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Matrix elements of four-quark operators and A L = 2 hyperon decays
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The study of neutrinoless double beta decays of nuclei and hyperons requires the calculation of hadronic
matrix elements of local four-quark operators that change the total charge by two units AQ = 2. Using a low
energy effective Lagrangian that induces these transitions, we compute these hadronic matrix elements in the
framework of the Massachussetts Institute of Technology bag model. As an illustrative example we evaluate
the amplitude and transition rate of %~ — pe~ e ™, a decay process that violates lepton number by two units
(AL = 2). The relevant matrix element is evaluated without assuming the usual factorization approximation
of the four-quark operators and the results obtained in both approaches are compared.
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I. INTRODUCTION

Lepton number violating (LNV) interactions with AL =2
are widely viewed as the cleanest test of the Majorana
nature of massive neutrinos [1]; indeed, Majorana mass
terms violate lepton number by two units [2] giving rise to
production or decay processes with AL = 2. Other mecha-
nisms underlying the generation of neutrino masses, like
the ones involving Higgs triplets [3], can also provide a
source of LNV. Currently, neutrinoless double beta (Ov 83)
nuclear decays (4, Z) — (A, Z + 2)e” e™ have become the
most sensitive probe to search for the effects of very light
Majorana neutrinos [4]. The underlying mechanism lead-
ing to these transitions is the conversion of two bounded
neutrons in the initial nucleus into two bounded protons in
the final one, making the knowledge of the nuclear wave
functions the main limitation to achieve precise theoretical
predictions. At the quark level, the elementary process
dd — uue” e~ is responsible for O3 nuclear decays.

The same simple mechanism would produce AL =2
violation in hyperon decays, By — By [~ I'", where B,
are hyperon states and [, I’ = e or u. Examples of these
decays are shown in Table I:

Only one experimental upper limit of the channels listed
in Table 1 has been reported so far, namely B(E~ —
pr” ) = 4.0 X 1078 [5]. A less restrictive AL = 2 de-
cay mode in the charm sector has been reported in Ref. [6]
with the following upper limit: B(A] = 2 utut) =
7.4 X 107, In the case of the decays listed in Table I,
two down-type (d or s) quarks convert into two up-quarks
changing the charge of hyperons according to the AQ =
AL = +2 rule, as is shown in Fig. 1. These quarks con-
versions are assumed to occur at the same space-time
location and, therefore, they are driven by local four-quark
operators. Therefore, the study of the relatively simpler
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case provided by Ov B8 hyperons decays may shed some
light on the approximations used to evaluate the hadronic
matrix elements relevant for similar nuclear decays.

In the present paper we study the hadronic matrix ele-
ments of four-quark operators taken between initial and
final hyperon states in the framework of the Massachussetts
Institute of Technology (MIT) bag model [7]. We use the
effective low-energy Lagrangian proposed in Ref. [8]
which underlies AL = 2 semileptonic transitions as the
ones shown in Table 1. This method provides an evaluation
of the hadronic matrix elements that does not use the
approximation based on the insertion of intermediate states
by factorizing the four-quark operators into two quark
currents. The later approximation is commonly used in
the evaluation of the hadronic matrix elements in neutrino-
less double-beta decays of nuclei [4] and hyperons [9,10].

II. EFFECTIVE LAGRANGIAN AND HADRONIC
MATRIX ELEMENTS

The most general form of the low-energy effective
Lagrangian that is relevant for LNV semileptonic hyperon
decays was given in Ref. [8] (the superscript ¢ labels the
charge conjugated spinor):

TABLE I. Lepton number violating (AL = 2) decays of
hyperons. The classification of these decays according to their
change in strangeness (AS) is also indicated.

Channel AS Channel AS
ST —3tee 0 B~ — pe e 2
3T — pe e 1 B —pe u” 2
3T > pe u” 1 E-—pu p 2
ST puu” 1 Q- —3%e e 2
H™—3XTe e 1 Q" =3 u"e” 2
B —>3fu e 1 QO >3t u u” 2
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FIG. 1. Feynman diagram describing the local interaction of

Eq. (1) which converts two down-type quarks into two up quarks
and two leptons, dd' — uu'l"1".

2
Sy AG—;{cl(ar,.d)(urjd) + o(@Td) @l s)
+ (ﬁr,s)(ﬁrjd)] + C3(17lris)(b_lrjs)}{dl(érkec)
+ do(alp) + dy(elus + ale)} (1)

Here A g is a mass parameter corresponding to the physics
scale for these processes and c;, d; are dimensionless
coefficients which represent the interaction strengths for
the different channels. The dimensionless I';’s are combi-
nations of Dirac gamma matrices and depend on the physi-
cal mechanisms involved. The parameters and Lorentz
structures involved in Eq. (1) depend on the specific under-
lying model and will contain some unknown parameters
[8]. In the present paper, for the purpose of illustration, we
will assume that only vector—axial structures are involved
in fermionic bilinears althought it is not very difficult to
consider other Lorentz structures.

At the lowest order in the interaction Lagrangian of
Eq. (1), the OvB B decays of hyperons require the evalu-
ation of the hadronic matrix elements of four-quark opera-
tors. The amplitude for any of the decays listed in Table I,
which we denote as By (p) — B3 (p')I"(p))l”(p,) with
[ =¢ or p (letters within brackets denote the four-
momenta), is given by:

2

G -
“Ecdxp L, ()

MB; — B I717) = v

where

Ly, = [a(p2)y,(1 = vs)y,u(p) — (p1 < p))]
= 2g,,(p)(1 + ys)u‘(py) 3)

is the properly antisymmetrized leptonic tensor, c; and d;
are the corresponding coefficients of the operators in the
Lagrangian (1) and u(p;) denotes the charge conjugate of
spinor u(p,); note that L#¥ becomes a symmetric tensor
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FIG. 2. Feynman diagram for the 3~ — pl~ 1~ decay induced
by the loop effect of a Majorana neutrino.

after using the charge conjugation property of the leptonic
current [11].
The hadronic matrix element is:

X% = (B3 (p)(@y, (1 — y5)D)
X (ay,(1 = ys)D)|By (p)) “4)

where D, D' denote down-type quarks d or s. One way to
compute the hadronic matrix element is to insert, between
the product of quark bilinear operators, a set of intermedi-
ate baryonic states with the appropriate quantum numbers.
Usually, one has to truncate the calculation by including
only a few intermediate states which are supposed to be the
dominant ones (for example, the 2° and A hyperons in this
case). This was done in Refs. [9,10] in a model where the
effects of virtual Majorana neutrinos is considered (see
Fig. 2 for the specific case of 3%~ — pl~I~ decay). Next,
one needs to use a set of form factors to parametrize the
matrix elements of weak currents at each vertex; this
procedure introduces a model-dependent input in the cal-
culations. This approximation is good as long as only a few
intermediate states and the low-energy behavior of the
form factors give the dominant contribution. Note however
that the loop integration becomes divergent and requires
the introduction of an ad hoc regulator which can be
identified with some average distance between quarks
inside the hyperon [9,10].

In this paper, we use the MIT bag model of baryons to
compute the matrix element given in (4). Let us first note
that, given the specific structure of quark currents in (4), we
can write it as follows:

(By(p)I(V = A)o (V! — A')g| B, (p))
= a(p"[lyp = Toplu(p), (5)

where u(p) are Dirac spinors describing the free hyperon

states, and I‘/;’[‘; (P, g) are second-rank tensors that depends

upon P=p + p’ and ¢ = p — p’. After using Gordon
identities for the vector and axial currents, the most general
form of the vertices can be parametrized as:
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hy hy hs he h hg
Fv[g hi8ap T ihyoup + = M YaPp + TTRCEL + m?’ﬁpa TR ﬁPaQﬁ + a2 1ads
hgy hyo hy hiy
+ i ar ——P,oguq" + l4M2 4a0pug” + 14M2Pﬁa'aﬂq + 14M2qﬁcra#q + ihi3€08u, 0" Y5
h h h
+ 4—]‘14426aﬁﬂVPMqV75 + Tl‘;saﬁﬂ’/qﬂ’yv’}% + ﬁéaﬁuvpﬂyy')’& (6)

where M = (m + m’)/2, with m(m') the mass of the initial
(final) hyperon state. The coefficients h; are g>-dependent
form factors which depend on the specific By — B, tran-
sition. Similarly, the axial vertex can be obtained by means
of the following replacement: I} ; = I} 5(h; — g;) X ys.
The form factors #;, g; in the vector and axial vertices have
all a common dimension of energy. The contributions pro-
portional to g/M are suppressed and the terms containing
the Levi-Civita tensors do not contribute to the decay am-
plitude because of the symmetric leptonic tensor in Eq. (2).

III. FORM FACTORS IN THE MIT BAG MODEL

For definiteness, let us consider the specific example of
the 3~ — pe~ e transition; in this case only the operators
with coefficients ¢, and d; in Eq. (1) give a contribution. In
the framework of the MIT bag model, the vector and axial
components of the hadronic matrix element in the 3~ — p
transition, Eq. (4), can be written as follows:

Xop (V) = a(p T} gu(p)
<p|[Mds—>uu + Msd—»uu

+ [st—>uu + Qsd—>uu]|2—>’ (7)
Xop "(4) = a(p )T gu(p)
— ds—uu sd—uu
= <p|[Na5 + NOIB
+ [Pgolz?%—mu + P;tig—»uu]lz—% (8)

where we have defined (latin indices a, b, ¢, d denote flavor
labels):

Mg = [ ExD@ya 0] [y b0}

Nige = [ a0 ya i 0] [0y gy (]

Pl = [l 0y vs 0] [0y )
e = [ @b avars @] [ Wy 75l

€))

In the above expressions ¢;(x) denotes the wave function
of quark with flavor i in the MIT bag model which is
calculated according to Ref. [7] and it is reproduced in
the Appendix.

In the nonrelativistic limit for baryons, the only non-
vanishing matrix elements turn out to be the following:

onoi—'l’(v) <p|[Mds—>uu + Msd—mu:”E*)
= R(wi-y, W1—11R)|:<P | ZBTZT?— |2_>
J i
|2 Zer 2] (10)
i J
Xow (&)= —(plINg— + Ny |5 7)

= _S(WI_I,WI_I,R)IKP |Z,3]+ZO'1”T,+| 27>
J L
+<p | ;ngo'k,iﬁr | E_>:|

an

XkEO*_'P(A)= —S(wl_l,wl_l,R)IKp | Z‘Tk,jﬁsziJr | E_>
J 1

+(r| ;‘Tkﬂfgﬁf | 27>]'

(12)

X5 7P(W)
_ {T(W,*l, Wi R>[(p | Yiibl Yo |5-)
(St Sonsr |2)]
# 8 Uon o w B (] 387 X [ 37)
(1573812}

In the previous expressions 77, B; denote, respectively,
the isospin and U-spin raising/lowering operators acting
over the quark states in position i within the spin-flavor
wave functions of |2 ~) and |p) (see Ref. [12]). Similarly,
oy refer to the kth component of the spin operator acting
on the quark state in position j in the hyperon spin-flavor
wave function. On the other hand, the functions R, S, T
and ‘U introduced in Egs. (10)—(13) arise from the inte-
gration over spatial coordinates of the quark wave func-
tions in the MIT bag model; they depend upon the bag

(13)
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model parameters as shown in the expressions given in the
Appendix.

The matrix elements in Eqgs. (10)—(13) can be readily
evaluated by using the quark model spin-flavor wave func-
tions [12] of the 3~ and p states. An explicit calculation
yields:

(mz,e;gmz—) <p|ZT+Z,8+|E>
(P12 S 13) = (rlSenim SBiE )

k3

P|ZT Z‘Tk]ﬁ |%~ >

(
35
3
<p|§0'k,jﬂ;'r§7i+lz> = <
= _§5k3’

and it follows (hereafter we omit the superscript labels of
the hadronic matrix elements)

Xoo(V) = 2R(wi—1, wi—1, R). (14)
4

Xor(A) = _§5k,3S(W1—1; wi—1, R) (15)
4

Xio(A) = _§5k,38(W171’ wi—1, R) (16)

1
X (V) = 2{§ T (wi—, wi—1, R)[8;38,3 — (1 = 8;3)
X (1 = 83)i HF2(=1)7* + (= D]
+ 0 Uw -y, wi—y, R)}' (17)
On the other hand, taking the nonrelativistic limit of

Egs. (5) and (6) we get the following expressions for the
nonvanishing hadronic matrix elements:

Xoo(V) = hy + hy + hs = f,
Xor(A) = —(g2 — g5 + 2ih13)813 = f2043,
Xio(A) = (g2 + g3 + 2ih13)0;3 = f30;3,
Xy (V) = =6,y + (ihy — hy)(8;10,2 — 6,2641)
= fabj + f5(8;16,2 — 8;20,1), (18)

or equivalently, from Egs. (17) and (18):
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fi=2Rw;_,w;_1, R),

4
fr=fi=~— gS(WI—l’ wi-1, R),

2
Jfa= gT(Wlfl’ wi—, R) + 2U(w -, wi—1, R),
f5s=2iT (wi_1, wi_1, R), (19)

for the effective form factors f;. Note that, in the non-
relativistic limit, all these form factors should be evaluated
at zero momentum transfer (g> = 0). Thus, we are not able
to provide their momentum dependence; however, as in the
case of the beta decays of hyperons, we may expect that
these g-dependent effects would affect the decays rates by
at most 10-20% given that they are a SU(3) symmetry
breaking scale of order ¢/M [13].

The contraction of Lorentz indices in Eqgs. (2) and (3)
leads to the following simple form of the decay amplitude:

ME™ — pee)
2

= TE ey 2(p)(1 + v () - ()
BB

X [A + Bys]u(p), (20)

where A =4h, + hy + hs=f, —3f, and B=4g,+
g4+ g¢. In the nonrelativistic limit described above the
numerical evaluations of Egs. (19) obtained in the frame-
work of the MIT bag model lead to A = 3.56 X 10° MeV?
and B = 0 (note the simplified expressions given in the
Appendix for the functions R, S, T and U). We have used
the numerical values of the bag model parameters given in
Ref. [7].

From the above decay amplitude we get the following
expression for the differential decay rate:

£ G‘]‘: <C2d1
X{A*[(ms +m,)* — q*]1+ B*[(ms —m,)* — ¢*1},
(21

where ™ — ymin = (/T — 4m2/4?) - Al/z(ng, m3, q*)
and A(x,y,x) denotes the triangle function. By using
Ts- = 1.479 X 107'° s [14], and integrating numerically
the differential rate in the range 4m? < ¢> < (my — m p)2,
we get the branching ratio for the di-electron channel:

) ( 2 _ 2m12)(umax _ umin)

bas _ c2d;\2 -13 2
BP2(3~ — pee”) = (-=—] - (4.65 X 10713 MeV?).
Apg
(22)
If the take for weak coupling coefficients c;, d; ~ O(1) and

Agp =100 GeV, the branching fraction turns out to be
extremely suppressed: B®(2~ — pe~e”) = 10723
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Equivalently, we can define the following ratio [8]:

X~ — pee)
R )= . 23
86/61/(2 ) F(E_ — ne_l_/e) ( )
Using the result given in (22), we get RE?“;’QV(Ef) ~

(cad1/Apg)? - (4.6 X 10719 MeV?). If we compare this
number with the estimate given in Ref. [8], which is based
on pure dimensional arguments, the result of our present
calculation appears to be smaller by six orders of magni-
tude. On the other hand, the corresponding result obtained
by using the approximation based on the insertion of
intermediate baryon states in the baryon-neutrino loop of

Fig. 2 is R°P (37) = 7.2 X 107 8|(m,,)|?MeV 2 (from

ee/ev

Table 1 in Ref. [10]). Using the current limit [{m,,)| =

1 eV, we get RLZO/‘;V@*) = 7.2 X 107 or, equivalently, a

branching fraction Bl°P(3~ — pe e”) = 7.3 X 1073,
I
celev

obtained in our bag model calculation by ten orders of
magnitude (assuming ¢, =d; ~O(1) and Agg=
100 GeV). Note however, that the result of Ref. [10] de-
pends strongly on the cutoff used to regularize the integral
over the virtual neutrino momentum in the loop.

This upper limit on R (27) is smaller than the one

IV. CONCLUSIONS

In this paper we have used the MIT bag model [7] to
evaluate the hadronic matrix elements of four-quark op-
erators required to compute the rates of Ov38 decays of
hyperons. These four-quark operators appear in the most
general AQ = 2 low-energy effective Lagrangian [8] that
describes the AL = 2 lepton number violation in hyperon
transitions. This method avoids the use of the approxima-
tion based on the insertion of baryon intermediate states,

J
where w,, satisfies the eigenvalue condition tanw,,,
W/ (1 +w,,), Jik=1) are spherical Bessel functions and

U,, are two-component Pauli spinors. These eigenfunc-
tions are normalized according to

N

l/’rmm(x’ t) = \/Z’E

fd3XN(WnK)N(WnIKI) 'wbIKm(x’ t)‘r//n’K’m(x’ )
= 5nn’ 5KK’5mm” (AZ)

and the normalization factors are defined from the follow-
ing integrals:

R 1 2w, t K
2 dri? R) = nk
[) r r]()(WnKr/ ) 4N2(WnK) W, T+ x ’
R 1 2w, . + 3k
2drj? R) = L . A3
/;) r r]](WnKr/ ) 4N2(W,1K) WnK + K ( )

ij%(KJrl)(WnKr/R)(o- . f‘)%(K+1)Um
(_ 1)%(1—K)j%(l_,()(wnkr/R)(o- . f-)%(l—,() Um
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which requires the knowledge of form factors for hyperon
beta decays at very high energy scales. To our knowledge,
this is a novel method for direct calculations of hadronic
matrix elements of four-quark operators.

As a specific example, we have considered the 2~ —
pe e lepton number violating decay and have computed
the nonvanishing form factors of the %~ — p transition in
the nonrelativistic limit using the spin-flavor wave func-
tions of the hyperon states. Using reasonable values for the
order of magnitude of couplings and mass scales of the
underlying new physics, we have computed the upper limit
on the branching ratio which turns out to be of order 1023
for the X~ — pe~ e~ decay. Although this result turns out
to be ten orders of magnitude larger that the calculation
based on a model where this decay is induced by a loop of
baryons and light Majorana neutrinos [10], it is still very
small to be accessible to sensitivities reached by current
experiments. It shows, however, that the calculations based
on models involving loops of virtual neutrinos and the
insertion of virtual intermediate hyperon states may under-
estimate the true branching fractions.
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APPENDIX

In the MIT bag model the eigenfunctions of quarks
confined within a baryon, which is assumed to be a spheri-
cal bag of radius R, are given by [7] (note that k = *=1):

—iw,,t/R
)e anK/ s
[

The general form of the integrals involving the product
of four eigenfunctions required in our calculations of had-
ronic matrix elements, see Eq. (9), are

(A

[t 0, 0], 0 0

A

0

= 2 O P RO s R (A9
f Pxp} (6 0,00 D (6 Do, (1)
5
= o 5m]n120-248(wn|K1’wn;K';’R)’ (AS)
N1234 o
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S
[d3x¢zl(x, t)o-j‘pLz(x: t) lﬁzz (x) t)a-k ¢L4(x’ t) = ﬁ[U}ZU?T(WnIKV Wn3K3’ R) + 5mlm2 6m3m4 U(Wnlkl! Wn3K3’ R)]:

where we have introduced the following notation: Nyy3y = N(w,, INW,, . INOW, IN(Wy, ), Ly = nykimy, oy

t —
Umia-kUmj and 5nK - 6n1n25n3n45K1K28K3x4-

(A6)

ij =

By inserting the solutions given in Eq. (A1) in the previous results, one gets:

dar R oA Whie ™ Al Waik TN /Wil TN A Wharn ¥
T R(Wp, ey Wayer R) = ﬁ err[J%)(—";;‘ )+12( "};‘ )][15( ;;3 )+J%(—;;3 )] (A7)
= [l ) ]
Niiss e 0 o R "\ R o R 371\ R
477. R B WnKr. WnKr 1. WnKr WVlKr nKr- Wl‘lKr
= [ ) IS
1 \ T
S
dar R 4 Wy T\ A Whar T
A= U B = [ 2] 3 (00 (00 | (A10

A numerical evaluation of these radial integrals leads to the values of the the form factors in Egs. (19).
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