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New compact and singularity free
formulations for the magnetic field produced
by a finite cylinder considering linearly
varying current density
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Abstract. This paper presents new compact analytical expressions for the magnetic field calculation produced by a finite
cylindrical sheet. A linearly varying surface current density between the ends of the cylindrical sheet has been assumed as
current source. The expressions presented in this work are substantially more compact if compared with the ones currently
available in the literature. Since the solutions are given in terms of complete elliptic integrals of the first, second and third kind,
and the last two ones diverge at certain arguments, the field expressions also diverge at these critical points, even though the
field solution is finite. These singular points are located at the ends of the current sheet cylinder. New analytical expressions are
also presented for these critical points avoiding the singularities in an elegant way. The radial component of the magnetic field
strength is separately discussed, and it has been proven that its solution at singular points diverges. To improve the computational
performance on the evaluation of magnetic field at critical points, an alternative formulation is presented, where complete elliptic
integrals of the second and third kind are replaced with alternative functions. Numerical algorithms for the computation of these
functions are also presented.
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1. Introduction

In a recent article [1], the authors present analytical expressions for the magnetic vector potential and
the radial and axial components of the magnetic field strength produced by a finite cylindrical sheet
with a linearly varying current density between its ends. This contribution is part of the development of
comprehensive semi-analytical integral methodology (SAIM) for fast numerical calculation of magnetic
field in electrical machinery.

SAIM allows the rapid calculation of the magnetic field in electrical machinery if compared with
traditional methods such as the finite element method (FEM). SAIM was initially conceived for the
magnetic field calculation in power transformers [2], however, it can be extended for magnetic modelling
of virtually any type of electrical equipment such as motors or generators [6,7].
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One of the main advantages of using techniques based on integral equations (such as SAIM) is that
these methods can be considerably faster than techniques based on differential equations (such as FEM).
Despite this significant advantage, one of the major challenges of using integral based techniques is the
handling of singularities. These singularities make difficult or in some cases impossible the evaluation
of the magnetic field at certain points in space [8,9].

Because it is required SAIM to be as fast and reliable as possible, it is very important that the speed
on the calculation of the expressions related to the base elements is computationally efficient and free of
singularities; both issues have been addressed in this article.

The expressions presented in [1] are the cornerstone of the SAIM methodology, since the linear vari-
ation of the surface current density on the elements enables the continuity of the global current density
function, avoiding discrete jumps at the junction of two consecutive finite cylindrical current sheets, thus
considerably improving the accuracy of the calculations.

While the expressions presented in [1] are accurate, they are liable to be improved through algebraic
manipulations leading to more compact and efficient versions, which will be presented in this article.
Since the expressions of magnetic field quantities are given in terms of complete elliptic integrals of the
first, second and third kinds, there are arguments for which these functions diverge, even when the field
solution does not, since these are removable singularities. Those arguments correspond to field points
located on the cylindrical current sheet, and especially at its ends. As it can be seen in this article, the
expressions can be modified using mathematical manipulations so that the singularities at critical points
disappear. The behavior of the magnetic field magnitudes have been investigated at the critical points and
their values have been calculated in the case of removable singularities, and also the cases for which there
are real unavoidable singularities were verified. Compact mathematical expressions have been found for
magnetic field magnitudes even at critical points. This has been achieved by replacing elliptic integrals
of the first and third kind with alternative functions. Finally, it has been considered the fact that the values
of the alternate functions at critical points cannot be calculated through relationships containing elliptic
integrals of the first and third kind, but by means of algorithms that calculate them directly. Consequently,
specific calculation algorithms for the alternative functions based on the Arithmetic Geometric Mean
(AGM) algorithm [3] are also proposed.

2. Magnetic vector potential

2.1. Compact expression of the general solution

Assume a cylindrical surface current distribution where the current flows in tangential direction as
shown in Fig. 1. The surface current distribution Kφ varies linearly between the lower end of the cylinder,
where its value is Kφ = K1 [A/m] and the upper end, where Kφ = K2 [A/m].

The expression for the magnetic vector potential due to the described finite cylindrical current sheet
has already been presented in [1] as follows:

Aφ(r, z) =
μ0

2π

∫ π

0

∫ z2

z1

Kφr
′ cosφ′√

r2 + r′2 + (z − z′)2 − 2rr′ cosφ′
dz′dφ′ (1)

where (r, z, φ) are the coordinates of the observation point and (r′, z′, φ′) are the coordinates of a generic
point on the current sheet. The surface current distribution is assumed to be linearly variable with the z
coordinate and can be expressed as

Kφ = g1K1 + g2K2 (2)
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Fig. 1. Cylindrical current sheet with linearly varying current density.

where

g1 =
(z′ − z2)

(z1 − z2)
and g2 = − (z′ − z1)

(z1 − z2)
(3)

From the integrand of Eq. (1) the following function can be defined

fA(r, z) =
r′ cosφ′√

r2 + r′2 + (z − z′)2 − 2rr′ cosφ′
(4)

so that Eq. (1) becomes

Aφ(r, z) =
μ0

2π

∫ π

0

∫ z2

z1

KφfAdz
′dφ′

=
μ0

2π

[
K1

∫ π

0

∫ z2

z1

g1fAdz
′dφ′ +K2

∫ π

0

∫ z2

z1

g2fAdz
′dφ′

] (5)

The goal is to express the magnetic vector potential as a sum of products of two factors, where the
first factor is the value of the sheet current density at one end and the second factor is a function of the
geometry only. The desired expression is

Aφ(r, z) = fφ1(r, z)K1 + fφ2(r, z)K2 (6)

Comparing Eqs (5) and (6) it follows that the geometric factors are

fφ1(r, z) =
μ0

2π
kφi|zi=z2

∣∣∣z′=z2

z′=z1
(7)
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fφ2(r, z) = −μ0

2π
kφi|zi=z1

∣∣∣z′=z2

z′=z1
(8)

where kφi is the following generalized coefficient

kφi(r, z) =
1

(z1 − z2)

∫ π

0

∫ (
z′ − zi

)
fA(r, z)dz

′dφ′ (9)

where zi = z1 in the case of fφ2 and zi = z2 in case fφ1. Note that the integral over z′ in Eq. (9) is an
indefinite integral as it has been chosen the strategy to defer the application of the limits of z′ to the end,
which is expressed in Eqs (7) and (8).

Thus, the expression of the magnetic vector potential at a point of coordinates (r, z) is

Aφ(r, z) =
μ0

2π

[
K1kφi(r, z)|zi=z2

∣∣∣z′=z2

z′=z1
−K2kφi(r, z)|zi=z1

∣∣∣z′=z2

z′=z1

]
(10)

After making the corresponding integrations, the following expression for the generalized coefficient
kφi is obtained

kφi(r, z) = a1E(k) + a2K(k) + (z − zi)
(
a3E(k) + a4K(k) + a5Π(α

2, k)
)

(11)

where K(k), E(k), and Π(α2, k) are the elliptic integrals of the first, second and third kind respectively.
The arguments of the elliptic integrals are in general

k2 =
4rr′

(r + r′)2 + (z − z′)2
and α2 =

4rr′

(r + r′)2
(12)

Notice that the condition 0 � k2 � α2 � 1 always holds.
The coefficients in Eq. (11) are

a1 = −
(
r2 + r′2 + (z − z′)2

)
γ1

3rγ2
a2 =

γ1γ
′2
1

3rγ2
a3 =

γ1 (z − z′)
2rγ2

a4 = −
(
2r2 + 2r′2 + (z − z′)2

)
(z − z′)

2rγ2γ1
a5 =

(r − r′)2 (z − z′)
2rγ1γ2

(13)

where

γ1 =

√
(r + r′)2 + (z − z′)2

γ′1 =
√

(r − r′)2 + (z − z′)2 (14)

γ2 = z1 − z2

Note that the integration in Eq. (9) was performed for a generic field point with coordinates (r, z),
resulting in a solution based on complete elliptic integrals. For special field points, such as the ends of
the current sheet, the solutions may take a different form, as will be seen later.
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2.2. Analysis of the singularities of the solution

Although the magnetic vector potential due to the described cylindrical current distribution has no real
singularities, it is evident that the expression of the solution according to Eqs (11) and (12) has difficulties
when is evaluated at field points where the complete elliptic integrals K and Π take unlimited values.
This is not true for the elliptic integral of second kind E. In both cases infinite values are obtained when
the argument k is 1, which happens for a field point at the lower end (r = r′, z = z1) when kφi is
evaluated at z′ = z1, and also for a field point at the upper end (r = r′, z = z2) when kφi is evaluated at
z′ = z2.

Furthermore, the function Π, which has the additional argument α, takes an infinite value when α = 1,
which occurs over the entire surface of the cylinder, i.e., r = r′. While these singularities are removable,
Eq. (11) does not allow the calculation at these points.

The values of the magnetic vector potential at these points is to be investigated first and then Eq. (11)
is to be modified so as to calculate the magnetic vector potential even at these problematic points.

2.3. Magnetic vector potential at the lower end of the cylinder

The symmetry of the cylinder indicates that the situation at the lower end of the cylinder is similar to
that at the upper end. Considering now a field point at the lower end of the cylinder with coordinates
z = z1 and r = r′. In these conditions it follows that

k2 =
4r′2

4r′2 + (z1 − z′)2
and α2 = 1 (15)

Then Eq. (9) becomes

kφi(r
′, z1) =

r′

(z1 − z2)

∫ π

0

∫
(z′ − zi) cosφ

′√
(z1 − z′)2 + 2r′2 (1− cosφ′)

dz′dφ′ (16)

The integrals in Eq. (16) must be solved for this particular case, which leads to the following result

kφi(r
′, z1) =

r′

(z1 − z2)
(ξ01 + ξ1E(k) + ξ2K(k)) (17)

where

ξ01 =
π (z1 − zi)

2

ξ1 =

√
4r′2 + (z1 − z′)2

6r′2
(−4r′2 +

(
z1 − z′

) (
z1 − 3zi + 2z′

))
(18)

ξ2 = −
√

4r′2 + (z1 − z′)2

6r′2
(
z1 − z′

) (
z1 − 3zi + 2z′

)
Note that due to the strategy to defer the application of the limits of the integral with respect to z′, the

constant ξ01 appears in the solution. This constant appears in both terms z′ = z1 and z′ = z2 in applying
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the fundamental theorem of calculus in the evaluation of Eqs (7) and (8), so both instances cancel each
other. Therefore Eq. (17) can be simplified as

k∗φi(r
′, z1) =

r′

(z1 − z2)
(ξ1K(k) + ξ2E(k)) (19)

Note that Eq. (19) is similar to Eq. (11) but the difference is that the term containing the function.
Π disappeared. It can be seen, except for the term mentioned, that both equations are fully equivalent
for the field point (r′, z1). The disappearance of the. Π term in Eq. (11) indicates that in this case the
indeterminacy of the term a5Π (a5 is zero and Π is infinity) should be resolved in favor of a5 because
the specific integration yields a result compatible with the vanishing of this term.

The expression Eq. (19) can then be used to calculate these terms in Eqs (7) and (8) where z′ = z2.
However, when z′ = z1, then k = 1 and the function K(k) tends to infinite. The use of Eq. (19) in
this case is obviously inconvenient, and it is necessary to integrate this specific case where z′ = z1. The
result obtained is

kφi(r
′, z1)

∣∣
z′=z1

= − 4r′2

3 (z1 − z2)
+ (z1 − zi)

π

2

r′

(z1 − z2)
(20)

Note that the second term of Eq. (20) is equal to the first term in Eq. (17) and, as stated before, there
are two such terms that cancel each other when replacing the limits of z′, so that Eq. (20) simplifies to

k∗φi(r
′, z1)

∣∣
z′=z1

= − 4r′2

3 (z1 − z2)
(21)

The use of this result in Eqs (7) and (8) at the lower end of the cylinder leads to

fφ1(r
′, z1) =

μ0

2π

(
k∗φi(r

′, z1)
∣∣
z′=z2
zi=z2

+
4r′2

3 (z1 − z2)

)
(22)

fφ2(r
′, z1) = −μ0

2π

(
k∗φi(r

′, z1)
∣∣
z′=z2
zi=z1

+
4r′2

3 (z1 − z2)

)
(23)

thus the singularity has been removed.

2.4. Evaluation of the magnetic vector potential at the upper end of the cylinder

Similarly to the case of the evaluation at the bottom of the cylinder, the corresponding coordinates
are z = z2 and r = r′. By performing a procedure similar to that of the previous section, the following
expression can be derived for the case z′ �= z2,

k∗φi(r
′, z2) =

r′

(z1 − z2)
(ξ3E(k) + ξ4K(k)) (24)

where

ξ3 =

√
4r′2 + (z2 − z′)2

6r′2
(−4r′2 +

(
z2 − z′

) (
z2 − 3zi + 2z′

))
(25)
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ξ4 = −
√

4r′2 + (z2 − z′)2

6r′2
(
z2 − z′

) (
z2 − 3zi + 2z′

)
For the case z′ = z2 the integral must be solved for this specific value. The result is

k∗φi(r
′, z2)

∣∣
z′=z2

= − 4r′2

3 (z1 − z2)
(26)

which is the same result as in Eq. (21). Consequently,

fφ1(r
′, z2) =

μ0

2π

(
− 4r′2

3 (z1 − z2)
− k∗φi(r

′, z2)
∣∣
z′=z1
zi=z2

)
(27)

fφ2(r
′, z2) = −μ0

2π

(
− 4r′2

3 (z1 − z2)
− k∗φi(r

′, z2)
∣∣
z′=z1
zi=z1

)
(28)

These equations are very similar to Eqs (22) and (23). It has been proven that also in this case the
singularity is removable.

2.5. Modified expression of the general solution in order to avoid singularities

Equation (11) can be used without difficulty at the general field point P (r, z), provided that it is not
at one end of the current sheet cylinder, i.e., fields points where r = r′ and z = z1 or z = z2. For
these critical points the arguments of the elliptic integrals are k = 1 and α = 1, for which K and Π
diverge, so that the expression presented does not allow the numerical computation of the magnetic
vector potential, although the corresponding values on these points are finite. In this case, as shown in
the previous sections, the singularities of the magnetic vector potential are removable. This suggests the
possibility of formulating an alternative expression to Eq. (11) so that to express the solution in terms of
functions other than K and Π. This possibility has been investigated by the authors, and the following
alternative expression has been obtained

kφi(r, z) = a1E(k) + a′2
[
k′K(k)

]
+ (z − zi)

(
a3E(k) + a′4

[
k′K(k)

]
+ a′5Λ0(ξ, k)

)
(29)

where

k′2 = 1− k2 or k′ =
γ′1
γ1

(30)

a′2 =
a2
k′

=
γ21γ

′
1

3rγ2
a′4 =

a4
k′

= −
(
2r2 + 2r′2 + (z − z′)2

)
(z − z′)

2rγ2γ
′
1

(31)

a′5 =
π

4rγ2
sgn

(
z − z′

) ∣∣r2 − r′2
∣∣

Λ0 is the Lambda Heuman function, whose first argument is

ξ = arcsen

√
α2 − k2

α2k′2
sen ξ =

√
(z − z′)2

(r − r′)2 + (z − z′)2
(32)
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The functions K(k) and Π(α, k) have been respectively replaced by k′K(k) and Λ0(ξ, k) in Eq. (29).
The functions k′K(k) and Λ0(ξ, k) are bounded, so that they do not diverge at critical points. Note
that the coefficient a′5 vanishes for α = 1 and furthermore if α = 1 then ξ = π/2 and Λ0 = 1 and
consequently the last term vanishes. This result also holds if k = 1. On the other hand, the function
k′K(k) vanishes for k = 1.

A fair question would be how the functions k′K(k) and Λ0(ξ, k) are to be finally calculated in order
to avoid numerical problems when calculating them at critical points. A contribution to the solution of
this problem is given in Section 5.

It can be concluded that Eq. (29) is suitable for calculating the magnetic vector potential in general
points of space, including the critical points. Finally, it can be also concluded that the magnetic vector
potential has no real singularities.

3. Axial magnetic field strength

3.1. Compact expression of the general solution

The expression for the axial component of the magnetic field strength due to a finite cylindrical current
sheet is [1]:

Hz(r, z) =
1

2πr

∫ π

0

∫ z2

z1

Kφ
∂ (rfA)

∂r
dz′dφ′ (33)

Substituting Eq. (2) into Eq. (33) gives

Hz(r, z) =
1

2πr

[
K1

∫ π

0

∫ z2

z1

g1
∂ (rfA)

∂r
dz′dφ′ +K2

∫ π

0

∫ z2

z1

g2
∂ (rfA)

∂r
dz′dφ′

]
(34)

As in the case of the magnetic vector potential, the solution is to be expressed as a sum of products of
current distribution factors and geometrical factors, namely

Hz(r, z) = fz1(r, z)K1 + fz2(r, z)K2 (35)

Comparing Eqs (35) and (36), it can be seen that the geometrical factors are

fz1(r, z) =
1

2π
kzi|zi=z2

∣∣z′=z2
z′=z1

(36)

fz2(r, z) = − 1

2π
kzi|zi=z1

∣∣z′=z2
z′=z1

(37)

where

kzi(r, z) =
1

r (z1 − z2)

∫ π

0

∫ (
z′ − zi

) ∂ (rfA)
∂r

dz′dφ′ (38)

After making the corresponding integrations, the following expression for kzi can be derived

kzi(r, z) = b1E(k) + b2K(k) + (z − zi)
(
b3K(k) + b4Π(α

2, k)
)

(39)

b1 = −γ1
γ2

b2 =
r2 − r′2 + (z − z′)2

γ2γ1
(40)

b3 = −(z − z′)
γ2γ1

b4 =
(r − r′) (z − z′)
γ2γ1 (r + r′)
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3.2. Analysis of the singularities of the solution

The presented Hz solution has the same disadvantages as the solution initially formulated for A, as it
will present problems at observation points located at the end of the cylindrical current sheet (r = r′,
z = z1; r = r′, z = z2).

The first task is to investigate the values of Hz at these points and then modify Eq. (39) so as to enable
the calculation of Hz even at these points.

3.3. Evaluation of the axial magnetic field intensity at the lower end of the cylinder

Assume now that the observation point is located at the lower end of the cylinder, so that z = z1 and
r = r′, therefore Eq. (15) holds. In these conditions, the following equation holds

kzi(r
′, z1) =

r′

(z1 − z2)

∫ π

0

∫ (z′ − zi) cosφ
′
(
(z1 − z′)2 + r′2 (1− cosφ′)

)
(
(z1 − z′)2 + 2r′2 (1− cosφ′)

)3/2 dz′dφ′ (41)

The integrals in Eq. (41) must be solved for this particular case, which leads to the following result

kzi(r
′, z1) =

r′

(z1 − z2)
(β01 + β1E(k) + β2K(k)) (42)

where

β01 =
π (z1 − zi)

2

β1 = −
√

4r′2 + (z1 − z′)2 (43)

β2 = − (z1 − z′) (z′ − zi)√
4r′2 + (z1 − z′)2

The elimination of the terms that will cancel each other when evaluating the expression at the limits
of z′ gives

k∗zi(r
′, z1) =

r′

(z1 − z2)
(β1E(k) + β2K(k)) (44)

Equation (44) for kzi can then be used to calculate the terms in Eqs (36) and (37) where z′ = z2.
However, when z′ = z1, then k = 1 and the function K(k) is infinite. The use of Eq. (44) is obviously
inconvenient in this case, so that the integration must be performed for this specific case where z′ = z1.
By doing this, the following result is obtained

kzi(r
′, z1)

∣∣
z′=z1

=
r′

(z1 − z2)

(
−2r′ +

π

2
(z1 − zi)

)
(45)

Note that the second term of Eq. (45) is equal to the first term in Eq. (42) and, as stated before, it is
canceled when evaluating at the limits of z′, so that Eq. (45) simplifies to

k∗zi(r
′, z1)

∣∣
z′=z1

= − 2r′2

(z1 − z2)
(46)
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The evaluation of the geometric factors at the lower end of the cylinder using Eqs (36) and (37) gives

fz1(r
′, z1) =

1

2πr′

(
k∗zi(r

′, z1)
∣∣
z′=z2
zi=z2

+
2r′2

(z1 − z2)

)
(47)

fz2(r
′, z1) = − 1

2πr′

(
k∗zi(r

′, z1)
∣∣
z′=z2
zi=z1

+
2r′2

(z1 − z2)

)
(48)

thus the problem of removable singularities has been solved.

3.4. Evaluation of the axial magnetic field intensity at the upper end of the cylinder

Similarly to the case of the evaluation at the bottom of the cylinder, the corresponding coordinates of
the observation point are z = z2, r = r′. By proceeding in a similar manner as in the previous section,
the following set of equations can be obtained

k∗zi(r
′, z2) =

r′

(z1 − z2)
(β3E(k) + β4K(k)) (49)

where

β3 = −
√

4r′2 + (z2 − z′)2

β4 = − (z2 − z′) (z′ − zi)√
4r′2 + (z2 − z′)2

(50)

k2 =
4r′2

4r′2 + (z2 − z′)2

In the case that z′ = z2 the integration must be performed for this special case. The result is

k∗zi(r
′, z2)

∣∣
z′=z2

= − 2r′2

(z1 − z2)
(51)

which is the same result obtained in Eq. (46). Thus

fz1(r
′, z2) =

1

2πr′

(
− 2r′2

(z1 − z2)
− k∗zi(r

′, z2)
∣∣
z′=z1
zi=z2

)
(52)

fz2(r
′, z2) = − 1

2πr′

(
− 2r′2

(z1 − z2)
− k∗zi(r

′, z2)
∣∣
z′=z1
zi=z1

)
(53)

As in the case of the lower edge of the cylinder, the singularity is removable.

3.5. Modified expression of the general solution in order to avoid singularities

As in the case of the magnetic vector potential, Eq. (39) can be used without difficulty at a general
point P (r, z), provided it is not located at the ends of cylindrical current sheet, i.e., for r = r′ and z = z1
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or z = z2. For such cases the following alternative expression has been obtained

kzi(r, z) = b1E(k) + b′2
[
k′K(k)

]
+ (z − zi)

(
b′3
[
k′K(k)

]
+ b′4Λ0(ξ, k)

)
(54)

where

b1 = −rγ1
γ2

b′2 =
r

γ2γ
′
1

(
r2 − r′2 +

(
z − z′

)2) (55)

b′3 = −r (z − z′)
γ2γ′1

b′4 =
πr

2γ2
sgn

(
r − r′

)
sgn

(
z − z′

)
It can be concluded that Eq. (55) is suitable to calculate the axial magnetic field intensity at any point

in space, including the critical points. The axial component of the magnetic field has no true singularities,
only removable ones.

4. Radial magnetic field intensity

4.1. Compact expression of the general solution

The radial component of the magnetic field intensity due to a cylindrical finite current sheet can be
expressed as [1]:

Hr(r, z) = − 1

2π

∫ π

0

∫ z2

z1

Kφ
∂fA
∂z

dz′dφ′ (56)

The substitution of Eq. (2) into Eq. (56) gives

Hr(r, z) = − 1

2π

[
K1

∫ π

0

∫ z2

z1

g1
∂fA
∂z

dz′dφ′ +K2

∫ π

0

∫ z2

z1

g2
∂fA
∂z

dz′dφ′
]

(57)

As in the case of the magnetic vector potential, the solution can be expressed as a sum of products of
current distribution factors and geometrical factors as follows

Hr(r, z) = fr1(r, z)K1 + fr2(r, z)K2 (58)

The comparison of Eq. (57) with Eq. (58) leads to the following expressions for the geometrical factors

fr1(r, z) =
1

2π
kri|zi=z2

∣∣z′=z2
z′=z1

(59)

fr2(r, z) = − 1

2π
kri|zi=z1

∣∣z′=z2
z′=z1

(60)

where

kri(r, z) = − 1

(z1 − z2)

∫ π

0

∫ (
z′ − zi

) ∂fA
∂z

dz′dφ′ (61)

After performing the corresponding integrations, the following expression for kri can be found

kri = c1E(k) + c2K(k) + (z − zi) (c3E(k) + c4K(k)) + c5Π(α
2, k) (62)
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where

c1 =
γ1 (z − z′)

2rγ2
c2 = − (z − z′

) (z − z′)2

2rγ2γ1

c3 = − γ1
rγ2

c4 =

(
r2 + r′2 + (z − z′)2

)
rγ1γ2

(63)

c5 = −a5 = −(r − r′)2 (z − z′)
2rγ1γ2

4.2. Analysis of the singularities of the solution

The solution presented for Hr has the same disadvantages as the solution initially formulated for A,
as it will diverge at the end points of the cylinder (r = r′, z = z1; r = r′, z = z2). It will be seen that in
this case, unlike the case of A and Hz, the singularities are not removable.

4.3. Evaluation of the radial magnetic field intensity at the lower end of the cylinder

Assume now that the observation point is at the lower end of the cylindrical current sheet; then its
corresponding coordinates are z = z1 yr = r′. Therefore, the following equation holds for this case

kri(r
′, z1) = − r′

(z1 − z2)

∫ π

0

∫ (
z′ − zi

) (z′ − z1) cosφ
′(

(z1 − z′)2 + 2r′2 (1− cosφ′)
)3/2 dz′dφ′ (64)

By performing the integrations in Eq. (64), the following result can be derived

kri(r
′, z1) = − r′

(z1 − z2)
(η0 + η1E(k) + η2K(k)) (65)

where

η0 =
π

2

η1 =

√
4r′2 + (z1 − z′)2 (z1 + 2zi + z′)

2r′2
(66)

η2 = −4r′2 (z1 + zi) + (z1 − z′)2 (z1 + 2zi + z′)

2r′2
√

4r′2 + (z1 − z′)2

By eliminating the term which disappears by evaluating at the limits of z′, Eq. (65) becomes

k∗ri(r
′, z1) = − r′

(z1 − z2)
(η1E(k) + η2K(k)) (67)

Equation (67) for kri can then be used without numerical problems to calculate the terms in Eqs (59)
and (60) for z′ = z2. However, when z′ = z1, k = 1 and the function K(k) has an infinite value.
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Obviously, the use of Eq. (67) is not possible in this case. The integration is to be made for the specific
case of z′ = z1.

In turn, two cases can be distinguished. On the one hand, one case is for zi = z1, for which

kri(r
′, z1)

∣∣
z′=z1
zi=z1

= − πr′

2 (z1 − z2)
(68)

On the other hand, another case is for zi = z2, for which

kri(r
′, z1)

∣∣
z′=z1
zi=z2

=
1√
2
I∞ − π

2

r′

(z1 − z2)
(69)

where

I∞ =

∫ π

0

cosφ′√
(1− cosφ′)

dφ′ = +∞ (70)

Note that the right hand side of Eq. (68) is canceled by the term corresponding to η0 when the ge-
ometric factors are calculated. The same principle applies to the second term of the right hand side of
Eq. (69). The evaluation of the geometrical factors at the lower end of the cylindrical current sheet gives

fr1(r
′, z1) =

1

2π

(
k∗ri(r

′, z1)
∣∣
z′=z2
zi=z2

− 1√
2
I∞
)

(71)

fr2(r
′, z1) = − 1

2π

(
k∗ri(r

′, z1)
∣∣
z′=z2
zi=z1

)
(72)

The radial component of the magnetic field intensity is

Hr(r
′, z1) =

1

2π

(
k∗ri(r

′, z1)
∣∣
z′=z2
zi=z2

− 1√
2
I∞
)
K1 − 1

2π

(
k∗ri(r

′, z1)
∣∣
z′=z2
zi=z1

)
K2 (73)

Hr(r
′, z1) ∼= − K1

2π
√
2
I∞ (74)

This indicates that the value of the radial component of the magnetic field at the lower end of the
cylinder is infinite and is concluded that there is a real singularity in this point.

4.4. Evaluation of the radial magnetic field at the upper end of the cylinder

In this case the observation point is located at the upper end of the cylindrical current sheet; then its
corresponding coordinates are z = z2 yr = r′. The procedure to obtain the radial magnetic field solution
is similar to the one used in the previous section, and it leads to the following expression for the radial
magnetic field intensity on the cylinder at z = z2

Hr(r
′, z2) =

1

2π

(
− k∗ri(r

′, z2)
∣∣
z′=z1
zi=z2

)
K1 − 1

2π

(
− 1√

2
I∞ − k∗ri(r

′, z2)
∣∣
z′=z1
zi=z1

)
K2 (75)

Hr(r
′, z2) =

K2

2π
√
2
I∞ (76)

This indicates that the value of the radial component of the magnetic field intensity at the top of the
cylinder is infinite and that there is a real singularity.
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4.5. Modified expression of the general solution in order to avoid singularities

As in the case of the magnetic vector potential, Eq. (62) can be used without difficulty at a general
observation P (r, z), provided it is not located at the ends of the current sheet cylinder, i.e., for points
such that r = r′ and z = z1 or z = z2. In this case the singularities at these points are not removable, so
one might think that it would be pointless to modify the expression of Hr in this case. However, there is
a removable singularity, as before, for points on the cylinder such that r = r′ but z �= z1 or z �= z2. To
overcome this difficulty, the following alternative expression has been obtained

kri = c1E(k) + c′2
[
k′K(k)

]
+ (z − zi)

(
c3E(k) + c′4

[
k′K(k)

])
+ c′5Λ0(ξ, k) (77)

where

c1 =
γ1 (z − z′)

2rγ2
c′2 = − (z − z′

) (z − z′)2

2rγ2γ
′
1

c3 = − γ1
rγ2

c′4 =

(
r2 + r′2 + (z − z′)2

)
rγ′1γ2

(78)

c′5 = − π

4rγ2
sgn

(
z − z′

) ∣∣r2 − r′2
∣∣

It can be concluded that Eq. (78) is suitable for calculating the radial component of the magnetic
field intensity at any point in space, including points on the current sheet, unless the endpoints where
unavoidable singularities occur.

5. Numerical calculation of the solutions

The functions appearing in the magnetic field solutions are typical for solutions of axisymmetric
problems with open boundary. These functions are the complete elliptic integrals of the first, second
and third kind, K(k), E(k), and Π(α2, k) respectively. An efficient way to calculate these functions
is to apply the arithmetic geometric mean (AGM) method as is described in [3], and more recently
in [4]. This is the algorithm used for the numerical calculation of these functions in most commercial
mathematical programs. The functions K(k) and Π(α2, k) have the property that they diverge when the
argument k = 1, and additionally the function Π(α2, k) also diverges when its first argument is α = 1.
The function E(k) is bounded in the whole useful range of the argument k and it does not represent a
calculation problem.

While many magnetic field solutions are described in terms of complete elliptic integrals, some of
them diverge for some arguments, but this does not necessarily means that the solution itself diverges
for these critical points, as it has been proven above. This is however a drawback, since the solution can
not be calculated at critical points by means of expressions containing these functions.

That is why many authors in the literature often replace these functions by others that behave well for
the critical arguments. Note that although new functions can theoretically be defined so that they do not
diverge at critical points, care should be taken not to use algorithms that do diverge at these points. The
following sections deal with the numerical calculation of functions that can replace K(k) and Π(α2, k)
in the magnetic field solutions.
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5.1. Numerical calculation of K(k) and [k′K(k)]

For the calculation of these functions, the AGM [4] is used. Let a0 and g0 be positive numbers defined
as

an+1 =
an + gn

2
gn+1 =

√
angn (79)

When n tends to ∞, an and gn converge to a common limit M(a0, g0) called AGM of a0 and g0.
For the case of the function K(k), the following equation holds

K(k) =
π

2M(1, k′)
−∞ < k < 1 (80)

It can be seen that k = 1 is not a possible value. Actually the range of interest of the values of k is
0 � k2 � 1. If k = 1 in Eq. (80) then k′ = 0 and M converges to 0, so K diverges.

It has been seen that the proposed solution to avoid this problem was to replace K by the function
k′K(k).

The integral representation of the AGM is

1

M(a0, g0)
=

2

π

∫ π/2

0

dθ√
a20 cos

2 θ + g20 sin
2 θ

(81)

which allows deriving that

k′K(k) =
π

2M(1/k′, 1)
(82)

allowing the direct calculation of k′K(k), but the inconvenience of the value k = 1 still remains.
For that case the property 164.02 of [5] can be used

k′K (k) = E (k1)
(
1 + k′

)− E (k) (83)

where

k1 =
(1− k′)
(1 + k′)

= 1 (84)

and it can be seen that[
k′K (k)

]
k=1

= 0 (85)

5.2. Numerical calculation of Π(α2, k) and Λ0(ξ, k)

In the modified expressions to avoid singularities the complete elliptic integral of the third kind
Π(α2, k) has been replaced by the Heumann Lambda function Λ0(ξ, k). The relationship between them
is (Equation 413.01 of [5])

Π
(
α2, k

)
=

απΛ0 (ξ, k)

2
√

(α2 − k2) (1− α2)
(86)
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where

ξ = arcsen

√
α2 − k2

α2k′2
and k2 < α2 < 1 (87)

The following algorithm based on AGM for calculating Π(α2, k) is given in [4]:

Π(α2, k) =
K

2

(
2 +

α2

(1− α2)

∞∑
n=0

Qn

)

a0 = 1; g0 = k′; p20 = 1− α2; Q0 = 1

(88)

pn+1 =
p2n + angn

2pn

εn =
p2n − angn
p2n + angn

Qn+1 =
1

2
Qnεn

n = 0, 1, 2, . . .

It should be noted that whenever the function Π(α2, k) appears along with the value k = 1 as the
second argument, the respective terms in the solutions of A, Hz and Hr vanish, since the coefficient that
multiplies the function Π(α2, k) goes to zero much faster than it. However the vanishing of the term
containing the function Π(α2, k) is not clearly explained at first glance, as it has an indetermination of
the type zero multiplied by infinity. In practical terms, it would be enough to remove the term of the cor-
responding field solution when k = 1. This case can be explained in a better way by replacing Π(α2, k)
by Λ0(ξ, k), since the latter function remains always bounded and the vanishing of the mentioned term
is justified because the coefficient tends to zero.

Furthermore, the case for k �= 1 but α = 1 (observation point on the cylinder but not at its ends)
remains to be considered. In that case Π(α2, k) diverges even though the solution of the three mentioned
field magnitudes have a finite value. It is here also advantageous to use Λ0(ξ, k), because if α = 1, then
ξ = π/2 and Λ0(π/2, k) = 1. In this case the term of the solution expression has a specific value, unlike
the case where k = 1 where the term is zero. It is important to notice that the field expression yields the
correct value, which is achieved using Λ0(ξ, k).

Based on the relationship Eq. (86) between Π(α2, k) and Λ0(ξ, k) and Eq. (88), the following calcu-
lation formula can be written

Λ0(ξ, k) =
K

π

√
α2 − k2

α
√
1− α2

(
2 + α2

( ∞∑
n=0

Qn − 2

))
(89)

It should be noticed that this formula is not applicable to the argument α = 1, and this has two reasons.
The first one is that it contains the factor

√
1− α2 in the denominator, which tends to zero if α = 1.

The second reason is that the sum
∑∞

n=0Qn of Carson algorithm collapses for α = 1. It is important to
observe that this situation can be avoided simply by assigning the value Λ0(π/2, k) = 1 when α = 1.

However, the authors have considered convenient to describe an alternative treatment to this situation,
applicable to the solutions for A and Hr. The authors have proposed a modified version of the Carson
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algorithm for the sum
∑∞

n=0Qn so that it does not diverge for α = 1. This algorithm can be formulated
as follows

a0 = 1; g0 = e0 = k′; d20 = 1− α2; c0 = 1; Q0 = 1

cn = 4cn−1d
2
n−1

en = angncn

dn = d2n−1 + en−1 (90)

εn =
d2n − en
d2n + en

Qn+1 =
1

2
Qnεn

n = 0, 1, 2, . . .

On the other hand, for the solution of the magnetic vector potential A of Eq. (29), the last term can be
modified as follows

a′5Λ0(ξ, k) = a′′5Λ1(ξ, k) (91)

where

a′′5 =
π

4rγ2
sgn

(
z − z′

) (
r + r′

)2 (92)

and

Λ1(ξ, k) =
K

π

√
α2 − k2

α

(
2 + α2

( ∞∑
n=0

Qn − 2

))
(93)

Similarly, the following relationship can be used for the respective term of Hr in Eq. (77)

c′5Λ0(ξ, k) = c′′5Λ1(ξ, k) (94)

where

c′′5 = − π

4rγ2
sgn

(
z − z′

) (
r + r′

)2
This prevents making special considerations for the points corresponding to α = 1 for A and Hr.
For the case of Hz a similar procedure is not possible, as there is a discontinuity in the function for

α = 1 and there is no choice but to avoid the situation by assigning the value Λ0(π/2, k) = 1.

6. Performance comparison between new and original formulas [1]

Table 1 shows the results of three experiments designed to measure the performance of the mathemat-
ical expressions proposed in this work.
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Table 1
Number of cylindrical Number of evaluation Total number of Average time original Average time new Acceleration

elements [ns] points [nf] interactions [ni] formulation (s) formulation (s) factor (p.u.)
2,000 2,000 4,000,000 7.03 5.83 1.21
3,000 3,000 9,000,000 16.05 13.10 1.22
4,000 4,000 16,000,000 28.71 22.29 1.29

A number of ns cylindrical elements has been considered, for which the dimensions, location and
current densities were specified in a random way. The goal is to determine the vector potential, radial
and axial field intensity in a number nf of evaluation points due to each cylindrical element. According to
the above, it have been a total amount of ni = ns ∗ nf interactions between the sources and the evaluation
points.

As shown in Table 1, in the three experiments the performance of the proposed formulations was much
better than that of the formulations proposed in [1]. However, it can also be seen that the efficiency is
increased when the amount of interactions are higher, reaching an acceleration factor close to 30% for
an amount of 16 million interactions.

The results reported in the Table 1 were obtained using a laptop with 16 GB of RAM with a Core i7
2 GHz.

7. Conclusions

Compact analytical expressions for a fast calculation of the magnetic field produced by a finite cylin-
drical surface current distribution considering a linearly varying current density have been presented.
These expressions represent a major improvement of the ones given in [1].

The singularities of the magnitudes A, Hz and Hr appearing on the current sheet surface and at its
ends have been investigated. It has been verified that A and Hz have removable singularities, and, on the
other hand, that Hr has removable singularities at points on the cylinder surface other than those at the
top and bottom ends. On these last locations the singularities are not removable, but real. The values of
A, Hz and Hr at critical points were determined, provided the singularities are of removable type.

Alternative compact analytical expressions for the evaluation of magnetic field magnitudes for all
points in space have been proposed, including the critical points on the cylinder. This has been accom-
plished through the use of the alternative functions k′K(k) and Λ0(ξ, k).

The analytical expressions presented in this article were validated satisfactorily by numerical integra-
tion.

Finally, calculation algorithms based on AGM have been proposed for the calculation of the alternative
functions.

Acknowledgments

This work has been supported by La Universidad de la Salle Bogota and the Instituto de Energía
Eléctrica – Universidad Nacional de San Juan Argentina. The authors acknowledge for the interest and
continuous support to this project.

References

[1] G.A. Díaz Flórez and E.E. Mombello, Magnetic vector potential and magnetic field intensity due to a finite current carrying
cylinder considering a variable current density along its axial dimension, International Journal of Applied Electromagnet-

AU
TH

O
R 

CO
PY



G.A. Díaz and E.E. Mombello / New compact & singularity free formulations for finite cylinder 501

ics and Mechanics, (ISSN 1383-5416), IOS Press 40(2) (2012), 133–147.
[2] G.A. Díaz Flórez and E.E. Mombello, Semianalytic integral method (SAIM) for fast solution of current distribution in

foil winding transformers, IEEE Transactions on Magnetics, (ISSN: 0018-9464) PP(99)(2015), DOI: 101109/TMAG.
2015.2440360.

[3] M. Abramowitz and I. Stegun, Handbook of mathematical functions with formulas graphs and mathematical tables, Dover
Publications Inc., New York, 1970.

[4] F.W.J. Olver, D.W. Lozier, R.F. Boisvert and C.W. Clark, NIST handbook of mathematical functions, 17 May 2010.
[5] P. Byrd and M. Friedman, Handbook of elliptic integrals for engineers and scientists, Springer Verlag, Heidelberg Berlin,

1971.
[6] Y. Li et al., Calculation and control of stray losses in power transformer, International Journal of Applied Electromagnetics

and Mechanics, (ISSN 1383-5416), IOS Press 39(1–4) (2012), 835–841.
[7] G. Adel, A new model of rotor eccentricity in induction motors considering the local air-gap over-flux concentration,

International Journal of Applied Electromagnetics and Mechanics, (ISSN 1383-5416), IOS Press 42(4) (2013), 519–537.
[8] Z.X. Feng, The treatment of singularities in calculation of magnetic field by using integral method, IEEE Transactions on

Magnetics 21(6) (Nov 1985), 2207–2210, DOI: 101109/TMAG.1985.1064259.
[9] L. Gurel and O. Ergul, Singularity of the magnetic-field integral equation and its extraction, IEEE Letters on Antennas

and Wireless Propagation 4 (2005), 229–232. DOI: 101109/LAWP.2005.851103.

AU
TH

O
R 

CO
PY



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




