists of a Lie group G and a compact subgroup K so that the trivial representation
of K in the decomposition of any irreducible representation of G restricted to K
occurs with multiplicity at most one. The spherical functions are functions on G which
are left- and right- K -invariant. The zonal spherical functions are realised as matrix
elements of irreducible G-representations with respect to a fixed K -vector. For special
cases, the zonal spherical functions can be identified with explicit special functions of
hypergeometric type, see [43, Chap. 9], [12, §IV]. The zonal spherical functions are
eigenfunctions to an algebra of differential operators, which includes the differential
operator arising from the Casimir operator in case G is a reductive group. For special
cases with G compact, we obtain orthogonality relations and differential operators for
the spherical functions, which can be identified with orthogonal polynomials from the
Askey scheme. For the special case G = SU(2) x SU(2) with K = SU(2) embedded
as the diagonal subgroup, the zonal spherical functions are the characters of SU(2),
which are identified with the Chebyshev polynomials U, of the second kind by the
Weyl character formula. The Gelfand pair situation has been generalised to the setting
of quantum groups, mainly in the compact context, see e.g. Andruskiewitch and Natale
[3] for the case of finite dimensional Hopf algebra with a Hopf subalgebra, Floris [13],
Koornwinder [32], Vainermann [45] for more general compact quantum groups, and,
for a non-compact example, Caspers [7].

The notions of matrix-valued and vector-valued spherical functions have already
emerged at the beginning of the development of the theory of spherical functions,
see e.g. [14] and references given there. However, the focus on the relation with
matrix-valued or vector-valued special functions only came later, see e.g. references
given in [18,44]. Griinbaum et al. [17] give a group theoretic approach to matrix-
valued orthogonal polynomials emphasising the role of the matrix-valued differential
operators, which are manipulated in great detail. The paper [17] deals with the
case (G, K) = (SU(3), U(2)). Motivated by [17] and the approach of Koornwinder
[29], the group theoretic interpretation of matrix-valued orthogonal polynomials on
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(G, K) = (SU2) x SU(2), SU(2)) is studied from a different point of view, in par-
ticular with less manipulation of the matrix-valued differential operators, in [23,24],
see also [18,44]. The point of view is to construct the matrix-valued orthogonal poly-
nomials using matrix-valued spherical functions, and next using this group theoretic
interpretation to obtain properties of the matrix-valued orthogonal polynomials. This
approach for the case (G, K) = (SU(2) x SU(2), SU(2)) leads to matrix-valued
orthogonal polynomials for arbitrary size, which can be considered as analogues of
the Chebyshev polynomials of the second kind. A combination of the group theoretic
approach and analytic considerations then allows us to understand these matrix-valued
orthogonal polynomials completely, i.e. we have explicit orthogonality relations,
three-term recurrence relations, matrix-valued differential operators having the matrix-
valued orthogonal polynomials as eigenfunctions, expression in terms of Tirao’s [41]
matrix-valued hypergeometric functions, expression in terms of well-known scalar-
valued orthogonal polynomials from the Askey scheme, etc. This has been analytically
extended to arbitrary size matrix-valued orthogonal Gegenbauer polynomials [25], see
also [39] for related 2 x 2 cases.

The interpretation on quantum groups and related structures leads to many new
results for special functions of basic hypergeometric type. In this paper, we use quan-
tum groups in order to obtain matrix-valued orthogonal polynomials as analogues of a
subclass of the Askey—Wilson polynomials. In particular, we consider the Chebyshev
polynomials of the second kind, recalled in (5.6), as a special case of the Askey—Wilson
polynomials [4, (2.18)]. Moreover, we know that the Chebyshev polynomials occur
as characters on the quantum SU(2) group, see [48, §A.1]. The approach in this paper
is to establish the quantum analogue of the group theoretic approach as presented in
[23,24], see also [18,44], for the example of the Gelfand pair G = SU(2) x SU(2)
with K = SU(2). For this approach, we need Letzter’s approach [34—-36] to quantum
symmetric spaces using coideal subalgebras. We stick to the conventions as in Kolb
[27] and we refer to [28, §1] for a broader perspective on quantum symmetric pairs. So
we work with the quantised universal enveloping algebra U, (g) = U, (su(2) @ su(2)),
introduced in Sect. 3, equipped with a right coideal subalgebra B, see Sect.4. Once
we have this setting established, the branching rules of the representations of i/, (g)
restricted to 3 follow by identifying B with the image of I, (su(2)) (up to an isomor-
phism) under the comultiplication using the standard Clebsch—Gordan decomposition.
In particular, it gives explicit intertwiners. Next we introduce matrix-valued spheri-
cal functions in Sect. 4. Using the matrix-valued spherical functions, we introduce the
matrix-valued orthogonal polynomials. Then we use a mix of quantum group theoretic
and analytic approaches to study these matrix-valued orthogonal polynomials. So we
find the orthogonality for the matrix-valued orthogonal polynomials from the Schur
orthogonality relations, and the three-term recurrence relation follows from tensor
product decompositions of U, (g)-representations, and the matrix-valued g-difference
operators for which these matrix-valued orthogonal polynomials are eigenvectors fol-
low from the study of the Casimir elements in I/, (g). More analytic properties follow
from the LDU-decomposition of the matrix-valued weight function, and this allows
to decouple the matrix-valued g-difference operators involved. The decoupling gives
the possibility to link the entries of the matrix-valued orthogonal polynomials with
(scalar-valued) orthogonal polynomials from the g-analogue of the Askey scheme, in
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particular the continuous g-ultraspherical polynomials and the g-Racah polynomials.
The approach of [17] does not seem to work in the quantum case, because the possi-
bilities to transform g-difference equations are very limited compared to transforming
differential equations. We note that in [3, §5] matrix-valued spherical functions are
considered for finite dimensional Hopf algebras with respect to a Hopf subalgebra.

The approach to matrix-valued orthogonal polynomials from this quantum group
setting also leads to identities in the quantised function algebra. This paper does not
include the resulting identities after using infinite dimensional representations of the
quantised function algebra. Furthermore, we have not supplied a proof of Lemma 5.4
using infinite dimensional representations and the direct integral decomposition of the
Haar functional, but this should be possible as well.

In general, the notion of a quantum symmetric pair seems to be best-suited for the
development of harmonic analysis in general and in particular of matrix-valued spheri-
cal functions on quantum groups, see e.g. [28,34-38] and references given there. When
considering other quantum symmetric pairs in relation to matrix-valued spherical func-
tions, the branching rule of a representation of the quantised universal enveloping
algebra to a coideal subalgebra seems to be difficult. In this paper, it is reduced to the
Clebsch—Gordan decomposition, and there is a nice result by Oblomkov and Stokman
[38, Proposition 1.15] on a special case of the branching rule for quantum symmet-
ric pair of type AIll, but in general the lack of the branching rule for the quantum
symmetric pairs is an obstacle for the study of quantum analogues of matrix-valued
spherical functions of e.g. [17,18,38,44].

The matrix-valued orthogonal polynomials resulting from the study in this paper are
matrix-valued analogues of the Chebyshev polynomials of the second kind viewed as
an example of the Askey—Wilson polynomials. We expect that it is possible to obtain
matrix-valued analogues of the continuous g-ultraspherical polynomials viewed as
subfamily of the Askey—Wilson polynomials using the approach of [25] using the
Askey—Wilson g-derivative instead of the ordinary derivative. We have not explicitly
worked out the limit transition g 1 1 of the results, but by the set-up it is clear that the
formal limit gives back many of the results of [23,24].

The contents of the paper are as follows. In Sect.2, we fix notation regarding
matrix-valued orthogonal polynomials. In Sect. 3, the notation for quantised universal
enveloping algebras is recalled. Section4 states all the main results of this paper.
It introduces the quantum symmetric pair explicitly. Using the representations of
the quantised universal enveloping algebra and the coideal subalgebra, the matrix-
valued polynomials are introduced. We continue to give explicit information on the
orthogonality relations, three-term recurrence relations, g-difference operators, the
commutant of the weight, the LDU-decomposition of the weight, the decoupling of
the g-difference equations and the link to scalar-valued orthogonal polynomials from
the g-Askey scheme. The proofs of the statements of Sect.4 occupy the rest of the
paper. In Sect.5, the main properties derivable from the quantum group set-up are
derived, and we discuss in Appendix 1 the precise relation of the branching rule for
this quantum symmetric pair and the standard Clebsch—Gordan decomposition. In
Sect. 6, we continue the study of the orthogonality relations, in which we make the
weight explicit. This requires several identities involving basic hypergeometric series,
whose proofs we relegate to Appendix 2. Section 7 studies the consequences of the
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explicit form of the matrix-valued g-difference operators of Askey—Wilson type to
which the matrix-valued orthogonal polynomials are eigenfunctions.

In preparing this paper, we have used computer algebra in order to verify the state-
ments up to certain size of the matrix and up to certain degree of the polynomial in
order to eliminate errors and typos. Note, however, that all proofs are direct and do
not use computer algebra. A computer algebra package used for this purpose can be
found on the homepage of the second author.!

The convention on notation follows Kolb [27] for quantised universal enveloping
algebras and right coideal subalgebras and we follow Gasper and Rahman [15] for the
convention on basic hypergeometric series and we assume 0 < g < 1.

2 Matrix-valued orthogonal polynomials

In this section, we fix notation and give a short background to matrix-valued orthog-
onal polynomials, which were originally introduced by Krein in the forties, see e.g.
references in [5,10]. General references for this section are [5,10,16], and references
given there.

Assume that we have a matrix-valued function W : [a, b] — M2,4+1(C),2¢+1 € N,
a < b,sothat W(x) > Ofor x € [a, b] almost everywhere. We use the notation A > 0
to denote a strictly positive definite matrix. Moreover, we assume that all moments
exist, where integration of a matrix-valued function means that each matrix entry is
separately integrated. In particular, the integrals are matrices in Moy 1(C). It then
follows that for matrix-valued polynomials P, Q € M»,+1(C)[x] the integral

b
(P, Q) = / P(x)" W(x) Q(x)dx € Mag41(C) 2.1)

exists. This gives a matrix-valued inner product on the space M2y 1(C)[x] of matrix-
valued polynomials, satisfying

(P,Q)=(Q,P)*, (P,QA+RB)=(P,0Q0)A+ (P,R)B,
(P,P)=0€ My+1(C) <+ Px)=0¢€ Mpy+1(C)Vx

forall P, O, R € M+1(C)[x] and A, B € M¢4+1(C). More general matrix-valued
measures can be considered [5,10], but for this paper the above set-up suffices.

A matrix-valued polynomial P(x) = >\ _(x"P", P" € My41(C) is of degree
n if the leading coefficient P" is non-zero. Given a weight W, there exists a family
of matrix-valued polynomials (P,),cN so that P, is a matrix-valued polynomial of
degree n and

b
/ (Pa())" W(x) Py (x)dx = 8, mGn, (2.2)

1 http://www.math.ru.nl/~koelink/publist-ro.html.
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where G, > 0. Moreover, the leading coefficient of P, is non-singular. Any other
family of polynomials (Q,),eN so that O, is a matrix-valued polynomial of degree
n and (Q,, Q) = 0 for n # m satisfies P,(x) = Q,(x)E, for some non-singular
E, € M4+ 1(C) for all n € N. We call the matrix-valued polynomial P, monic in
case the leading coefficient is the identity matrix /. The polynomials P, are called
orthonormal in case the squared norm G, = [ for all n € N in the orthogonality
relations (2.2).

The matrix-valued orthogonal polynomials P, always satisfy a matrix-valued three-
term recurrence of the form

xPy(x) = Py (X)Ap + Po(X)By + Py 1 (0)Cy, (2.3)

for matrices A, B, C,, € M¢4+1(C) for all n € N. Note that in particular A, is non-
singular for all n. Conversely, assuming P_;(x) = O (by convention) and fixing the
constant polynomial Py(x) € Ma,+1(C) we can generate the polynomials P, from the
recursion (2.3). In case the polynomials are monic, the coefficient A, = I for all n and
Po(x) = I as the initial value. In general, the matrices satisfy G,+14, = C: +1Gns
G.B, = B]G,, so that in the monic case C, = G;l]Gn for n > 1. In case the
polynomials are orthonormal, we have C,, = A,’;_l and B, Hermitian.

Note that the matrix-valued ‘sesquilinear form’ (2.1) is antilinear in the first entry
of the inner product, which leads to a three-term recurrence of the form (2.3) where
the multiplication by the constant matrices is from the right, see [10] for a discussion.

In case a subspace V C C2t+! g invariant for W (x) for all x, V1 is also invari-
ant for W(x) for all x. Let ty: V — C?“*! be the embedding of V into C2¢*+!
so that Py = 1y, € Mp41(C) is the corresponding orthogonal projection. Then
W(x)Py = PyW(x) for all x. Let PnV: [a, b] — End(V)[x] be the matrix-valued
polynomial defined by PnV (x) = f{, P, (x)ty, where P, are the monic matrix-valued
orthogonal polynomials for the weight W. Then P form a family of monic V-
endomorphism-valued orthogonal polynomials, and P,(x) = PnV x)® PnVl (x). The
same decomposition can be written down for the orthonormal polynomials.

The projections on invariant subspaces are in the commutant x-algebra {T €
Mo+1(C) | TW(x) = W(x)T Vx}. In case the commutant algebra is trivial, the
matrix-valued orthogonal polynomials are irreducible. The primitive idempotents
correspond to the minimal invariant subspaces, and hence they determine the decom-
position of the matrix-valued orthogonal polynomials into irreducible cases.

Remark 2.1 In [42] the authors discuss non-orthogonal decompositions by consider-
ing, instead of the commutant algebra, the real vector space

o =1{Y € End(HY) : YW(x) = W(x)Y*, Vxe (=1, D

It follows that if IR C .7, then the weight W reduces, non-unitarily, to weights of
smaller size. Koelink and Romén [22, Example 4.3] showed that & = {W(x) : x €
(=1, 1)} so that, in our case, both decompositions coincide.

We denote by E; ; € Mgy 1(C) the matrix with zeroes except at the (i, j)th entry
where it is 1. So for the corresponding standard basis {ek}%‘;o we set E; jer = 0 re;.
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We usually use the basis {ek}%e: o in describing the results for the matrix-valued orthog-
onal polynomials, but occasionally the basis is relabelled {e,f}ﬁz_ ¢» @8 is customary
for the U, (su(2))-representations of spin £. In the latter case, we use superscripts to
distinguish from the previous case: Eﬁjef = Sj,kef, i,j,ke{—¢, ..., ¢}

3 Quantised universal enveloping algebra

We recall the setting for quantised universal enveloping algebras and quantised func-
tion algebras, and this section is mainly meant to fix notation. The definitions can be
found at various sources on quantum groups, such as the books [9,11,20], and we
follow Kolb [27].

Fix for the rest of this paper 0 < ¢ < 1. The quantised universal enveloping algebra
can be associated to any root datum, but we only need the simplest cases g = sl(2) and
g = sl(2) ®sl(2). The quantised universal enveloping algebra is the unital associative
algebra generated by k, k!, e, f subject to the relations

-1

kk='=1=k"k, ke=q%ek, kf=q %fk, ef — fe=
q—

—~. G

where we follow the convention as in [27, §3]. For our purposes, it is useful to extend
the algebra with the roots of k and k!, denoted by k'/2, k—1/? satisfying

K212 = = V22 22 g 212

9

K2 = gek'2, K2 p =g frM2 (3.2)

The extended algebra is denoted by 4, (51(2)), and it is a Hopf algebra with comulti-
plication A, counit ¢, antipode S defined on the generators by

Al)=e®1+k®e, Af)=fRk'+1®f
AREV?y = (E1/2 @ f£1/2,
S(e) = —k~le, S(f)=—fk, Sk*V/?)=kF2,
el) =0=¢(f), e*k*'/?) =1

The Hopf algebra has a *-structure defined on the generators by
(kil/Z)* — kil/Z’ e* — quks f* — qukfle.

We denote the corresponding Hopf *-algebra by U, (su(2)).

The identification as Hopf s-algebras with [21,30] is (A, B, C, D) < (k'/2,
q_lk_l/ze, C]fkl/z, k—l/Z)‘

The irreducible finite dimensional type 1 representations of the underlying x-algebra
have been classified. Here type 1 means that the spectrum of K /2 is contained in g 22,
For each dimension 2¢ 4 1 of spin £ € %N, there is a representation in H¢ = C2¢+!

with orthonormal basis {¢® o e . ef} and on which the action is given by

—41
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(' P)et, = g7l th(e)el, = g* b (p)el, .

(e, = q" "B (p+ Dey (3.3)

1
b'(p) = e — \/(q‘“”‘1 — gty (gTtr — g,

where ¢¢: Uy (5u2)) — End(H") is the corresponding representation. Note that
be(p) = bt — p). Finally, recall that the centre Z(U,;(s1(2))) is generated by
the Casimir element w,

g Yk + gk -2 gk~ '+ q k-2
W=t fe= ——— ———
G —q) G —q)

1 1 2
—i-f_ A+t
NP E——
9" —q

We use the notation U, (g) to denote the Hopf *-algebra U/, (su(2) ® su(2)), which
we identify with U, (su(2)) ® Uy (su(2)), where K;/*, K, '/*, E;, Fi,i = 1,2, are
the generators. The relations (3.1) and (3.2) hold with (K12, k=172 ¢, f) replaced
by (Kil/ 2, K;]/ 2, E;, F;) for any fixed i and the generators with different index i
commute. The tensor product of two Hopf x-algebras is again a Hopf x-algebra, where
the maps on a simple tensor X; ® X» are given by, see e.g. [9, Chap. 4],

+ef,
(3.4)

AX) ® X2) = A13(X1)Au(X2), (X1 ® X2) = e(X1)e(X2),

(3.5)
SX1®X2)=S(X1)®S(X2), (X1®X2)"=X]Q®X5,
where we use leg-numbering notation.

The irreducible finite dimensional type 1 representations of U, (g) are labelled
by (¢1,4€72) € %N X %N, and the representations ‘-2 from Uy (g) to End(H%2),
HE = HY @K, are obtained as the exterior tensor product of the representations
of spin £ and £; of U, (su(2)). Here type 1 means that the spectrum of Kl.l/z, i=1,2,
is contained in ¢ 2Z,

We have used the notation A, ¢ and S for the comultiplication, counit and antipode
for all Hopf algebras, respectively. From the context, it should be clear which comul-
tiplication, counit and antipode is meant. The corresponding dual Hopf x-algebra
related to the quantised function algebra is not needed for the description of the results
in Sect. 4, and it will be recalled in Sect.5.1.

4 Matrix-valued orthogonal polynomials related to the quantum
analogue of (SU(2) x SU(2), diag)

In this section, we state the main results of the paper. First we introduce the spe-

cific quantum symmetric pair, which is to be considered as the quantum analogue of
a symmetric space G/K, in this case SU(2) x SU(2)/SU(2). Quantum symmetric
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spaces have been introduced and studied in detail by Letzter [34-36], see also Kolb
[27]. In particular, Letzter has shown that Macdonald polynomials occur as spheri-
cal functions on quantum symmetric pairs motivated by the works of Koornwinder,
Dijkhuizen, Noumi and others. In our case, B C Uy (g), as in Definition 4.1, is the
appropriate right coideal subalgebra. Using the explicit branching rules for ¢(¢1:¢2)| 5
of Theorem 4.3, we introduce matrix-valued spherical functions in Definition 4.4.
To these matrix-valued spherical functions, we associate matrix-valued polynomials
in (4.8), and we spend the remainder of this section to describe properties of these
matrix-valued polynomials. This includes the orthogonality relations, the three-term
recurrence relation and the matrix-valued polynomials as eigenfunctions of a com-
muting set of matrix-valued g-difference equations of Askey—Wilson type. Moreover,
we give two explicit descriptions of the matrix-valued weight function W, one in
terms of spherical functions for this quantum symmetric pair and one in terms of the
LDU-decomposition. The LDU-decomposition gives the possibility to decouple the
matrix-valued g-difference operator, and this leads to an explicit expression for the
matrix entries of the matrix-valued orthogonal polynomials in terms of scalar-valued
orthogonal polynomials from the g-Askey scheme in Theorem 4.17.

For the symmetric pair (G, K) = (SU(2) x SU(2), SU(2)), K = SU(2) corre-
sponds to the fixed points of the Cartan involution 6 flipping the order of the pairs
in G. The quantised universal enveloping algebra associated to G is U, (g) as intro-
duced in Sect. 3. As the quantum analogue of K, we take the right coideal subalgebra
B C Uy(g),i.e. B C U, (g)is an algebra satisfying A(B) C B®U,(g), as in Definition
4.1. Letzter [34, Sect. 7,(7.2)] has introduced the corresponding left coideal subalgebra,
and we follow Kolb [27, §5] in using right coideal subalgebras for quantum symmetric
pairs. Note that we have modified the generators slightly in order to have B = Bs.

Definition 4.1 The right coideal subalgebra B C U, (g) is the subalgebra generated
by K*12 where K = Kle_l, and

_ —-1/2 ,,—1/2 —1/2 ,,1/2
Bi=q 'K, Pk, \PE + g Rk PR,
— —-1/2 ,,—1/2 1/2 ,—1/2
By=q 'K 'K, PEy + qF KK, 2

Remark 4.2 (i) B is a right coideal as follows from the general construction, see
[27, Proposition 5.2]. It can be verified directly by checking it for the generators.
Note A(Ki1/2) = K*1/2 @ K*/2 is immediate, and

A(B1) = B1 ® (K1K2) "2 + K2 @ g1 (K1 K2)7VV2Ey
+K 2@ g K2

is in B®U, (g) by a straightforward calculation. Since B, = By, it also follows
for By, since K*!/2 are self-adjoint. The relations, cf. [27, Lemma 5.15],

-1

K'2By =gBiK'"?, KBy =q 'B,K'?, [By, Byl = (4.1)

-1

hold in U, (g) as can also be checked directly.
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(ii) Let ¥: U, (su(2)) — U, (su(2)) be defined by
W =k T =k W =g v =g,
then ¥ extends to an involutive x-algebra isomorphism. Consider the map
to (¥ ®Id) o A: Uy (su(2)) — Uy(g),

where ¢ is the algebra morphism mapping x ® y € U, (5u(2)) ® U, (su(2)) to
the corresponding element XY, € U, (g) for x and y generators of U/, (s1(2)).
Then we see that k1/2 — K_l/z, qfkl/2 +— Bj, and q_lk_1/2e +— Bj under
the map to (¥ ®Id) o A. In particular, the relations (4.1) follow. We conclude that
B is isomorphic as a *-algebra to A(U, (su(2)) C U, (g) by the *-isomorphism
to (¥ ®Id).

(iii) In particular, B = U, (su(2)) as *-algebras. So the irreducible type 1 represen-
tations of B are labelled by the spin £ € %N. This can be made explicit by
t*: B — End(H’) and setting

t'(K'el, =q7Pel,. t'(Bel, = b (p)e!
t“(By)el, =b'(p+ e,

Y 4.2)

with the notation of (3.3). We use the same notation 7¢ for these representations
here and in (3.3), since they correspond under the identification of B as i, (su(2)).
(iv) Let o be the *-algebra isomorphism on U, (g) = U, (su(2)) ® U, (su(2)) by
flipping the order in the tensor product, or equivalently by flipping the subscripts
1 <> 2. Then o : B — Bis an involution B; <> By, K <> K~1. On the level of
representations of 2, (g) and B, it follows /12 (o (X)) = P*te2 b(xX)P, X €
U, (g), where P: HZ L 5 H0 s the flip, and tY(o (Y)) = (JH)*Y(Y)JE,
Y € B, where J¢: HY — HE, gt eﬁ, — ee_p.
Theorem 4.3 The finite dimensional representation t*v% of U, (g) restricted to B
decomposes multiplicity-free into irreducible representations t* of B:

L1+L2 L1+
t51,€2|8 ~ @ tl’ Hf],@z ~ @ HE.
=t —L2] =61 —L2]

With respect to the orthonormal basis {ef,}f) o of H and the orthogonal basis

L o o l1,0
te; ®e; hiz ) j=—ts

by

for HY-%2, the B-intertwiner ,Bf] 6" HE — H% s given

£
l1,02,0 l]
ﬂfflfz e = Z Z Cl]l’ €i

i=—{ j=—0

where Cizlj’?’[ are Clebsch—Gordan coefficients satisfying Ciglj’%’l =0ifi—j#p.
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The proof of Theorem 4.3 is areduction to the well-known Clebsch—Gordan decom-
position for the quantised universal enveloping algebra U/, (su(2)), see e.g. [9,20],
using Remark 4.2. The proof is presented in Appendix 1. In particular, (ﬁfl ‘ Zz)*ﬂf] &

is the identity on ‘. Note that

l * . 1,0 L 4 4 1,02,0
(ﬁll,iz)'le_)H’ en‘1®en§|—>zcl’2 e .

In general, the decomposition of an irreducible representation restricted to a right
coideal subalgebra seems a difficult problem. In this particular case, we can reduce
to the Clebsch—Gordan decomposition, and yet another known special case is by
Oblomkov and Stokman [38, Proposition 1.15], but in general this is an open problem.

In particular, for fixed £ € %N, we have [¢61-62 B: t*1=1ifand only if

1 1
£1,£2) € EN X EN’ [ — b =€ <li+4b, L+lb—LteZ. (43)

We use the reparametrisation of (4.3) by

CEC N (01,20 > AN x AN, gy =(" kopnk
— : . — — — — —_
§ =6 Nx{ Lo g g, 2 2 )

(4.4)

see also Fig. 1 and [24, Figs. 1, 2]. In case £ = 0, we have 1° = ¢|g, where ¢ is the
counit of U, (g) and is the trivial representation of 3, and the condition (4.3) gives
€1 = and £%(n, 0) = (§n, n).

With these preparations, we can introduce the matrix-valued spherical functions
associated to a fixed representation % of B, where we use the notation of Theorem
4.3.

Definition 4.4 Fix ¢ € sNandlet (¢, £») € 3N x 3N so that [1/1:2|z: 1] = 1. The
spherical function of type ¢ associated to (£1, £») is defined by

q)fl’gzz Uy(g) — End(HY), Zr (ﬂfl&)* ot'2(Z) o ﬂfl,gz.

Remark 4.5 (i) Note that the requirement on (¢, £2) in Definition 4.4 corresponds
to the condition (4.3). Since /351, 0 is a B-intertwiner, we have

@y, (XZY) =" (X)P; , (D1°(Y), VXY eB VZelg). (45)

(i) Note that the condition (4.3) is symmetric in £; and ¢>. With the notation of

Remark 4.2(iv), we have ®;, , (Z) = J'®; , (0(2))J* for Z € U,(g). This

follows from 'sz,él = Pﬁf] 0 J¢, which is a consequence of (8.2).

Incase £ = 0, H? = C, we need £; = ¢5. Then (pl(i)l,él are linear maps U, (g) — C.
In particular, @8’0 equals the counit ¢, and the spherical function ¢ = %(q_1 +
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N
4

61—>

Fig. 1 The spherical functions 45517 0 when ¢ = 2 and interpretation of ¢ - <I>§Z 12,52 in terms of the
matrix-valued spherical functions. The reparametrisation & is depicted

q)@? 12,12 is scalar-valued linear map on 4, (g). The elements <P,? /2,02 CAN be written
as a multiple of U, (¢), where U,, denotes the Chebyshev polynomial of the second
kind of degree n, see Proposition 5.3. This statement can be considered as a special
case of Theorem 4.8, but we need the identification with the Chebyshev polynomials
in the spherical case £ = 0 in order to obtain the weight function in Theorem 4.8.
Proposition 5.3 will follow from Theorem 4.6. The identification of the spherical
functions for £ = 0 with Chebyshev polynomials corresponds to the classical case,
since the spherical functions on G x G /G are the characters on G and the characters
on SU(2) are Chebyshev polynomials of the second kind, as the simplest case of the
Weyl character formula. It also corresponds to the computation of the characters on
the quantum SU(2) group by Woronowicz [48], since the characters are identified with
Chebyshev polynomials as well.

Next Theorem 4.6 gives the possibility to associate polynomials in ¢ to spherical
functions of Definition 4.4. Theorem 4.6 essentially follows from the tensor product
decomposition of representations of U, (g), which in turn follows from tensor prod-
uct decomposition for U4, (s1(2)), and some explicit knowledge of Clebsch—Gordan
coefficients.

Theorem 4.6 Fix ¢ € sNand let (€1, {2) € N x 1N satisfy (4.3), then for constants
A, j we have

L l
B[ = D APl Al #0.
i, j=+1/2
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MVOPs related to the quantum analogue of (SU(2) x SU(2), diag)

In order to interpret the result of Theorem 4.6, we evaluate both sides at an arbitrary
X € Uy(g). The right-hand side is a linear combination of linear maps from HE to
itself after evaluating at X. For the left-hand side, we use the pairing of Hopf algebras
so that multiplication and comultiplication are dual to each other and the left-hand
side has to be interpreted as

(w@fl,g2)<X> =D 0(Xa)) ¥, ,,(X@2)) € End(H"), (4.6)
X)

which is a linear combination of linear maps from H* to itself, using A(X) =
2.x) X(1) ® X(2). The convention in Theorem 4.6 is that A; ; is zero in case
(€1 + 1,22 + j) does not satisfy (4.3). The proof of Theorem 4.6 can be found in
Sect.5.2.

Since B is a right coideal subalgebra, we see that the left-hand side of Theorem 4.6
has the same transformation behaviour as (4.5). Indeed, for X € Band Y € U, (g) we
have

((P‘Pfl,gz)(XY): Z P(X1)Y1) Pf, 1, (X2 Y2)
(X).(Y)
= Z e(X1)e (Y1) D¢, 1, XY (2)
(X),(Y)

= Z e(Yq)) <Pfl,gz(z eX)XYe)
&) X)

=> oY) Of, 1, (X¥2)
x)

= D00 0D, 4, (Vo) =1 (O (9f, ) (1), @7)
Y)

where we have used that X (1) € B by the right coideal property and (4.5) for ¢ =
45?/2’1 /2 in the second equality, and the counit axiom Z(X) e(X1))X@2) = X in the

fourth equality and then (4.5) for dﬁfl o, and the fact that ¢ (Y(1)) is a scalar. Similarly,
the invariance property from the right can be proved.

Theorem 4.6 leads to polynomials in ¢ by iterating the result and using that A2 1,2
is non-zero.

Corollary 4.7 There exist 2¢ + 1 polynomials rfjf,,, 0 < k <24, of degree at most n
so that

2¢
Bl = D e (@) Pl nEN, 0<m <20
k=0

The aim of the paper is to show that the polynomials r,f jl,; give rise to matrix-valued
orthogonal polynomials. Put

Po=PLeBnd(HOIx]  (Pij=ril 0<ij=2t  (@8)
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where the matrix-valued polynomials P, are taken with respect to the r relabelled stan-

dard basis e, = ¢}_,, p € {0,1,...,2¢} so that P, = z?‘;_o r,’ ® E; j. From

Corollary 4.12 or Theorem 4.17, we see that the polynomial r " has real coefficients.
The case £ = 0 corresponds to a three-term recurrence relatlon for (scalar-valued)
orthogonal polynomials, and then the polynomials coincide with the Chebyshev poly-
nomials U, viewed as a subclass of Askey—Wilson polynomials [4, (2.18)], see
Proposition 5.3.

We show that the matrix-valued polynomials (P,)52 , are orthogonal with respect
to an explicit matrix-valued weight function W, see Theorem 4.8, arising from the
Schur orthogonality relations. The expansion of the entries of weight function in
terms of Chebyshev polynomials is given by quantum group theoretic considerations
except for the calculation of the coefficients in this expansion. The matrix-valued
orthogonal polynomials satisfy a matrix-valued three-term recurrence relation as fol-
lows from Theorem 4.6, which in turn is a consequence of the decomposition of
tensor product representations of U, (g). However, in order to determine the matrix
coefficients in the matrix-valued three-term recurrence we use analytic methods. The
existence of two Casimir elements in U, (g) leads to the matrix-valued orthogonal
polynomials being eigenfunctions of two commuting matrix-valued g-difference oper-
ators, see [23] for the group case. This extends Letzter [35] to the matrix-valued
set-up for this particular case. The g-difference operators are the key to determin-
ing the entries of the matrix-valued orthogonal polynomials explicitly in terms of
scalar-valued orthogonal polynomials from the g-Askey scheme [26], namely the
continuous g-ultraspherical polynomials and the g-Racah polynomials. In this deduc-
tion, the LDU-decomposition of the matrix-valued weight function W is essential,
since the conjugation with L allows us to decouple the matrix-valued g-difference
operator.

In the remainder of Sect.4, we state these results explicitly, and we present the
proofs in the remaining sections. First we give the main statements which essen-
tially follow from the quantum group theoretic set-up, except for explicit calculations,
and these are Theorems 4.8, 4.11, 4.13. The remaining Theorems 4.15, 4.17 are
obtained using scalar orthogonal polynomials from the g-analogue of the Askey
scheme [26] and transformation and summation formulas for basic hypergeometric
series [15].

We start by stating that the matrix-valued polynomials (Pn)C>o ~ o introduced in (4.8)
are orthogonal with the conventions of Sect.2. The orthogonality relations of The-
orem 4.8 are due to the Schur orthogonality relations. The expansion of the entries
of the weight function in terms of Chebyshev polynomials follows from the fact that
the entries are spherical functions, i.e. correspond to the case £ = 0 so that they are
polynomial in ¢. The non-zero entries follow by considering tensor product decom-
positions, but the explicit values for the coefficients o, (m, n) in Theorem 4.8 require
summation and transformation formulae for basic hypergeometric series.

Theorem 4.8 The polynomials (P,);° of (4.8) form a family of matrix-valued
orthogonal polynomials so that P, is of degree n with non-singular leading coeffi-
cient. The orthogonality for the matrix-valued polynomials (Pp)>0 is given by
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2 1
;/ P (X)*W(x)Py(x)V' 1 — x2dx = G,
-1

where the squared norm matrix G, is diagonal:

(1 _ q4l+2)2

8. . 2n=2¢
(Gn)ij =6ijq (1 — g2nF2it2)(] — g4-2i42n42y"

Moreover, for 0 < m < n < 2{ the weight matrix is given by

n

W) mn = D 0r(m, 1) Upin(x),
t=0

where

QA1) —n2— (44 3)i4+12—204m L~ q* 2 (4% 4P 20-n(q% ¢Pn

ai(m,n) =q

1 —g¥m+2 (9% 9%
(=D (G g2y (@M g2,
(g4 g2)—y (g% g%

and W(x)mn = W(X)pm if m > n.

The proof of Theorem 4.8 proceeds in steps. First we study explicitly the case £ = 0,
motivated by the works of Koornwinder [30], Letzter [34-36] and others. Secondly,
we show that taking traces of a matrix-valued spherical function of type ¢ associated
to (1, £2) times the adjoint of a spherical function of type £ associated to (£}, £5)
gives, up to an action by an invertible group-like element of 4, (g), a polynomial in
the generator for the case £ = 0. Then the explicit expression of the Haar functional on
this polynomial algebra, stated in Lemma 5.4, gives the matrix-valued orthogonality
relations. Finally, the explicit expression for the weight is obtained by analysing the
explicit expression of W in terms of the matrix entries of the intertwiners '851, ¢, 10
case £ + £p = £. These matrix entries are Clebsch—Gordan coefficients.

The leading coefficient of P, can be calculated explicitly from the proof of Theorem
4.8:

Corollary 4.9 The leading coefficient of P, is a non-singular diagonal matrix:

2i42  40-2i42.

k) q £ Clz)n
(4%, q***; g2,

(g

Ie(Py)ij =8; ;2"q"

The weight W is not irreducible, see Sect. 2, but splits into two irreducible block
matrices. The symmetry J of the weight function of Theorem 4.8 is essentially a
consequence of Remark 4.5(ii), but we need the explicit expression of the weight in
order to prove that the commutant algebra is not bigger, see also [22, §4].

Proposition 4.10 The commutant algebra

(Wx) | x € [-1,11) = {Y € End(H%) | W(x)Y = YW(x),Vx € (—1, 1)},
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is spanned by I and J, where J: e, — exy_p, p € {0,...,28}, is a self-adjoint
involution. Then JP,(x)J = P,(x) and JG,J = Gy,. Moreover, the weight W
decomposes into two irreducible block matrices Wy and W_, where W, respectively
W_, acts in the 4+1-eigenspace, respectively —1-eigenspace, of J. So for P +P_ =1,
where P4, P_ are the orthogonal self-adjoint projections Py = %(I +J), P_ =
%(I —J), we have that W, respectively W_, corresponds to P W (x) Py, respectively
P_W (x) P_, restricted to the +1-eigenspace, respectively —1-eigenspace, of J.

The special cases for £ = % and £ = 1 are given at the end of this section.
In particular, we identify all scalar-valued orthogonal polynomials occurring in this
framework explicitly in terms of Askey—Wilson polynomials.

Theorem 4.6 can be used to find a three-term recurrence relation for the matrix-
valued orthogonal polynomials P,, cf. Sect.2, so the underlying tensor product
decompositions provide the three-term recurrence relation. However, the resulting
expressions for the entries of the coefficients of the matrices are rather complicated
expressions in terms of Clebsch—Gordan coefficients. For the corresponding matrix-
valued monic polynomials Q, (x) = P, ()1c(P,) !, see Corollary 4.9 for the explicit
expression for the leading coefficient, we can derive a simple expression for the
matrices in the three-term recurrence relation once we have obtained more explicit
expressions for the matrix entries of Q,. This is obtained in Sect.7 using an explicit
link of the matrix entries to scalar orthogonal polynomials in the g-Askey scheme.

Theorem 4.11 The monic matrix-valued orthogonal polynomials (Qp)n>0 satisfy the
three-term recurrence relation

X0, (x) = 0py1(x) + 0, (X)X, + On1(X)Yy,
where Q_1(x) =0, Qo(x) = I and

2n+1(1 2!+2) (1 4l+2n+2)2

4
= Z _ 42i+2n _ L 42n-2i _ 42n+2i+2 _ 4 40=2i+2n+2 Eiit1
= 20 —g7m (1 —¢q Y = g= =91 — ¢ )

2n+1(1 2n)2(1 _ q4€+2n+2)2

2
Z 2(1 — g2nH20) (1 — g4t+2n=2iy(] — g2nH2i+2)(] — q4€72i+2n+2)Ei*i_1’

20 (1 _ 2n) (1 _ 4@+2n+2)2

—_—

Z 1 — q2n+21)(1 _ q4€+2n 21)(1 _ q2n+21+2)(1 _ q4€ 21+2n+2) i’i'

Note that X,, — 0, Y, — % asn — oQ.

The three-term recurrence relation for the matrix-valued orthogonal polynomials P,
is givenin Corollary 4.12, which follows from Theorem 4.11, since we have G, +1 A, =
Ic(Pp41)*1c(Py), G, By, = Ic(Py)* X, lc(Py), and G,—1C,, = Ic(Py—1)*Y,lc(P,). For
future reference, we give the explicit expressions in Corollary 4.12.
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Corollary 4.12 The matrix-valued orthogonal polynomials (Py),>0 satisfy the three-
term recurrence relation

XPy(x) = Ppp1(x)Ap + Py(x)By + Py_1(x)Cp,
where P_1(x) =0, Py(x) = I and

20
1 = q2n+2)(l _ q4ﬁ+2n+4)

A = — _ ' E' .’
n “—2q(1- q2itnt2) (1 — gA-2i+2m+2) 7
201 N ‘
B — q2n+l (1 — q45 21)(1 _ q21+2) . 1
n pr 2 (1 — g¥H2n=2iy (] — g2n+2i+4) it
2¢ . »
N Z q2n+l (11— q2l)(1 _ q4£ 2l+2) -
P 2 (1 — g2nt2i)(] — gH-2i+2n+4) ii—1,
20
C = q (1 _ an)(l _ q413+2n+2)
n =

5 - . E;::
_ 2n+2i42\(] _ Al+2n—2i42y "Lt
= 2 (1 —g?+2i+2)(1 — ¢ n=2i+2)

Note that the case £ = 0 gives a three-term recurrence relation that can be solved
in terms of the Chebyshev polynomials, see Proposition 5.3.

In the group case, the spherical functions are eigenfunctions of K -invariant differ-
ential operators on G/K, see e.g. [8,14]. For matrix-valued spherical functions this
is also the case, see [40], and this has been exploited in the special cases studied in
[17,23,24]. In the quantum group case, the action of the Casimir operator gives rise to
a g-difference operator for the corresponding spherical functions, see [35]. The first
occurrence of an Askey—Wilson g-difference operator, see [4,15,19], in this context
is due to Koornwinder [30]. For the matrix-valued orthogonal polynomials, we have a
matrix-valued analogue of the Askey—Wilson g-difference operator, as given in The-
orem 4.13. We obtain two of these operators, one arising from the Casimir operator
for U, (su(2)) in the first leg of U, (g) and one from the I/, (su(2)) Casimir operator of
the second leg. This is related to a kind of Cartan decomposition of 4, (g), cf. (4.5),
which, however, does not exist in general for quantised universal enveloping algebras.
We can still resolve this problem using techniques based on [8, §2], see the first part
of the proof in Sect.5. The proof of Theorem 4.13 is completed in Sect.7.

Theorem 4.13 Define two matrix-valued q-difference operators by
D; = Mi(@)ng + Mi(z g1, i=1,2,

where the multiplication by the matrix-valued functions M; (z) and Mi (z™Y) is from
the left and n, is the shift operator defined by (ng f)(z) = f(q2), f(2) = f(u(2)),
where x = u(z) = %(z + z7Y). The matrix-valued function M is given by
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201 2i+42
(- )z
Mi(z) = — E 4 9 Eiin
i=0

1—-¢»> (1-2%
2¢ 1—i

q (1 _q2i+2z2)
Z — 22 —2, Liis
(I—=g%)* d-29)

i=0

and M3(z) = JM(2)J, where Je, = ez p. The matrix-valued orthogonal poly-
nomials P, are eigenfunctions for the operators D; with eigenvalue matrices given by
Ay, (@) such that D; P, = P, A, (i) and

26 _jn—1 j+n+1
q J—n +q.]
A= T Erie M@ =T A
j=0

Explicitly,
(D Py)(1(2)) = Mi(2)(ng Pa)(2) + Mi(z ) (0,1 Pa)(2) = Pu(iu(2) An (i),

where ng and n -1 are applied entry-wise to the matrix-valued orthogonal polynomials
P,.

Theorem 4.13 shows that JD{J = Dy, since J is constant. In particular, D +
D> commutes with J and reduces to a g-difference operator for the matrix-valued
orthogonal polynomials associated with the weight W, or W_, see Proposition 4.10.
Similarly, D1 — D; anticommutes with J.

Note that the expression M; (2)P(gz) + Mz HP(z/q)is symmetricinz <> z~
for any matrix-valued polynomial P, and hence again is a function in x = p(z). The
case £ = 0 corresponds to only one g-difference operator, which we rewrite as

1

1 —g°2? 1—q%:72 o _ o
( T i w— nql) Po ="+ 4" pn. 4.9)

For the Chebyshev polynomials, U, (x) = (¢"2; ¢); ' pu(x; g, —q. ¢, —q"/*|q)

rewritten as Askey—Wilson polynomials [4, (2.18)] are solutions for the relation (4.9),
see [26, §14.1], [15, §7.7], [19, Chap. 15-16]. In particular, we consider the operators
of Theorem 4.13 as matrix-valued analogues of the Askey—Wilson operator, see Askey
and Wilson [4], or [2,15,19].

1/2

Corollary 4.14 The q-difference operators D1 and D> are symmetric with respect to
the matrix-valued weight W, i.e. for all matrix-valued polynomials P, Q, we have

1

1
/ (DiP@) W@ oW dx = / (P@) WD Q) dx, i =1,2.

By [16, §2] it suffices to check Corollary 4.14 for P = P,, Q = P, so that by
Theorems 4.13 and 4.8 we need to check that A, (1)*G,8m.n = Gy Ap(i)8m.n, which
is true since the matrices involved are real and diagonal.

@ Springer



MVOPs related to the quantum analogue of (SU(2) x SU(2), diag)

In order to study the matrix-valued orthogonal polynomials and the weight function
in more detail, we need the continuous g-ultraspherical polynomials [2, Chap. 2], [15],
[19, Chap.20], [26]:

n

Cn(x; Blg) = Z

r=0

B )r(Bs Pn—r (=200

X = cosf. (4.10)
q: Dr(q; Dn—r

The continuous g-ultraspherical polynomials are orthogonal polynomials for |8| < 1.
The orthogonality measure is a positive measure in case 0 < ¢ < 1 and f real with
|B| < 1. Explicitly,

1 .
| Cutss BlaxCuts: pla L s =
. 2. _ 2i0  ,—2i6.
(ﬂ’zﬁq7 Doo B5q)n 1 -8 w(cos0; Blg) = (62'076 _27961)00 .
B q: oo (q:q)n 1 — Bg" (Bes?, Be™1Y; q) oo

4.11)
21

Note that in the special case 8 = ¢'**, k e N, the weight function is polynomial in
x = cosf, and

w(cosB; ¢' ¥ |q) = 4(1 — cos?0) (g%, ge % g)y. 4.12)

We use the continuous g-ultraspherical polynomials (4.10) for any 8 € C. In
particular, for § = q_k with k € N the sum in (4.10) is restricted ton —k <r <k,
and in particular C,, (x; q’k; qg) = 0in case n — k > k. With this convention, we can
now describe the LDU-decomposition of the weight matrix, and state the inverse of
the unipotent lower triangular matrix L in Theorem 4.15.

Theorem 4.15 The matrix-valued weight W as in Theorem 4.8 has the following
LDU-decomposition:

W(x)=Lx)T(x) L)', xe[-1,1],
where L: [—1, 1] = My¢41(C) is the unipotent lower triangular matrix

met (@5 0Im@% a1

. 2k+2, 2
(q2; qz)m+k+l(€]2; qz)kVM7k(x’ q |q ), 0 < k <m< 2£’

L(X)mk = ¢

and T : [—1, 1] = M>¢11(C) is the diagonal matrix, 0 < k < 24,

w(x; g% 21q?)
T(xX)kk = Ck(Z)T,

g2t (1 = ¢*2) (g% gD 2e4k1@% ¢D20-1(%; 42}

cr(f) =
4 (@% 4231(a% g»3,
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The inverse of L is given by

Qk+1)(k—n) (112§ Clz)k(‘]2§ qz)k+n
@ 4?)2(G% ¢*n

—1 _
(L)), =4 Cin(x:q *g®). 0=n=<k

Note that 7, L and L~! are matrix-valued polynomials, which is clear from the
explicit expression and (4.12). It is remarkable that the LDU-decomposition is for
arbitrary size 2¢ + 1, but that there is no dependence of L on the spin £ and that the
dependence of T on the spin £ is only in the constants ¢k (£).

We prove the first part of Theorem 4.15 in Sect.6. The proof of Theorem 4.15
is analytic in nature, and a quantum group theoretic proof would be desirable. The
statement on the inverse of L(x) is taken from [1], where the inverse of a lower
triangular matrix with matrix entries continuous g-ultraspherical polynomials in a
more general situation is derived. The inverse L~! is derived in [1, Example 4.2].
The inverse of L in the limit case ¢ 1 1 was derived by Cagliero and Koorn-
winder [6], and the proof of [1] is of a different nature than the proof presented
in [6].

Theorem 4.15 shows that det(W (x)) is the product of the diagonal entries of 7 (x).
Since all coefficients cx(¢) > 0 and the weight functions are positive, we obtain
Corollary 4.16.

Corollary 4.16 The matrix-valued weight W (x) is strictly positive definite for x €
[—1, 1). In particular, the matrix-valued weight W(x)~/1 — x2 of Theorem 4.8 is
strictly positive definite for x € (—1, 1).

Using the lower triangular matrix L of the LDU-decomposition of Theorem 4.15,
we are able to decouple D; of Theorem 4.13 after conjugation with L’(x). We get a
scalar g-difference equation for each of the matrix entries of L’(x) P, (x), which is
solved by continuous g-ultraspherical polynomials up to a constant. Since we have
yet another matrix-valued g-difference operator for L’ (x) P, (x), namely L’ D, (L")™!
with D5 as in Theorem 4.13, we get a relation for the constants involved. This relation
turns out to be a three-term recurrence relation along columns, which can be identified
with the three-term recurrence for g-Racah polynomials. Finally, use (L!(x))~! to
obtain an explicit expression for the matrix entries of the matrix-valued orthogonal
polynomials of Theorem 4.17.

Before stating Theorem 4.17, recall that the g-Racah polynomials, see e.g. [15,
§7.2], [19, §15.6], [26, §14.2], are defined by

n+1

—n

,afq" T, g, ydq

x+1
1q.q9), (4.13)
aq, B3q,vq )

Ry(u(x);a, B,y,8:q) = 4<P3(q

wheren € {0,1,2,..., N}, N e N, u(x) = ¢~ + y8q"+l and so that one of the
conditions ag = g™V, or B8g = gV, or yqg = ¢~V holds.
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Theorem 4.17 For 0 < i, j < 2¢, we have

20
i ; _ 2
Pn(x)i,j — Z(_l)kqn+(2k+l)(k i)+j 2k+1)+2k(2¢+n+1)—k
k=i
@% a)c@% @i @ 7572 M (0% 4Pt j—k

@%: qPu g% 9> @2 q*¥* gD @ gDtk

—2n—-2j-2 —40-2, 2
I, q°)

X Re(u(j);1,1,q9 q ;

X Cr_i(x; ¢ 1gH) Crp jr (x; % F2|g).

Note that the left-hand side is a polynomial of degree at most n, whereas the right-
hand side is of degree n 4+ j — i. In particular, for j > i the leading coefficient of the
right-hand side of Theorem 4.17 has to vanish, leading to Corollary 4.18.

Corollary 4.18 With the notation of Theorem 4.17, we have for j > i

20
Z(_ 1)kq(2k+l)(k7i)+j (2k+1)+2k(2€+n+])7k2
k=i

(@% aDr(@% @Pisi (g4, 7572 %),

(% 9®)ok (g%, q*+%; ¢

(@5 ¢y j—k . Comniio ar
P R () 1,1, ¢ 722 g g = 0.

(g™ gy j—k

By evaluating Corollary 4.7 at 1 € U, (g), we obtain Corollary 4.19, which is not
clear from Theorem 4.17.

Corollary 4.19 Form € {0, ..., 2¢}, we have > 1o (Pa(3(q + ¢ ))km = 1.

4.1 Examples

We end this section by specialising the results for low-dimensional cases. The case
£ = 0 reduces to the Chebyshev polynomials U, (x) of the second kind as observed
following Theorem 4.13. This is proved in Proposition 5.3, which is required for the
proofs of the general statements of Sect.4.

4.1.1 Example: { = %

In this case we work with 2 x 2 matrices. By Proposition 4.10, we know that the
weight is block-diagonal, so that in this case we have an orthogonal decomposition to
scalar-valued orthogonal polynomials. To be explicit, the matrix-valued weight W is
given by
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2x+(q+q7hH 0
r__ 42
YWY =+v1—x ( 0 —2x+(q+q71) ,
1
Y:-ﬁ(l 1), xe[—1,1].

2 —11

In this case, see Sect. 2, the polynomials P, diagonalise since the leading coefficient is
diagonalised by conjugation with the orthogonal matrix Y, and we write Y P, (x)Y! =
diag(p; (x), p, (x)). Then we can identify pn by any of the results given in this
section, and we do this using the three-term recurrence relation of Corollary 4.12.
After conjugation, the three-term recurrence relation for p; is given by

1 (1 2n+6) q2n+l (1 _ q2)
xp,f(x): EWPIJFI(X)‘F 2 _q2n+2)(1 — 2n+4)p" ()C)
g (1—¢™

3 gy Pt @,

and the three-term recurrence relation for p, is obtained by substituting x — —x into
the three-term recurrence relation for p;'. The explicit expressions for p," and p,, are

given in terms of continuous g-Jacobi polynomials P,Ea’ﬂ ) (x]q) for (a, B) = (%, %),

see [4, §41, [26, §14.10]. From [15, Exercise 7.32(i)] we have PP (Lylg?) =
(=177q=" PP (x|4%). So we obtain
4 2 2
o =gY @* -4 —q% q)n 1.3 ’
P (X) = (1= g4 (216, 42), 2 Y (xlg),
L (U=gY (@ =4 —a%qDn 3D
Py = (—lytg 2 M T TG pEed) (g2,

(1 2n+4) (q2n+6 q )n

which is a g-analogue of [24, §8.2]. Moreover, writing down the conjugation of the
q-difference operator D1 4+ D of Theorem 4.13 for the case £ = % for the conjugated
polynomials gives back the Askey—Wilson g-difference for the continuous g-Jacobi
polynomials P,fa’ﬂ)(xlq) for (o, B) = (%, %) and (%, %). Working out the eigenvalue
equation for D1 — D, gives a simple g-analogue of the contiguous relations of [24,
p. 5708].

4.1.2 Example: £ = 1

For ¢ = 1 we work with 3 x 3 matrices. By Proposition 4.10, we can block-diagonalise
the matrix-valued weight:

YW(x)Ytzx/l—xz(W+(x) 0 )

0 W_(x)
1 101
Yy=-v2[0 v20], xe[-1,1],
2 \Z101
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where W, is a2 x 2 matrix-valued weight and W_ is a scalar-valued weight. Explicitly,

B (U +q%+4gY
4x% + (¢*> +q72 22—~ 22
(g +q7) q T+

O e i N
24/2¢7! x x4+ +
T Tt gt T ta)

W_(x) = —4x% + (> +2+¢72).

Wi(x) =

The polynomials diagonalise by Y P, (x)Y' = diag(P," (x), p; (x)), where P, is a
2 x 2 matrix-valued polynomial and p,; is a scalar-valued polynomial. Conjugating
Corollary 4.12, the three-term recurrence relations for P, and p; are

xPl(x) =Pl (x)Ay+ P, (x)B, + P (x)Cy,

- L (1-¢>"% g (1-¢*) _
xp, (x) = Zmpn+1(x) + Empnﬂ(x),

where
(1 _ q2n+8)
A — 1 (1 — g2n+6) 0
n — 2q 0 (1- q2n+8)(1 _ q2n+2) ’
(1 _ q2n+4)2
0 2t (1 =D~ g%
1 1 — g2nt+4)2
B, — _ﬁ ( q ) ;
"2 i1 (L=g)(1 —g¢% 0
(1 _ q2n+2)(1 _ q2n+6)
(1—q*) 0
2n+2
ang (l_q " ) 2n 2n+6
2 0 (I —=g")A—g™")
(1 _ q2n+4)2

The scalar-valued polynomial p,” can be identified with the continuous g-ultra-
spherical polynomials:

. (1=gH1—g%
(1 _ q2n+2)(1 _ q2n+6)

pr) =g¢ Cu(x; ¢*lg?).

The 2 x 2 matrix-valued polynomials P, are solutions to the matrix-valued g-
difference equation DPan1 = P}A,. Here D = M(z)n, + M(z_l)nqq is the
restriction of the conjugated D1 + D; to the +1-eigenspace of J. The explicit expres-
sions for M (z) and A, are
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2
4 M(l—q“zz) —V2q¢%z
Mo =—"a 1= |42
A== | 5o 2 —q;)
(I—-g)
g (L gH A + g2 0
A = (1—¢%)7?
n 0 . (1+q2n+4)
(1—¢>?

These results are g-analogues of some of the results given in [24, §8.3], see also
[39]. Note moreover that W_(0) is a multiple of the identity so that the commutant of
W_ equals the commuting algebra of Tirao and Zurridn [42], see also [22]. Since the
commutant is trivial, the weight W_ is irreducible, which can also be checked directly.

5 Quantum group-related properties of spherical functions

In this section, we start with the proofs of the statements of Sect.4 which can be
obtained using the interpretation of matrix-valued spherical functions on U4, (g).

5.1 Matrix-valued spherical functions on the quantum group

In this subsection, we study some of the properties of the matrix-valued spherical
functions which follow from the quantum group theoretic interpretation. In particular,
we derive Theorem 4.3 from Remark 4.2. The precise identification with the literature
and the standard Clebsch—Gordan coefficients is made in Appendix 1, and we use the
intertwiner and the Clebsch—Gordan coefficients as presented there.

We also need the matrix elements of the type 1 irreducible finite dimensional rep-
resentations. Define

thont Ug(su(2) — C, th (X)) = (t"(X)el. ef). nome{—L,. ... 0,

where we take the inner product in the representation space ' for which the basis
{eﬁ}fl:_ ¢ is orthonormal. Denoting

1/2 1/2
-2 ipan (a ,3)

1/2 1/2 - s
U122 Npap v
then«, B, v, 6 generate a Hopf algebra, where the Hopf algebra structure is determined
by duality of Hopf algebras. Moreover, it is a Hopf x-algebra with *-structure defined
by o* = §, B* = —qy, which we denote by A4, (SU(2)). Then the Hopf *-algebra
A4 (SU(2)) is in duality as Hopf s-algebras with 4, (su(2)). In particular, the matrix

elements t,f,,n € A4 (SU(2)) can be expressed in terms of the generators and span
A, (SU(2)). Moreover, the matrix elements t,ﬁ € A,(SU(2)) form a basis for the

\n

@ Springer



MVOPs related to the quantum analogue of (SU(2) x SU(2), diag)

underlying vector space of A, (SU(2)). The left action of U, (g) on A, (SU(2)) is

givenby (X - £)(Y) = £(YX) for X, Y € U,(g) and & € A, (SU(2)). Similarly, the

right action is given by (S X)(Y) =&(XY) for X,Y € Uy(g) and & € A,(SU(2)).

A calculation gives k'/2 - m 0= q_”t,’fm and t,’fl,n k12 = q_mtfn ,sothata - k2 =
g\, Bk =g\ 28,y k2 = g12y, 5 k12 = 128,

Since k'/2 and its powers are group-like elements of U, (g), it follows that the
left and right action of k!/? and its powers are algebra homomorphisms. See e.g.
[9,11,20,21], and references given there.

In the same way, we view

tUy(g) — C

1%
m1 ni ® tmz ny*

where the functions are taken with respect to the Hopf algebra tensor product i, (g) =
Uy (5u(2)) ® Uy (su(2)). In particular, for A, u € %Z we find the expression t,ff] o ®
tffz,nz (Kf\Kg) = Omy.n 8m2,n2q_)‘m1_/”"2. Similarly, the Hopf *x-algebra spanned by
all the matrix elements t,ﬁ‘, ) t,ffz n, s isomorphic to A, (SU (2)) ® A, (SU (2)). We
set A,(G) = Ay (SU(Q2)) ® A, (SU(2)) for G = SU((2) x SU(2).

Define A = K, 12 1/ % and let A be the commutative subalgebra of U/, (g) generated

by Aand A™ Recall the spherical function & 01,6 from Definition 4.4, and recall the
transformation property (4.5).

Definition 5.1 The linear map @ : U, (g) — End(H*) is a spherical function of type
L if

D(XZY) = “(X)D(2)'(Y), VYX,Y € B, YZ eU,(g).
So the spherical function dﬁfl ¢, 18 a spherical function of type £ by (4.5).

Proposition 5.2 Fix ¢ € lN, and assume (L1, £>) satisfies (4.3).

(1) Write d)[] 6 = Zm n——z((pel o)mn @ EL ., where Eﬁl ,, are the elementary
matrices, then

0 12
4 _ 1,02,0 L1,02,0 Zl 1%
<¢E1,Zz)m n - Z Z le ma, an1 na,n ml n1®tm2 ny*

my,ni=—~ty my,ny=—4{3

(ii) A spherical function @ of type £ restricted to A is diagonal with respect to the
basis {ef, }fa=—€' Moreover, for each \ € Z,

4y
A E (R4 —A(i+]
((p[l @2(A ) mon = Sm.n Z Z ( i ]J n2 ) (l+])’

i=—ly j=—L2

so that ®f , (1) is the identity.
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(iii) Assume that @ is a spherical function of type £ and that

4
®= > ®u,®E,, ,: Uy(g) — End(H"),

m,n=—{

with all linear maps @y, , on Uy (g) in the linear span of the matrix elements

@12, —t < i ji < 6, —ly < i, jo < b, then ® is a multiple of
. .
of .

Proof Note (@fl,gz(X))m,n = (cbfl’b(X)eﬁ, eﬁl) for X € U,(g), therefore we first
compute d)f].ez (X)ef,. For X € U,;(g), we have

A 1%
L L _ L * 1,42 £y,02,€ € 1%
(p@l,@z(x)en - (ﬁll,ez) ot (X) Z Z C"l’"29ﬂ6n1®eﬂz
ni=—~L1 np=—4
04 1%
— 14 * 1,02,
- (/351’@2) Z Z Cnl,nz,n
mi,n1=—L1 my,ny=—4,

01,0 4 ¥4 ¥4 ¥4 ¥4 4
X {112 (X)el) @el2, e et )elh @el,

14 £y 2
_ 002,86 Lyl L £ %) 1
- z Z le,mz,mcnl,ng,n X (tml,n1®tm2,n2)(X)em'

m=——C my,n1=—4L1 my,ny=—4L»

This proves (i).
To obtain (ii), write @ = an,n:_[ Dy ® Ef;l’n, and observe

tHKMD(A*Y) = d(KHAY) = D(AYKH) = & (AN (KM,

forall A € Z, u € %Z that implies ¢ 7""* @, (A*) = q "Dy (A*) since tf(K*)
is diagonal. This gives ®,, ,(A*) = 0 for m # n. Next pair ®; , with A* using (i)
and the observation made before Proposition 5.2 and the fact Cﬁ,ll’fz,,%‘zlim = 0 unless
m1 — mpy = m. Next take A = 0, and use (8.4).

Finally, for (iii) note that for X € B we have ®(X) = t*(X)® (1) = @ (1)t*(X).
Since t“: B — End(H?') is an irreducible unitary representation, Schur’s Lemma

implies that @ (1) = ¢/ is a multiple of the identity. Theorem 4.3 implies that for
XeB

04 12
14 _ £1,€2,0 1,02, ¢ 4
t (X)m," - Z Z lel,nzzg,mcn:,né,n (tmll,nl ® tmzz,nz) (X)

my,ny=—Lt1 my,ny=—~
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and, by the multiplicity free statement in Theorem 4.3, this is the only (up to a constant)
possible linear combination of the matrix elements tf,,‘, o ® t,ffz’,,z for fixed (41, £2)
which has this property. Hence, (iii) follows. O

The special case di? 2.1/2° U, (g) — C can now be calculated explicitly using the
Clebsch-Gordan coefficients C/*'/20 from (8.5). Explicitly,

m,—m,0

1 —1 0
Y= E(C] + P11
1 3 3 13 3
= —qt &t — =t &1t
291 P T2 P
Lt el i e
R R A SR
1 1 1
=§qa®a—§,3®,3—y®y+5q_18®3. (5.1)

This element is not self-adjointin A, (SU (2)) ® A, (SU(2)). Recall the right action of
U, (g) on the map @ : U, (g) — End(H"), including the case £ = 0, by (® - X)(Y) =
@(XY) forall X,Y € U,(g). This is analogous to the construction discussed at the
beginning of this subsection. Then

1 1 1 1
¢=¢-A1=§a®a—§q 1/3®/3—§qy®7/+§8®8=w* (5.2)

is self-adjoint for the %-structure of A, (SU(2)) ® A, (SU(2)). Then by construction

v ((AXA—l) Yz) = (X)W (V)e(Z), VX.ZeB, Yel(y). (53

5.2 The recurrence relation for spherical functions of type ¢

The proof of Theorem 4.6 in the group case can be found in [24, Proposition 3.1],
where the constants A; ; are explicitly given in terms of Clebsch-Gordan coefficients.
This proof can also be applied in this case, giving the coefficients A; ; explicitly in
terms of Clebsch—Gordan coefficients. A more general set-up can be found in [44,
Proposition 3.3.17]. The approach given here is related [24, Proposition 3.1], except
that it differs in its way of establishing A1/2,1/2 # 0.

Proof of Theorem 4.6 As U, (g)-representations, the tensor product decomposition

172172 g 1ty z [t
i, j=%1/2

follows from the standard tensor product decomposition for U, (51(2)), see (8.1). It
follows that

@ Springer



N. Aldenhoven et al.

L
' . . i '
<p(p21,£2 = Z Wl’j’ vl = z lIlmjn ® Em n’
i,j==%1/2 m,n=—{
where lI/,f{ Jn is in the span of the matrix elements tflljll ® trzl :_2] Note that (4.7), and
a similar calculation for multiplication by an element from B from the other side,
shows that p®! A has the required transformation behaviour (4. 5) for the action of

B from the left and the right. Since the matrix elements z‘,l 5 ® trz s, form a basis
for A, (G), it follows that each Wi satisfies (4.5) so that by Proposition 5.2(iii)
g = = A;, @flJrl lot )" Here ¥/ = 0 in case (¢; + i, {» + J) does not satisfy the
conditions (4 3).

It remains to show that Ay 12 # 0. In order to do so, we evaluate the identity
of Theorem 4.6 at a suitable element of U, (g). For the U, (su(2))-representations in
(3.3), it is immediate that #*(¢*) = 0 for k > 2¢ and that 1 (e**) = 0 except for

the case (r,s) = (—¢, ¢) and then ¢* M(e”) # 0. Extending to U (g), we find that
@t , (E\'EY) =0if ki > 2¢; orky > 2£5, and

14 28y 26\ £y,82,€ £y,02,L
(‘Del,ez)m,n(El Ey) = 8m,—t1+,0n, ilfﬁzc—zl,—zz,mczl,ez,n

¢ 2¢ 2¢
X t—lel,zl(E ')t_e2 0, (B3 2), 5.4)
where the right-hand side is non-zero in case m = —£1 + €y, n = £1 — {>.
So if we evaluate the identity of Theorem 4.6 at E ZZ‘HEng, it follows that

only the term with (i, j) = (1/2,1/2) on the right- hand side of Theorem 4.6 is
non-zero, and the specific matrix element is given by (5.4) with (£1, £») replaced by

(41 +53 1 L+ %) It suffices to check that the left-hand side of Theorem 4.6 is non-zero

when evaluated at £ 26+l E;ZZH

EOT St Us1ng the non-commutative g-binomial theorem [15, Exercise 1.35]

twice, we get

. By (4.6) we need to calculate the comultiplication on

A(E1221+1E§€2+1) — A(E1)261+1A(E2)2£2+1
201+1260,+1

Z Z [zel + 1L2 [uzkj 1L2

=0 k=l
~ Ellq E]2<2K12@1+1—k1 K22[2+1—k2 ® E12€1+1—k1 E%Zz-}-l—kz.

From (5.1), we find that @(E} EX2 K79 T M K 2H1702) — 0 unless & = k» = 1,
and in that case the term 8 ® B of (5.1) gives a non-zero contribution, and the other
terms give zero. So we find

201+ 1 200 + 1
20141 -200+1 1 2
(q)(pfl,lz)(El " E; =

1 qZ 1 q2

(ElE KZ‘“K”Z) (‘Pfl,ez) (E?]E%‘Z),
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and this is non-zero for the same matrix element (m,n) = (—£1 + €2, 41 — £»2) by
5.4). O

Note that we can derive the explicit value of Aj/2 1,2 from the proof of Theorem
4.6 by keeping track of the constants involved. However, we do not need the explicit
value except in the case £ = 0.

In the special case £ = 0, the recurrence of Theorem 4.6 has two terms and we
obtain

0 0 0
PPy o, = A1212 P p1p0412 T A-12,-12 Py 120,125
1 | 1— q4l1+4 1 1= q4l1 (5.5)

Aipip = Eq_ T_ g2 A2 = 797 gh+2

The value of Aj2,1/2 can be obtained by evaluating at the group-like element A%,
using Proposition 5.2(ii) and 2¢(A*) = ¢**! + ¢~ and comparing leading
coefficients of the Laurent polynomials in g*. This gives %q‘l(Cfléf‘;O[l 0)2 =

A /2(Cl;lgi/lZ/,f}:erl/_Z,l(}l0)2’ and the value for A 2,1 /> follows from (8.6). Having

Aq,2,1/2, we evaluate at 1, i.e. the case A = 0, which gives Ay212 +A_12,—1/2 =
%(q +q7 by Proposition 5.2(ii), from which A_j /> /> follows.

1— 2
Proposition 5.3 Forn € N, we have o) | = q —2?1+2U” (p).
—q

M2 1

n

Recall that the Chebyshev polynomials of the second kind are orthogonal polyno-
mials:

. 1
Un(cosg) = S+ DO) / Up () Up V1 — 22 dx = am,n%n,
~1

sin 6

1 1
xUp(x) = 3 w1 (x) + EUn—l(x)v U_1(x) =0, Up(x) =1, (5.6)

see e.g. [15,19,26].

Proof From (5.5), it follows that @9 1, = Pn (¢) for a polynomial p, of degree n
2

Int
satisfying
1 L 1 — q2n+4 1 1— q2n
X pu(x) = 74 mpnﬂ(x) + EQWMA(X),
with initial conditions po(x) = 1, p1(x) = q+2q’l x. Set
2

l—¢q
pn(x) = q"l_q—2n+2rn(x),
then ro(x) = 1, ri(x) = 2x and 2x r, (x) = rp+1(x) +rp—1(x). Sor,(x) = U, (x). O
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5.3 Orthogonality relations

In this subsection, we prove Theorem 4.8 from the quantum group theoretic inter-
pretation up to the calculation of certain explicit coefficients in the expansion of the
entries of the weight.

Recall the Haar functional on A, (SU(2)). It is the unique left and right invariant
positive functional ho: A, (SU(2)) — C normalised by ho(1) = 1, see e.g. [9], [20,
§4.3.2], [21,48]. The Schur orthogonality relations state

(1-q%

ho(taln(073)") = 8er.tabm.rbsa™ "

(5.7)

We identify A, (G) with A, (SU(2)) ® A, (SU(2)). Then the functional & = ho ® ho
is the Haar functional on A, (G). We can identify the analogue of the algebra of bi-
K -invariant polynomials on G as the algebra generated by the self-adjoint element ¥/,
and give the analogue of the restriction of the invariant integration in Lemma 5.4.

Lemma 5.4 A functional ©: U, (g) — C that satisfies the transformation behaviour
T(AXA™ YWY Z) = e(X)Y(Y)e(Z) forall X, Z € Band all Y € U, (g) is a polyno-
mial in r as in (5.2). Moreover, the Haar functional on the x-algebra C[y] C A4 (G)
is given by

2 1
hp) = = / VT,

Proof From Proposition 5.2(iii) and (5.3), we see that any functional on U, (g) sat-

isfying the invariance property is a polynomial in v, since this space is spanned by

q§?n , - A7l for n € N. From Proposition 5.3, we have dﬁ?n - A7lis a multiple
2 2

¥ 2
of U, (), since the right action of A~! is an algebra homomorphism. The Schur

orthogonality relations give

k
(A (8 04 0

2 ’2

and since the argument of / is polynomial in v, we see that it has to correspond to the
orthogonality relations (5.6) for the Chebyshev polynomials. So we find the expression
for the Haar functional on the x-algebra generated by . O

Theorem 5.5 Assume ¥, @ : U, (g) — End(H%) are spherical functions of type £,
see Definition 5.1. Then the map

T U@~ C, X (WA H@ - ATH)X),

satisfies T(AXA™HY2Z) = eX)Y(Y)e(Z) forall X, Z € Band all Y € Uy (g).

In particular, any such trace is a polynomial in the generator i by Lemma 5.4.
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Corollary 5.6 Fix ¢ € 1N, then fork, p € {0, 1,...,2¢),

pAk
W@k p =t ((DPfop - AN @ - AT =Dk, p) Uny par(¥),
r=0
with (W()ep)" = WE) pi.
Proof of Theorem 5.5 Write ¥ = an,n:% Y ® Ef;,’n, @ = an,n=,e D ®
Ef;l,n, with ¥, , and @, ,, linear functionals on U, (g) so that

(- A )@ A~ =3¢ (Wn - A (@ - A1

m,n=—A~

_ (5.8)
= (V) = Yt 2y Y (AT Y1) B (A5 (Y2))),

using the standard notation A(Y) = Z(Y) Y1) ® Y2y and £*(X) = &(S(X)*) for
&:Uy(g) — Cand X € U, (g).
Let Z € Band Y € U, (g), then we find

(YZ) = Zﬁmz_g 2.2 U n(A7YY (1) Z (1)) @i (A1 S(Y(2))*S(Z2))%).

Since B is a right coideal, we can assume that Z(j) € B, so, by the transformation
property (4.5), W n (A" Y Zy) = b, Wk (A7 Y()1E,(Z1y). Using this,

and t,f “Zay) = tf; k(szl)) by the s-invariance of B and the unitarity of ¢*, and next
move this to the @-part, and summing over n and the transformation property (4.5)
for @, we obtain

¢
DD WA Yay)

mk=—0 (Y),(Z)

(YZ)

l
x Z <Dm,n(A‘1S(Y(z))*S(Z(2>)*)ff,k(zzk1))

n=—{

4
DD WA YY) P (AT S ) D S(Z2))*Z5)

nk=—t (Y) (Z)

4
=e(2) D D Wa(ATY0) Pea(ATIS(Y)*) = e(Z)T(Y),
nk=—t (Y)

using > z) S(Z@))*Z{}, = PN Z1)S(Z(2)))" = e(Z) by the antipode axiom in a
Hopf algebra.

For the invariance property from the left, we proceed similarly using that A is a
group-like element. So for ¥ € U, (g) and X € B we have
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14
tAXATY) = > > W (XA Yay)

mn=—L (X),(¥)
XDy n(ALS(A)*S(X (2)*S(A~H)*S(Y(2))%).

Now S(A)* = A~!, S(A~1)* = A. Proceeding as in the previous paragraph using
X(1) € B, we obtain

4
t(axA7'y) = > > w47 vy

n,k=—t (X),(Y)

x Z 1o X)) Pun(A725(X )" AS(Y2))*)

m=—{

Z D (AT Y0) D P (X A28 (X 2)* AS(Y(2)").

nk=—t (Y) (X)

The result follows if we prove Z(X) X?‘l)A_zS(X(z))*A = A~ 'e(X). In order to
prove this, we need the observation that S(X*) = A=25(X)*A? for all X € Uy (9),
which can be verified on the generators and follows since the operators are antilinear
homomorphisms, see Remark 5.7. Now we obtain the required identity:

Z X{HATP (X)) A = Z X S(XENAT = e(XHAT =e(0)AT"
x) x)

m}

Remark 5.7 The required identity S(X*) = A=25(X)*A? for all X € U,(g) can be
generalised to arbitrary semisimple g. Indeed, since the square of the antipode S is
given by conjugation with an explicit element of the Cartan subalgebra associated to
p = % 2a>0 a, see e.g. [33, Exercise 4.1.1], and since in a Hopf *-algebra S o * is
an involution, we find that S(X*) = K_,S(X)*K,, if S2(X) = K_,XK, asin [33,
Exercise 4.1.1].

Proof of Corollary 5.6 By Theorem 5.5 and Lemma 5.4, the trace is a linear combi-
nation of @0 | . A™!, hence a polynomial in . To obtain the expression, we need

2}’1,7/1
to find those n’s for which @9 ol - A~ occurs in W (). p by Proposition 5.3. Using

2 °2
4.4), (5.8) and Proposmon 5.2, we ﬁnd that in W (), , matrix only matrix elements

of the form tazl by (tc1 dl)* ® z‘a2 b2 (tC2 dz )* occur. Usmg the Clebsch—Gordan decom-

£2P

position, we see that 72 lo b1 ( )* and 51m11ar1y . bz (t )* can be written as a sum

c1,d] 2, d2
of matrix elements from 72 ®+»)— ".ref0,1,..., kA p},and similarly 12~ k+p)= s,
sef{0,1,...,(2¢—k) A (2¢— p)}. By Proposition 5.3 and Proposition 5.2, the only

n’sthatcanoccuraren =k + p —2r,r € {0, 1,...,k A p}.
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The statement on the adjoint follows immediately from (5.8) and v being self-
adjoint, see (5.2). ]

We now can start the first part of the proof of Theorem 4.8, except for the fact that
we have to determine certain constants. This is contained in Lemma 5.8.

Lemma 5.8 We have

l £y %) 4042
DIED I I (s 2 smmy _ g~ (L=
mmi) A=

i=—Llmy=—L1 my=—{3

The proof of Lemma 5.8 is a calculation using Theorem 4.6, which we postpone to
Sect. 6.3.

First part of the proof of Theorem 4.8 Using the notation of Sect.4, we find from
Corollary 4.7 and (4.8) that

(P - AT @iy A7)
20 20 _
=2 2 i (@ - AN@gg - AW
k=0 p=0
20 2t
=2 > B Dp Ea )y = (P W), Pah),

k=0 p=0

where we use that the action by A~! from the right is an algebra homomorphism,
since A~ ! is group like, and that v is self-adjoint. By Proposition 5.2, Lemma 5.4 and
(5.7), we have

1
; / (Pa) W@ Pa) V11— 22 dx
- N

= h(tr((‘ps(n o AT @i jy _1)*))
2€+2n(1 _ q2)2

q
= Sn.mbij (1 — g2n+2it2)(] — g#t+2n—-2i+2)

2(ﬂ+1) €+ (n—i)

(n+i), e+ 1 (n—i) ¢
Z > Z M L) D)

r==ta=—Lt(n+i) b=—t— L (n—i)

after a straightforward calculation. Plugging in Lemma 5.8 in (5.9) and rewriting prove
the result using Corollary 5.6. O

Note that we have not yet determined the explicit values of «;(m, n) in Theorem
4.8 and we have not shown that W is a matrix-valued weight function in the sense of
Sect.2. The values of the constants «; (m, n) will be determined in Sect. 6.1 and the
positivity of W (x) for x € (—1, 1) will follow from Theorem 4.15.
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5.4 q-Difference equations

It is well known, see e.g. Koornwinder [30], Letzter [35], Noumi [37], that the

centre of the quantised enveloping algebra can be used to determine a commuting

family of g-difference operators to which the corresponding spherical functions are

eigenfunctions. In this subsection, we derive the matrix-valued g-difference operators

corresponding to central elements to which we find matrix-valued eigenfunctions.
The centre of U, (@) is generated by two Casimir elements, see Sect. 3:

gk 'K =2
(g—q7H?

gk g 'Ky =2

Q4
(q—q1)?

+ EFy, Q)

+ Ey) .

Because of Proposition 5.2 and (3.4), we find

14 _ q%-Hfi

I/ Y4 q
Qi'q)ll,fzzq%llz.gi:( gl —¢q

2

) @ 4. i=12. (510)

The goal is to compute the radial parts of the Casimir elements acting on arbitrary
spherical functions of type ¢ in terms of an explicit g-difference operator. In order
to derive such a g-difference operator, we find a B.AB-decomposition for suitable
elements in U/, (g) in Proposition 5.10. This special case of a B.AB-decomposition is
the analogue of the K A K-decomposition, which has not a general quantum algebra
analogue. For this purpose, we first establish Lemma 5.9, which can be viewed as a
quantum analogue of [8, Lemma 2.2], and gives the B.AB-decomposition of F, A*.

Lemma 5.9 Recall A = K11/2K21/2. For » € Z\ {0}, we have

—1
q 1/2 4 A pr1/2 A
m(’f B~ g K'2BiA%).

FQA)‘ =

Proof Recall Definition 4.1, so the result follows from

A*B) =q ' A KPRVPE + g A Rk VPR

_ —1/2 172
zq(ql A_q1+k)K1 /Kz/ FZA)L_FqABlAA,

and using K'/2 = K|*k; '/ € B. O

Proposition 5.10 The BAB-decomposition for the Casimir elements 21 and Q) is
given by

QA = g(1 —g** KLU2pg0+1 _ 2¢* A
(1 —¢>2(1 — g¥+?2) (1 —g¢*?
3 21 2541
e —-q7) —1/2 g2—1 4q —1/2 p_ pr+1
+ (1 _ 6]2)2(1 _ q2)»+2) K A - (1 _ q2)»+2)2 B K BZA
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2542 A

q Al p—1/2 q —1/2 g r+1
- (1 _ q2)L+2)2A K 3231 + (1 _ q2)L+2)2 BlK A Bz
3143
q —1/2 A+l
(1 _ q2A+2)2 K BZA Bl’
and
20+4 2
uat = — AU d"  pipn 247
(1 —¢>)2(1 —g¥+2) (1—4¢>)7?
3 21 20+1
g —q7") 1/2 42—1 q 1/2 A+l
+ (1 _ q2)2(1 _ q2k+2) K A - (1 _ q2k+2)2 BzK BIA
20+2 A
B LA;\HKWB Bt — 4 pgl2pp
(1 — g2+2)2 P2 — g2 ™2 !
3143
q
(l_qu)zK]/zBlAH]Bz'

Proof We first concentrate on 27, and the statement for 21 follows by flipping the
order using o as in Remark 4.2(iv). We need to rewrite E; F» A*, which we do in terms
of F»A* and next using Lemma 5.9. The details are as follows.

Using Definition 4.1 and the commutation relations, and pulling through F; to the
left, we get

By A = g ' Ey R AT 4 PRI R K VP AN (5.11)

Similarly, and only slightly more involved, we obtain

Kr—K;!
FA*By = q)‘_zEzeA)‘_l _ q,\—z 2 21 A4 ql—AFl K2 A%,
q9—q9
(5.12)

Using (5.11) and (5.12), we eliminate the term with Fi F>, and shifting A to A + 1
gives

(" = gPTYE Fa A = ByFs AP — 2P ARy — g

(5.13)

Apply Lemma 5.9 on the first two terms on the right-hand side of (5.13) and note
that the remaining terms in (5.13) and in Q,A* can be dealt with by observing that
K, = K~'2A = AK~!/2. Taking corresponding terms together proves the BAB-
decomposition for 2 A* after a short calculation. O

Our next task is to translate Proposition 5.10 into an operator for spherical functions
of type £, from which we derive eventually, see Theorem 4.13, an Askey—Wilson ¢-
difference type operator for the matrix-valued orthogonal polynomials P,. Let @ be
a spherical function of type ¢, then we immediately obtain from Proposition 5.10
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q(l _ q2)»+4) 26]2

(1- q2)2(1 — qz)LJrz) te(Kl/z)‘D(A)L_H) - mQP(AA)
q3(1 _ qZ)L)

(= )21 — g7+

D(QAY) =

K2y (AR

2)+1
q

__ 1 -1/2 s
(1_q2A+2)2f (BiK™/"B)®(A™™)

g>*? S N 1/2
—(l_qu)z@(A etk 12 ByBy)

A
gt BIK e By

3143
q

+ (1_(]72)2#(1(_1/232)(1)(A)L_H)IZ(BI)- (5.14)

The analogous expression for @ (€22 A%) of (5.14) can be obtained using the flip o, see
Remark 4.2(iv). In particular, it suffices to replace all #¢(X) in (5.14) by J¢4(X)J¢,
see Remark 4.2(iv), to get the corresponding expression.

By Proposition 5.2(ii), we know that & (A*) is diagonal. Note that & - Q; : U; —
End(H;) is also a spherical function of type £ by the centrality of the Casimir operator
Q. Hence (@ - Q1)(A*) = & (QAY) is diagonal, which can also be seen directly
from (5.14). We can calculate the matrix entries of & (2] A*) using the upper triangu-
lar matrices 1¢(By K ~1/2), t*(B;) having only non-zero entries on the superdiagonal,
the lower triangular matrices *(K ~'/? B), t(B>) having only non-zero entries on the
subdiagonal and the diagonal matrices r¢(K*1/2), t*(B1K~1/?By), t*(K~1/? B, By),
see (4.2), (3.1).

For @ a spherical function of type £, we view the diagonal restricted to A as a
vector-valued function @:

D:A->H, A D DA ey

So we can regard the Casimir elements as acting on the vector-valued function @, and
the action of the Casimir is made explicit in Proposition 5.11.

Proposition 5.11 Let @ be a spherical function of type £, with corresponding vector-
valued function ®: A — H’ representing the diagonal when restricted to A. Then

— n 2 2 . R

(@ - Q) (AN = M{(gh)d (A - ﬁ@(ﬂ) + Nf (g A+,
where M f (2) is a tridiagonal and N f (z) is a diagonal matrix with respect to the basis
{e! }fz=7 of HE with coefficients
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3+m 2
¢ _ gma=2H
M@ = G — 2y
m+1
(Mf(z))m,m+1 = (12:’(]—%2)2(176("1 + 1))?,
1-m 4.2
¢ _ 9 (1—-¢g"z%)
M@ = T 31— 27
Z2q2+m ' ) ‘ 5
- (1—q—2z2)2((b (m))”+ (b (m + 1)) ),
3 m+3
M@t = (= 77 (B ().
Moreover, for Q2 the action is
—_— A 2 A A
(P - ) (AY) = My(qH)D(AM!) — L”mﬁ) + Ny (gMH (A,

(I —g%)

where Mf () = Jer (z)J¢ is a tridiagonal, and Mf (z) = J¢ Mf (z)J¢ is a diagonal
matrix.

Remark 5.12 The proof of Theorem 4.13 does not explain why the matrix coefficients
of g and 1,1 in Theorem 4.13 are related by z < z~!. In Proposition 5.11, there
is a lack of symmetry between the up and down shift in A, and only after suitable
multiplication with @, from the left and right the symmetry of Theorem 4.13 pops up.
It would be desirable to have an explanation of this symmetry from the quantum group
theoretic interpretation. Note that the symmetry can be translated to the requirement
W (2)N1(g 722 ") = Mi(2)¥ (q2) with ¥ (¢%) = B§(AMD{(A™I4) 71

The remark following (5.14) on how to switch to the second Casimir operator gives
the conjugation between M f and Mf, respectively N f and Nzl. Note thatin case £ = 0,

@ and @ are equal, and we find that Proposition 5.11 gives the operator

Ay AN Q(l_q2A+4) A1 _Lz A
Q@A) = D@AY) = e (AN — el
309 2A

+ g’ (1 —q°") @(A)‘_l)

(1= 221 = g%+

for @ : U, (g) — C aspherical function (of type 0), which should be compared to 30,
Lemma 5.1], see also [35,37].

Proof Consider (5.14) and calculate the (m, m)-entry. Using the explicit expressions
for the elements ¢*(X) for X € B, see (4.2), (3.1), in (5.14), we find
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q3+m(1 _qZA) 2

r—1 2
(1—q2>2<1—q%+2>¢(A Jm.m (1—¢>7?

ql—m(l _ q2)L+4)
(= g1 — 77

(A = D (AM)mm

DAY,

q2k+2+m(blf(m + 1))2¢ A}\.+1
- (1- q2)L+2)2 ( Jm,m

q2A+2+m (b[ (m))Z
(1 _ q2l+2)2

DAY,

q)»+m+1 (bE(m + 1))2

+ (1 — q2)»+2)2 (p(A)WH)m-H,m-H
3A434+m (1€ 2
q (b"(m)) et
e A .

which we can rewrite as stated with the matrices Mf (¢%) and Nf (g%). The case
for Q2 follows from the observed symmetry, or it can be obtained by an analogous
computation. O

In particular, we can apply Proposition 5.11 to ¢§( n.m) using (5.10) to find an
eigenvalue equation. In order to find an eigenvalue equation for the matrix-valued
polynomials, we first introduce the full spherical functions qg,f: A — End(C?*+1
defined by

20
= D (@0 ®Eij, (D0)ij(A") = (Df, (A )iceie  (5.19)
i,j=0
for n € N. So we put the vectors ((pé(n 0 ¢§(n 2¢y) @ columns in a matrix,
and we relabel in order to have the matrix entries labelled by 7, j € {0, ..., 2¢}. We

reformulate Proposition 5.11 and (5.10) as the eigenvalue equations

&, (AN A () = Mi(g") LA + Ni(ghH DL (A, (5.16)

l=n—j | g3+n+j
M) =3 T By )= T A,

where (Ml- (z))m’n = (Mf(z))m_e’n_e form,n € {0,1,...,2¢}, and similarly for
N;, are the matrices of Proposition 5.11 shifted to the standard matrix with respect to
the standard basis {en}ﬁio of C***1. Note that the symmetry of Proposition 5.11 then
rewrites as M>(z) = JM1(z)J, N2(z) = JN1(2)J, with J: e, > e2p—p.

Now we rewrite Corollary 4.7 after pairing with A* as

b, (A%) = B5(AM) P, (11(¢g* ) € End(C* ), (5.17)
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where p(x) = %(x + x~1), using that pairing with the group-like elements A” is
a homomorphism and ¢(A*) = u(g**t!) by (5.1). Using (5.17) in (5.16) proves
Corollary 5.13.

Corollary 5.13 Assuming cﬁg (A*) is invertible, the matrix-valued polynomials P,
satisfy the eigenvalue equations

Pu(1e(g™)) An(i) = Mi(g") Po((q*) + Ni(g®) Pu(u(g*™Y)), i=1,2,

where

Mi(q") = (B5(A*) " Mg~ B (A%,

Niq") = (B5(4*1) ™ Ni(gh ) (A*2),

and A, (i) are defined in (5.16) and u(x) = %(x +x7h.

It remains to prove the assumption in Corollary 5.13 for sufficiently many X, and to
calculate the coefficients in the eigenvalue equations explicitly. This is done in Sect. 7.

Having established (5.17), we can prove Corollary 4.9 by considering coefficients
in the Laurent expansion.

Proof of Corollary 4.9 The left-hand side of (5.17) can be expanded as a Laurent
series in ¢* by Proposition 5.2(ii) and (5.15). The leading coefficient of degree £ + n
is an antidiagonal matrix

1 . 1 . 2
S0, AN __a(t4n) 3 (n+j), 45 (n—j),L
(@,(A ))i,j =4 (C—é(n+j),—£—;(n—j),i—z + lower order terms,

since the Clebsch—Gordan coefficient is zero unless i + j = 2¢. With a sim-

ilar expression for (f)é(A)\) on the right-hand side, expanding Fn(,u,(q)‘“)) =
Ic(P,)g"*TD27" 4 lower order terms gives

2 -2

1 . 1 . 1. 1.

- 5 () 45 (n—j).t 5Jjt—3iJ.¢

le(Py)ij =8ijq"27"(C* o o oD
(Pu)ij = i, Yot i) —t=Lm—j).—j A SN

and (8.7) gives the result. m]

Corollary 4.9 gives Py(x) = I, so Corollary 5.13 gives

Ao(i) = Mi(¢") + Ni(¢"), VArel. (5.18)

5.5 Symmetries

Even though we can use the explicit expression of the weight W to establish Proposition
4.10, we show the occurrence of J in the commutant from Remark 4.5(ii).

@ Springer



N. Aldenhoven et al.

Observe that (¢1, £7) = &(n, k) gives (€2,£1) = &(n,2¢ — k) and that 0 (A) = A,
so Remark 4.5(ii) yields (5, ;- A™")(0(2)) = J*(®f(, 5,_;) - A™")(Z2)J* for any
Z € Uy(g). Similarly, using moreover that o is a *-isomorphism and that § and o
commute, see (3.5) we obtain (D, .- A™") (0 (2)) = I (Df, 5 A7) (2) I
Since (0 ® 0) o A = A oo and (J%)? = 1, we find for Z € U,(g) from these

observations, cf. (5.8),

¢ 1yt -
(@i AN @y - ATD)(0(2))
¢ 1yt -
= tr((¢$(n,2€—i) A )(¢§(m,2€—j) -A )*)(Z)

By the first part of the proof of Theorem 4.8

(B W Ea), (02D = (Ba@)WDIPa)), (D).
Note that ¥ (o (Z)) = ¥ (Z) by the symmetric expression of (5.2). Again using (o0 ®
o)oA = Aoa,wehave p(¥)(o(Z)) = p()(Z) for any polynomial p. It follows
that

(P W@IPa)) = (P WIPa@)) . (5.19)

i,j —i,20—j

Forn = m = 0, (5.19) proves that J is in the commutant algebra for W as stated in
Proposition 4.10.

Note that (5.19), after applying the Haar functional on the x-algebra generated by
Y as in Lemma 5.4, also gives /G, J = G, as is immediately clear from the explicit
expression for the squared norm matrix G, in Theorem 4.8 derived in Sect.5.3. It
moreover shows that (J P, J),cN is a family of matrix-valued orthogonal polynomials
with respect to the weight W. It is a consequence of Corollary 4.9, see Sect. 2, that
JP,J = P,, since Jlc(P,)J = Ic(P,) by Corollary 4.9.

Note that we have now proved Proposition 4.10 except for the D-inclusion in the
first line. This is done after the proof of Theorem 4.8 is completed at the end of
Sect.6.1.

As a consequence of the discussion on symmetries, we can formulate the symmetry
for ®¢ in Lemma 5.14.

Lemma 5.14 With J : e, — ey, we have J®L(A*)J = &L(AY) for all A € 7.

Proof This is a consequence of initial observations in Sect.5.5. Fori, j € {0, ..., 2¢},
using (5.15) and o (A*) = A* we obtain
20N 200 AN ¢ A
(J(pn(A )J)i,j = (q)n(A ))254,21571 = (qjé(n,Zé—j)(A ))lfi,éfi
_ 5t NI 24 _ 14 s
- (] (pé(n,j)(A ) )z—i,e—i - ((pé(n,j)(A ))i—e,i—/z

= (&,(4M), ;-

@ Springer



MVOPs related to the quantum analogue of (SU(2) x SU(2), diag)

6 The weight and orthogonality relations for the matrix-valued
polynomials

In this section, we complement the quantum group theoretic proofs of Sect.5 of some
of the statements of Sect.4 using mainly analytic techniques. In Sect.6.1, we prove
the statement on the expansion of the entries of the weight function in terms of Cheby-
shev polynomials of Theorem 4.8. In Sect. 6.2, we prove the LDU-decomposition of
Theorem 4.15. In Sect. 6.3, we prove Lemma 5.8 using a special case and induction
using Theorem 4.6 in the induction step.

6.1 Explicit expressions of the weight

In order to prove the explicit expansion of the matrix entries of the weight W in terms
of Chebyshev polynomials, we start with the expression of Corollary 5.6 for the matrix
entries of the weight W. After pairing with A%, we expand as a Laurent polynomial
in ¢* in Proposition 6.1. Then we can use Lemma 6.2, whose proof is presented in
Appendix 2.1.

Proposition 6.1 For(0 <k, p <2¢, A € Z, we have

3 (k+p)
WA = > ditk, p)g®*,  dik, p)=d"(k, p),
s=—1(k+p)
d'k, p) = % i Ze:q2<i+j—n)+2<i+%k><i—n+z—%k)+2(1+%p)u—n+é—%p)
=k j=—dpn=—t
s=j]—1
IFLSE I ) I O Pt
8 2k=i |42 l—5k+n—i g2 jzp—j 92 l—5ptn—j qz.
[ze
L—n q2

Proof We obtain from Corollary 5.6

V4
WA p(A) = D (Do A7), (AN (Bl - A7), (AH)

m,n=—{
14
= Z (¢§(O,k))m,n(A)L_l) (®§(O,[7))m,n(A_l_)L)’ (61)
m,n=—A

using that A% is a group-like element and S(A*)* = A~*. By Proposition 5.2(ii)
W (W), p(A*) is
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k %p

¢ 2
Lke—1ke pl—Lpe DA(i—i) 20t i
E E (Clzl S ) (C]2/ n; q G ’)q (i+j=n),

n=—L¢ 1

:szip

where the Clebsch—Gordan coefficients are to be taken as zero in case |i —n| > £— %k,
respectively |j —n| > £ — %p. Now put s = j — i, then s runs from —%(k + p) up
to %(k + p), and we have the Laurent expansion

J(k+p)
Wk, (A = D dik, p)g*™,

s=—3(k+p)

with

k L ‘ ee—1k0\ ¢ 0\?
¢ — 2K b= gk IPL=3p, 2(i+j—n)
ds(k’ p) = Z Z Z (Ci,i—n,n ) (C J.j—n.n ) q .
i=—3k j=—3pn="t

s=j—i

Plugging in (8.3) gives the explicit expression for df (k, p).

In order to show that d%(p, k) = d*,(p, k), we note that p(¥)(A*) = p(u(g"))
is symmetric in A <> —A\ for any polynomial p and so Corollary 5.6 implies the
symmetry. m}

Note that for a matrix element of P, (y)*W () P, () a similar expression can
be given, cf. the first part of the proof of Theorem 4.8, but this is not required. The
symmetry in the Laurent expansion of W (¥) (A%) does not seem to follow directly
from known symmetries for the Clebsch—Gordan coefficients, see e.g. [20, Chap. 3].

Now we can proceed with the proof of Theorem 4.8, for which we need Lemma
6.2.

Lemma 6.2 For{ € %N and fork, p € {0, ..., 20} subjecttok < pandk+ p < 2¢
we have with the notation of Proposition 6.1 and Theorem 4.8,

k k+p—2r

> 2, akp)=dik.p).

r=0 a=0
2s=k+p—2(r+a)

Lemma 6.2 contains the essential equality for the proof of the explicit expression of
the coefficients of the matrix entries of the weight of Theorem 4.8. The proof of Lemma
6.2 can be found in Appendix 2.1, and it is based on a g-analogue of the corresponding
statement for the classical case [24, Theorem 5.4]. Previously in 2011, Mizan Rahman
(private correspondence) has informed one of us that he has obtained a g-analogue
of the underlying summation formula for [24, Theorem 5.4]. It is remarkable that
Rahman’s g-analogue is different from the one needed here in Lemma 6.2.
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Second part of the proof of Theorem 4.8 We prove the statement on the explicit
expression of the matrix entries of the weight in terms of Chebyshev polynomials.
By Corollary 5.6, we have

kAp

Wk p(A*) =D ar (k. p)Uskip—2r(1(q"))
r=0
kAp k+p—2r

Z Z ()[,«(k, p)q(k+p—2r—2a)k

r=0 a=0

L (k+p) kAp k+p—2r

> S atk.p) | 4™

__1 =0 a=0
s=—5(k+ r
24p) 2s=k+p—2(r+a)

for all A € Z. Since the coefficients a, (k, p) are completely determined by W ()«
and since W)k, p = W)k 20—k = (W(w)p,k)*, we can restrict to the case
k < p, k 4+ p < 2¢£. For this case, the result follows from Lemma 6.2, and hence the
explicit expression for «; (k, p) in Theorem 4.8 is obtained. O

Note that proof of Theorem 4.8 is not yet complete, since we have to show that
the weight is strictly positive definite for almost all x € [—1, 1], see Sect. 2. This will
follow from the LDU-decomposition for the weight as observed in Corollary 4.16,
but in order to prove the LDU-decomposition of Theorem 4.15 we need the explicit
expression for the coefficients «; (m, n) of Theorem 4.8.

In Sect. 5.5, we observed that J commutes with W (x) for all x. In order to prove
Proposition 4.10, we need to show that the commutant is not larger, and for this we
need the explicit expression of o, (m, n) of Theorem 4.8.

Proof of Proposition 4.10 Let Y be in the commutant, and write W (x) = Zﬁio Wi
U, (x) for Wy € Matyy41(C) using Theorem 4.8. Then [Y, Wi] = O for all k. The
proof follows closely the proofs of [24, Proposition 5.5] and [25, Proposition 2.6].
Note that Wy, and Wp,_; are symmetric and persymmetric (i.e. commute with J).
Moreover, (W2¢)m.» is non-zero only for m +n = 2¢ and (Wa¢—1)m,» 1S non-zero
only for |m+n—2£| = 1. From the explicit expression of the coefficients «; (m, n), we
find that all non-zero entries of Wy, and W, are different apart from the symmetry
and persymmetry. The proof of Proposition 4.10 can then be finished following [24,
Proposition 5.5]. O

6.2 LDU-decomposition

In order to prove the LDU-decomposition of Theorem 4.15 for the weight, we need
to prove the matrix identity termwise. So we are required to show that

mAn

W man = D LOm kT kLX) k (6.2)
k=0
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for the expression of W (x) in Theorem 4.8 and for the expressions of L(x) and T (x)
in Theorem 4.15. Because of symmetry, we can assume without loss of generality
that m > n. Then (6.2) is equivalent to Proposition 6.3 after taking into account the
coefficients in the LDU-decomposition, so it suffices to prove Proposition 6.3 in order
to obtain Theorem 4.15.

Proposition 6.3 ForO <n <m <2¢{,( € %N and with oy (m, n) defined in Theorem
4.8, we have

n 2k+2|q2) a2 2
D (m, M Upn—2(x) = Zﬂk(m m g g
t=0
X Cn_k(x; q2k+2|q2),
4% q%) )
Br(m, n) = = (g% g — g%t

(9% 4P m+k+1@% ¢Pnti+1
(q a)20444+1(q% 4P 204k
2£(q q2)2 '

Before embarking on the proof of Proposition 6.3, note that each summand on
the right-hand side of the expression of Proposition 6.3 is an even, respectively odd,
polynomial for m + n even, respectively odd, since the continuous g-ultraspherical
polynomials are symmetric and since

k
wx: g% g?) =40 —xH [ ] (1 —202x% = g% + q4f) ,
=1

see (4.12), is an even polynomial with a factor (1 — x?2). In the proof of Proposition
6.3 we use Lemma 6.4.

Lemma 6.4 LetO0 <k <m <nandt € N. Then the integral

1Y wix; ¢%*212) 242, 2 242, 2
g » —1 — Chn—i(x;q g )Cr—i(x; g |g7) Untm—2:(x)dx

is equal to zero for t > m, and for 0 < t < m, the integral above is equal to
Crlm, m)Re(ue(0): 1.1, q =" =2, q =22, ¢%) with

‘2@ @2 qPman—2k @ @ m—k @ ¢k
g%+ (g% g g2k (@5 4D m—k (@75 gDk
D@ @Dmnak (9% 4Pt
(q q )m+n+1

Cr(m,n) =

In Lemma 6.4, we use the notation (4.13) for the g-Racah polynomials. Lemma
6.4 shows that the expansion as in Proposition 6.3 is indeed valid, and it remains to
determine the coefficients By (m, n).
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The proof of Lemma 6.4 follows the lines of the proof of [23, Lemma 2.7], see
Appendix 2.2. The main ingredients are, cf. the proof in [23], the connection and
linearisation coefficients for the continuous g-ultraspherical polynomials dating back
to the work of L.J. Rogers (1894-5), see e.g. [2, §10.11], [19, §13.3], [15, (7.6.14),
(8.5.1)]. Write the product Cp,_x (x; ¢2¥*2|¢*)Cp_i (x; ¢***2|¢?) as a sum over r
of continuous g-ultraspherical polynomials C,(x; g2¥*2|¢?) using the linearisation
formula and write U,,,,—2, which is a continuous g-ultraspherical polynomial for
B = ¢, in terms of Cy(x; ¢***2|¢?) using the connection formula. The orthogonality
relations for the continuous g-ultraspherical polynomials then give the integral in
terms of a single series. The details are in Appendix 2.2. From this sketch of proof, it
is immediately clear that Lemma 6.4 can be generalised to a more general statement.
This is the content of Remark 6.5, whose proof is left to the reader.

Remark 6.5 For integers 0 < ¢, k < m < n and parameters ¢, 8, we have

1w ¢*lalg)

m ) V1-a?

= Ci(m,n,a, /3)4</)3(

Con—ie (x5 ¢ | q) Cor—ie (%3 ¢ @) Copn—ae (x5 Blg)dx

O[ilqik, q7m7n+t71’ aqk+1’ Igafqutfl '
(X_lq_m,(x_lq_",ﬂ 49 )

where Cr(m, n, o, B) is

(()lqk+] , Olqk+2, a—lq—m—n-i-k, C(_Zq_t, a,B_lqk+2, a—llg—lqt—m—n; q)oo
(a2q2k+2, q, qk—t+l’ a_zq_m_”_l, ﬂ—lqk—m—n-&-t’ ﬂ_lq; q)oo
@q" Y Qi (@q"; Dn—k @2 Qmgn—2k
(@ Dm—k @ Dt (@2 @) min—2k
@ 'Ba7* Y ke (B @man—r—k

(@ Di—t (@q"* 2 @ mtn—i—k

(qurla)kft.

Note that the 4¢3-series in Remark 6.5 is balanced, but in general is not a g-Racah
polynomial.

In the proof of Proposition 6.3, and hence of Theorem 4.15, we need the summation
formula involving g-Racah polynomials stated in Lemma 6.6. Its proof is also given
in Appendix 2.2.

Lemma 6.6 Forl € %N andm,n, k € NwithQ <k <n < m, we have

m _ _
2m—4¢. qz)n—t (q4(+4 2t.

Z(—l)’ 4 : 14°); (1 — g2m+2n+2—41y 2(5) 4t
pur @ g (@747

X Re(u(t); 1,1,g72" 2, g7 % ¢%)
2. .2 2. .2
nn—1)—k(k+D)—dnt (_ -k @%5 g7 )20+k+1(q75 g7 ) 20—k
(% 92041

=9

(1 _ q2m+2)

X .
(% 4)n (% q*)20-n
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With these preparations, we can prove Proposition 6.3, and hence the LDU-
decomposition of Theorem 4.15.

Proof of Proposition 6.3 Since we have the existence of the expression in Proposition
6.3, it suffices to calculate B (m, n) having the explicit value of the «;(m, n)’s from
Theorem 4.8. Multiply both sides by %\/ 1 — x2Up 4 n—2:(x) and integrate using the
orthogonality for the Chebyshev polynomials so that Lemma 6.4 gives

1 - o
2o m,m) = 3 Bilm, mCilm, MRe(u(@); 1,1, 47" 72,4772 ¢,
k=0

m—1 —n

The g-Racah polynomials Ry (u(#); 1,1, g~ ~1; ¢?) satisfy the orthogonality

relations

g

n
DA =g R (u(1): 1,1, T g
t=0

X Rj(u(t); 1,1,72" 7%, g7 21 ¢%)
2m+2)(1 _ q2n+2 (q2m+4 q2n+4. qZ)k

Y _q—2k(m+n+1) (1-gq
— 5 S ,
! (1 — g*+2) (=2, q=2"; ¢

Using the orthogonality relations, we find the explicit expression of B (m, n) in terms
of a;(m, n), and using the explicit expression of o, (m, n) of Theorem 4.8 gives

Bt m) = quk(m-i-n-H) (1-— q4k+2) (q—Zm’ q—2n; q2)k

4 Cr(m,n) (1 —g>+2)(1 —g>'*2) (g?"+4, g>+4; ¢

n
X D qH (=g R (u(0): 1, 1,72 g )
t=0
x a;(m, n).

This expression is summable by Lemma 6.6. Collecting the coefficients proves the
proposition. o

Last part of the proof of Theorem 4.8 Now that we have proved Theorem 4.15, Corol-
lary 4.16 is immediate, since the coefficients of the diagonal matrix 7 (x) are positive
on (—1, 1). So the weight is strictly positive definite on (—1, 1), which is the last step
to be taken in the proof of Theorem 4.8. O

6.3 Summation formula for Clebsch—-Gordan coefficients
In this subsection, we prove Lemma 5.8, which has been used in the first part of the

proof of Theorem 4.8, see Sect.5.3. The proof of Lemma 5.8 is somewhat involved,
since we employ an indirect way using induction and Theorem 4.6.

@ Springer



MVOPs related to the quantum analogue of (SU(2) x SU(2), diag)

Proof of Lemma 5.8 Assume for the moment that

40+2
Z ‘Cll REN —2i __ 201-2¢-2m (1 -9 i ) (6 3)
= Che (1 —g*+2)’ '
Assuming (6.3) the lemma follows, using Ci‘l Krflfi =0ifmy —my #1,
4 a1
€1,02,€ 2g20m+ 4 £1,62,0 —2i
> > 1Coly i P> = Z " Z et g
i=—lmy=—L; my=—4L mi=—4{ i=—¢
£y 442
_ z g2h-2e+m (1-¢*"
= — A0 +2
=, (1= ¢*17)
_ Lo (1 —q*2)
(1-¢%

It remains to prove (6.3). We do this in case £1 + £, = £. Put ({1, €2) = (k/2, £ —
k/2) = £(0, k) for k € N and k < 2¢. Using the explicit expression for the Clebsch—
Gordan coefficients (8.3), we find that in this special case the left-hand side of (6.3)
equals

> (@%: aDia?; )20k (q% aDe-i (g5 4P 4
(@%: 4 i2-m(@% 4D i24m (@7 D) e—k)2-m+i @75 G2 o=k j24m—i (g% g 2e
« g2 2Am—k /D (m—i+t=k/2)

where the sum runs over i for —¢ + k/2 +m < i < £ — k/2 4+ m. Substitute
i = p — L€+ k/2+ m to see that this equals

L—k/2+m

Z @% 4% e-i(q%; g% e+ g2 mk/2)
i:—l+k/2+m @% 4 e—k)24m-i(@% 4?)e—k/2—m+i
_ = (% gD p—k2-m(q*; q )p+k/2+mq—2(l+m+k/2)(p C+k/24m)
pr (@ 4 p(a* q*)2e—p—k

Simplifying the expression, we find that

2. 2 2. 2
21 mek2) (— bk j24m) @75 A7) 20—k/2-m (@75 G )k /24m
(4% 4%k

—4042k  2m—+k+2
« q »q L2 k-2
201 g—4ttkram 404

q
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is equal to

g2/ Dk 2 m) (@%: aP)20—k/2-m@% @Dij24m (@2 )20k

(g% qP)o—k (q=4Hk+2m: g2)50 4 '

since the 21 can be summed by the reversed g-Chu-Vandermonde sum [15, (IL.7)].
Putting everything together proves (6.3), and hence for the case where ({1, £2) =
£(0,k) Lemma 5.8 ,i.e. £1 + {r = £.

To prove Lemma 5.8 in general, we set

131 0,0

—)\(M1+m2)
mi,ma,i ’

£
Fh ) = (@, (AM) = Z > Z

i=—fmy=—~C1 my=—4_y

hence it is sufficient to calculate ffl, 52(—2). We will show by induction on »n that
f;(n’ K (—2) is independent of (n, k), or equivalently that ffl A (—2) is independent of
(41, £2). Since we have established the case n = 0, Lemma 5.8 then follows.

In order to perform the induction step, we consider the recursion of Theorem 4.6.
Using p(A*) = 1(g'"** +¢717%), we see that (1) = ¢(A~2) = L(g+¢ ). Taking
the trace of Theorem 4.6 at A° = 1 and using Proposition 5.2(ii), we find, after taking
traces,

1 _
E(Q +q HQU+ D) = (Aipap+Alip—12+ A + Alja—12) 20+ D).
(6.4)

Next we evaluate Theorem 4.6 at A~2 and we take traces, so, using ¢(A™2) = ¢(1),

1 _
S@Ha D= D A (-2,

i,j==£1/2

which we rewrite, assuming ffl 42(—2) = Flis independent of (€1, £5) for €1+ £> <

£+ n, sothatf(f+ e+‘( 2) is

1 _
(‘(‘1 +a7) —Aipi2 — Acipan - A1/2,1/2) F‘=F,
A12,12 \2

by (6.4) for the last equality. So the statement also follows for £; + £, = £ +n + 1,
and the lemma follows. O

7 q-Difference operators for the matrix-valued polynomials

We continue the study of g-difference operator for the matrix-valued orthogonal poly-
nomials started in Corollary 5.13. In particular, we show that the assumption on
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the invertibility of @ follows from the LDU-decomposition in Theorem 4.15. Then
we make the coefficients in the matrix-valued second-order g-difference operator of
Corollary 5.13 explicit in Sect.7.1. Comparing to the scalar-valued Askey—Wilson
q-difference operators, see e.g. [2,15,19,26], we view the g-difference operator as a
matrix-valued analogue of the Askey—Wilson g-difference operator. Next, having the
matrix-valued orthogonal polynomials as eigenfunctions to the matrix-valued Askey—
Wilson g-difference operator, we use this to obtain an explicit expression of the matrix
entries of the matrix-valued orthogonal polynomials in terms of scalar-valued orthogo-
nal polynomials from the g-Askey scheme by decoupling of the g-difference operator
using the matrix-valued polynomial L in the LDU-decomposition of Theorem 4.15.
From this expression, we can obtain an explicit expression for the coefficients in the
matrix-valued three-term recurrence relation for the matrix-valued orthogonal poly-
nomials, hence proving Theorem 4.11 and Corollary 4.12.

7.1 Explicit expressions of the g-difference operators

In order to make Corollary 5.13 explicit, we need to study the invertibility of the matrix
(Dg (AM). For this, we first use Theorem 5.5 and its Corollary 5.6, and in particular (6.1).
Because of Proposition 5.2(ii), this is only a single sum. In the notation of (5.15), we
find

4
W@k p(AY) = D" (B r(A (D), p (A7)

n=—{

_ ((ég(A*H))* qﬁg(AH))

p.k

Taking the determinant gives, recalling u(z) = %(Z + Zil),

det (ng(A—A—l)) det (qﬁg(m—l)) = det(W (1(g"))) = det(T (12(g™)))

20 20
=[] 7@ ix = [ 4ex 0@, > %5 g™
k=0 k=0

using the LDU-decomposition for the weight of Theorem 4.15 and (4.12). The right-
hand side is non-zero for A € Z unless 1 < |A| < 2£. So @S(Ak) is invertible for
A>20orA < —2¢ —1or A = —1, ie. for an infinite number of A € Z and it is
meaningful to consider Corollary 5.13.

Proof of Theorem 4.13 Corollary 5.13 gives a second-order g-difference equation for
the matrix-valued orthogonal polynomials for an infinite set of A. So it suffices to
check that for i = 1, 2 the matrix-valued functions Mi s ]\7,- of Corollary 5.13 coincide
with M;, N;, where N;(z) = M;(z~"), of Theorem 4.13, or

@ Springer



N. Aldenhoven et al.

DA M (q") = Mi (g1 D(AM),

LA ~ (7.1)
B (AN (¢") = Ni(g*—1)B{(A*-2),

where M;, N; as in (5.16), see Proposition 5.11, and M;, N; as in Theorem 4.13,
where N (z) = M;(z™h).
By (5.18), we need

Ag(i) = Mi(@) +Ni(2) = M;(2) + Mi (™), (7.2)
which is an easy check using the explicit expressions of Theorem 4.13. Now (7.2) and

(5.16) for n = 0 show that any equation of (7.1) implies the other equation of (7.1).
Indeed, assuming the second equation of (7.1) holds, then

BEAMM; (@ + BLAMN; (T = BE(AM) Ao (i)
M; (g*)DEAM) + Ni(gh) D (A1)
M;i(gM)BE(AM) + BE(AMN; (g™

implying the first equation of (7.1).

By Proposition 5.2(ii) and (5.15), the matrix entries of qﬁg (A%) are Laurent series
in ¢*. Setting z = ¢*, we see that in order to verify (7.1) entry-wise, we need to check
equalities for Laurent series in z.

We first consider the second equality of (7.1) for i = 1. In this case, the matrices
N1 and NV are band-limited. Hence, the (m, n)th entry of both sides of (7.1) involves
either two or one terms, so we need to check

P00y A Dt RUCTPER S C s e
7=

Z _
= MiCmndf (4> et _ (73)

The proof of (7.3) involves the explicit expression of the spherical functions in terms
of Clebsch—Gordan coefficients using Proposition 5.2(ii). It is given in Appendix 2.3.

The statements for the second g-difference equation with i = 2 follows from the
symmetries of Proposition 5.11 and Lemma 5.14. O

The explicit expressions have been obtained initially by computer algebra, and then
later the proof as presented here and in Appendix 2.3 has been obtained.

7.2 Explicit expressions for the matrix entries of the matrix-valued orthogonal
polynomials

Having established the g-difference equations for the matrix-valued orthogonal poly-
nomials of Theorem 4.13 and having the diagonal part of the LDU-decomposition of
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the weight in terms of weight functions for the continuous g-ultraspherical polyno-
mials in Theorem 4.15, it is natural to look at the g-difference operators conjugated
by the polynomial function L’. It turns out that this completely decouples one of
the second-order g-difference operators of Theorem 4.13. This gives the opportunity
to link the matrix entries of the matrix-valued orthogonal polynomials to continu-
ous g-ultraspherical polynomials. In order to determine the coefficients, we use the
other g-difference operator and the orthogonality relations. Having such an explicit
expression, we can determine the three-term recurrence relation for the monic matrix-
valued orthogonal polynomials straightforwardly, and hence also for the matrix-valued
orthogonal polynomials P,, since we already have determined the leading coefficient
in Corollary 4.9.

The first step is to conjugate the second-order g-difference operator D of Theorem
4.13 with the matrix L' of the LDU-decomposition of Theorem 4.15 into a diagonal
q-difference operator. This conjugation is inspired by the result of [23, Theorem 6.1].
This conjugation takes D5 in a three-diagonal g-difference operator. Forany n € N, let
Ru(x) = L'(x)Q,(x), where Q,(x) = P,(x) (lc(P,,))_1 denote the corresponding
monic polynomial. Note that we have determined the leading coefficient Ic(P,) in
Corollary 4.9. Then (R,),>0 forms a family of matrix-valued polynomials, but note
that the degree of R, is larger than 7, and that the leading coefficient of R, is singular.
Note that R, satisfy the orthogonality relations

1 1
/ ] (Ru()) T ()Rm(x) V1 — x2dx = / 1 (00 () W(x)Qm(x) V1 — x2dx

=am,n%(1c(Pm>*)‘1Gm(1c<Pm))‘1. (7.4)

Theorem 7.1 The polynomials (R,)n>0 are eigenfunctions of the q-difference oper-
ators

D; = Ki(x)ng + /Ci(Z_l)ﬂq—l»

with eigenvalues A, (i), where

20 1—i 2i42.2
q (I—g“"z%)
Ki(z) = E 73 —Eii,
S(1-g»? (-2
2¢ 46-2i+2) z

2041 —¢q
ICZ(Z) — ql 25-’1—1
; (I—g)? (-2

20 4042 2i4+2.2

- 1 (I+4q™") (I—g~ 7z

+ E 26]’ 2“_1( Ei;
=0

(=g A+ 1+ (1-2)
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ZSI e 1 (1 _ q4i+2i+4)(1 _ q2i+2)2
— q - - -
— (1 _ 612)2 (1 _ q4’+6)(1 _ q4z+2)(1 + q2z+2)2

(1 _ q2i+2z2)(1 _ q2i+4z2)
z2(1—22)

Eiit+1.

Proof We start by observing that the monic matrix-valued orthogonal polynomials
Q,, are eigenfunctions of the second-order g-difference operators D; of Theorem 4.13
for the eigenvalue lc(Py,) A, (i)lc(P,) ™ I'= A, (i), since the matrices are diagonal and
thus commute. By conjugation, we find that R,, satisfy

Ki(2)Ra(gz2) + Ki (z*‘)?@(é) = R () A, (), Ki(2) = L' (M () (L (g2) ™

using the notation L (z) = L' (11(z)), etc., with x = u(z) = %(Z + z7 1) as before. It
remains to calculate IC; (z) explicitly. We show in Appendix 2.4 that the expressions
for KC; are correct by verifying

Ki(2)L'(gz) = L' (2)M;(2), (7.5)

fori =1, 2. |

Lemma 7.2 Forn € Nand 0 < i, j < 2, we have

Ru(X)ij = Balis J) Cugji (x: g% +2|g?),

where Cy, (x; Blq) are the continuous q-ultraspherical polynomials (4.10) and B, (i, j)
is a constant depending on i, j and n.

Proof Evaluate D1 R, (x) = R,(x)A,(1) inentry (i, j). Since D is decoupled, we
get a g-difference equation for the polynomial (Rn) , which, after simplifying, is

a1- q21+2 2) - 2l+2 2)
—Rl‘l i - - - 7
T R+

_q]+i(q7j7n71 +qj+n+])7én(z)ij.

Rn(q_lz)u

All polynomial solutions of this g-difference are given by a multiple of the Askey—
Wilson polynomials, pj4j—;(x; gt —g't g12, —412|g), see [15, §7.51, [19,
§16.3], [26, §14.1]. Apply the quadratic transformation, see [4, (4.20)], to see that
the polynomial solutions are p,,+j—; (x; ¢!, —¢' ™!, ¢'+2, —g'*?|¢?). These polyno-
mials are multiples of continuous g-ultraspherical polynomials Cy, j; (x; g% *214?),
[19,813.2],[15,8§7.4-5],[26, §14.10.1]. Hence, the polynomial matrix entries 7, (x);;
are a multiple of Cyj—; (x; g% 2|g?). i

Our next objective is to determine the coefficients B, (i, j) of Lemma 7.2. Having
exploited that the matrix-valued polynomials R, are eigenfunctions for the decoupled
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operator D; of Theorem 7.1, we can use Lemma 7.2 in (7.4) to calculate the (7, j)th
coefficient of (7.4):

20

— 2 Bulk Dk, () / Gt (x: 7**lg?)
k=0 B

o 2k+2) 2
22,2y WG Tl

V1 —x2
= Spnbi j(Gm)ii (Ac(P)); (7.6)

X Crtj—k (X5 q

using thatlc( Py, ) and the squared norm matrix G, are diagonal matrices, see Corollary
4.9 and Theorem 4.8. The integral in (7.6) can be evaluated by (4.11). In particular,
the case m + j = n + i of (7.6) gives the explicit orthogonality relations

2¢
S B i D e, () Lo @5 (=5
m+j—1\s m\K, .
= @59 (@5 aDmrj-x (1 —g¥mt2iT2)
= 5 4l (1-g*")? L @g" gy,
i,j (1— q2m+2i+2)(1 — q4E—2i+2m+2) (q25+2, q4z_2i+2; ‘12)3,,‘
(1.7)

Theorem 7.3 We have

@ a5 gh, (@, g7 %),
(22, q%720%2 97, (g%, M4 g2

Ra(x)ij = (=1 27"

2. 2
(Z ,461 )2n+jfi JQitD)4+2i 2etnt1)—i?
@5 q I ntj—i

X Ri(u(j); 1, 1,q7 2272 g2 g1 Cpp ji (x5 %2142,
Proof From Theorem 7.1, we have
K2(2)Ru(qz) + Koz HRu(q ™ 2) = Ru(2) An(2). (7.8)

Evaluate (7.8) inentry (i, j) and use Lemma 7.2 to find a three-term recurrence relation
iniof B,(i, j),

(g1 4 qitntly
(g=' —q)?
= Buli + 1, ) (K2 @ii1 Cotjmim (g7 47 1)

K2 i1 Cosjmimi @2 474 1gY)

Bulis ))Cnji (z: ¢* 21g?)
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o Bulis D (K@i o jim1 (a7 421
+ K@i Cosjmilq 'z q2i+2|¢12))
+ Buli = 1 (K2 @izt Corjoi1 425 414

+ K2(Z71)i,i—lén+j—i+l(q71Z§ q2i|q2))~

Multiply by (1 — z2)(1 — ¢?)? and evaluate the Laurent expansion at the leading
coefficient in z of degree n + j — i + 3. The leading coefficient in z of the con-
tinuous g-ultraspherical polynomial Cplaz; Blq) is %a”. After a straightforward
computation, this leads to the three-term recurrence relation

(1 + g 222, )
_ aiga a- q4€+21+4)(1 _ q21+2)2(1 _ q2n+21+2]+4) BG4+ 0)
=4 (1 — gnHi+iT2)(1 — g4+0)(1 — g4 +2)(1 — ¢2i+2)2 nll )
4 q4€+2)(1 _ q2n+2j+2)
> g Bali J)
(1+¢*)(1 +q*+%)

+q2i+](1 B qn+i+j+l)(1 _ q4€72i+2)(1 _ q2n+2j*2i+2)ﬂn(i _ 1’ J)

_2q2i+2(1

This recursion relation can be rewritten as the three-term recurrence relation for the
g-Racah polynomials after rescaling, see [15, Chz_lp. 71, [19, §15.6] [26, §14.2]. We
identify (o, B, v, 8) asin (4.13) with (1, 1, g =2"=2/=2, 4=*~2) in base ¢°. This gives

40 2j-2m. 2 2. 2
(@™ q 7797 (G759 )ntj—i 2212
@ " ¢ (@Y gDy

X Ri(u(j); 1,1, 2272 g2 ¢?)

Buli, j) = ya()(=1)

for some constant y;, (j) independent of i. Plugging this expression in (7.7) fori = j
gives |y, (j)|> by comparing with the explicit orthogonality relations for the g-Racah
polynomials, see [15, Chap. 7], [19, §15.6] [26, §14.2].

For j > i,wehave R; ;(x) = L;;(x)(x"Id+l.0.t), and since the explicit expression
of L ; shows that the leading coefficient (of degree j — i) is positive, we see that the
leading coefficient (of degree n + j — i) of R; j in case j > i is positive. Since y;,(j)
is independent of i, we take i = 0, which shows that y,, () is positive. O

Proof of Theorem 4.17 Using Theorem 7.3 with the explicit inverse of L(x) as given
in Theorem 4.15 gives an explicit expression for the matrix entries of Q,(x) =
(L(x)"H"R,(x). Then we obtain the matrix entries of P,(x) = Q, (x)lc(P,) from
this expression and Corollary 4.9, stating that the leading coefficient is a diagonal
matrix. O
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7.3 Three-term recursion relation

The matrix-valued orthogonal polynomials satisfy a three-term recurrence relation,
see Sect.2. Moreover, Theorem 4.6 shows that the three-term recurrence relation can
in principle be obtained from the tensor product decomposition. However, in that case
we obtain the coefficients of the matrices in the three-term recurrence relation in terms
of sums of squares of Clebsch—Gordan coefficients, and this leads to a cumbersome
result. In order to obtain an explicit expression for the three-term recurrence relation
as in Theorem 4.11 and Corollary 4.12, we use the explicit expression obtained in
Theorem 4.17 and Lemma 7.4, which is [23, Lemma 5.1]. Lemma 7.4 is only used to
determine X,.

Lemma 7.4 Let (Qn)n>0 be a sequence of monic (matrix-valued) orthogonal polyno-
mials and write Q,(x) = >}, Q,’(’xk, where QF € Maty (C). The sequence (Q)n>0
satisfies the three-term recurrence relation

xQu(x) = Qn+l(x) + 0n(X) Xy + Qn—1(x)Yy,
where Y_1 =0, Qo(x) = I and
Xn=Qn 1= O, Ya=04 -0t - 0) X

So we start by calculating the one-but-leading term in the monic matrix-valued
orthogonal polynomials.

Lemma 7.5 For the monic matrix-valued orthogonal polynomials (Qp)n>0, we have

g (=gl — g2t

51 — 21 — 2nt2j+2y S+l
j=02(1 q=)(1 — g="+=i+=)

QZ—l ==

Ejj-1.

2Z£ q (1 _ q2n)(1 _ q4f—2j+2)
o 2 (1 — a2\ (1 — g4e—2j+2n+2
P 2 (1 —g7)(1 — g —=/7an+s)

Proof By Theorem 7.3, we have (R, (x))ij = Pn(i, j)Cntji(x; ¢**?|g?) and
0, (x) = L'(x)7'R,, (x), see Sect. 7.2, we have

(4% g»2u (g% q2)i
X Cr—i (x5 1% Co j—i (x5 ¢* 219, (7.9)

2t 2. 2 2. 2
0@ aaGT g ki, ..
Qu(x)ij = > gD "B, 7)
k=i

and this expression shows that deg(Q,(x); j) =n+ j —i.Soincase j —i <0, we
can only have a contribution to Q7 | incasei — j = O ori — j = 1. The first case
does not give a contribution, since (7.9) is even or odd for n + j — i even or odd.
So we only have to calculate the leading coefficient in (7.9) for i — j = 1. With the
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explicit value of B, (i, j) as in Sect.7.2 or Theorem 4.17 and Corollary 4.19, we see
that Q7 incase i — j = 1 gives the required expression for ( 271) il

On the other hand, by Proposition 4.10 and since J1c(P,)J = lc(P,) by Corollary
4.9, it follows that J Q, (x)J = O, (x). Therefore, we find the symmetry of the entries
of the monic matrix-valued polynomials (Q,, (x))i,j = (Q,, (x))ZE—i,ZZ—/ so that the

Z—l)j,j+1 =

O

case j —i > 0 can be reduced to the previous case, and we get (Q

( :1—1)213—,',213—;—1'

Proof of Theorem 4.11 The explicit expression for X, follows from Lemma 7.4 and
Lemma 7.5.
By Theorem 4.8 and Corollary 4.9, we have the orthogonality relations

1
2 / (0 () W(X) Q1 — x2dx = 8,0, (1c(Pp)*) ' G (1c(P)) ™
-1

T

= Sm,nGm (]C(Pm))izv

since the matrices involved are diagonal and self-adjoint, hence pairwise commute.
By the discussion in Sect. 2, we have

Yo =Gy (I(Pae)) G (1c(Py) 2,

and a straightforward calculation gives the required expression. O
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Appendix 1: Branching rules and Clebsch—Gordan coefficients
Proof of Theorem 4.3 The Clebsch-Gordan decomposition for ¢4, (51(2)) and the cor-

responding intertwiner involving Clebsch—Gordan coefficients is well known, see e.g.
[20, §3.4]. With the convention of the standard orthonormal bases as in Sect.3, the
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MVOPs related to the quantum analogue of (SU(2) x SU(2), diag)

Clebsch—Gordan coefficients give the unitary intertwiner

L1402 L1+,
Vet = @ yfl’gzz EB HE — HY @ H®,
L=[L1—L2] t=|t1—L2]
121 1%
4 . 4 4 4 ¥4 1,82, ¢ 4
Vo M= HOQHE, g >0 D Clitiel®el, (B
ny=—+L41 np=—4,
L1+,
(" @12 (AX)) oV = Vimo Y. 1(X). VX €Uy(su().
=t —L2]

Identifying the generators (K '/, K=1/2, E, F) of the Hopf algebra as in [20, §3.1.1—
2] with the generators (k=12 k172, f, e) as in Sect. 3, we see that the Hopf algebra
structures are the same. Moreover, in this case the representations % as in Sect.3
correspond precisely with the representations 77, of [20, §3.2.1] including the choice
of orthonormal basis. This gives Cﬁ}ﬁzzf, = Cy(Ly1, €2, €; ny, ny, n), where the right-
hand side is the notation of the Clebsch—Gordan coefficient as in [20, §3.4.2, (41)].
The Clebsch—Gordan coefficients are explicitly known in terms of terminating basic
hypergeometric orthogonal polynomials, the so-called g-Hahn polynomials [26], see
[20, §3.4].

In order to obtain Theorem 4.3 from (8.1), we use Remark 4.2(ii). With the -
algebra isomorphism ¥ as in Remark 4.2, we have tH(w (X)) = J44X)J* for all
X € Uy(su(2)), where the intertwiner J EoHE > HE Tt ef, > el p 18 @ unitary
involution. Note that the representations of U, (su(2)) in (3.3) and of B in (4.2) are
not related via the map of Remark 4.2(ii), but they are related by the same operator
J*. Theorem 4.3 now follows after setting g , = (J*' ® Id) oy, ,, o J* so thatin

L1,€2,¢ Cfllz,f

particular Cp, 73 = e = Cy(lq,£2,¢; —ny, na, —n). |

The Clebsch—Gordan coefficients satisfy several symmetry relations, and we
require, see [20, §3.4.4(70)],

£2,01,¢
Catngn = Coyoni—n (82)

We need explicit expressions of the Clebsch—Gordan coefficients for the case €1 +
£> = ¢, which follow from the explicit expressions in [20, §3.4.2, p. 80]. For fixed
L e %N, let—¢ < m < £,and we considerthecase {1 = ({+m)/2and ¥, = (£—m)/2.
The Clebsch—Gordan coefficients in this case are given by

) [1 L+m ] [1 L—m ]
(C}<f+m>wé(‘f_m£> _ i) Gbemmy L2 T2 LT g2
20 ’
[Z—k:lqz

i,j.k
(8.3)

assuming i — j = kandi € {—3(C +m), 3 +m) +1,.... 5 +m), j e
(= —m), 3t —m+1,... . J€—m}ke{—t,—L+1,... 0.
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Observe that the unitarity gives
[
Smn = (€, e,)
< : 01,02,€
_ l1,02,0 1,42, €| %) €1 1%
- Z Z le-,mz’mc’ll’”%”( ® iy €n) ® €n2>

ni, m1=—€1 ny,my=—~{3

£
_ 01,02.,0 El .0
- Z Z Cn1 ny,m nl na,n (8-4)

ni=—+L1 np=—4y

using the fact that the Clebsch—Gordan coefficients are real, see [20, §3.2.4].
We also need some of the simplest cases of Clebsch—Gordan coefficients, see [20,
§3.2.4, p. 75],

12120  —1 1/2,1/20 q

C - —’ — — - —’
1/2,1/2,0 m 1/2,—1/2,0 m

and the other Clebsch—Gordan coefficients Crln/ i’})/ . being zero. Another case

required is a generalisation of a case of (8.5), see [20, §3.2.4, p. 80]

(8.5)

1— 2
£,0,0 20 q
oy t0=49 —1—q4‘3+2 (8.6)
and more generally
1
2. .2 2. 2 2
Cel 0, L1+0y—0 (CI - q )2@1 (q . q )ZEZ 1— 4042 2
Ottt =4 2.2 2.2 )
G% q)e+ 46410975 G2) ey +6—¢

(8.7)

Appendix 2: Proofs involving only basic hypergeometric series

In Appendix 2, we collect the proofs of various intermediate results only involving
basic hypergeometric series. For these proofs, we use the results of Gasper and Rahman
[15]. In particular, we follow the standard notation of [15], and recall 0 < g < 1.

Proofs of lemmas for Theorem 4.8

Here we present the details of the proof of Lemma 6.2, which is used in order to
prove the explicit expression of the matrix entries of the weight in terms of Chebyshev
polynomials in Theorem 4.8. We start with two intermediate results needed in the proof.
Lemma 7.6 can be viewed as a g-analogue of Sheppard’s result [2, Corollary 3.3.4].
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Lemma 7.6 Forb,c,d,e € C*, we have

(@, b,c; @k (d_e n)k

n
> dg": @n-ileq": i . q
(q: @i be

k=0

n k —n 1—n .
=Yy gHemh20) (d—ez) (/e efc; g L E0d_ED Dk
= bc (q:

Proof Applying first [15, (III.13)] and next [15, (IT1.12)] gives
q ", b, c de , . (e/c; @n q ", c, d/b
392 d,e ' 4 bcq a (e; q@)n 3%2 d,cql_"/e’q’q
ndjcefe;n (g7 c,beq' " de g
=C — 392 g, |-
d, e;q)n cq'="/d, cql="/e” " b

Multiplying with (d, e; ), and expanding gives

n - k
(g7".b,c;q)x (de
> (dg* e @ik e
pare (@5 Dk c

n

—oy d/c.efciq)n  (q" c beq' ™" /de; g)i (g)k

i (q'"e/d, q' " c/e g (3 9k b
n d k -1 e b =1 /(de):

_ CanZk(n—l)—z(’;) (_62) /e, e)c: @mi ("¢ CCI. /(de); Q)qu_
k=0 be (@: @k

Lemma 7.7 gives a simple g-analogue of a Taylor expansion.
Lemma 7.7 (ag-Taylor formula) Let B(q~M) = Zf\]:o A (=D'(g™™; q); be a poly-

nomial in g~ then
AlB(gM)

-4 - :A
n+1 n»
"2 g g,

M=0
where A, is the q-shift operator AqB(q_M) = qM(B(q_M) — B(q_M_l)).
Proof Define f;(x) = (x; q);, then

Agfila™) = g™ (fi(g™) = fi(g™™ 1))

=q(1 =g g™ @1 =g —q") fisi(@™™).

Repeated application of A, on f; (g=™) then gives

Al ™) = 4"@" s g D fimn@™™) = "D 1" D fron @M.
©.1)
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Putting M = 0 in (9.1), the expression is zero if n > t and n < . Therefore

_ n+1 _
Al @™y = 800 (D" @7 @)
This gives the result. O

Proposition 7.8 Let ¢ € %Z and k, p € N such thatk,p < 2¢, k — p < 0 and
k+ p <2l Take s € N such that s < p and define

p—s
. _ il k p
ef(k, p) = gksthHp=2t Zq 2i(s+1) |:l] 2 |: :|
q

P L+ ]2
20—k 2—p
k—s n+s | 2 n 2
2n(—2i+k+p—s+1) q q

qu

2
20
n=0 [i+n+s :qu

Then we have

2pe+1)—p2—26+k (L — ") (4% 42— p(@%: aD)p

¥4
e;(k,p) =q
s (1 — g?+2) (9% %)
§ lg e gy 2@ ) (@ D) r
q (=D : .
— @ ¢ -t (@%49Dr

Proof The proof proceeds along the lines of the proof of [24, Proposition A.1], and we
only give a sketch. We start by reversing the inner summation, using M = 20 —k—s—m
in ef (k, p) to get

p—s
. k
ef(k, p) = q2ks+k+p—2f+2(k+p—s+l)(%—k—s) Zth(Zk—i—s—l) [ } [ D :|

i=0
i [ZZ—k] [ 20—p ]
« M Ci—k—ps=1) M g2 [20-k=s—M ]2

2
20
M=0 |:2€7p7M+i ]qz

We rewrite the inner summation over M

s [2@ k] [ 20—p ]
M Qik—pts—1y L M g2 L2k=s=M |2
q 20 2

M=0 [2e—p—M+i]qz

@ aD201@% 420 p(@ 4720 k1 (g% 4Pk
(@% 43,(@% 4®)20—k—s
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k—s _ _ 9
y ZA: q—ZM(k+s) (qZk 4€+2S; qZ)M(qZk 2%+2; qz)MB(q—ZM) ©3)
= (@ qP)m(q T2 g%y ’

where B(q—ZM) =2A/?2M(S+i—p)(q4i—2k—2M+2; q2)i(q2k—2p+2s+2M+2; qz)p—i—s is a

polynomial in ¢ of degree p — s that depends on ¢, k, p,i and s. The poly-
nomial B(g~*M) has an expansion in (—1)"(g—2"; ¢?); such that B(g—*M) =

P70 A(=1)(g7*M; ¢%);. By Lemma 7.7, the coefficients A, are obtained by
repeated application of the g-shift operator:

AL B(gY)

= A;. 9.4)
1+1
‘]2( p )(qu’; qz)t M=0

"o A=D1 (g7 ¢?), into (9.3) and we interchange
the summations over M and ¢. Then the sum over M can be rewritten as a summable
2¢1. Using the reversed ¢g-Chu—Vandermonde summation [15, (I1.7)], we can rewrite
(9.3) as

We substitute B(g ) = >

@ 4%)20-1(q% ¢D2e—p @% @D 20—k+i (@% gDk

(g% g3, (% q¥)20—k—s
p—s _ iy e
_2t(k+s+t+l)+2(£)A (q2k 42+2S, q2k 2l+2; qz)t(q 4 2§ qz)Ql—k—s—t
qu t 4 2k—2i. 2 :
t:O (CI k) CI )2[—/{—5

9.5)

Substituting (9.4) and (9.5) into (9.2) and interchanging the sums over i and ¢, we find

6 .
that €5k, p) 18

2. .2 2. .2 2. ,2\2 2. ,2
Dks+k+p—204+2(20—k—s) (k+p—s+1) (q »q )k(q »q )p(q »q )ze_k(q »q )26—[)

q
@% 4)3,(@% 4 20—k—5(q%: ¢V (@% q2) p—s
pP—s
— — t — - —
x Zq 2t (k+s+t+1) 2(2)(q2k 4E+2S;q2)l(q 44 2;q2)257k7s7t(q2k+2;q2)t
t=0
Al
q 2M(s—p)(,,2k—2p+2s+2M+2, 2
TGO q (g 54 ) p—s
q (q 59t | M=o
p—s 2s—2 —2k 40—-2k—-2M+2. 2
y zq%(72€+p7s7t71)(q TP g™ q g%
— (qZ’ q—Zk—ZM’ q—2k—2t; q2)i

@ Springer



N. Aldenhoven et al.

The inner sum over i is a 3¢>-series, and after some rewriting, it can be transformed
using Lemma 7.6. The sum over i becomes

p—s
zq2l(72€+pfsflfl)(q72k72M+2z’ q72k72t+21; qz)p—s—i
i=0
y (q42—2k—2M+2’ q—Zk’ q25—2p; q2)i
(g% q%)i
pP—s X
_ q—2k(p—s)Zqu(21)—2S+k—t—2(—2)—4(2)(q—2t’q—ZM;q2)pisii
=0
§ (g5 g2k GA2-2p42sH4. o2y
(g% q%)i

We observe that the evaluation of the 7-order g-difference operator yields only one
non-zero term in the sum over i, namely the one corresponding toi = p —s —t. After
simplifications, we have

4042y (2. 2 2. 2
@e-2p+35+52+i—20—p 1 =4 (0% 4720 p(q”: 4%)p

(1 —g%+2) (4% q*)a
4672p+2$+2t+4; q2)

bk, p)=gq

p—s—t

p—s 2k—4¢. 2
o Z(_1)S+tqt2+t(4[72p+2s+3) (g 14 )s+1(q
pur @ 42 511(9% 4%) ps—t

Reversing the order of summation using 7 = p — s — t proves the proposition. O
Proof of Lemma 6.2 Recall from Proposition 6.1 that we have
3(k+p)
WA, (AN = D dik, p)g™
s=—3(k+p)

Therefore, the coefficients of d‘f (k, p) and af (k, p) are related by

p—(s+1(p—h)

dik.py= D, efk p).

t=0

Suppose that p —k <0,k + p <2fand s > %(k — p). Using Proposition 6.1, we
find the expression

pP—s
df k7 — 2’(S+k+[7—2£ —2l(S+1)
styiepy &PV =4 Zi_oq il li+s]y
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20—k 20—p
2—ks | [m] 2[ - ] i
x 2n(—2i+k+p—s+1) q q
4 2
— 20
= i+n+s 7

By taking e’ (k, p) = df oy Proposition 7.8 shows that der \

+lw L—p) (k, p) is equal

to

2paern—p? 20k (1= a2 (@% aD2e-p (4% 47

q (9.6)
(1 —g?+2) q% 9%)p
- 12— (40+3)1 k—t (qzk_M; qz)p—t (6145_2”4; qz)t
X Zq (=D 2k+4. 2 2. 2
P @ a9 p— @7 q%)

Comparing (9.6) with the explicit expression of af (k, p) yields the statement of the
lemma. O

Proofs of Lemmas for Theorem 4.15

Here we present the proof of the technical lemmas needed in the proof of Theorem
4.15, in which the LDU-decomposition of the weight matrix is presented.

For completeness, we start by recalling the linearisation and connection relations
for the continuous g-ultraspherical polynomials, see [2, §10.11], [15, (7.6.14), (8.5.1)],
[19, §13.3]. The connection coefficient formula is

Ln/2] n—2k ) )
- s s n—
Cxivly = > Ba K (V1B k(s Dn—k

= 1-8 (@: Dk (BG; @In—k

Cn—2k(x; Blg), (9.7

and the linearisation formula is

&1 - Ba" (G @metn—2k (B D
Ch(x; Cp (x; = 9.8
Pt Pla) Z‘) (= B Dmn @ Dns

o B Dn—i (B Dr(B Dmsn—k

Contn—2k (x5 Blq).
(@ D@ Dk GB; Dman—rt 2k (x: Blg)

The proof of Lemma 6.4 follows the lines of the proof of [23, Lemma 2.7] closely.

Proof of Lemma 6.4 In order to evaluate the integral of Lemma 6.4, we observe
that the weight function in the integral is the weight function (4.11) for the con-
tinuous g-ultraspherical (in base ¢2) with B = ¢***2. Rewrite the product of the
two continuous g-ultraspherical (in base ¢2) with B = ¢**2 as a sum over i
of Crupn—2k—2i(x; ¢***2|¢?) using (9.8). Since the Chebyshev polynomials can be
viewed as continuous ¢ -ultraspherical polynomials, which in base g2 is Uy, 1, —2; (x) =
Conin—2:(x: g*|g?), we can use (9.7) to write the Chebyshev polynomial as a sum of
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continuous g-ultraspherical polynomials with 8 = ¢**2. Plugging in the two sum-
mations and next using the orthogonality relations (4.11) show that we can evaluate
the integral of Lemma 6.4 as a single sum:

2k+2  2k+4. 2 tAm—k 2m+2n—2k+2—4
k+ k+,q) (l_qm+n k+ )

k2 k-n (4 »q o Z
2 4k+4. 2 — 2m42n—2k+2—2r
@5 9" 40 £~ (1—¢q )

@05 @ P mk—r @ gDk @ ) mn 2k
@% a5 @5 m—rk—r @5 nk—r @G mgn—2k—r
(q_2k§q2)k+rft (q2§q2)m+n7t7k7r (2k+2)r
@5 ir—t @ D st '

q

9.9)

We consider two cases: k >t and k < t. If k > ¢, note that

2m+2n—2k+2—4 k—m—n+1 k—m—n+1 _2k—2m—2n-2. 2
l_qm—i-n -+ r_ —2r(q mn+’_q m n+’q m—2n 7q)r

1— q2m+2n—2k+2—2r =4 (qk—m—n—l’ _qk—m—n—l’ q2k—2m—2n; qZ)r ’

so that we can rewrite (9.9) as a terminating very-well-poised gg7-series. Explicitly,

@2, 4 40 @ gDk @ Pk

@2, g% ¢ 00 (@2 qDm—k  (q% qP)n—k
@ P2 @50 @5 @ik DD
@2 4 man—2k @ 4= @ gD mn—i—k

2k—2m—2n-2. 2k—2m 2k—2n 2t—2m—2n—2 2k+2 —2t. 2 —2k
x gW7(q i q . q . q 7 A R/ Y/ B

Here we use the notation of [15, §2.1]. Using Watson’s transformation formula [15,
(II1.18)] and recalling the definition (4.13) of the g-Racah polynomials, we can rewrite
the §W7 as a balanced 4w3:

(qPk—2m=2n =21 02y, gk quInIm2 22 gk
(K242 g—2am=2n=2, 42) 493 g, g=, g2 99
(qk—2m=2n =21, 02y

_ ) —2m—2 _—2n-2, 2
T (gkaNr gmam=In=2 g2y, Ri(n(0); 1,1, q 4 q°).

Simplifying the g-shifted factorials gives the required expression.

For the second case k < ¢, we proceed similarly. After applying Watson’s transfor-
mation, we also employ Sears’ transformation for a terminating balanced 4¢3 series
[15, (III.15)] in order to recognise the expression for the g-Racah polynomial. O

We leave the proof of the generalisation of Lemma 6.4 in Remark 6.5 along the
same lines to the reader.

In the proof of the LDU-decomposition of Theorem 4.15, we have also used Lemma
6.6, whose proof is presented next.
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Proof of Lemma 6.6 We first write the g-Racah polynomial in the left-hand side of
Lemma 6.6 as a 4¢3-series and interchange the sums to get

k — —
Z (q 2k q2k+2 j 2] Z(_ )t 2m 4Z’ q2) — (q45+4 t; q2)t
Pl R e ;7 @ g (@597
t
x(q Y, g A2, 02y () q2m+2n+274t)q2(2)*(4€+4)’, (9.10)

which has a well-poised structure. Relabeling t = j + p gives that the inner sum is
equal to

—2m—2n—2) . —40-2.
J

(g (g 1q%);
(q4£—2m—2n+2; 512)]‘ (qz; 612)]

2. 2\ . —2m—2n-242j. 2 S antdd i (40467
x(q 7 q )j(CI m—2n +J,q )j(l—qm+ n+ ])q( +6)j
n=J  —A0-242j 2j—m-nt+l _  2j-m-n+l _—2m—2n—2+4
N T g, g g “,q)pqme 2i42p.
] (42, q4Z72m72n+2+217 q2]*m7}’l71’ _q217m7n71 2)p

2j—2m ,2j—2n.,2

Multiplying the inner sum with - ( T q2 o q2)) , we can rewrite the sum as a very-

.q
well-poised ¢¢s-series

4j—2m—2n-2. —2—44+2j 2j—2n 2j—2m. 2 402742
6cWs(q™/ iq L e A A B

This very-well-poised ¢@s5 series can be evaluated by using [15, (IL.21)] as

4j—-2m—2 40-2n+2. 2
Jj—2m—2n £ n+,6])n—j

(q ) q
(g =2m=2n42j+2 g2j=2n. g2

Straightforward calculations show that (9.10) is given by

2m—4¢ —2m—2n 4¢42-2n. ,2
59 n

(@*" = ¢ (1 = gmiomay @72 g 4
(q2m+4’ q2)n (q4Z72m72n+2’ qZ)n (q72n7 q )

(¢, 47 o
q.

X
—~  (@*q% a7 )

J

The inner sum can be rewritten as a balanced 3¢;. Using the g-Saalschiitz transfor-
mation [15, (IL.12)], we find that (9.10) reduces to

2m—4L. —2m—2n

(q ,qz)n(l EYREAES (q ;a0 @6,
(q2m+4, qz)n (q4efzm72n+2, qz)n (qun’ q2)n
—2k 4l+4. 2
X (qz z;eq—zk 2,612)]{ 9.11)
(g, q T2 gk
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Finally, simplifying the g-Pochhammer symbols we prove that (9.11) is equal to the
right-hand side of Lemma 6.6. O

Proof of (7.3)

Here we verify that (7.3) is valid entry-wise. It follows from Theorem 4.13, Proposi-
tions 5.2 and 5.11 and the fact that N;(z) = M, (z~!) that the (m, n)th entry of the
left-hand side of (7.3) is given by

n—1 2 — —
qu_m_2"+2k+3(l B q2n) C%»f*"z;l’e g —Hm+n—2k
pr —igtkom=tgtem—t | (1 g?)2(1 - 22)

n 2n+2y,—4¢ —2k
_ Z L—m—2n+2k+1 C7 L=75.0 2 (27 — g7
) f+k {— m——+k m—~{ (1 _ 6]2)2(1 _ ZZ)

9.12)

On the other hand, the (i, n)th entry of the right-hand side of (7.3) is given by

2 a- q—ZZZ)Z—Z+m+n—2k

2W—m—2n+ak+1 [ 54— 5-L 4
Zq (C £+k — —*+k Z) 22 2 . (913)
k=0 - " (1 =¢~)*(1—2z%)

If we multiply (9.12) and (9.13) by (1 — ¢2)?>(1 — z?), they become Laurent series
in z°. By equating the coefficients of z°, the proof of (7.3) boils down to prove the
following equality:

2
n—1 n—1
—m— A=
qE m 2n+2k+3(1 _an) C Zn—l 2 -
=5tk l—m—"5"+k,m—t

f—m—2n+2k—+3 (Cz —5.t )2

—9q Bk 1 —m— Tk 1 m—C

n Vl 2
e—m42k43 (2t 0
T4q (C "+ke —m—1 4l m— e)

L l—m—2n44k+3 Cz —5.0 z
=4 Bk 1 —m— Bk 1, m—t

2
C—m—2n-+4k+5 (C'E =5t )

—4 5o —m— " 4k,m—t

The last equation is proven using (8.3) and performing some simple manipulation of
the g-binomial coefficients.

Proof of 7.5

The expressions for K; and /C; can be obtained using the inverse of L given in Theorem
4.15, so that K; and /C; are uniquely determined. So it suffices to check (7.5).
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In order to prove (7.5), we need to distinguish between the casesi = 1 and i = 2,
since there is no symmetry between the two cases.

The case i = 1 of (7.5)is L(2) M (2) = K1(2)L! (qz). Consider the (m, n)-entry
of K1(2) L' (¢2) — L' (2) M (2):

K1 @mmL(q2)nm — Mi@n—1.2L(@n-1.m(2) = M1@nnL(@nm(2). (9.14)

The convention is that matrices with negative labels are zero. In case m > n, (9.14) is
zero, since L is lower triangular. In case m = n, we see that KC1(2)m.m = M1(2)m.m
implies that (9.14) is zero as well. Note that this also covers the case n = 0. Assume
0 < m < n, and multiplying (9.14) by (1 — ¢*)>(1 — z?), and using the explicit
expressions from Theorems 4.15 and 7.1 and cancelling common factors, we need to
show that the following expression equals zero:

g "~ q2+2mZ2) CV‘n—m (gz; q2m+2|612) +q "z (1 - q2n+2m+2)

X Coem—1(z; 4" 21g®) — ¢7"(1 — ¢*T'2%) Comm (2 ¢*" 2 1g).

Now we can use the Laurent expansion of (4.10) to rewrite the expression as

Mmoo omid. 2\ o dm42. 2
g1 _q2+2m22) Z (g e q97)k(q e 4 n—m—k (qz)n_m_zk
= (@5 aDq% g n-m—k
n—m—l . om4n. 2 2m42. 2
+q—n (1 _q2n+2m+2) Z (q m . q )k(q m . q )Fl*}’n*lfk Zn_m_zk
= (@%@ gD n—m—1—k

@2 gD@ 2 g n—m—k Jr—

n—m
- 242n 2
—q "1 —q7""z%)
% (% 4Mk(@% g*)n—m—«k

n—m=2k \where

It is a straightforward calculation to show that the coefficient of z
k e {—1,0,...,n —m}, equals zero. This proves the case i = 1 of (7.5).

To prove the case i = 2 of (7.5), we evaluate lCz(z)i’(qz) — L'(z)Ma(z) in
the (m, n)-entry, which is slightly more complicated than the corresponding case for

i=1:

ICZ(Z)m,m—li(qZ)n,m—l + K:Z(Z)m,mi(qz)n,m + ICZ(Z)m,m+li(qZ)n,m+l
_L(Z)n+l,mM2(Z)n+l,n - L(Z)n,mMZ(Z)n,n- (9.15)

If m > n 4+ 1 all terms vanish in (9.15), because of the lower triangularity of L.
In case m = n + 1, (9.15) reduces to K2(2)n+1.n — M2(2)n+1.n, Which is indeed
zero. Suppose m < n, we expand (9.15) under the convention that continuous g-
ultraspherical polynomials with negative degree are zero. Expand the continuous g-
ultraspherical polynomials in z in (9.15) and take out the term

1 1 @%; 4*)n(q%; ¢ am1
(=22 (1 —g52 (q% ¢ msn+1G% ¢®m
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By along but straightforward calculation, we can show that the coefficient of z

n—m-—2k
9

ke {—1,0,...,n —m + 1} equals zero. This proves the case i = 2.
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