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a  b s  t  r  a  c  t

In spite of the widespread industrial application of non-catalytic or homogeneously catalyzed gas–liquid reactions

(GLRs), many  undergraduate chemical engineering curricula do not include this subject and heterogeneous catalysis

provides the only example of a heterogeneous chemical reaction system.

Textbooks dealing with GLRs describe and formulate separately the different processes affecting the rate of chemi-

cal  absorption, without providing a clear picture of the overall problem, which is highly desirable for the identification

of  effects and understanding of their interplay.

As an attempt to provide a different alternative for teaching GLRs, a general approximate formulation for the

transport/reaction problem, in terms of a global enhancement factor (GEF) for a single chemically absorbed species,

including all possible effects on the basis of the two-film model is presented here.

This contribution includes the development of the approximation for the GEF, an analysis of different regimes,

which in part can be directly adopted for teaching, and an evaluation of the precision of the GEF estimation, mainly

devoted to the lecturer.
© 2014 The Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.
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neering curricula

specific features, many  undergraduate chemical engineer-
1.  Introduction

Gas–liquid reactions (GLRs), either non-catalytic or homoge-
neously catalyzed, are employed in many  important industrial
processes, as it has been summarized in specialized books
(e.g. Astarita et al., 1983; Danckwerts, 1970; Doraiswamy and
Sharma, 1984; Kaštánek et al., 1993) and chemical reaction

engineering textbooks (e.g. Froment et al., 2011; Westerterp
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et al., 1984). Frequent uses of GLRs concern the purification of
a gas stream by absorption of undesirable species enhanced
by chemical reaction, but many  applications include the syn-
thesis of more  valuable products or the purification of liquid
streams.

In spite of the practical significance of GLRs and of their
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Fig. 1 – Generic profiles of the gas and liquid reactants, A
and B respectively, through the gas and liquid films.
atalysis provides the only example of a heterogeneous chem-
cal reaction system. Actually, GLRs is not a short subject to
eal with, as it involves a reference to different models for
escribing the transport/reaction process at a local level (i.e.
lm, penetration or surface-renewal models), the formulation
nd solution of the problem with one of these models and
ts application for design, analysis and selection of several
ossible types of gas–liquid contactors.

In comparison to heterogeneously catalyzed reactions,
LRs introduces two distinct features, as regards the local

ransport/reaction problem. On one hand, there are two reac-
ion domains for a reactant A transferred from the gas. Fast
eactions start, and frequently end, taking place close to the
as–liquid interface, where diffusion still govern mass trans-
er, and slower reactions proceed mainly in the liquid bulk.
n the other hand, when reaction occurs close to the interface,

he liquid reactant (says B) has to diffuse towards the interface,
.e. in direction opposite to that of A. As the reader acquainted

ith the subject should know, these features introduce dis-
inct operation regimes, and formulation for the overall rate
f chemical absorption becomes more  complex than the coun-
erpart in heterogeneous catalysis.

Available textbooks dealing with GLRs describe and for-
ulate separately the different processes affecting the rate

f chemical absorption. Perhaps the most important point
o remark is the almost independent treatment of slow and
ast reaction regimes. Different stages are also used for linear
nd non-linear kinetics and for cases limited or not by mass
ransfer resistance in the gas phase. Although this approach
resents the merit of a gradual introduction of topics, it is our

mpression that a rather lengthy description arises without
roviding an overall picture of the problem, which is highly
esirable for the identification of effects and understanding
f their interplay.

An opposite alternative for the description of the trans-
ort/reaction process in GLRs is to present a unified treatment

ncluding simultaneously all significant effects. Then, the
escription of any conceptual or practical issue can be backed
p by the available general formulation. It can be argued
hat developing a general formulation may not be appeal-
ng from a didactic point of view, particularly for a subject
hat, as discussed before, presents a significant degree of
omplexity. However, if heterogeneous catalysis is lectured
efore, the situation is different, as the basic notion of cou-
ling between mass transport and chemical reaction would
e already introduced, along with conservation equations and
ome approximations used for their solution. In our teach-
ng experience, the background from heterogeneous catalyzed
eactions greatly facilitates the presentation of a general solu-
ion for GLRs.

It is the objective of this contribution to develop a general
pproximate formulation for the transport/reaction problem
n GLRs and show how it could be employed to present
he different possible regimes and their significance. To be
pecific in outlining the scope of the formulation, we  point
ut that the film model is employed for both sides of the
as–liquid interface (two-film model) under the assump-
ions of a single isothermal irreversible reaction of the type

(G) + bB(L) → products, with irreversible kinetics r = kCm
A Cn

B (m,
 ≥ 0), reactant B being non-volatile and constant transport
nd phase equilibrium properties. A general picture of the sit-
ation to be evaluated on the basis of the two-film model is

iven in Fig. 1, where local values of partial pressure of A in
he gas stream (pAG) and liquid bulk concentrations (CBL and
CAL) are assumed to be known. Evaluating the flux of A at the
interface, NAi, is the main target. The processes defining the
flux NAi are: mass transfer of A in both films, mass transfer of
B in the liquid film, chemical reaction in the liquid film under
variable concentrations CB and CA, and chemical reaction in
the liquid bulk under uniform concentrations CBL and CAL. The
simultaneous effect of these processes will be analyzed along
with the kinetic features represented by reaction orders m,  n.

The manuscript is organized as follows. Section 2 summa-
rizes some basic definitions, mainly concerned with physical
absorption of A. An approximated solution for the problem of
absorption with chemical reaction is presented in Section 3.
A significant concept, neglecting the accumulation rate of A
in the liquid stream, is introduced in Section 3.1. The differ-
ent regimes of operation are described in Sections 4–7. While
a large part of the material presented in Sections 2–7 can be
directly employed for teaching, Sections 8–10 are more  spe-
cialized and mainly directed to teachers: Section 8 accounts for
the magnitude and relevance of errors from the approximated
formulation, Section 9 presents a criterion for acceptance of
the hypothesis of negligible rate of accumulation of A in the
liquid stream for the analysis of gas–liquid contactors and Sec-
tion 10 extends the analysis of Section 3 to a more  generalized
kind of irreversible kinetics. Finally, Section 11 mainly intends
to summarize the relevant aspects of the present formulation
in teaching GLRs.

2.  Physical  transport  on  both  sides  of  the
interface

It will be assumed for the analysis at a given position of a
gas–liquid contactor that transport properties, including mass
transfer coefficients, and the solubility in the liquid of reac-
tant A are not composition dependent. This is in practice the
case for a diluted system concerning species A and B. Also,
local thermal equilibrium is assumed. At these conditions,
the quoted transport and thermodynamic properties can be
estimated beforehand.

Either for physical or chemical absorption, NAi can be
expressed as the flux through the gas film,
NAi = k0
GA (pAG − pAi), (1)
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Fig. 2 – Concentration profile for physical absorption of A.
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Fig. 3 – Concentration profile for physical absorption of A
when CAL = 0 (maximum physical flux).

N0
Ai = kAC0

Ai (13)

Table 1 – Physical meaning of non-dimensional
parameters.

Bi = k0
GA

HA

kA
: specific  transfer  rate  of  A  in the  gas  film

specific  transfer  rate  of A  in  the liquid  film (T1.1)

 ̋ = DBLCBL
bDALCAG

: 1
b

(
characteristic  diffusion  rate  of  B  in  the  liquid  film
characteristic  diffusion  rate  of  A  in  the  liquid  film

)
(T1.2)

�2 = aı[kC0m
Ai

Cn
BL

]

akAC0
Ai

: characteristic  reaction  rate  in the  liquid  film
characteristic  transfer  rate  of A  in  the  liquid  film (T1.3)

�2

˝ : b
(

characteristic  reaction  rate  in the  liquid  film
characteristic  transfer  rate  of B in  the  liquid  film

)
(T1.4)

� = ε
aı : total  liquid  volume

liquid-film  volume (Hinterland ratio) (T1.5)

(� − 1)�2 : characteristic  reaction  rate  in the  liquid  bulk
characteristic  transfer  rate  of A in  the  liquid  film (T1.6)
where k0
GA is the mass transfer coefficient for A at low mass

transfer rates, pAG and pAi are the partial pressures of A in the
local gas bulk and at the interface, respectively. In practice,
the volumetric absorption rate of A, aNAi, is frequently the
magnitude of importance, being a the interfacial area per unit
volume of gas–liquid contactor.

The thermodynamic equilibrium condition at the interface
(suffix i) in terms of Henry’s law is written:

pAi = HACAi. (2)

Defining CAG as the molar concentration of A in the liquid that
would be at equilibrium with pAG, we  can write from Henry’s
law

pAG = HACAG (3)

Using Eqs. (2) and (3) in Eq. (1) leads to

NAi = k0
GAHA(CAG − CAi) (4)

If any local value pA in the gas film is divided by HA, an equilib-
rium profile of molar concentration in the liquid phase can be
drawn, allowing a continuous description of CA all along both
films (Fig. 1).

Fick’s law is used for the flux of A in the liquid film,

NA = −DAL
dCA

dz
(5)

When there is no reaction in the liquid film, i.e. physical trans-
fer of A in the liquid film, NA = NAi and Eq. (5) can be integrated
in 0 ≤ z ≤ ı to express

NAi = kA(CAi − CAL), (6)

where the liquid mass transfer coefficient kA is defined by

kA = DAL

ı
.  (7)

Using Eqs. (4) and (6) to eliminate CAi:

NAi = kT
A(CAG − CAL), (8)

where the overall mass transfer coefficient of A is defined by

kT
A =

(
1

k0
GAHA

+ 1
kA

)−1

. (9)

It should be borne in mind that Eq. (8) is only valid for the case
of physical transfer of A in the liquid film. The corresponding
concentration profile is depicted in Fig. 2.

The Biot number is defined by

Bi = k0
GAHA

kA
. (10)

The physical meaning of Bi is recalled in expression (T1.1)
given in Table 1. Values of Bi strongly vary with the affinity
of A for the liquid solution. Frequently, Bi � 1 (i.e. large val-
ues of HA), but for gases such as SH2, Cl2 or NH3 in water Bi

values can be of the order of unity or smaller. The Bi number
will be used to remove the explicit appearance of k0

GAHA in the
formulation to be presented below. Thus, the global coefficient
kT

A, Eq. (9), becomes expressed as

kT
A = Bi

1+Bi
kA (11)

The maximum physical flux, denoted N0
Ai

, takes place when
CAL = 0 (see Fig. 3) and can be written in two useful ways:

N0
Ai = kT

ACAG, (12)

and
��2 : characteristic  reaction  rate  in  the  liquid  phase
characteristic  transfer  rate  of A  in  the  liquid  film (T1.7)
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here C0
Ai

is the interfacial concentration of A when the phys-
cal flux is maximum (see Fig. 3), and is readily obtained from
qs. (11) to (13):

0
Ai = Bi

1+Bi
CAG (14)

he flux N0
Ai

and concentration C0
Ai

will be useful magnitudes
f reference to deal with the problem including chemical reac-
ion. Note that both can be directly evaluated once CAG and the

ass transfer coefficients are defined.

.  Mass  transfer  with  chemical  reaction  in
he  liquid  phase

he flux NAi when A undergoes a chemical reaction in the
iquid phase will be expressed in dimensionless terms as

T = NAi

N0
Ai

, (15)

here �T is named Global Enhancement Factor (GEF).
There are some other ways to express the effect of a chemi-

al reaction on the absorption rate of A, as discussed, e.g. in the
extbook of Froment et al. (2011). We  will restrict our analysis
o the GEF defined in Eq. (15).

As regards the profiles in Fig. 1, we note that the interfacial
oncentration CAi will have to be evaluated simultaneously
ith �T . However, a simple relationship between them is
btained by using Eq. (4) for NAi and alternatively Eq. (12) or

13) for N0
Ai

,

Ai =
(

1+Bi−�T

1+Bi

)
CAG (16)

Ai =
(

1+Bi−�T

Bi

)
C0

Ai (17)

n most textbooks and literature papers, the analysis to eval-
ate the flux NAi starts by assuming that CAi is known and
herefore it is used as the reference concentration for A. In

 second stage, the mass transfer resistance is taken into
ccount and continuity of fluxes at the interface allows the
nal evaluation of CAi. The formulation proposed here intro-
uces CAi as an unknown quantity from the outset, a feature
onsistent with the definition of �T based upon the global ref-
rence flux N0

Ai
.

.1.  Solution  of  mass  conservation  equations  in  the
iquid film

he flux of B in the liquid film is also expressed by means of
ick’s law, NB = −DBLdCB/dz. The steady state mass conserva-
ion equations corresponding to a generic compound “j” is

dNj

dz
= ˛jr, (18)

here ˛j is the stoichiometric coefficient of “j”. Now, introduc-
ng the Fick’s expressions in Eq. (18) for species A and B yields

AL
d2CA

dz2
= r, (19)
BL
d2CB

dz2
= br (20)
The boundary conditions associated with Eqs. (19) and (20) are

at z = 0 : NAi = −DALdCA/dz, dCB/dz = 0 (B is non-volatile)

(21a)

at z = ı : CA = CAL, CB = CBL. (21b)

The first step in dealing with Eqs. (19)–(21) is finding a rela-
tionship between CA and CB at a generic point z. This can
be achieved by eliminating r between Eqs. (19) and (20) and
the result integrated twice on z, with the help of Eqs. (21).
Using kA = DAL/ı, as defined in Eq. (7) and introducing the
dimensionless coordinate z* = z/ı = zkA/DAL, it is obtained:

CB − CBL = bDAL

DBL

[
CA − CAL − NAi

kA
(1 − z∗)

]
(22)

Eq. (22) formally allows working with a single conservation
equation, for which Eq. (19) is chosen. Note that we  are
introducing the still unknown flux NAi in Eq. (22). This is
not the major inconvenience in seeking a solution, but
the essential limitation is the nonlinearity of the reaction
rate expression r = kCA

mCB
n. Actually, finding an analytical

solution is only possible if r is linear on CA, a case limited
to m = 1 and when B is far more  concentrated than A. In the
general case, a simplification introduced first by van Krevelen
and Hoftijzer (1948) and generalized later by Hikita and Asai
(1964), should be used for obtaining an approximate solution:
the factor Cn

B in the rate expression is assumed uniform
throughout the liquid film and evaluated at the interface,
Cn

Bi
. Furthermore, the factor Cm

A should be also conveniently
linearized. Following again Hikita and Asai (1964), this can be
done by substituting Cm

A by [2/(m + 1)] Cm−1
Ai

CA. This approxi-
mation can be better justified in a later stage (see Section 5).
Then, the key approximation is written as

r = kCm
A Cn

B
∼= k

(
2

m + 1
Cm−1

Ai
CA

)
Cn

Bi (23)

Approximation of Eq. (23) leads to reasonably precise results
if A is the limiting reactant in the liquid film. Therefore, the
use of Eq. (23) is constrained to

DBLCBL

bDALCAi
> 1 (24)

The restriction defined by Eq. (24) will be fulfilled in many
practical applications. An exception can be the case in which
the process is intended for purifying a liquid stream by
reaction of an undesirable compound B. In this case, CBL will
probably have to be reduced to a small tolerable value, for
which Eq. (24) may not be sustained.

To proceed with the use of Eq. (23), we  find an expression
for CBi from Eq. (22) evaluated at z* = 0:

CBi − CBL = bDAL

DBL

(
CAi − CAL − NAi

kA

)
(25)

Using Eq. (17) for CAi, the definition of �T (Eq. (15)) to express
NAi, Eq. (13) for N0

Ai
, and taking into account the relationship

between C0
Ai

and CAG in Eq. (14), we  obtain:
CBi

CBL
= C∗

Bi =  ̋ + 1 − �T − (Bi/(1 + Bi))C∗
AL

˝
, (26)
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where the first equation defines the dimensionless concentra-
tion C∗

Bi
. Besides,

C∗
AL = CAL

C0
Ai

, (27)

and

 ̋ = DBLCBL

bDALCAG
. (28)

Parameter  ̋ will play an important role in the formulation, as
it relates the diffusion capacities of A and B in the liquid film
(see expression (T1.2) in Table 1).

Replacing CBi in Eq. (23), the resulting expression for r in
the conservation equation of A, Eq. (19), and using again z* = z
kA/DAL:

d2CA

(dz∗)2
= 2

m+1 �2C∗n
Bi

C∗m−1
Ai

CA, (29)

where (using Eq. (17)):

C∗
Ai = CAi

C0
Ai

= 1+Bi−�T

Bi
, (30)

and

�2 = DALk(C0
Ai

)
m−1

Cn
BL

k2
A

. (31)

Parameter � is known as Hatta number and �2 relates charac-
teristic rates of reaction and diffusion of A in the liquid film,
as expression (T1.3) in Table 1 discloses more  clearly. We  also
note in Table 1 (expression (T1.4)) the meaning of the ratio
�2/˝.

Solving Eq. (29), with boundary conditions CA = CAi at z* = 0
and CA = CAL at z* = 1, it is obtained

CA = CAi sinh[M� ′(1 − z∗)] + CAL sinh(M� ′z∗)
sinh(M� ′)

, (32)

where:

M =
(

2
m + 1

)1/2

; (� ′)2 = �2(C∗
Bi)

n(C∗
Ai)

m−1 (33)

It must be noted that Eq. (32) and formulations derived from
it have been used in the textbooks of Santamaría et al. (2002)
and Trambouze and Euzen (2004) for the specific case m = n = 1
and Bi → ∞.

The derivative dCA/dz* from Eq. (32) is easily expressed as:

dCA

dz∗ = �(M� ′)

{
−CAi cosh[M� ′(1 − z∗)] + CAL cosh(M� ′z∗)

cosh(M� ′)

}
,

(34)

where the function � (x) = x/tanh(x) has been introduced.
Eq. (34) is the starting point to obtain the formulation for

the fluxes at z* = 0 and z* = 1.
However, we  should first revise the procedure made up to

this point. In essence, the approximation of Hikita and Asai
(1964) for the rate expression has been adopted to obtain
Eq. (34), but two distinct aspects have been considered with

respect to their work: introducing the definition of the GEF
to account for the gas phase resistance and considering the
general case CAL /= 0. While the first aspect does not mod-
ify the validity of Hikita and Asai (1964) approximation, the
second one does. Their approximation turns out to be highly
precise (this will be revised later on) for their assumed condi-
tion CAL = 0, a case warranted by a high enough liquid hold-up
(e.g. bubble columns or stirred tanks). Nonetheless, certain
types of gas–liquid contactors, as wetted-wall reactors, spray
columns and even packed towers, present liquid hold-ups
much smaller than bubble columns or stirred tanks. Because
of this fact and also because of didactic reasons, our con-
cern here is to deal with the general case CAL /= 0. Within
this frame, Eq. (34) presents some undesirable features, as a
consequence of the reaction rate linearization, Eq. (23). There-
fore, a pair of modifications will be now introduced. Consider
substitution of � ′ from Eq. (33) into Eq. (34). Then,

(a) the factor [MC
∗n/2
Bi

] is removed from the arguments of the
three hyperbolic cosines in Eq. (34),

(b) the factor C
∗n/2
Bi

is removed from the argument of the hyper-
bolic tangent of function � in Eq. (34).

Modification (a) allows obtaining the correct limiting values
of NAi at very low and very high values of �, in the case of low
liquid hold-ups. This feature will be discussed more  specif-
ically in Sections 5.1 and 8.2. Modification (b) is introduced
to improve the overall level of precision for predicting NAi, as
discussed in Section 8.2. Then, Eq. (34) becomes

dCA

dz∗ = �(M��) C
∗n/2
Bi

{
−CAi cosh[�i(1 − z∗)] + CAL cosh(�iz

∗)
cosh(�i)

}
,

(35)

where �i = �C
∗((m−1)/2)
Ai

.
From Eq. (35), the fluxes at the interface, NAi/kA =

(−dCA/dz∗)z∗=0, and at the film ending, NAı/kA =
(−dCA/dz∗)z∗=1, can be evaluated. Using Eq. (15) for NAi

and Eq. (13) for N0
Ai

, we obtain:

�T = �(M�C
∗(m−1)/2
Ai

) C
∗n/2
Bi

[
C∗

Ai − C∗
AL

cosh (�C
∗(m−1)/2
Ai

)

]
, (36)

NAı

kAC0
Ai

= �(M�C
∗(m−1)/2
Ai

)C∗n/2
Bi

[
C∗

Ai

cosh(�C
∗(m−1)/2
Ai

)
− C∗

AL

]
. (37)

Given CBL, CAG and CAL (and values of kinetic and transport
properties), Eq. (36) can be solved iteratively to evaluate �T. To
this end, Eqs. (26) and (30) should be used for C∗

Bi
and C∗

Ai
. After

evaluating �T, NAı will follow directly from Eq. (37).
Before ending this section, we recall the basic Eq. (24),

which can be checked before the evaluation of �T, because
it will be fulfilled if  ̋ > 1. If not, a posteriori check can be
done by using Eq. (16) for CAi, which allows writing Eq. (24)
as  ̋ > (1 + Bi − �T)/(1 + Bi).

3.2.  Accumulation  of  A  in  the  liquid  bulk

For a given contactor, mass conservation equations of A in
the gas stream and of B in the liquid stream will define point
values of CBL and CAG. In general, it will be also necessary to
write a conservation equation for A in the liquid stream to

specify CAL. For example, if the plug flow assumption can be
applied for the liquid phase (e.g. in packed or bubble columns),
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he following mass balance equation arises for A in the liquid
tream:

L
dCAL

dV
= aNAı − (ε − aı)  kCm

ALCn
BL (38)

here ε is the liquid hold-up in the contactor.
Therefore, mass balance equations for A in the gas stream

nd for A and B in the liquid stream, along with Eqs. (36) and
37), complete the mathematical description of a given prob-
em.

However, from an educational point of view, before attack-
ng the solution of the problem as a whole, it is most advisable
o analyze how the different dimensionless parameters affect
he dimensionless transfer rate �T. In this regards, the status
f CBL and CAG is quite different to that of CAL. While it is con-
eivable to choose rather arbitrary values for CBL and CAG (they
ill be related to concentrations of B and A in the liquid and

as inlet streams), the liquid feed will be normally devoid of A,
.e. CAL,0 = 0. Then, the field of CAL will be a result of the actual
peration, rather than being an independent input (actually,

t will be normally desirable that CAL ∼= 0, as this means com-
lete conversion of the amount of A transferred to the liquid
hase).

A reasonable way to circumvent this issue is by assum-
ng that the rate of accumulation of A in the liquid stream,

LdCAL/dV, is negligible in Eq. (38) (e.g., as a consequence
f a small value of qL). This has been considered in some
extbooks (e.g. Kramers and Westerterp, 1963). Then, taking

LdCAL/dV = 0 in Eq. (38),

NAı = (ε − aı)  kCm
ALCn

BL, (39)

hich expressed in dimensionless form renders

NAı

kAC0
Ai

= (� − 1) �2(C∗
AL)m (40)

In Eq. (40) � = ε/(aı) is the ratio of total liquid and liquid film
olumes and is known as the Hinterland ratio. Table 1 recalls
he meaning of � and that of the product (� − 1)�2 in Eq. (40).

Replacing NAı from Eq. (37) in Eq. (40):

(M�C
∗(m−1)/2
Ai

) C
∗n/2
Bi

[
C∗

Ai

cosh(�C∗(m−1)/2

Ai
)

− C∗
AL

]
= (� − 1) �2C∗m

AL .

(41)

ow, a local problem can be stated in the following way. Given

BL and CAG, Eqs. (36) and (41) allows evaluating �T and CAL. In
his way, the dependence of �T upon the different dimension-
ess parameters becomes �T = �T(�, ˝, �, Bi, m, n).

Assumption qLdCAL/dV = 0 changes the dependency of �T

ith C∗
AL to that with �. The value of � is primarily associ-

ted with the type of gas–liquid contactor and also to specific
perating conditions, but not to the concentration fields.

It can be important to bear in mind that in practice the
iquid stream will be accumulating A (qLdCAL/dV > 0) from the
nlet until a point where CAL has risen to a level at which the
ux (aNAı) can be balanced by chemical consumption (i.e. to
irtual satisfaction of Eq. (39)). Hence, it can be concluded that
sing Eq. (41) at any point in the contactor will result in an
pper bound for the true value of CAL.
The use of qLdCAL/dV = 0, as stated, facilitates the analysis
f the parametric dependence of �T. Besides, in studying the
behaviour of packed or bubble columns, disregarding the dif-
ferential equation Eq. (38) removes the need to solve a system
of differential equations and the design formulation can be
just expressed in terms of the familiar HTU-NTU concept.

In the following paragraphs we will assume valid the use
of Eqs. (36) and (41). An analysis for verifying if qLdCAL/dV =
0 can be adopted with reasonable precision will be given in
Section 9.

4.  Different  regimes  in  the  liquid  phase

Eqs. (36) and (41) allow quantifying the transfer rate of A from
a source (the gas stream) to a chemical sink (the liquid phase)
limited by two physical resistances, the gas film (for A) and
the liquid film (for A and B), and by finite reaction rates in
both, the (unmixed) liquid film and the (mixed) liquid bulk.
All of these processes are represented by the dimensionless
parameters listed in Table 1. For didactic reasons and also from
a practical point of view, special cases in which the slower
processes will control the transfer rate of A from its source
should be identified.

A convenient starting point to this end is assuming large
values for some parameters, which are likely to be so in
practice. Thus, large values of Bi, � and  ̋ are assumed in the
cases depicted in Fig. 4.

As the gas film resistance is physically in series with all
the other processes in the liquid phase, Bi → ∞ means that
CAi

∼= CAG.
Condition � � 1 in Fig. 4 means that for some range of �

values satisfying

�2 � 1, (42)

the value of � is such that the product (� − 1)�2 will span from
very low (�1) to very large (�1) values. Recalling the meaning
of parameter �2 (Table 1), the restriction expressed by Eq. (42)
defines cases in which, because of negligible reaction in the
liquid film, the only relevant processes in the liquid phase will
be mass transfer of A in the liquid film in series with reaction
in the liquid bulk. Thus, the regimes identified as I–III in Fig. 4
arise as � increases within the limit imposed by Eq. (42).

For large values of �, no longer satisfying Eq. (42), regimes
IV–VII in Fig. 4 will progressively arise.

For the subset of regimes III–VII (the inclusion of regime III
should be remarked), all the processes occurring in the liquid
film can be eventually significant, while reaction in the liquid
bulk is potentially high enough (more specifically, (� − 1)�2 � 1,
following the meaning in Table 1) to set CAL ∼= 0. Then, reaction
in the bulk liquid is not controlling and parameter � will not
enter in the definition of the GEF.

For regimes IV and V, a value  ̋ � 1 means that a flat profile
of CB holds, i.e. �2/  ̋ � 1. Thus, both regimes are characterized
by the simultaneous control of diffusion of A and reaction in
the liquid film. In regime IV (�2 ∼ 1), the flux of A towards the
liquid bulk is not negligible and thus reaction takes place in the
liquid film (participating in control) and in the liquid bulk (not
controlling). In regime V, on the other hand, when �2 � 1, reac-
tion in the film is fast enough to prevent A from reaching the
end of the film. Note that this case will take place irrespective
of the value of �.

In regime VI, the three processes in the liquid film (diffusion

of A and B and reaction) control simultaneously the overall rate
of transfer.
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>>1, γ 2

/Ω <<1
Control: si multaneous diffusion  of  A 

and reacti on in liqu id fil m

δ 

Fig. 4 – Regimes occurring in the liquid phase. Values
Bi → ∞,   ̋ � 1, � � 1 are assumed. Parameter � increases
from regime I to VII. The CB scale is assumed shorter than
that of CA.

exponent c depends on m (the reaction order of A) and is given
Finally, a limiting situation is reached in regime VII, in
which reaction rate has raised to a point that coexistence of A
and B in the liquid film is impeded by strong diffusion limita-
tions of both reactants, A and B, and the reaction zone virtually
collapses into a plane.

Before closing this section, it is convenient to discuss what
happens when assumptions Bi → ∞,   ̋ � 1 and � � 1 are not
applicable.

First, it is noted that the different regimes identified in Fig. 4
will also hold for finite values of Bi.  Although in general CAi

will be lower than CAG for finite values of Bi, the occurrence
of any of the seven regimes will depend on the values of the
remaining parameters (�, � and ˝).

Relatively small values of  ̋ can avoid the occurrence of
regime V, as the relationships �2 � 1 and �2/  ̋ � 1 may not
hold simultaneously. Then, when �2 ∼ �2/  ̋ ∼ 1, a variant of
regime VI will be found, with simultaneous control of diffusion
of A and B and chemical reaction, but with part of the reaction
taking place in the liquid bulk at CAL ∼= 0 (if the assumption

� � 1 is kept), as a result of a finite flux of A at the limit of the
liquid film. This case will be henceforth identified as regime
IV/VI.

Finally, removing the assumption � � 1 will open the pos-
sibility for a different regime, in which reaction can take place
in both the liquid film and liquid bulk at finite values of CAL.
This case (named Regime VIII) will be further considered in
Section 7.

5.  The  GEF  for  regimes  I–VII

Expressions of �T for regimes I–VII just discussed are given
in Table 2. The effect of finite values of Bi is included. They
have been divided into two groups, slow (regimes I–III) and fast
(III–VII) reactions, and Eqs. (T2.1) and (T2.2) are the general
expressions for each group.

General restrictions for each group are given in Table 2.
They have been derived by comparing the results from Eqs.
(T2.1) and (T2.2) with those from the general Eqs. (36) and
(41). These general restrictions are chiefly expressed in terms
of parameter � and they guarantee that �T will be evalu-
ated within a precision of 5%. It should be mentioned that
tighter conditions are possible to write, but at the expense
of more  complex expressions, as more parameters will be
involved. For example, condition stated as � > 3 (a sufficient
condition for fast reactions) can be more  precisely stated as
� > [5(  ̋ + 1)/˝]1/2, when parameter  ̋ is accounted for.

Other important features of the formulation in Table 2 are
discussed below.

5.1.  Slow  reactions,  regimes  I–III

Recalling the explanation given in Section 4, we  can easily for-
mulate the case of regimes I–III independently of the general
expressions defined in Eqs. (36) and (41). Consider first regime
II (see Fig. 4). As mass transfer in the gas film, in the liquid film
and chemical reaction in the liquid bulk are in series, we can
write:

aNAi = ak0
GAHA(CAG − CAi) = akA(CAi − CAL) = (ε  − aı) kCm

ALCn
BL

(43)

For high enough values of (akA), when CAL ∼= CAi, regime I is
reached and it follows from Eq. (43) that aNAi = (ε − aı)  kCm

Ai
Cn

BL.
This expression clearly neglects reaction in the film, a fact
consistent with the assumption in Section 4, ε � aı (i.e. � � 1).
However, in general we like to include cases in which � is
small and, therefore, the general expression for regime I is
(aNAi) = εkCm

Ai
Cn

BL. Eq. (43) can be modified to undertake this
situation by using ε instead of (ε − aı) in the last term. If in
addition the overall mass transfer coefficient kT

A (Eq. (11)) is
introduced, we  rewrite Eq. (43) in the form:

akT
A(CAG − CAL) = aNAi = εkCm

ALCn
BL (44)

which in dimensionless terms becomes

1 −
(

Bi
1+Bi

)
C∗

AL = �T = ��2(C∗
AL)m. (45)

Eq. (T2.1) in Table 2 arises by combining the two  equalities in
Eq. (45). Eq. (T2.1) can be employed when � < 0.25c, where the
in Table 2 (c = 1 for the “typical” value m = 1).
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Table 2 – Specific expressions for GEF. �(x) = x/tanh(x), GF regime: gas film regime.

Slow reactions:  Regimes I–III

General restriction: � < 0.25c, c =
{

(m + 1)/2, if m ≥ 0.5
0.85 − m/5,  if m < 0.5

�T = ��2C∗m
AL (T2.1)

C∗
AL =

(
1+Bi

Bi

)
(1 − �T )

Fast  reactions:  Regimes III–VII, GF
General restriction (CAL ≈ 0): � > 3 or (� − 1)� 2 > 20m

�T = �(M�)C∗(m+1)/2
Ai

C∗n/2
Bi

(T2.2)

C∗
Ai

= 1+Bi−�T

Bi
, C∗

Bi
= 1+˝−�T

˝

Specific cases for fast reactions
Without Bi effect
Specific restrictions:
Bi > 10(m  + 1) (�T

˝ − 1): Regimes III–VII �T = �(M�)C∗n/2
Bi

(T2.3)

�T
˝ = 1 + ˝[�(M�)−1]

[(1+˝)ˇ+�ˇ (M�)]
1/ˇ−1

;  ̌ =
(

2
n

)0.65

�(M�)  < 1 + 1
10

(
m+1

Bi
+ n+0.1

˝

)−1
: Regimes III–V �T = �(M�) (T2.4)

Bi > ˝; �(M�) > (1 + ˝)
(

20˝
1+˝

)n/2(
Bi

1+Bi−0.95(1+˝)

)(m+1)/2
: Regime VII �T = 1 +  ̋ (T2.5)

Without � effect
Specific restrictions:

˝ > (10n  + 1)(�T
Bi

− 1) : Regimes III–V, GF �T = �(M�)C∗(m+1)/2
Ai

(T2.6)

�T
Bi

= 1 + Bi[�(M�)−1]

[(1+Bi)ˇ+�ˇ (M�)]
1/ˇ−1

;  ̌ =
(

2
m+1

)0.65

 ̋ > Bi; �(M�) > (1 + Bi)
(

20Bi
1+Bi

)(m+1)/2(
˝

1+˝−0.95(1+Bi)

)n/2
: GF regime �T = 1 + Bi (T2.7)

(
�

r
t
i

m
I

�

w
c
s
v
e

f

C

N
E

�

R
n

Note the difference between the restrictions defined by Eq.
42), stated on a qualitative basis for regimes I–III to occur, and

 < 0.25c, which establishes a definite upper limit � = 0.25c for
egimes I–III. The same comment applies for the other restric-
ions in Fig. 4 (stated either with the symbol “�” or “�”) and
n Table 2 (in terms of either “>” or “<”).

It should be noted at this point that Eq. (T2.1) is not for-
ally obtained from the general formulation, Eqs. (36) and (41).

nstead, when � < 0.25c, it follows that

T = �2[(� − 1)C∗m
AL + C∗m

Ai ] (46)

ith C∗
AL = [(1 + Bi)/Bi]  (1 − �T) and C∗

Ai
from Eq. (30). However,

lose to the upper limit � = 0.25c, Eq. (46) and (T2.1) only differ
lightly and virtually the same results are obtained for lower
alues of �. Eq. (T2.1) is to be preferred, as it can be derived
asily and is somewhat simpler to use than Eq. (46).

Once �T is evaluated from Eq. (T2.1), CAL can be calculated
rom Eqs. (14) and (45):

AL = CAG(1 − �T). (47)

ote also that explicit expressions for �T can be obtained from
q. (T2.1) when m = 0.5, 1 or 2. For m = 1,

T = ��2

Bi/(1 + Bi)  + ��2
.

egime I is defined when CAL ∼= CAi. If in addition we  require
o effect of the gas film, CAL ∼= CAi

∼= CAG. Then, with errors less
than ≈5%, imposing (CAL/CAG)m > 0.95,

��2 <
1

1 + 20m

(
Bi

1 + Bi

)m

⇒ Regime  I : �T = ��2
(

1 + Bi

Bi

)m

.

(48)

Although �T depends on Bi,  the flux NAi = �TN0
Ai

does not.
Thus, using Eq. (48)

aNAi = εk(CAG)mCn
BL (49)

is obtained, without any effect of mass transfer resistances.
We recall at this point that in reaching Eq. (35) the fac-

tor M =
√

2/(m + 1) was removed from the arguments of
the hyperbolic cosines (modification (a) in Section 3.2). If M
is retained, for conditions leading to Eq. (48), �T = (� − 1 +
M2)�2[(1 + Bi)/Bi]m will be obtained, which does not match the
correct Eq. (48) when m /= 1.

In practice, we can require for defining regime III that C∗
AL <

0.05. Then,

��2 > 20m ⇒ Regime III : �T = 1. (50)

It should be stressed that Eqs. (48)–(50) are further restricted
by the general condition � < 0.25c.

5.2.  Fast  reactions,  regimes  III–VII

The group of regimes III–VII, “fast reactions” in Table 2, arises
when CAL ∼= 0. This condition, as discussed before, may be

accomplished when the characteristic diffusion rate of A is
very low, either respect to reaction rate in the film or respect
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Fig. 5 – �T vs. � for Bi → ∞,  n = m = 1 (� = 2 × 103, 104, 5 × 104;
1 +  ̋ = 50, 200, 1000). The vertical dashed lines bounding
regimes I–II, II–III, V–VI, VI–VII hold for � = 104 and
1 +  ̋ = 200.
to reaction rate in the liquid bulk. The general restriction for
CAL ∼= 0 is either � > 3 or (� − 1)�2 > 20m (see Table 2), respectively.
By taking CAL = 0 in Eq. (36), we obtain the expression of �T for
regimes III–VII. If as a matter of simplification, with practically
no loss of precision, the factor C

∗(m−1)/2
Ai

is removed from the
argument of the hyperbolic tangent in function �, Eq. (T2.2) is
obtained.

Table 2 also includes several specific expressions, Eqs.
(T2.3)–(T2.7), obtained from Eq. (T2.2) and restrained to certain
regimes. Each of them is subject to a specific restriction that,
in general, should be fulfilled in addition to the general restric-
tion for the group [� > 3 or (� − 1)�2 > 20m]. Eqs. (T2.3)–(T2.5) in
Table 2 are specifically considered next, while Eqs. (T2.6) and
(T2.7) will be discussed in Section 6.

5.2.1.  Regimes  III–VII  without  Bi  effect
Values of �T from any of Eqs. (T2.3) to (T2.5) do not depend on

Bi number through the term C
∗(m+1)/2
Ai

in the general Eq. (T2.2).
Each specific restriction in Table 2 can be regarded as defining
a minimum value of Bi to this end.

Eq. (T2.3) is the general expression to evaluate �T in regimes

III–VII, and arises when in Eq. (T2.2) the factor C
∗(m+1)/2
Ai

can be
taken as 1 within a precision of 5%. To test if this condition
can be accomplished an estimation of �T is needed, for which
�T

˝ defined in Table 2 is proposed. If the restriction is fulfilled,
�T

˝ approximates �T with a deviation less than around 8%, and
the iterative procedure that in general is required by Eq. (T2.3)
can be avoided.

Eq. (T2.4) for regimes III–V is the specific case of Eq. (T2.2)

when the product [C∗n/2
Bi

C
∗(m+1)/2
Ai

] can be taken as 1 within a
precision of 5%. For further discrimination among regimes
III–V, according to the value of �, the following expressions
are obtained from Eq. (T2.4):

M�  < 0.3 ⇒ Regime III : �T = 1 (51a)

M� > 2 ⇒ Regime V : �T = M�.  (51b)

As noted in Section 4, regime III is the bridge between slow
(regimes I–III) and fast reactions (III–VII) and as such, it can
be obtained as a limiting case from both groups. The fact that
slow and fast reactions are subject to different general restric-
tions is reflected in the different specific restrictions expressed
in Eqs. (50) and (51a) for regime III to apply.

Regime V is defined (see Fig. 4) when CB = CBL is uniform in
the liquid film and both dCA/dz = 0 and CA = 0 at z = ı. Eq. (19) at
these conditions can be easily solved (see e.g. Froment et al.,
2011) for the flux at the interface:

NAi =
√

2
m + 1

kDALCm+1
Ai

Cn
BL (52)

As Eq. (51b) involves C0
Ai

≈ CAi, the value NAi obtained from Eq.
(51b) is the same as that in Eq. (52). For fast reactions, regime V
can be readily shown to be the most sensitive one to the order
m. Hence, the linearization of the term Cm

A in the reaction rate
expression (see Eq. (23)) was actually chosen with the aim of
achieving the correct evaluation of �T in regime V.

T
For regime VII, Eq. (T2.5) in Table 2 (� = 1 + ˝) holds. Eq.
(T2.5) arises when C∗

Bi → 0 in Eq. (T2.2), as a consequence of a

large enough value of the product [�(M�)C∗(m+1)/2
Ai

]. This con-
dition may be satisfied even for values of C∗

Ai
significantly less
than one. Hence, the specific restriction of Eq. (T2.5) in Table 2
can be fulfilled for lower values of Bi than required for the
restriction of the more  general Eq. (T2.3).

Eq. (T2.5) can also be easily obtained by equating the flux
of A to b times that of B towards the reaction plane.

5.3.  Overall  behaviour  of  �T as  a  function  of  �

Fig. 5 shows a plot of �T for conditions in Fig. 4, i.e. Bi → ∞
and values of � and  ̋ large enough to obtain the sequence of
regimes I–VII as � increases.

It is remarked that for regimes I–III �T is independent of ˝

and it is independent of � for regimes III–VII.
For illustrating the effect of orders m and n, a plot similar

to that in Fig. 5, but with (M�) as the abscissa, can be drawn.
Then, for given values of  ̋ and �, a family of curves depending
on n will arise just in regime VI and another set depend-
ing on m will appear in regimes I and II (see expressions in
Table 2).

For any pair (m,  n) the regimes II and those represented by
straight lines (the odd ones, I, III, V, VII) are exactly represented
by equations in Table 2. Instead, expressions for regimes IV
and VI are, in general, approximations (an exception is the
case m = 1 in regime IV), due to the linearization of the reaction
rate in Eq. (23). However, the errors are definitely tolerable, as
will be further discussed in Section 8.1.

The sensitivity of the volumetric mass transfer rate aNAi

with the contactor characteristic variables (kA, a, ε), specific
rate constant (k) and bulk concentration of B(CBL) are listed in
Table 3 for the situation in Fig. 5: Bi → ∞,  r = kCACB (n = m = 1),
large � and ˝. The sequence from top to bottom in Table 3
may be associated with a continuous temperature increase
(i.e. raising �). Table 3 shows how the effect of some variables
(k, kA, CBL) fluctuates as the sequence of the different regimes
proceeds. This is a consequence of the different processes par-
ticipating in the control of the overall process. Besides, as it is
desirable to obtain values of aNAi as high as possible, Table 3
indicates the suitable variable to modify (e.g. by the choice of
operating condition, contactor type or design) for a given set
of starting conditions.

Examples of regime identification and numerical evalua-
tion of �T and NAi are given in the Appendix. Case (a) deals
with situations in which Bi → ∞ is assumed.
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Table 3 – Effect of different variables on (aNAi), for r = k CA CB (i.e. n = m = 1), Bi → ∞,  and large values of � and ˝. The effect
of a generic variable � is expressed as d[ln(aNAi)]/d[ln(�)].

Regime aNAi k kA a ε CBL

I εkCAG CBL 1 0 0 1 1
II εkCAGCBL/(1 + ��2) 1–0 0–1 0–1 1–0 1–0
III akACAG 0 1 1 0 0

IV aCAG

√
kDALCBL/ tanh(�) 0–0.5 1–0 1 0 0–0.5

V aCAG

√
k DALCBL 0.5 0 1 0 0.5

VI aCAG

√
kDALCBLC∗

Bi
0.5–0 0–1 1 0 0.5–1
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VII akA[CAG + CBLDBL/(bDAL)] 0 

.  Effect  of  the  gas  side  mass  transfer
esistance  (Bi  effect)

e  discuss in this section the effect of Bi as originated by
 change of k0

GA, rather than kA that is assumed to remain
nvariable. In the end, the interface flux is the magnitude of
nterest NAi = kT

ACAG�T , but as the evaluation of �T (Table 2) is
ar more  complex than kT

A = kABi/(1 + Bi),  in Section 5.2.1 we
ave mainly made reference to the effect of Bi on �T. An effect
f Bi on NAi or �T does not imply an effect on the other. For
xample, when Eqs. (48) and (49) apply (regime I), �T may be
ffected while NAi is not. Just the opposite happens in regime
II (�T = 1) or VII (�T = 1 + ˝).

As discussed in Section 2, Bi numbers are frequently high
larger than the unity). Therefore, the effect of Bi is expected to
e more  significant for fast reactions (regimes IV–VII), which
ill be specially considered in the remainder of this section.

A point to remark concerns the evaluation of �T for the
et of specific cases “without Bi effect” in Table 2. The effect
f Bi through C∗

Ai
was considered in establishing the restric-

ions for Eqs. (T2.3)–(T2.5) in Table 2. However, when m /= 1

arameter � also depends on Bi,  through (C0
Ai

)
(m−1)/2

, i.e. � ∝
Bi/(1 + Bi)](m−1)/2, and the following question can be raised.
f for a given finite value Bi0 a value �0 arises and the value
T = �T

0 can be evaluated from any of Eqs. (T2.3)–(T2.5) (i.e. the
ompanion restriction is satisfied), will �T

0 hold (with a toler-
nce of ∼5%) for any value Bi > Bi0? The answer is not obvious,
ut calculations show that for any practical purpose �T

0 can
till be accepted all the way from Bi0 to Bi → ∞,  in spite of the
hanges in � from the original value �0. In further describing
he effect of Bi,  this observation allows us to focus on the term
∗
Ai

rather than on C0
Ai

.
The general expression for fast reaction, Eq. (T2.2), clearly

llows identifying in a separate way the effects of the three sig-
ificant processes for fast reactions (see Table 2): the effect of
hemical reaction quantified by �(M�), the limitation imposed
y the liquid film to the transport of B, C∗

Bi
, and the limita-

ion imposed by the gas film to the transport of A, C∗
Ai

. When
(M�) is high enough, �T will be ultimately restrained either
y C∗

Bi
→ 0 or by C∗

Ai
→ 0, whichever happens first according to

he smaller value between  ̋ and Bi.
When C∗

Ai
= 0 can be assumed for practical purposes,

T = 1 + Bi arises as a specific case from Eq. (T2.2). It is included
n Table 2 as Eq. (T2.7) along with its specific restriction. The
esulting value of the flux NAi when �T = 1 + Bi is

Ai = k0
GAHACAG. (53)

hen Eq. (53) applies, we  say that the Gas Film regime (GF

egime) holds, as the whole process becomes controlled by the
as film resistance, i.e. we  find the maximum possible effect of
1 1 0 0.5–1

the product (k0
GAHA), or equivalently of Bi.  As in general NAi =

k0
GAHA(CAG − CAi), the GF regime involves in practice that CAi

reaches a negligible value respect to CAG (say, CAi/CAG < 0.05).
Actually, the GF regime can be accompanied by any of the
regimes IV–VI in the liquid phase. Yet, if Bi is assumed to be
very small (because of very low values of HA), the GF regime
can be still established along with regimes I–III or VIII (see Sec-
tion 7 for the latter). In any case, as the flux is given by Eq. (53),
the discrimination of the regime in the liquid phase is of little
practical consequence.

Invoking again the usually large values of Bi in practice, the
establishment of the GF regime will require large values of �.
Fig. 6 depicts a sequence of profiles that arise by increasing CBL

(i.e. increasing ˝)  and assuming that � is very high.
The left scheme of Fig. 6 corresponds to the starting situ-

ation, in which a relatively high value of Bi is also assumed,
such that Bi > ˝.  C∗

Bi
= 0 has been virtually reached, i.e. regime

VII holds and �T = 1 + ˝.
For higher values of ˝,  as CBL increases, the reaction plane

will shift towards the interface. The middle scheme corre-
sponds to the point when Bi =  ̋ just holds and the reaction
plane has reached the interface, with both C∗

Bi
and C∗

Ai
being

simultaneously ∼=0.
A further increase of  ̋ will render the right scheme of

Fig. 6, in which  ̋ > Bi, �T = 1 + Bi, C∗
Bi

> 0 and the reaction plane
remains at the interface. Although very small, a finite value
of CAi and a decaying profile of CA in the liquid film could
be still identified if the right scheme of Fig. 6 were conve-
niently zoomed in. This case actually corresponds to regime
VI, recalling that CBi < CBL.

Another specific case of Eq. (T2.2) arises when  ̋ is large
enough for approximating C

∗n/2
Bi

≈ 1, but the gas film resis-
tance leads to values C∗

Ai
< 1. This case corresponds to regimes

III–V in the liquid side, and is formulated by Eq. (T2.6) in
Table 2, along with the corresponding restriction. If the restric-
tion is fulfilled, �T

Bi
can approximate �T with a deviation less

than around 8%, and the iterative procedure that in general is
required by Eq. (T2.6) can be avoided.

Further discrimination between the regimes can be made
(cfr. Eqs. (51a) and (51b)):

M�  < 0.3 ⇒ Regime  III : �T = 1 (54a)

M� > 2 ⇒ Regime V : �T = (M�)C∗(m+1)/2
Ai

(54b)

It is noted that the pairs of Eqs. (T2.6)/(T2.7) and Eqs.
(T2.3)/(T2.5) are equivalently derived from Eq. (T2.2) by
exchanging the role of  ̋ and Bi.

Fig. 7 illustrates de effect of Bi in Eq. (T2.2) for  ̋ = 9. For
Bi = 20 and 100, �T is limited by ˝,  �T |�→∞ = 1 + ˝.  For Bi = 9,

both  ̋ and Bi fix the limiting value of �T, while for Bi = 4,
�T |�→∞ = 1 + Bi.
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evaluate �T and C∗
AL from Eqs. (36) and (41). A nested iter-

ation (manually or automatically driven) can also be safely
Fig. 6 – Solution of Eq. (T2.2) for very larg

The value  ̋ = 9 used in Fig. 7 is low enough to prevent
regime V from developing, i.e. regime VI follows directly from
regime IV as � increases. Except for small values of � in Fig. 7,
values of Bi in the range 4 < Bi < 20 exert a noticeable effect on
�T.

Case (b) in the Appendix illustrates the identification of
regimes and evaluation of �T and NAi for a finite value of Bi.

7.  Regime  VIII

Regime VIII is said to take place when reaction in the liquid
film is significant and simultaneously CAL is significantly larger
than 0. This case will arise when the rates of diffusion of A
in the liquid film, reaction in the liquid film and reaction in
the liquid bulk are comparable. The profile of CA in the liquid
phase is as depicted in Fig. 1. The conditions for regimen VIII
arise when none of the general conditions for slow and fast
reactions in Table 2 are fulfilled. In terms of the dimensionless
parameters, such conditions are

0.25c < � < 3 and (� − 1)�2 < 20m. (55)

As regards the remaining processes, transfer of A in the gas
film and transfer of B in the liquid film, they may either be or
not be relevant in regime VIII. When both are significant, we
will have the general picture outlined in Fig. 1.

Quantification of regime VIII is seldom addressed in text-
books. Looking at conditions defined by Eq. (55), the range
0.25c < � < 3 spans over one decade of � values. In terms of

the kinetic coefficient k, (�2 ∝ k), regimes VIII will span over
two decades of k values. Then, there is a clear chance that �

Fig. 7 – Values of �T for n = m = 1,  ̋ = 9 and different Bi
numbers.
lues of �. CBL increases from left to right.

will lie in the range 0.25c < � < 3. Some justification for bypass-
ing the treatment of regime VIII in textbooks can be found
if only relatively large values of � are conceived. Then, Eq.
(55), (� − 1)�2 < 20m, can be taken from granted. However, to
appraise how large should be � to avoid situations pertaining
to regime VIII, we note that the order m plays a significant role.
Thus, for m = 2 and values � ∼= 1, values of � > 400 will have to
be involved to that end.

Following the approach of the present contribution, i.e.
deriving the analysis from a unified formulation, the evalua-
tion of GEF for regime VIII just corresponds to considering the
basic Eqs. (36) and (41) without further simplification. Note
that for C∗

Bi
the general Eq. (26) should be employed, rather

than the one given in Table 2 for fast reactions, which sets
CAL = 0.

Values of �T in regime VIII can be visualized in Fig. 8 for the
case m = 2, n = 1 and Bi → ∞.  The main role is played by param-
eter �. On the other hand, the effect of  ̋ is only moderate
when � is larger than about 1, and it is negligible if � < 1. Rel-
atively low values of Bi will also show some effect (not shown
in Fig. 8), while the reaction order of B (n) will present only a
weak effect, associated with small values of ˝.

While for high or very high values of � regime III was
regarded as a bridge between low and fast reactions (see Fig. 5),
for moderate to low values of � regime VIII constitutes a region
of paths between both sets of cases.

A standard multidimensional root solver can be used to
Fig. 8 – Regime VIII for m = 2, n = 1, Bi → ∞ and different
values of �. For � = 1, 20, 100 black curves correspond to

 ̋ = 1 and green curves to  ̋ → ∞.  For � = 500 and � → ∞ only
the curves for  ̋ → ∞ are shown.
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mployed by guessing C∗
AL, solving Eq. (36) for �T, and repeating

ntil Eq. (41) can be closed with the right guess of C∗
AL.

If m = 1 and  ̋ → ∞ (pseudo-first order case, r = kCACn
BL), Eqs.

36) and (41) can be explicitely solved:

T = ˚(�, �)
Bi + 1

Bi + ˚(�, �)
, (56)

here: ˚(�, �) = �2 [1 + (� − 1)�(�)] /
[
�(�) + (� − 1)�2

]
.

Eq. (56) covers regimes I–V and VIII, but it is particularly
seful for regime VIII. To check if  ̋ is large enough for using
q. (56), the same restriction of Eq. (T2.6) in Table 2 can be used.
ote in Table 2 that when m = 1, �T

Bi
= �(�) (1 + Bi)/(�(�) + Bi).

In the Appendix, Case (c) provides an example of operating
onditions corresponding to regime VIII.

.  Precision  of  GEF  evaluation

s discussed in Section 5, the evaluation of �T in regimes
–III does not introduce any error. Therefore, the discussion
ere will be focused on fast reactions (regimes III–VII), with �T

valuated from Eq. (T2.2) in Table 2 and regime VIII, with �T

valuated from the general Eqs. (36) and (41).
The error in evaluating �T will be appraised by comparison

ith the numerical solution of the conservation equations of
 and B, i.e. Eqs. (19)–(21), without making any approximation

or the reaction rate, r = kCm
A Cn

B and neglecting accumulation
f A in the liquid bulk, i.e. using Eq. (39). Given values of the set

˝, �, Bi,  m,  n), the procedure employed was based on sweep-
ng variable � to find the maximum value of the relative error

odulus. This maximum modulus is denoted by |e� | and the
orresponding error by e� . As the approximation guarantees
xact values for � → 0 and � → ∞,  |e� | takes place for some
ntermediate value of �.

In general, the ranges  ̋ ≥ 1, Bi > 0, � ≥ 1, 0 ≤ m ≤ 2, 0 ≤ n ≤ 2
ave been explored.

Since low values of m are relevant for determining the
argest level of errors, it can be worth explaining how the
resent formulation can be modified to evaluate �T just for

 = 0 and/or n = 0. We  should note that a zero order reaction is
ctually a step function of a given reactant concentration (say

A) and, hence, it can take any value from 0 to 1 when CA → 0.
When n = 0, the procedure is simple: Cn

BL and C
∗n/2
Bi

are
eplaced by 1 and �T is evaluated. If �T ≤ 1 + ˝, the value is
ccepted. Otherwise, �T = 1 +  ̋ should be adopted. This proce-
ure is valid for Eqs. (36) and (41) and also for Eq. (T2.2) (when

AL = 0 is fixed).
When m = 0, if CAL = 0 has been fixed, Eq. (T2.2) can be solved

ithout further care.
When using Eqs. (36) and (41) with m = 0, the limiting case

 = 1 presents no trouble. In this case C∗
AL can be easily elim-

nated between both equations and the following expression
rises for evaluating �T:

m = 0, � = 1) : �T = �(�
√

2/
√

C∗
Ai

) tanh2(�/
√

C∗
Ai

) C∗
AiC

∗n/2
Bi

(57)

When � > 1 and m = 0, Eqs. (36) and (41) can be solved for �T

nd CAL by taking Cm
AL = 1 in the right hand side of Eq. (41). If
AL ≥ 0 results, the evaluation is accepted. Otherwise, CAL = 0
s fixed and Eq. (36) is solved to obtain the final value of �T.
8.1.  Precision  of  Eq.  (T2.2)

The precision of Eq. (T2.2) has been evaluated by Yeramian
et al. (1970) for values  ̋ > 2 and Bi → ∞.  We  have extended
the evaluation up to the lower limit  ̋ = 1 and finite values of
Bi. The more  significant errors are found in regime IV when
m /= 1 and for the case defined previously as regime IV/VI.
On the other hand, errors are definitely low in regime VI, typi-
cally 1–2%, and no error is introduced in regimes V and VII. The
global maximum of |e� | for Eq. (T2.2) corresponds to e�% = −7.8
in regime IV/VI: � ≈ 1.7,  ̋ = 1, m = n = 2 and Bi → ∞.  Also, a sig-
nificant local maximum is found in regime IV: e� % = 6.6 at
� ≈ 0.91,  ̋ → ∞,  m = 0 and Bi ≈ 3.4.

It is recalled that in writing Eq. (T2.2) the terms C
∗n/2
Bi

and

C
∗(m−1)/2
Ai

were removed from the argument of tanh in function
� (modification (b) in Sections 3.1 and 5.2). The removal of
the former was performed to gain precision in regime VIII (see
Section 8.2), while the latter was removed to obtain a more
conceptual formulation showing separate effects of the dif-
ferent mechanisms acting in the liquid and gas films (Section
5). It is interesting to discuss what happens if these terms are
restored in the argument of tanh for the present case of fast
reactions. The following expression is obtained for �T :

�T = �(M�C
∗(m−1)/2
Ai

C
∗n/2
Bi

)C∗
Ai. (58)

Expression (58) for C∗
Ai

= 1, �T = �[M�(C∗
Bi

)n/2], was first pro-
posed by Hikita and Asai (1964). On one hand, Eq. (58) exactly
accounts for the effect of the gas film resistance (i.e. the effect
of Bi).  However, in this sense, differences with respect to Eq.
(T2.2) of no more  than around 2% are found when m /= 1, and
they are confined to a certain range of Bi (depending on m)
around 1. Slightly more  relevant is the effect of keeping C

∗n/2
Bi

in the argument of function �, as Eq. (58) is about 3% more pre-
cise than Eq. (T2.2) in regime IV/VI. The maximum |e� | for the
approximation expressed by Eq. (58) is e� % = 6.13, and takes
place in regime IV at � = 1 for m = 0,  ̋ → ∞ and Bi → ∞.  It was
already reported by Hikita and Asai (1964).

8.2.  Precision  of  Eqs.  (36)  and  (41)  in  regime  VIII

Finite Bi numbers involve that the gas-side mass transfer resis-
tance will have a share of the overall process control. As no
simplification was made to account for the effect of Bi in Eqs.
(36) and (41), it can be expected that this formulation will
become more  precise as Bi decreases. In fact, it can be demon-
strated that a maximum value |e� | will result when Bi → ∞,
provided that m ≥ 0 and that the modulus |e� | for Bi → ∞ is suf-
ficiently smaller than the unity (as effectively happens). Then,
Bi → ∞ will be assumed in this section to assess the precision
of Eqs. (36) and (41) in regime VIII.

If we consider � = 1 (i.e.  NAı = 0 from Eqs. (37) and (41)) and
 ̋ → ∞,  chemical absorption of A becomes the same as the

problem of catalytic reaction of A in a slab of half-thickness
equal to the liquid film thickness. Most frequently in text-
books, the evaluation of the effective reaction rate of the
catalytic reaction (or the effectiveness factor) is approximated
by using the so-called generalized Thiele modulus (see e.g.
Froment et al., 2011) along with the solution for a first order
reaction. This approach is completely similar to the lineariza-
tion of the reaction rate expression made here, Eq. (23), as

regards reactant A. It is known that the precision of such
approximation deteriorates at low orders m.  The maximum
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error for the effectiveness factor in a catalytic slab arises for
m = 0 and amounts −18.3%.

In terms of our problem here, the error e� % = −18.3 takes
place for  ̋ → ∞,  � = 1 and m = 0 at � =

√
2  ≈ 1.41. At this value

of �, CAL = 0 is just reached at the end of the liquid film. A plot
of the true �T against � presents the slope broken at � =

√
2.

Linearization, on the contrary, produces a smooth profile.
Comparing the maximum errors at m = 0 and (˝, Bi)  → ∞

obtained for � = 1, e� % = −18.3, with that for � → ∞,  which using
Eq. (58) is e� % = 6.13 (in regime IV), it can be concluded that
linearization of the term Cm

A in the reaction rate expression
introduces larger errors as CAL increases, recalling that � = 1
(i.e. NAı = 0) implies a maximum value of CAL, as opposed to
CAL = 0 when � → ∞ (maximum NAı).

Clearly, for regime VIII the maximum |e� | will be at least of
18.3%. To identify the actual maximum, we  investigated cases
when C∗

Bi
< 1 (i.e. finite values of ˝), different values of order n

and also values m > 0, because of possible interaction between
effects. For given values of the set (˝, n, m), the effect of � was
neat: the higher the value of � the lower |e� |.

The maximum of
∣∣e�

∣∣ was found for m = 0, n = 1/2,  ̋ = � = 1:
e� = −21% at � ≈ 1.6 (note that this error is not far from the
value −18.3% for  ̋ → ∞).  On the other hand, high reaction
orders introduce positive errors, the maximum of which was
found for  ̋ = 1, m = n = 2 and � = 1: e� = 17.7% at � ≈ 1.5.

Both, negative and (in particular) positive errors e� decrease
in modulus fairly rapid as � increases. Then, it is interesting
to find out if restricting the value of � in some extent can
restore the level of errors obtained when � → ∞,  i.e. CAL = 0 (we
recall that e� = −7.8% corresponded to the maximum modu-
lus quoted in Section 8.1 for approximation T2.2). Order m = 0
imposes the minimum value of �, which should be larger than
about 6 for that purpose. A probable more  useful way of bound-
ing the errors is by simultaneously restricting the value of m.
Thus, restraining � and m in the way � ≥ 2 and m ≥ 0.2 allows
|e� | to keep below 7.5% in regime VIII, irrespective of values of

 ̋ and n.
Altogether, it can be concluded that precision provided by

Eqs. (36) and (41) in general and by expressions in Table 2 in
particular, is quite satisfactory, especially as a confident tool
for teaching purposes.

When accumulation of A in the liquid stream is to be con-
sidered, CAL will be determined by including the mass balance
equation of A in the liquid stream (Section 3.2). The value of
CAL will be most frequently lower than that evaluated from
neglecting the accumulation of A (i.e. using Eq. (41)), since the
liquid stream acts as an additional sink for A, other than chem-
ical reaction. Recalling the discussion at the beginning of this
section about the effect of CAL on errors, it can be expected
that |e� | when using Eqs. (36) and (37) will be lower than for
Eqs. (36) and (41). This has been proved to be true for a num-
ber of cases, although an exhaustive analysis was not carried
out.

When C
∗n/2
Bi

is maintained in the argument of the tanh in
function � (recall modification (b) in Section 3.1), the maxi-
mum |e� | for the critical value m = 0 is similar to those from
Eqs. (36) and (41): e� = −19% at � ≈ 1.6, for n = 1/2 and  ̋ = � = 1.
However, also at low � and  ̋ values, |e� | increases strongly as
m and n increase. The maximum identified error was e� = 33%
at � ≈ 1.5 for  ̋ = � = 1, m = n = 2. This was the reason for remov-
ing C

∗n/2
Bi

from the argument of function � in Eqs. (36), (37) and
(41) (modification (b) in Section 3.1).
Finally, it is recalled that C
∗n/2
Bi

was also removed from the
argument of cosh in Eq. (34) (modification (a) in Section 3.1).
Errors when C
∗n/2
Bi

is maintained in the arguments of both
functions, � and cosh, have been also evaluated. Very high
errors for low orders m arise. The maximum |e� | detected cor-
responds to e� = −43% at � ≈ 1.9, for m = 0, n = 1,  ̋ = 1 and � = 1.
In part, the large errors are due to the fact that maintaining
C

∗n/2
Bi

in the argument of cosh avoids obtaining for � = 1 the
right asymptote �T = 1 +  ̋ as � → ∞.  For example, for  ̋ = 1, the
asymptote is 1.67 irrespective of orders m and n.

In order to summarize the reasons for modification (a) in

Section 3.1, we  recall that the term cosh(M�C
∗(m−1)/2
Ai

C
∗n/2
Bi

) in

Eq. (34) was replaced by cosh(�C
∗(m−1)/2
Ai

), a modification that
allows obtaining a consistent approximation for �T at the
extremes values � → 0 and � → ∞ for any value of the param-
eters (�, ˝, Bi,  m,  n). Thus, removal of M leads to the right
expression (48) as � → 0 (Section 5.1) and removal of C

∗n/2
Bi

allows obtaining �T → (1 + ˝) as � → ∞,  as discussed just above.

9.  Test  for  validation  of  negligible
accumulation  of  A  in  the  liquid  stream

The assumption of negligible accumulation of A in the liquid
stream (hereafter referred in short as “the assumption”) can
be checked a posteriori of employing the general formulation,
Eqs. (36) and (41), for solving the mass conservation equations
in a given contactor. This task will be required when most of
the operation is conducted in regimes in which CAL /=  0, i.e.
regimes I, II or VIII.

For assessing the assumption, we  will consider the global
amount of A chemically converted. As using Eqs. (36) and (41)
implies that at a local level the amount of A transferred to the
liquid reacts chemically, the same will happen in the whole
reactor. Then, if RA is the number of moles of A converted per
unit time within the whole reactor volume, the assumption
implies that RA = FA0 − FAS, where FA0 and FAS are the molar
flow rates of A in the inlet and outlet gas streams. We  will fix
5% as a suitable level of tolerance in the estimation of RA.

From the evaluation of the reactor operation using the
assumption, a value for the concentration of A in the exit liq-
uid stream, CAL,S, will be available either from Eq. (41) or Eq.
(47). Although in general this is not the actual value, if the
assumption works correctly the molar flow rate of A in the
exit liquid stream can be estimated as qLCAL,S, where qL is the
volumetric liquid flow. Defining

�Q = FA0 − FAS

qLCAL,S
, (59)

it seems reasonable to set as a criterion for accepting the
assumption that

�Q≥20.  (60)

Actually, Eq. (60) behaves most of the times as a sufficient con-
dition (we will discuss later on an exception), but it turns to be
too stringent. To visualize why, we can consider the case of a
slow reaction, regime I, carried out in a contactor that presents
a large number of physical mass transfer units with respect to
the liquid phase,

�L = akT
AV

qL
(61)
where V is the total volume of the contactor.
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As �L is assumed to be large and chemical reaction slow,
n most of the contactor the liquid stream will be nearly sat-
rated with A, i.e. CAL ∼= CAG will locally apply, as the extent of
he contactor needed to increase CAL from zero (in the liquid
eed) to the saturation value will be negligible respect to the
otal volume. Then, the correct local reaction rate per unit vol-
me  of contactor can be estimated as (εkCm

AGCn
BL); i.e. the same

s evaluated from the assumption of negligible accumulation.
onsequently, �Q (evaluated from Eq. (59)) will be small (much

ess than 20), but RA correctly evaluated. From this example,
t seems clear that both �Q and �L play some role in assessing
f the assumption is correct or not.

If the way in which �Q and �L interact is found out, it will
e possible to correct the basic criterion expressed by Eq. (60).
o this end, we  have considered a very simple case consist-
ng in a slow reaction (regimes I–III), reactant B in large excess
CB0 = CBS), liquid feed without reactant A, reaction order m = 1
nd perfect mixing assumed in the gas and liquid phases.
he mass balances for A in both phases, accounting for the
ccumulation of A in the liquid stream, are

as stream : qG(CAG,0 − CAG,S) = VakT
A(CAG,S − CAL,S), (62)

iquid stream : qLCAL,S = VakT
A

[
(CAG,S − CAL,S) − 1 + Bi

Bi
��2CAL,S

]
(63)

he volumetric flow rates qL and qG of both phases are
ssumed to be independent of mass transfer and reaction
ates. In the gas phase, a pseudo-liquid volumetric flow rate
as been used, qG = FA0/CAG,0 (i.e. the hypothetical volumetric

iquid flow rate that can convey the inlet molar flow rate FA0

t concentration CAG,0).
When the accumulation of A in the liquid phase is

eglected, Eq. (62) still holds and the right hand side of Eq.
63) is set to zero. In either case, the solution for CAL,S and

AG,S is very simple, as the assumptions made lead to a linear
roblem for CAL,S and CAG,S. It is obtained for CAL,S

AL,S = CAG,0

1 +
[
((1 + Bi)/Bi)��2 + 1/�L

]
(1 + �G)

(considering accumulation) (64a)

AL,S = CAG,0

1 +
[
((1 + Bi)/Bi)��2(1 + �G)

]
(neglecting accumulation) (64b)

here the number of physical mass transfer units with respect
o the gas phase is defined as

G = akT
AV

qG
(65)

n this example, it can be expressed

A = ((1 + Bi)/Bi)��2VakA
TCAL,S. Using Eqs. (64a) and (64b)

nd denoting (RA)corr the number of moles of A converted per
nit time when the accumulation of A is accounted for, it is
btained ( )

RA)corr = RA

�Q + 	

�Q + 	 + 1
, (66)
where �Q is evaluated from Eq. (59) using the properties calcu-
lated with the assumption, which in the present case results
�Q = ((1 + Bi)/Bi)��2�L, and 
 is defined as

	 = �L

1 + �G
. (67)

It follows from Eq. (66) that for RA to differ from (RA)corr in no
more  than 5%,

�Q + 
≥20. (68)

Eq. (68) is the modified criterion for the specific case dealt
with above, which as expected includes both parameters �Q

and �L, but also adds the effect of �G. Actually, it can be rea-
soned that if �G is large, composition in the gas phase will
rapidly change and will retard the saturation of the liquid
stream.

A similar analysis, i.e. subject to a linear system, can be
made for other type of contactors. However, if the plug flow
is appropriate for both streams, as in the case of a packed
tower, the relationship involving the set of parameters (�Q, �L

and �G) to keep valid the assumption is substantially more
complicated than Eq. (68), and it will depend on whether the
gas and liquid streams are counter or co-current. Combining
plug flow and perfect mixing for each stream also introduces
specific relationships. In this way, a catalogue of restrictions
would be obtained, depending on the specific flow model of
the contactor. Note also that any analytical criterion deriv-
able for the different combination of flow models is only
possible for a linear system, excluding the chance of account-
ing for non-linear features, as when m /= 1 and/or CBL is
variable.

Therefore, for any type of contactor we propose employing
Eq. (68) as a criterion for accepting the assumption of neglect-
ing accumulation of A in the liquid stream, with �Q, �L, �G and
	 evaluated from Eqs. (59), (61), (65) and (67). Besides, the use
of Eq. (66) to correct RA and obtain an improved estimation
(RA)corr is suggested.

To check the criterion expressed by Eq. (68), a long list of
variables arises, which concerns the types of gas and liquid
flows in the contactor, conditions of the gas and liquid inlet
streams and all parameters that define �T.

We have not made a fully systematic test for Eq. (68), i.e.
including every combination of variables, but a number of
evaluations have been performed to investigate the following
effects:

• regarding flow pattern:  plug flow in both streams (co and
countercurrent cases), plug flow in the liquid and per-
fect mixing in the gas, perfect mixing in both phases in
either continuous operation or fed-batch operation (liquid
batch/continuous gas feeding);

• regarding feed conditions:  different CB0 (concentration of B
at the liquid feed) to span conditions from stoichiometric
defect up to a large excess of B, and different values of the
ratio qG/qL;

• regarding parameters affecting �T: transport and reaction
parameters [�, �r (a reference value for �), m,  n, Bi] leading
to regimes I, II, VIII.

The co-current and counter-current operations were ana-

lyzed more  intensively. The tests were mostly conducted
in the following way. Once conditions for a given problem
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were defined, each set of equations including and neglect-
ing accumulation of A in the liquid stream was solved for
a size of the contactor such that �Q + 	 = 20 when neglecting
accumulation. Then, RA (using the assumption) was evalu-
ated, corrected according to Eq. (66) and the relative error
with respect to the actual value considering accumulation was
evaluated.

The main conclusions are listed below.

• Values of CB0, Bi and reaction orders m,  n were not found to
have a significant impact on the level of error introduced by
the assumption.

• For countercurrent operation in particular, and in general
for the remaining types of contactors, except co-current
operation, the errors were considerable lower than 5% (for
the largest part, because of correction given by Eq. (66)) and
in many  instances of about 1%.

• The maximum errors arose for regime I, low values of qG/qL

and co-current operation. Actually, in some instances, the
error exceeded significantly 5%. To account for this discrep-
ancy, it is required that in addition to Eq. (68) it should be
verified for co-current operation and regime I that:

qG

qL
= �L

�G
≥3. (69)

The numerical comparison carried out reveals that crite-
rion expressed by Eq. (68) (along with Eq. (69) for co-current
operation) is safe to check the assumption; however, instances
have been detected when in spite of Eq. (68) or (69) not being
fulfilled, the assumption leads to small errors. For example,
for co-current operation and very low reaction rates, errors
less than 5% after employing the correction in Eq. (66) arise,
even for (�Q + 	) as low as 2–4.

We  recall that neglecting accumulation of A in the liquid
stream brings some important advantages for an introduction
to GLRs, mainly because all possible regimes can be described
as a continuous sequence from very low to very fast reac-
tions. The fact that the assumption can also be realistic when
the operation of gas–liquid contactors is analyzed, including
very slow reactions, and that a simple tool (as defined by Eqs.
(68) and (69)) is available to test its validity, provides a strong
support for adopting the assumption.

10.  Extension  to  other  irreversible  kinetics

The treatment carried out throughout this contribution for
irreversible power-law kinetics can be generalized for other
types of irreversible reactions.

Approximations for reversible rate expressions have been
proposed, although they need further considerations than for
irreversible kinetics. For the film model, a classical approxi-
mation is that of Onda et al. (1970), but it has been found to
be inconsistent for an important number of cases (see e.g. van
Swaaij and Versteeg, 1992).

The treatment in this section includes cases in which
more than one non-volatile liquid species participate in the
reaction with A. For example, we can consider the reaction
A + bB + dD → products, where B and D are non-volatile. At a
given point in the contactor, assume that out of B and D the

limiting reactant in the liquid film is B (the one with the mini-
mum value of DjLCjL/ (−˛J)). A stoichiometric relation between
the fluxes of B and D will hold within the liquid film. In terms
of molar concentrations, it can be written as:

CD = CDL +
(

d

b

)  (
DBL

DDL

)
(CB − CBL). (70)

For a reaction rate expression of the form r = r(CA,CB,CD),
replacing CD from Eq. (70) allows expressing r in the liquid film
as dependent only on CA and CB, r = r(CA,CB). The same result
will follow for any number of non-volatile liquid reactants.

As for power-law kinetics, the general expression
r = r(CA,CB) should be linearized to solve analytically the
conservation equations in the liquid film. Using the auxiliary
function

u(CAi, CB) =
2
∫ CAi

0
r(CA, CB)dCA

C2
Ai

, (71)

the expression equivalent to Eq. (23) is r ∼= u(CAi, CBi)CA, for
which restriction of Eq. (24) also applies.

Following similar steps as in Section 3.1, including cor-
rections (a) and (b) for passing from Eq. (34) to Eq. (35),
the formulation corresponding to Eqs. (36), (37) and (41) is
obtained:

�T = �ii

tanh(�iL)

[
C∗

Ai − C∗
AL

cosh(�iL)

]
(72)

NAı

kAC0
Ai

= �ii

tanh(�iL)

[
C∗

Ai

cosh(�iL)
− C∗

AL

]
= (� − 1) �2

LLC∗
AL (73)

where the first equality in Eq. (73) is equivalent to Eq. (37) and
the second one to Eq. (41). The parameters introduced in Eqs.
(72) and (73) are defined as

� 2
ii = DALu(CAi, CBi)

k2
A

, (74a)

� 2
iL = DALu(CAi, CBL)

k2
A

(74b)

�2
iL = DALr(CAi, CBL)

k2
ACAi

, (75a)

�2
LL = DALr(CAL, CBL)

k2
ACAL

(75b)

For Eqs. (74) and (75), CBi and CAi are expressed from Eqs. (26)
and (30) and all dimensionless concentrations are defined as
in Section 3.

Precision obtained from employing Eqs. (72) and (73) is
expected to be similar to that for power-law kinetics, pro-
vided that a normal kinetic behaviour holds for expression
r = r(CA,CB), i.e. that the effective reaction orders, ∂ln(r)/∂ln(CA)
and ∂ln(r)/∂ln(CB) are positive for the range of concentrations
CA and CB of interest (0 < CA < CAG, 0 < CB < CBL).

It should be emphasized that the same regimes in the liquid
phase described for power law expressions can be identified
for the general kinetic expression r = r(CA, CB). Also, it is not
difficult to assign to each regime the corresponding expression
for �T from the general Eqs. (72) and (73), by making a similar
analysis as for power law expressions. However, two important
distinct aspects arise.
First, the specific expressions for �T will be, in general, sig-
nificantly more  difficult to interpret. Note, in this respect, that
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lthough Eqs. (72) and (73) are written in a relatively compact
ay, they involve four Hatta numbers (� ii,� iL,� iL,�LL) that can
ot be related to each other in a general manner. Instead, only

 single Hatta number (�) was enough for power law expres-
ions.

Second, the precise restrictions which a priori define the dif-
erent regimes will not be those given in Table 2 (and the more
pecific ones discussed in Sections 5 and 6). A set of restric-
ions could be written for each type of kinetic expression, but
t can be foreseen that they will be frequently difficult to derive
nd use.

It can be concluded that a general type of kinetic expres-
ion strongly impairs the possibility to describe the physical
ituations and corresponding quantitative analysis within

 didactically appropriate frame, as allowed by power law
xpressions.

1.  Conclusions

he approximated formulation proposed in this contribution
n the basis of the two-film model is basically given by Eqs.

36) and (37). They allowed expressing the total flux NAi of reac-
ant A absorbed with chemical reaction and the residual flux

Aı reaching the bulk of the liquid stream. The concept of
 global enhancement factor (GEF) �T was used for express-
ng the flux NAi. The initial step for obtaining Eqs. (36) and
37) is the linearization of the generic power-law rate expres-
ion (Eq. (23)), following the approach of Hikita and Asai (1964)
hen the concentration of A in the liquid bulk is nil, CAL = 0.
owever, for a general description including low values of

he Hinterland ratio � in the general case with CAL /= 0 (i.e.
hen relatively slow reactions are involved), the linearization

pproach should be modified in order to obtain a formulation
onsistent with the true behaviour at very low and very high
atta numbers. This was easily achieved by introducing mod-

fication (a) explained in Section 3.1. A second modification (b)
as also included to gain in overall precision.

Eqs. (36) and (37) incorporates the effects of all processes
n the rate of absorption with chemical reaction, including
he gas side resistance. A conceptual purpose of the pro-
osed formulation is to describe the specific regimes that arise
ccording to the relative magnitudes of the effects, and asso-
iate to each of them an expression of �T. This goal is further
acilitated by the assumption of negligible accumulation of A
n the liquid stream, which allows introducing the Hinterland
atio � as a parameter, while eliminating the concentration CAL

s an input variable. This modification leads to replace Eq. (37)
y Eq. (41).

In this way, eight regimes associated with the liquid side
ave been identified and conveniently described as the Hatta
umber is varied from very low to very large values. Each of
hem can be associated to a specific expression for �T (Table 2).
ections 4–7 provide a way to undertake such description.
ome details given there for the sake of completeness can be
urely avoided in actual teaching practice and some different
trategies can also be appropriated for the same purpose.

The precision of the proposed approximated formulation
as evaluated in Section 8. The maximum level of errors is

ssociated with very low values of �, reaching around 20%
or reaction order m = 0. This level is regarded as being tol-
rable, especially as a didactic tool, for an approximation

escribing simultaneously the effects of six dimensionless
arameters. On the other hand, errors rapidly diminish when
order m and parameter � are raised slightly above 0 and 1,
respectively.

A criterion is presented in Section 9 for accepting the
assumption of negligible accumulation of A in the liquid. The
analysis was based on the overall behaviour of gas–liquid con-
tactors. The criterion is simple and a corrective expression is
also proposed. The criterion was tested for a very large set
of conditions. No instance in which the criterion was satis-
fied while the assumption was proved to be incorrect was
found. Also, it was concluded that the assumption is suitable
for a large variety of cases, including very slow reactions. The
significance of the results described in Section 9 is that the
assumption does not only provide a proper frame for describ-
ing the features of GLRs, but it is also a good approximation
for evaluating the performance of gas–liquid contactors.

Finally, an extension to a more  general type of irreversible
kinetics is discussed in Section 10.
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Appendix.

A  numerical  example  of  regime  identification  and
calculation  of  GEF  and  interfacial  flux

Assume the kinetics of the liquid-phase reaction between
reactant A from a gas stream and reactant B in a liquid stream,
A(G) + B(L) → products, has been studied in the temperature
range 15–75 ◦C. An irreversible power-law expression is avail-
able:

r = k0 exp
[
− E

R

(
1
T

− 1
T0

)]
C2

ACB (A1)

Some preliminary calculations, as defined by points (a)
to (c) below, for the reference levels pAG = 1 atm and
CBL = 2 kmol m−3, will be undertaken to evaluate the perfor-
mance of a given gas–liquid contactor, for which values � = 100
and kA = 8 × 10−5 m s−1 were estimated. Values of kinetic
parameters and physical properties are given in Table A1

a) The operation regimes, global enhancement factors (�T),
and fluxes at the interface (NAi) for the extremes of the
given temperature range are first evaluated under the
assumption of a very high value of Bi (i.e. Bi → ∞).

b) In a second step, the mass transfer coefficient of A, k0
GA,

was estimated and the value of Bi = 20 was obtained. The
calculations made in point (a) are repeated, but consider-
ing now such value of Bi.

(c) The same answers are required for a final case considering
the reaction carried out at the middle temperature of the
studied interval, T = 45 ◦C, and Bi = 20 (as in point b).
Case (a) (Bi → ∞)
T  = 15 ◦C
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Table A1 – Set of parameters and properties.

k0 = 0.27 kmol−2 m6 s−1 DAL = 2 × 10−9 m2 s−1

E
R = 12, 800 K DBL = 1 × 10−9 m2 s−1

−1 3
T0 = 288 K HA = 30 atm kmol m

From pAG = 1 atm and HA in Table A1, CAG = 3.33 ×
10−2 kmol m−3 arises, and the reaction rate coefficient is
k = 0.27 kmol−2 m6 s−1 at T = 15 ◦C (Eq. (A1)). From Eq. (31) and
considering C0

Ai
∼= CAG (Bi → ∞),  � = 0.075 is obtained. This value

of � fulfils the restriction of Eq. (T2.1) in Table 2 (c = 1.5 for
m = 2), indicating that conditions correspond to a “slow reac-
tion”. Then, with ��2 = 0.563, it can be verified that regimen II
holds, as none of the restrictions accompanying Eqs. (48) and
(50) is satisfied. Then, �T is to be evaluated from Eq. (T2.1),
which for m = 2 can be written in an explicit way:

�T =  ̌ −
√

ˇ2 − 1;  ̌ = 1 + 1
2��2

(A2)

It follows that �T = 0.286, and from Eqs. (13) and (15), NAi =
7.64 × 10−7 kmol m−2 s−1.

T = 75 ◦C
At this temperature we obtain k = 575 kmol−2 m6 s−1 and

� = 3.46. The general restriction of Eq. (T2.2) is fulfilled, and
a “fast reaction” case now applies. As a consequence, � shows
no effect on �T, but parameter  ̋ can. From Eq. (T1.2) and
the data in Table A1,  ̋ = 30 is obtained. As  ̋ is consider-
ably larger than �, we  can try if C

∗n/2
Bi

can be taken as 1.
In effect, the restriction of Eq. (T2.4) is satisfied (note that
M =

√
2/(m + 1) = 0.816), meaning that one of the regimes

III–V applies. As (M�) = 2.83 > 2, it is concluded that regimen
V is established with �T given in Eq. (52). Then �T = 2.83 and
NAi = 7.53 × 10−6 kmol m−2 s−1.

Case (b): Bi = 20
The procedure in this case is quite similar to the case when

Bi → ∞,  but values of �, �T and NAi, should be recalculated.
T = 15 ◦C
With Bi = 20, C0

Ai
= 3.17 · 10−2 kmol m−3 from Eq. (14). It

follows that � = 0.073, from which it is concluded again that
regimen II holds. From Eq. (T2.1) we obtain now:

�T =  ̌ −
√

ˇ2 − 1;  ̌ = 1 + (1 + 1/Bi)2

2��2
(A3)

Replacing the parameter values, �T = 0.294 and NAi = 7.43 ×
10−7 kmol m−2 s−1.

It should be noted that although the value of �T for Bi = 20
is slightly greater than the value for Bi → ∞,  NAi is lower, con-
sistently with the existence of an additional mass transfer
resistance (i.e. the gas film resistance). Nonetheless, all dif-
ferences show little significance at this value Bi = 20.

T = 75 ◦C
From the value C0

Ai
= 3.17 × 10−2 kmol m−3 calculated

above, � = 3.38 is obtained, which corresponds again to a
“fast reaction” case for T = 75 ◦C. Thus, bearing in mind the
results for Bi → ∞,  it seems reasonable to try if the product

[C∗(m+1)/2

Ai
C

∗n/2
Bi

] can be taken as 1, according to the restriction of
Eq. (T2.4). It is easily proved that such restriction is not fulfilled,
what most probably means that Bi exerts a significant effect
on �T through the factor C

∗(m+1)/2
Ai

. In fact, the restriction of
Eq. (T2.3) is not satisfied either. It can be reasoned that again

 ̋ = 30 cannot constrain the value of �T, and hence Eq. (T2.6)
can be employed. This is actually verified, as the restriction
of Eq. (T2.6) in Table 2 is fulfilled (C∗n/2

Bi
can be taken as 1). As

(M�) = 2.76 > 2, Eq. (54b) can be used to evaluate �T, and regi-
men V applies. Evaluating �T iteratively from Eq. (54b), there
results �T = 2.46, and NAi = 6.25 × 10−6 kmol m−2 s−1. These
values are around 20% less than those for Bi → ∞.

Case (c): T = 45 ◦C and Bi = 20
At T = 45 ◦C we obtain k = 17.9 kmol−2 m6 s−1, and C0

Ai
=

3.17 · 10−2 kmol m−3 (as in Case b). Then � = 0.596 and (� −
1)�2 = 35.1. These values satisfy both restrictions of Eq. (55)
and hence the system corresponds to regime VIII. As Eq. (56)
cannot be used in this case, because m = 2, Eqs. (36) and (41)
should be employed. To simplify the calculations, we  can take
C

∗n/2
Bi

= 1, as it was checked in Case (b) that this assump-
tion is correct even for a faster reaction at 75 ◦C. Using a
nested iteration for Eqs. (36) and (41), as suggested in Section
7, the following results are obtained: C∗

AL = 0.147, �T = 0.947,
NAi = 2.41 × 10−6 kmol m−2 s−1.
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